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Chapter

Contraction Mappings and
Applications

Nawab Hussain and Iram Igbal

Abstract

The aim of the chapter is to find the existence results for the solution of non-
homogeneous Fredholm integral equations of the second kind and non-linear
matrix equations by using the fixed point theorems. Here, we derive fixed point
theorems for two different type of contractions. Firstly, we utilize the concept of
manageable functions to define multivalued .. — 5, manageable contractions and
prove fixed point theorems for such contractions. After that, we use these fixed
point results to find the solution of non-homogeneous Fredholm integral equations
of the second kind. Secondly, we introduce weak F contractions named as a-
JF-weak-contraction to prove fixed point results in the setting of metric spaces and
by using these results we find the solution for non-linear matrix equations.

Keywords: contraction mapping, fixed point, integral equations,
matrix equations, manageable function
1. Introduction

Let H(n) denote the set of all # x » Hermitian matrices, P(n) the setof alln x n
Hermitian positive definite matrices, S(n) the set of all # x #n positive semidefinite
matrices. Instead of X € P(n) we will write X > 0. Furthermore, X > 0 means

XeS(n). Alsowe willuse X >Y (X <Y) instead of X — Y >0(Y — X >0). The sym-
bol ||.|| denotes the spectral norm, that is,

JAl = /2 (a"a),

where 17(A*A) is the largest eigenvalue of A*A. We denote by ||.||; the Ky Fan
norm defined by

n
1All, = 2 si(A)s
i=1
where 5;(A), i =1, ..., n, are the singular values of A. Also,
Al = or((4*4)7?),

which is tr(A) for (Hermitian) nonnegative matrices. Then the set H(n)
endowed with this norm is a complete metric space. Moreover, H(n) is a partially
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ordered set with partial order <, where X <Y & Y <X. In this section, denote
dX,Y) =Y —X]J|; =tr(Y — X). Now, consider the non-linear matrix equation

X=Q+ 2 Aly(X)As (1)

where Q is a positive definite matrix, A;,i = 1, ..., m, are arbitrary #» x » matrices
and y is a mapping from H(n) to H(n) which maps P(n) into P(n). Assume that y is
an order-preserving mapping (y is order preserving if A, Be H(n) with A<B
implies that y(A) <y(B)). There are various kinds of problems in control theory,
dynamical programming, ladder networks, etc., where the matrix equations plays a
crucial role. Matrix Eq. (1) have been studied by many authors see [1-3].

At the same time, integral equations have been developed to solve boundary
value problems for both ordinary and partial differential equations and play a very
important role in nonlinear analysis. Many problems of mathematical physics, the-
ory of elasticity, viscodynamics fluid and mixed problems of mechanics of contin-
uous media reduce to the Fredholm integral Eq. A rich literature on existence of
solutions for nonlinear integral equations, which contain particular cases of impor-
tant integral and functional equations can be found, for example, see [4-14]. An
important technique to solve integral equations is to construct an iterative proce-
dure to generate approximate solutions and find their limit, a host of attractive
methods have been proposed for the approximate solutions of Fredholm integral
equations of the second kind, see [15-19]. We consider a non-homogeneous
Fredholm integral equation of second kind of the form

z(r) = L B(r,s,z(s))ds +g(r), (2)

wheret e b,c|, B: [b,c] X b,c] x R" — R" andg : R” — R".

An advancement in this direction is to find the solution of such mathematical
models by using fixed point theorems. In this technique, we generate a sequence by
iterative procedure for some self-map T and then look for a fixed point of T, that is
actually the solution of given mathematical model. The simplest case is when T'is a
contraction mapping, that is a self-mapping satisfying

d(Tx, Ty) <kd(x,y),

where k €[0,1). The contraction mapping principle [20] guarantees that a con-
traction mapping of a complete metric space to itself has a unique fixed point which
may be obtained as the limit of an iteration scheme defined by repeated images
under the mapping of an arbitrary starting point in the space. The multivalued
version of contraction mapping principle can be found in [21]. In general, fixed
point theorems allow us to obtain existence theorems concerning investigated
functional-operator equations.

In this chapter, we prove the existence of solution for matrix Eq. (1) and integral
Eq. (2) by using newly developed fixed point theorems.

2. Background material from fixed point theory

Let X be a set of points, a distance function on X' isamapd : X x X — [0, )
that is symmetric, and satisfies d(i,i) = O for alli € X. The distance is said to be a
metric if the triangle inequality holds, i.e.,



Contraction Mappings and Applications
DOI: http://dx.doi.org/10.5772/intechopen.81571

d(i,j) <d(i,k) +d(k.j),

foralli,j, k€ X and (X,d) is called metric space.

Denote by 2%, the family of all nonempty subsets of X', CL(X’), the family of all
nonempty and closed subsets of X', CB(X), the family of all nonempty, closed, and
bounded subsets of X and K(X), the family of all nonempty compact subsets of X.
It is clear that, K(X) C CB(X) CCL(X) C2%, let

H(A,B) = max{sup D(x,B),supD(y,.A) },
xeA y€EB

where D(x, B) = inf{d(x,y) : y € B}. Then H is called generalized Pompeiu
Hausdorff distance on CL(X). It is well known that H is a metric on CB(X), which is
called Pompeiu Hausdorff metric induced by d.

If 7 : X — X isasingle valued self-mapping on X, then 7 is said to have a fixed
point x if 7x = x and if 7 : X — 27 is multivalued mapping, then 7 is said to
have a fixed point x if x € 7x. We denote by Fix{T}, the set of all fixed points of
mapping T.

Definition 2.1 [22] Let 7 : X — 2% be a multivalued map on a metric space
(X,d), a,n: X x X — R+ be two functions where 5 is bounded, then 7 is an a-
admissible mapping with respect to 7, if

a(y,z) 2n(y,z) implies that a.(7y,7z)>n,(7y,72), y,2€X,
where

w(AB) = inf a(y.2), n(AB) = sup n(y.z).
yeA zeB yeA,zeB

Further, Definition 2.1 is generalized in the following way.

Definition 2.2 [23] Let 7 : X — 27 be a multivalued map on a metric space
(X,d), x,n: X x X — [0, ) be two functions. We say that 7 is generalized a..-
admissible mapping with respect to #, if

a(y,z) 2n(y,z) implies that a(u,v)>n(u,v), for allu eTy,veTz.

If n(y,z) = 1forall y,z € X, then 7T is said to be generalized a,.-admissible
mapping.

3. Some fixed point results

—_

Consistent with Du and Khojasteh [24], we denote by Man(IR), the set of all
manageable functions 9 : R x R — R fulfilling the following conditions:

(81) 9(t,s) <s —t foralls, > 0;

(97) for any bounded sequence {t,} C (0, 4+o) and any nondecreasing sequence
{s,} € (0, +00), it holds that

tn 19 tﬂ) n

n—co Sn

<1. (3)

Example 3.1 [24] Let r€[0,1). Then 9, : R x R — R defined by 9,(t,s) =rs —tis
a manageable function.
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Example 3.2 Let 9 : R x R — R defined by

w(s)—t if (¢,5)€]0,+00) x [0,40),
f(t,s) otherwise,

I(t,s) = {

where y : [0, 4+00) — [0, +o0) satisfying Y ,y" (¢) < +oo for all £ > 0 and

—

f R x R — Ris any function. Then 9(¢,s) € Man(R). Indeed, by using Lemma 1 of
[25], we have for any s, > 0, 9(¢,5s) = w(s) —t <s — ¢, so, (81) holds. Let

{t.} € (0, +0) be a bounded sequence and let {s,} C (0, +o0) be a nonincreasing
sequence. Then lim, s, = inf, e, = a for some a € [0, +), we get

tn + g(tnasn) 1 V/(Sn) . (Sﬂ) _ 4
———— = lim sup < lim =1

lim su
p Sn n— 00 (Sn) n—o0 (Sn)

n— 00
s0, (92) is also satisfied.

Definition 3.3 Let (X,d) be a metric space and T : X — 2% be a closed valued

—_

mapping. Let @, 7 : X x X — R+ be two functions and § € Man(IR). Then 7 is called
a multivalued a, — 77,-manageable contraction with respect to 8 if for all y,z € X

a.(Ty,Tz)>n,(Ty,Tz) implies 9(H(7y,7z),d(y,z))>0. (4)

Now we prove first result of this section.
Theorem 3.4 Let (X,d) be a complete metric space and let T : X — 2% be a closed
valued map satisfying following conditions:

1.7 is a.-admissible map with vespect to n;
2.7 is a, — n, manageable contraction with respect to 9;
3.there exists zg € X and z1 € Tz such that a(z0,21) >n(20,21);

4. for a sequence {z,} C X, lim, {2, } = x and a(z,,2,+1) 21(2n,2n+1) for all
n € N, implies a(z,,x) >n(z,,x) for all n € IN.

Then Fix{T } # @.
Proof. Let z1 € T2 be such that a(z¢,21) >71(20,21). Since 7 is a,-admissible map
with respect to 7, then a. (720, 721) >1,(720,721). Therefore, from (4) we have

IH(Tz0,Tz1),d(z0,21)) > 0. (5)

If 21 = 20, then 2o € Fix{7 }, also if 21 € 721, then 21 € Fix{7 }. So, we adopt that
20 # 21 and 21 € 7z1. Thus 0 <d(z1,721) <H(7z0,7%1). Define 1 : R x R — R by

t+9(t,s) .
M) =4 5 if £,5>0 (6)
0 otherwise.
By (91), we know that
0<At,s)<1 for all t,5>0. @)

Also note that if 9(¢,s) > 0, then
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0 <t <silt,s). (8)
So, from (5) and (7), we get
0 < A(H(Tz0, Tz1),d(20,21)) < 1. (9)
Let
e — ( 1 = 1)61(21, Tz). (10)
VAH(Tz0,7Tz1),d(20,21))

Since d(z1,721) > 0. So, by using (9), we get £; > 0 and

d(Z1, 721) <d(21, TZ1) + &1

! d(z1, Tz1) .
Z1,121).
\/ﬂ TZ(),TZl) d(Zo,Z1))
This implies that there exists 2, € 727 such that
d(z1,22) < ! d(z1,721) (12)
1,42 1 1)
\//1 TzO,Tzl) d(Zo,Zﬂ)
By induction, we form a sequence {z,} in X satisfying for eachn € N,
Zn € Tzn—la Zn 7& Zp—15%n ¢ Tzn’ (o (Zn—lazn) > Ny (Zn—lazn>’
0<d(xy,Tx,)<H(Tzy,-1,72,), (13)
Y(H(T24-1,72,),4(24-1,2,)) =0, (14)
and
Az, 2 ! Az, T2) (15)
" "+1 \//1 Tzn laTzn) d(Zn_1,Zn)) " "
by taking
! 1)d(,, T2,) (16)
Ep = 7 7y n)-
VAH(Tz1-1,T24),d(20-1,24))
By using (7), (8), (13), and (15), we get for eachn € IN
d(zm Tzn) < d<zn—17zn)/1(H<Tzn—17 TZM)? d(Zn_1,Zn)) < d(Zn_1,Zn), (17)

this implies that {d(z,,72,)}, < is 2 bounded sequence. By combining (15) and
(17), for each n € IN, we get

d ZnaZnJrl (\/ﬂ Tzn 17TZ71) d(znflazn))) d(znflyzn)- (18)

Which means that {d(2,-1,2x)}, < is @ monotonically decreasing sequence of
non-negative reals and so it must be convergent. So, let lim,,_..d(2,,2,+1) = ¢ >0.
From (8,), we get
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lim supA(H(7 2y, 72,),d(20-1,2)) <1. (19)

n—oo

Now, if ¢ > 0, then by taking the lim,_., sup in (18) and using (19), we have

c< . /lim sup A(H(72p-1,72n),d(24—1,24))c <c. (20)

n—oo

This contradiction shows that ¢ = 0. Hence, lim,, .o, d(2,,2,+1) = 0. Next, we
prove that {z,}, . is @ Cauchy sequence in X Let, for eachn € N,

on = VAH(T20-1,T20),d(Zn-1,21))> (21)
then from Eq. (9), we have 6, € (0,1). By (18), we obtain
Az, 2n+1) < 02d(2n-1,24). (22)
(19) implies that lim,,_., 6, <1, so there exists y € [0,1) and 7 € IN, such that
o, <y for all n€IN,n>ny. (23)
For any 7 >n,, since ¢, €(0,1) for allz € IN and y € [0, 1), (22, 23) implies that

d(Znazn—i-l) < Gnd(zn—lazn> < GnGn—1d(Zn—2,Zn—1)'“ SY"_"°+1d(Zo,Zl)~ (24)

n ng+1

Put g, = ( g )d(zo,zl), n € IN. For m, n € IN with m >n >ng, we have from
(24) that

m—1
A(zn,2m) < X d(3),3j41) <Py (25)
j=n

Since y €10,1), lim,_.f, = 0. Hence lim,,_.,sup{d(z,,2m) : m >n} = 0. This
shows that {z,} is a Cauchy sequence in X. Completeness of X" ensures the existence
of z € X such thatz, — z asn — . Now, since a(z,,2) >7(z,,2) for allz € N,
a.(T2,,T2) 2n,.(T2,,72), and so from (4), we have 9(H(7z,,72),d(2,,2)) > 0.
Then from (7, 8), we have

H(Tz,,T2) <AMH(Tz2,,72),d(24,2))d(21,2) <d(2,,2). (26)
Since 0 <d(z,72) <H(7z,,72) + d(2,,2), so by using (26), we get
0<d(z,72)<2d(z,,2). (27)

Letting limit # — oo in above inequality, we get d(z, 7z) = 0. Hence z € Fix{7 }.
[
Let A(F) be the set of all functions F : R+ — R satisfying following conditions:
(F1) F is strictly increasing;
(F,) for all sequence {a,} CR", lim,_,, @, = 0 if and only if
lim, o F(a,) = —o0;
(F3) there exist 0 <k <1 such that lim,,_,+a*F(a) = 0,
A(F.,), if F also satisfies the following:
(F4) F(infA) = inf F(A) for all A c (0, o) with inf A >0,
Definition 3.5 [27] Let (X, d) be a metric space. A mapping 7 : X — X is said to
be F-contraction of there exists 7 > 0 such that
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d(Tx,Ty)>0 implies 7+ F(d(Tx,7Ty))<F(d(x,y)).

Theorem 3.6 [26] Let (X,d) be a complete metric space and let T : X — X be an
F-contraction. Then T has a unique fixed point x* € X and for every xo € X a sequence
T"xon € IN is convergent to x*.

Definition 3.7 ([27]). Let (X, d) be a metric space and 7 : X — CB(X) be a
mapping. Then 7 is a multivalued F-contraction, if 7 € A(F) and there exists 7> 0
such that for all x, y € X,

H(Tx,Ty)>0 =1+ F(H(Tx,Ty)) <F(d(x,y)).

Theorem 3.8 ([27]). Let (X, d) be a complete metric space and T : X — K(X) be a
multivalued F-contraction, then T has a fixed point in X.

Theorem 3.9 ([27]). Let (X,d) be a complete metric space and T : X — C(X) be a
multivalued F-contraction. Suppose F € A(F..), then T has a fixed point in X.

For more in this direction, see, [28-31]. Here, we give the concept of
multivalued a-F-weak-contractions and prove some fixed point results.

Definition 3.10 Let 7 : X — 27 be a multivalued mapping on a metric space
(X,d), then 7 is said to be an multivalued a-F-weak-contraction on X, if there
exists 6> 0,7: (0,00) — (6,0), FEA(F)and a: X x X — [0, + ) such that for
allze X, y e F% with D(z,7z) > 0 satisfying

7(d(z,y)) + F(a(z,y)D(y, Ty)) < F (M(z,y)), (28)
where,
M(z,y) = max/{d(z,y),D(z, Tz),D(y, Ty),D(y’TZ) —;D(Z’ 7y) ,
D(y,Ty)[1+ D(z,7z)] D(y,7z)[1+ D(z, Ty)]} (29)
1+d(z,y) ’ 1+d(z.y) '
and

Fi={yeTz:F(d(z,y)<F(D(,Tz))+o}.

Note that 72 # @ in both cases when F € A(F) and F € A(F,.) [32].

Definition 3.11 Let 7 : X — P(X) be a multivalued mapping on a metric space
(X,d), then 7 is said to be an multivalued a-F-contraction on X, if there exists
6>0,7:(0,00) = (6,0), FEA(F)and a : X X X — [0, +o0) such that for all
ze X,y eF: with D(z, Tz) > 0 satisfying

7(d(z,9)) + F(a(z,y)D(, Ty)) < F(d(x,9)), (30)

Theorem 3.12 Let (X, d) be a complete metric space and T : X — K(X) be an
multivalued a-F-weak-contraction satisfying the following assertions:

1.7 is multivalued a-orbital admissible mapping;
2.the map z — D(z,7z) is lower semi-continuous;
3.there exists zg € X and z1 € Tz such that a(zo,21) >1;

4. 7 satisfies lim,_;+infz(t) > o for all s > 0.



Recent Advances in Integral Equations

Then T has a fixed point in X.

Proof. Let z9 € X, since Tz € K(X) for every z € X, the set F is non-empty for
any ¢ > 0, then there exists z; € F° and by hypothesis a(zo,21) > 1. Assume that
21 € T 21, otherwise 24 is the fixed point of 7. Then, since 7z; is closed,
D(z1,7T21)> 0, so, from (28), we have

7(d(20,21)) + F(a(z0,21)D(21, 721)) < F (M(20,21)), (31)
where
M(z0,21) = max d(zo,zl),D(zo,’Tzo),D(Zl,’Tzl),D(Zl’TZO) ;D(ZO’TZQ ,
D(z1,721)[1+ D(20,720)] D(21,720)[1+ D(z0, Tzl)]} (32)
1+d(z0,21) ’ 1+d(20,21) '

Since 7z( and 7z, are compact, so we have

d(z ) Z +d(z ,Z
M(zo0,21) :maX{d(zo,Z1),d(zo,zl),d(zl,zz), (z1,21) : (20 2)’

d(z1,22)[1 +d(20,21)] d(z1,21)[1+ d(zo,zz)]}

1+ d(z0,21) ’ dl(+ d(z)o,zl)
20,22

2

= max1 d(2o,21),d(21,22), (33)

Since d(z‘fﬁ < d(zozl);”d(zl*zz) <max{d(z¢,21),d(z1,22)}, it follows that

M(z0,21) <max{d(z0,21),d(z1,22)}. (34)
Suppose that d(z0,21) <d(21,22), then (31) implies that

7(d(20,21)) + F(D(21,721)) <7(d(20,21)) + F(a(z0,21)D(21,721))

(35)
< F(d(z1,22)),
consequently,

T(d(Zo,Z1)) —l—f(d(ZbZz)) SF(d(ZLZz)), (36)

or, F(d(z1,22)) < F(d(z1,22)) — 7(d(20,21)), which is a contradiction. Hence
M(d(z0,21)) <d(=0,21), therefore by using (F1), (31) implies that

T(d(Zo,Z1)) + f(a(Zo,Zl)d(Zl,Zz)) Sf(d(Z(),Zl)) (37)

On continuing recursively, we get a sequence {2, }, . in X, where 2,1 €F",
Zni1 €T 2n1, A(Zn,Zni1) 21, M(20,2041) <d(24,24+1) and

(A(En2011)) + F(D (51, 1)) < F (A& 7:1))- (38)
Since 2,11 € F3* and 7z, and 72,1 are compact, we have
T(d(Zn,Zn+1)) + f(d(zn+1azn+2)> < f(d(znazwrl)) (39)

and
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F(d(2zn,2n41)) S F(d(2n,2n41)) + 0. (40)
Combining (39) and (40) gives

f(d(zn+1azn+2)) < f(d(zmzn—i-l)) +o - T(d(Zn,Zn+1)) (41)

Letd, = d(2n,24+1) for n €N, thend,, > 0 and from (41) {d, } is decreasing.
Therefore, there exists § > 0 such that lim,_..d, = §. Now let § > 0. From (41), we get

F(dpi1) <F(dy) +0—1(d,) <F(dy-1) + 20 —1(d,) — t(dy—1)-+

(42)
<F(do) +no—1(dy,) — t(dp—1) — ==+ — 7(do).
Let 7(d, ) = min{z(do), 7(d1), -+, 7(d,)} for all » € IN. From (42), we get
Fldnsr) <F(do) +n(o—(dy ). (43)
From (38), we also get
F(D(2n41, T2n+1)) < F(D(20,T20)) +n(c —7(dp )). (44)

Now consider the sequence {z(d, )}. We distinguish two cases.
Case 1. For each n € IN, there is m > n such that T(dpn) > T(dpm). Then we obtain a

subsequence {dpnk } of {d, } with T(‘ipnk) > T(dpnkH) for all k. Since dj, — 5", we

deduce that lim,_. . infz (dpnk> > ¢. Hence ]—“(dnk) <F(do)+n (6 — T(dpn)) for all
k. Consequently, limy,_. o, F (d,,k) = —oo and by (F;), we obtain limkﬁwdpnk) =0,
which contradicts that lim,,_,d, > 0.

Case 2. There is no € IN such that T<dpn0) >1(d,, ) for allm >ng. Then

Fdm) <F(do) + Wl((i — 1<dp )) for all m > ny. Hence lim,, .o, F(d,,) = — o0, so

no
lim,, . .d,, = 0, which contradicts that lim,,_,d,, > 0. Thus,

limd, = 0.

n—oo

From (F3), there exists 0 <7 <1 such that lim,_.(d,) F(d,) = 0. By (43), we
get foralln e IN

(dn) F(dn) — (dn) F(do) < (dn)n(c —z(d —p,)) 0. (45)

Letting n — oo in (45), we obtain lim,, .7 (d,)" = 0. This implies that there exists
n1 € IN such thatn(d,) <1, or, d, < #, for all # > n4. Next, for m >n >n; we have

m—1 m—1 1

d(Zn,Zm)S Z d(‘gi,ZiJrl)S Z m’

i=n i=nl

since 0 <k <1, Z:’;l 11% converges. Therefore, d(2,,2,) — 0 asm,n — . Thus,
{2z} is a Cauchy sequence. Since X is complete, there exists z* € X’ such thatz, — 2*
asn — oo. From Egs. (44) and (F,), we have lim,_..D(z,, 72,) = 0. Since
z — D(z,7z) is lower semi-continuous, then

0<D(z,Tz) < lim inf D(z,,7z,) = 0.

n—oo
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Thus, 7 has a fixed point. O

In the following theorem we take C(&X) instead of K(X'), then we need to take
F € A(F,) in Definition 3.10.

Theorem 3.13 Let (X, d) be a complete metric space and T : X — C(X) be an
multivalued a-F-weak-contraction with F € A(F..) satisfying all the assertions of Theo-
vem 3.12. Then T has a fixed point in X.

Proof. Let z9 € X, since Tz € C(X) for everyz € X and F € A(F,), the set F% is
non-empty for any ¢ > 0, then there exists 21 € X° and by hypothesis a(z9,21) > 1.
Assume that 21 ¢ 721, otherwise 21 is the fixed point of 7. Then, since 7z; is closed,
D(z1,721) > 0, so, from (28), we have

7(d(20,21)) + a(20,21)F (D(21, 721)) < F (M(20,21)), (46)
where
M(z0,21) = max d(zo,zl),D(zo,Tzo),D(zl,Tzl),D(zl’Tzo) ;D(ZO’ Tz1) ,
D(z1,721)[1+ D(20,720)] D(21,720)[1+ D(2o, Tzl)]}' (47)

1+d(Zo,Zl) ’ 1+d(20721)

The rest of the proof can be completed as in the proof of Theorem 3.12 by
considering the closedness of 7z, for allz € X. OJ

Theorem 3.14 Let (X, d) be a complete metric space, T : X — K(X) be a continu-
ous mapping and F € A(F). Assume that the following assertions hold:

1.7 is generalized a.-admissible mapping;
2.there exists 2o € X and z1 € Tz such that a(z9,21) > 1;

3.there exists 7 : (0, 00) — (0, 00) such that

lim inf z(¢) >0 for all s>0

t—st

and for all z € X with H(7z, 7y) > 0, there exist a function
a: X x X — {—o0}U(0,+o0) satisfying

©(d(z,)) + alz,y)F(H(Tz,Ty)) < F (M(z,p)), (48)

where M(z,y) is defined in (29).

Then T has a fixed point in X.

Proof. By following the steps in the proof of Theorem 3.12, we get the required
result. ]

Note that Theorem 3.14 cannot be obtained from Theorem 3.12, because in
Theorem 3.12, ¢ cannot be equal to zero.

Theorem 3.15 Let (X, d) be a complete metric space, T : X — C(X) be a continuous
mapping and F € A(F,.) satisfying all assertions of Theorem 3.14. Then T has a fixed
point in X.

From Theorems 3.14 and 3.15, we get the following fixed point result for single
valued mappings:

Theorem 3.16 Let (X, d) be a complete metric space, T : X — X be a continuous
mapping and F € A(F). Assume that the following assertions hold:

1. 7T is a-admissible mapping;

10
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2.there exists 2o, 21 € X such that a(z¢,21) >1;

3.there exists 7 : (0,00) — (0, ) such that

lim inf 7(¢) >0 for all s>0
t—st
and for all z € X with d(7z,7y) > 0, there exist a function
a: X x X — {—o0}U(0,+o0) satisfying

©(d(z,p)) + a(z,y)F(d(Tz,Ty)) < F(m(z,y)), (49)

where

m(z,y) = maxq d(z,y),d(z, TZ),d(y,Ty),d@’Tz) —;—d(z, Ty)’
Ay, Ty)1+d(z,72)] d(y,T=)[1 —I—d(z,Ty)]}
1+d(z,y) ’ 1+d(z,y) ’

Then T has a fixed point in X.

Now, let (X,d, <) be a partially ordered metric space. Recall that 7 : X — 2V is
monotone increasing if 7y <7z for all y, 2 € X, for which y <z (see [33]). There are
many applications in differential and integral equations of monotone mappings in
ordered metric spaces (see [34-36] and references therein).

Theorem 3.17 Let (X, d, <) be a complete partially ordered metric space and let

T : X — 2% be a closed valued mapping satisfying the following assertions for all y, z € X
with y <z:

(50)

1. T is monotone increasing;
2.9(H(Ty, T),d(y,2)) 2 0s
3.there exists 2o € X and z1 € T 2o such that 20 <21;

4.for a sequence {z,} C X, lim,_. {2, } = 2z and 2z, <z,+1 for all n € IN, we have
2, <z forallneIN.

Then Fix{T } #+ @.
Proof. Define a, 7 : X x X — [0, 00) by

1
1 <z = <z
a<y7z> = { g 77<y7z> = { 2 ’
0

0 otherwise )
otherwise,

then for y, z € X with y <z, a(y,2) >#(y,2) implies

a.(Ty,Tz) =1> 1 =n,(Ty,Tz) and a.(Ty, Tz) = n,(Ty,Tz) = 0 otherwise. Thus,

all the conditions of Theorem 3.4 are satisfied and hence 7 has a fixed point. O
In case of single valued mapping Theorem 3.17 reduced to the following:
Theorem 3.18 Let (X, d, <) be a complete partially ordered metric space and let

T : X — X be a self-map fulfilling the following assertions:

1.7 is monotone increasing;

11
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2.9(d(Ty,Tz),d(y,2)) > 0;
3.there exists 20 € X and z1 = T 2o such that 20 <z1;

4. for a sequence {2, } C X, lim,_.{2,} = 2z and 2, <2,41 for all n € IN, we have
2y <z forall n € IN.

—

for all y, z € X with y <z and 9 € Man(IR). Then Fix{7 } # @.

Definition 3.19 Let 7 : X — 2" be a multivalued mapping on a partially ordered
metric space (X,d, <), then 7 is said to be an ordered F-z-contraction on X, if
there exists 6 >0 and 7 : (0,00) — (6,0), F € A(F) such that for allze X, y € 7%
with 2 <y and D(z, 7z) > 0 satisfying

1(d(z,y)) + F(D(y,Ty)) < F(M(z,)), (51)
where,

Miz.y) = maXid(Z,y%D(z, T2),D(y, Ty), 20 T2) ;D(z, ).
D(y,7y)1+D(z,72)|] D(y,72)[1+ D(z, Ty)]}
1+d(z,y) ’ 1+d(z,y) :

(52)

Theorem 3.20 Let (X, d, <) be a complete partially ordered metric space and
T : X — K(X) be an ovdered F-t-contraction satisfying the following assertions:

1. T is monotone increasing;
2.the map z — D(z,Tz) is lower semi-continuous;
3.there exists 2o € X and z1 € Tz such that 20 <21;

4.7 satisfies

}in} inf 7(t) > o for all s>0
Then T has a fixed point in X.
Proof. By using the similar arguments as in the proof of Theorem 3.17 and using
Theorem 3.12, we get the result. ]
Theorem 3.21 Let (X, d, <) be a complete partially ordered metric space and
T : X — C(X) be an ordered F-t-contraction with F € A(F,.) satisfying all the asser-
tions of Theorem 3.20. Then T has a fixed point in X.

Theorem 3.22 Let (X, d, <) be a complete partially ordered metric space,
T : X — K(X) be a continuous mapping and F € A(F). Assume that the following
assertions hold:

1. T is monotone increasing;

2.there exists z0 € X and z1 € Tzq such that zo <213

3.there exists T : (0, 00) — (0, 00) such that

lim inf z(£) >0 for all s>0

t—st

12
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and for all z, y € X withz <y and H(7 2, 7y) > 0 satisfying
(d(z,y)) + F(H(Tz,Ty)) < F (M(z,)), (53)

where M(zg,y) is defined in (52).

Then T has a fixed point in X.

Proof. By defining a : X x X — [0, o) as in the proof of Theorem 3.17 and by
using Theorem (3.14), we get the required result. O

Theorem 3.23 Let (X,d, <) be a complete partially ordered metric space,
T : X — C(X) be a continuous mapping and F € A(F.) satisfying all assertions of
Theorem 3.22. Then T has a fixed point in X.

From Theorems 3.22 and 3.23, we get the following fixed point result for single
valued mapping.

Theorem 3.24 Let (X,d, <) be a complete partially ordered metric space,
T : X — X be a continuous mapping and F € A(F). Assume that the following asser-
tions hold:

1. T is monotone increasing;
2.there exists 2, 21 € X such that 29 <21;

3.there exists 7 : (0,00) — (0, 00) such that

lim inf z(¢) >0 for all s>0

t—st

and for all z, y € X withz <y and d(72,7y) > 0 satisfying

1(d(z,y)) + F(d(T=,Ty)) < F(m(z,y)), (54)
where
m(z,y) = max/{d(z,y),d(z, Tz),d(y, Ty),d(y’TZ) —;—d(z, ) ,
dy,7y)1+d(z,72)] d(y,T=)[1+d(z, ’Ty)]} (55)
1+d(z,y) ’ 1+d(z,y) '

Then T has a fixed point in X.

4. Existence of solution

In this section, by using the fixed point results proved in the previous section,
we obtain the existence of the solution of integral Eq. (2) and matrix Eq. (1).

4.1 Solution of Fredholm integral equation of second kind

Let <« be a partial order relation on R”. Define 7 : X — X by

Tz(r) = L Br,s,5(s)ds +g(r),  rela,b] (56)

Theorem 4.1 Let X = C([b,c|, R") with the usual spermium norm. Suppose that
1.B:[b,c] x b,c] x R"” — R" andg : R” — R” are continuous;

13
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2. there exists a continuous function p : [b,c| x [b,c] — [b,c] such that

|B(r,s,u) = B(r,s,v)| <p(r,s)lu — o], (57)

for each r,s € [b,c] and u, v € R” with u <.

3. 5Up, ¢ yp(rs)ds =q< 3
4. there exists zg € X and 21 € Tz such that z¢ <z1;

5. for a sequence {z,} C X, lim, . {2,} =2 and 2, <2,+1 for all n € IN, we have
2z, <z forall w € IN.

Then the integral Eq. (2) has a solution in X.
Proof. Let X = C([b,c], R") and |z|| = max, ¢ [z(7)], for z € C([a,b]). Consider a
partial order defined on X by

y,2€C([b,c],R"), y=<z if and only if y(r)<xz(r), for relb,c]. (58)

Then (X, ||.||, <) is a complete partial ordered metric space and for any increas-
ing sequence {z,} in X’ converging to z € X, we have z,(r) <z(r) for any r € [b, c|
(see [36]). By using Eq. (56), conditions (2, 3) and taking J(r,s) = %s — r for all
9,2 € X with y <z, we obtain

1 Ty(r) — Tz(r)| = | [, B(r,s,y(s))ds — [; B(r,s,z(s))ds|
< jbc |B(V7573’(5)) - B(V,S,Z(S))lds
< Jp(r,s)ly(s) —=(s)lds

1
< Z”,’V—ZH'

This implies that

1 1 1 1
Zy — _ _ > 2y — _ Zly — =2y —zll.
Sy ==l =17y = 7=l 25y ==l = v —=ll = 2 [y — =

So 8(d(7Ty,T=),d(y,2)) >0 for all y, z € X with y <z. Hence all the conditions of
Theorem 3.18 are satisfied. Therefore 7 has a fixed point, consequently, integral
Eq. (2) has a solution in X. O

4.2 Solution of non-linear matrix equation

Theorem 4.2 Let y : H(n) — H(n) be an order-preserving mapping which maps
P(n) into P(n) and Q € P(n). Assume that there exists a positive number N for which
ST AAI<NI, and Y- Afy(Q)Ai>0 such that for all X <Y we have

1 _<22+dd§§(i/Y))
A(y(X), (V) < Gm(Y, X)e N0/, (59)

where
AdY,TY)+d(X,TX)
5 )
AdY, TY)1+d(X,7X)| d(Y,TX)[1+d(X,TY)]
1+d(X,Y) ’ 1+dX,Y) }

m(X,Y) = max{d(X, Y),d(X,TX),d(Y,TY),

Then (1) has a solution in P(n).

14
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Proof. Define 7 : H(n) — H(n) and ¥ : R+ — R by
T(X)=Q+ ;AH(X)Ai (60)

and F(r) = Inr respectively. Then a fixed point of 7 is a solution of (1). Let
X, Y €H(n) with X <Y, then y(X) <y(y). So, ford(X,Y) >0 and 7(t) = 1 + 1, we
have

Ad(TX,TY) = ||TY — TX|,
=wr(7TY -TX)

= ZW(AA (r(Y) = r(X)))

—w<<w )

Iy (Y) = r(X)ll;

ZA,-A;-"

i=1

_ (ZHIY*XIM)
< ~ m(Y,X)e 2[[y—X]ly

3 (HHY—X\M)
m(Y,X)e 2[[Y-X]l1

b
and so,

[ 2y =Xy -
n (7Y = 7X];) <n <m<Y,X>e <”X1>> =In(m(X.Y)) - %
1

This implies that

1

I —x|, X||1 Jrln(||TY TX||,) <In(m(X,Y)).

Consequently,
1(dX,Y)) + Fd(TX,TY)) <F(m(X,Y)).

Also, from Y |Afy(Q)A;>0, we have Q <7 (Q). Thus, by using Theorem 3.24,
we conclude that 7 has a fixed point and hence (1) has a solution in P(n). ]

15
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