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Abstract

We show that the directional projection of longitudinal waves propagating in a parallel array
of N elastically coupled waveguides can be described by a nonlinear Dirac-like equation in a
2V dimensional exponential space. This space spans the tensor product Hilbert space of the
two-dimensional subspaces of N uncoupled waveguides grounded elastically to a rigid
substrate (called ¢-bits). The superposition of directional states of a ¢-bit is analogous to that
of a quantum spin. We can construct tensor product states of the elastically coupled system
that are nonseparable on the basis of tensor product states of N ¢-bits. We propose a system
of coupled waveguides in a ring configuration that supports these nonseparable states.

Keywords: one-dimensional elastic waveguides, nonseparability, elastic waves, elastic
pseudospin, coupled waveguides

1. Introduction

Quantum bit-based computing platforms can capitalize on exponentially complex entangled
states which allow a quantum computer to simultaneously process calculations well beyond
what is achievable with serially interconnected transistor-based processors. Ironically, a pair of
classical transistors can emulate some of the functions of a qubit. While current manufacturing
can fabricate billions of transistors on a chip, it is inconceivable to connect them in the
exponentially complex way that would be required to achieve nonseparable quantum super-
position analogues. In contrast, quantum systems possess such complexity through the nature
of the quantum world. Outside the quantum world, the notion of classical nonseparability
[1-3] has been receiving a lot of attention from the theoretical and experimental point of views
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in the field of optics. Degrees of freedom of photon states that span different Hilbert spaces can
be made to interact in a way that leads to local correlations. Correlation has been achieved
between degrees of freedom that include spin angular momentum and orbital angular momen-
tum (OAM) [4-9], OAM, polarization and radial degrees of freedom of a beam of light [10] as
well as propagation direction [11, 12]. Recently, we have extended this notion to correlation
between directional and OAM degrees of freedom in elastic systems composed of arrays of
elastic waveguides [13]. This classical nonseparability lies only in the tensor product Hilbert
space of the subspaces associated with these degrees of freedom. This Hilbert space does not
possess the exponential complexity of a multiqubit Hilbert space, for instance. It has been
suggested theoretically and experimentally that classical systems coupled via nonlinear inter-
actions may have computational capabilities approaching that of quantum computers [14-16].

We demonstrated in Ref. [17] that nonlinear elastic media can be used to produce phonons that
can be correlated simultaneously in time and frequency. We have also shown an analogy between
the propagation of elastic waves on elastically coupled one-dimensional (1D) wave guides and
quantum phenomena [18-21]. More specifically, the projection on the direction of propagation of
elastic waves in an elastic system composed of a 1D waveguide grounded to a rigid substrate
(denoted ¢-bit) is isomorphic to the spin of a quantum particle. The pseudospin states of elastic
waves in these systems can be described via a Dirac-like equation and possess 2 x 1 spinor
amplitudes. Unlike the quantum systems, these amplitudes are, however, measurable through
the measurement of transmission coefficients. The notion of measurement is an important one as
it has been realized that separability is relative to the choice of the partitioning of a multipartite
system. Indeed, it is known that given a multipartite physical system, whether quantum or
classical, the way to subdivide it into subsystems is not unique [22, 23]. For instance, the states
of a quantum system may not appear entangled relative to some decomposition but may appear
entangled relative to another partitioning. The criterion for that choice may be the ability to
perform observations and measurements of some degrees of freedom of the subsystems [23].

The objective of this paper is to investigate the notion of separability and nonseparability of
multipartite classical mechanical systems supporting elastic waves. These systems are com-
posed of 1D elastic waveguides that are elastically coupled along their length to each other
and/or to some rigid substrate. The 1D waveguides support spinor-like amplitudes in the two-
dimensional (2D) subspace of directional degrees of freedom. The amplitudes of N coupled
waveguides span an N-dimensional subspace. Subsequently, the Hilbert space spanned by the
elastic modes is a 2N-dimensional space, comprised of the tensor product of the directional
and waveguides subspaces. This representation is isomorphic to the degrees of freedom of
photon states in a beam of light. While beams of light cannot be decomposed into subsystems,
an elastic system composed of coupled 1D waveguides can. Indeed, the elastic system consid-
ered here forms a multipartite system composed of N 1D waveguide subsystems. We show
that, since each waveguide possesses two directional degrees of freedom, one can represent the
elastic states of the N-waveguide system in the 2V dimensional tensor product Hilbert space of
N 2D spinor subspaces associated with individual waveguides. The elastic modes in this
representation obey a 2" dimensional nonlinear Dirac-like equation. These modes span the
same space as that of uncoupled waveguides grounded to a rigid substrate, i.e., N ¢-bits.
However, the modes” solutions of the nonlinear Dirac equation cannot be expressed as tensor
products of the states of N uncoupled grounded waveguides, i.e., ¢-bit states.
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In Section 2 of this chapter, we introduce the mathematical formalism that is needed to
demonstrate the nonseparability of elastic states of coupled elastic waveguides in an exponen-
tially complex space. Throughout this section, we use illustrations of the concepts in the case of
systems composed of small numbers of waveguides. However, the approach is fully scalable
and can be generalized to any large number of coupled waveguides. In Section 3, we draw
conclusions concerning the applicability of this approach to solve complex problems.

2. Models and methods

We have previously considered systems constituted of N one-dimensional (1D) waveguides
coupled elastically along their length [13]. In this section, we summarize the results of these
previous investigations to develop a formalism to address our current considerations. The
parallelly coupled waveguides can be arranged in any desired way. The propagation of elastic
modes is limited to longitudinal modes along the waveguides in the long wavelength limit, i.e.,
the continuum limit. We consider the representations of the modes of the coupled waveguide
systems in two spaces. The first space scales linearly with N. The second space scales as 2" and
leads to a description of the elastic system with exponential complexity. The linear representa-
tion enables us to operate easily on the states in the exponential space.

2.1. Representation of elastic states in a space scaling linearly with N

A compact form for the equations of motion of the N coupled waveguides is:

{H.Inxn + &My biinxa = 0 (1)

Here, the propagation of elastic waves in the direction x along the waveguides is modeled by

2
o
speed of sound in the medium constituting the waveguides and the parameter a? characterizes
the strength of the elastic coupling between them (here, we consider that the strength is the
same for all coupled waveguides). unx1 is a vector with components, u; (i =1,N),
representing the displacement of the ith waveguide. The coupling matrix operator My
describes the elastic coupling between waveguides which, in the case of N = 3 parallel wave-
guides in a closed ring arrangement with first neighbor coupling, takes the form:

the dynamical differential operator, H = &; — g* %. The parameter 8 is proportional to the

2 -1 -1
My_un—3=| -1 2 -1 (2)
-1 -1 2

Eq. (1) takes the form of a generalized Klein-Gordon (KG) equation and its Dirac factoriza-
tion introduces the notion of the square root of the operator {H Inwn + OtzMNxN}. In this
factorization, the dynamics of the system are represented in terms of first derivatives
with respect to time, ¢, and position along the waveguides, x. There are two possible Dirac
equations:
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0 RN
{UNXN ® o, 5 BUnxn ® (—ioy) ¥ +ialonxon vV MNxn ® Ux}\P2N><1 =0 3)

0 1
In Eq. (3), Unxn and Uanxon are antidiagonal matrices with unit elements. o, = ( 1 O) and

0 i
oy = ( ) 0) are two of the Pauli matrices. Wy« is a 2 N dimensional vector which repre-
—1i

sents the modes of vibration of the N waveguides projected in the two possible directions of
propagation (forward and backward) and /My is the square root of the coupling matrix.
The square root of a matrix is not unique but we will show later that we can pick any form
without loss of generality.

We choose components of the Wiy vector in the form of plane waves ¢, = e e with
I=1,...,2N and k and w being the wave number and angular frequency, respectively, Eq. (3)
becomes:

{wAsnon + PkBanson £ aCansan Jaanx1 = 0 4)
where
AnxoN = INxN ® I2x2 (5a)
Bonxon = Inxn ® (—02) (5b)
Conxon = V/Mixn ® 0x (5¢)

1 0
In Egs. (4) and (5), 0, = (0 1 ) is the third Pauli matrix, Iy« is the identity matrix of order

N and a;ny1 is a 2 N dimensional vector whose components are the amplitudes a;. In obtaining
Eq. (4), we have multiplied all terms in Eq. (3) on the left by Uonxon.

Writing Eq. (4) as a linear combination of tensor products of N x N and 2 x 2 matrix operators:
{INXN Q [wlaxo — Pko;]| £ ay/Myun @ Gx}ﬂszl =0 (6)
we seek solutions in the form of tensor products:

anx1 = Enx1 ® 5241 (7)

While the degrees of freedom associated with Ey1 span an N dimensional Hilbert subspace,
the degrees of freedom associated with s,,; span a 2D space.

Replacing ayn«1 from Eq. (7) in Eq. (6) yields:

{(INXNEle) Q ([wlaxa — Bkoz]sax1) £ 04(\/ MN><N£N><1> ® (stle)} =0. (8)
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Choosing Enyxi to be an eigenvector, e,, of the matrix \/My.y with eigen value A, Eq. (8)
reduces to:

€n ® {([CUIZXZ - ﬁkgz] + a/\nax)52><l} =0 (9)

For nontrivial eigenvectors e,, the problem in the space of the directions of propagation
reduces to finding solutions of

a)szz — kGZ ia)\nax Sox1 = 0 (10)
p

In obtaining Eq. (9), we have also used the fact that ¢, is an eigen vector of I .y with eigen value 1
and we note that Eq. (9) is the 1D Dirac equation for an elastic system which solutions, s;1, have
the properties of Dirac spinors [18-21]. The components of the spinor represent the amplitude of
the elastic waves in the positive and negative directions along the waveguides, respectively.

Eq. (10), now written in the matrix form, can now be solved for a given A,;
wn - k :l:O(An S
(Lo o) (2) =0 av
tad, wn+pk) \s2

This eigen equation gives the dispersion relation w2 = (8k)” + (aA,)? (vide infra) and the
following eigen vectors projected into the space of directions of propagation:

\/ Wy k
52><1:SO< OntP > (12)

+\/w, — pk

To determine the eigen vectors of /My, we note that they are identical to the eigen vectors
of the coupling matrix Myxy and the eigen values of Myxy are also A2. These properties
indicate that we do not have to determine the square root of the coupling matrix to find the
solutions ayn 1. All that is required is to calculate the eigen vectors and the eigen values of the
coupling matrix. Hence, the nonuniqueness of v/Myxy does not introduce difficulties in deter-
mining the elastic modes of the coupled system in the Dirac representation.

In the case of the coupling matrix, M3,3, presented in Eq. (2), the eigen values and real eigen
vectors are obtained as A3 = 0, A7 = A3 =3, and

1 1
1 " 5
1 7| L p
=51 ,61:% 2 andezz% 1 (13)
1 1
2 2

Eq. (3) being linear, its solutions can be written as linear combinations of elastic wave functions
in the form:

Wonx1(n, k) = e,(N) ® spx1 (k) gtk giwn k)t (14)
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In Eq. (14), we have expressed the dependencies on the wave number k and the number of
waveguides N. The eigen vectors e, (N) depend on the connectivity of the N waveguides. The
space spanned by these solutions scales linearly with the number of waveguides, i.e., as 2N.

2.2. Representation of elastic states in a space scaling as 2N

We first illustrate the notion of exponential space in the case of three waveguides. Each guide is
connected to a rigid substrate and therefore constitutes a @-bit. The waveguides are not
coupled to each other. The dynamics of the system can be described by a single equation which
is constructed as follows:

0, R0, R0 9—l—i o, 0, R0 i—I—i 0, R0, R0 i+i 0, R0, R0 ij:ictl Qo
b x xat ﬁ y x xaxl ﬁ x y xaxz ,8 x X yaxa 2x2 x

Qox Tiaoy @2 @0y L1000, @ 0x @ o2 | Wsx1 =0

(15)

In Eq. (15), we are now defining a positional variable for each waveguide, namely, x1, x2, x3.
The quantity « is a measure of the strength of the elastic coupling to the rigid substrate. The

Wy
W,
W3
solutions are the 8 x 1 vectors Wg,1 = 34 . When seeking solutions in the form of tensor
5
W
Wy
Wi
products of spinor solutions for the three waveguides (as indicated by the upper scripts)
9y
9 ey
9y
(1) (2) (3) (1),(2) 1(3)
Wsa =y @y @yt = (%l)) ® (%2)) ® (#’(3)) - 1#21)4’?2)‘#?3) (16)
2 2 2 o Py Yy
0o 9 gy
05 95 gy
R

it is straightforward to show that one recovers from Eq. (15), the six Dirac equations of Eq. (3)
with V/Mn=3xn=3 = I3x3. The solutions of Eq. (16) are obtained from the spinor solution for

individual waveguides (j):
, +Bk \ ..
lp(]) = 5o w ﬁ elkxela)t (17)
+\/w — pk
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The Hilbert space spanned by the solutions of Eq. (15) is the product space of the three 2D
subspaces associated with each waveguide. The states of a system composed of N ¢-bits span a

space when dimension is 2.

The question that arises then concerns the possibility of writing an equation in the exponential
Hilbert space for N waveguides coupled to each other. For instance, we wish to obtain the
states of the system composed of three waveguides coupled in a ring arrangement from an
equation of the form:

> d ] 0 .
ax®0x®0x§+lﬁay@ax@m‘ajLZﬁ0x®0y®ax6_n+lﬁgx®6x®aya—353 Ws,1 =0 (18)

:tiO(ESXS

The matrix aeg.s represents the coupling between the waveguides in the 2V=> space. We are
still seeking solutions in the form of tensor products (Eq. (16)). After a lengthy algebraic
manipulation, we find that we can reproduce Eq. (3) with the coupling matrix of Eq. (2) if one
chooses ¢ij = 0 excepting

1 2 3 2 1 3
e 2 g g2 g gy
14 = €41 = €23 = €31 = B /€16 = €61 = €25 = €50 = 2 ,
i 2
w® — ) _ @ w® — W _ @
€17 = €71 = €35 = €53 = el Hbé) al ;€28 = €82 = €46 = €4 = v2 ybé) v ;o (19)
¥1 V2
2 1 3 1 2 3
e 2 g 2y g gy
38 = €83 = €47 = €74 = 2 ;€58 = €85 = €67 = €76 = 0
V3 ¥a

The Dirac equation of the three coupled waveguides in the exponential space is therefore
nonlinear. Generalization to N coupled chains will result in the following nonlinear equation:

0 0 0
eN9 | . eN-1 9 . eN-—2 9 (o \ON-1 o
(0x) 5 POy ® (0x) o +ipo, ® 0y ® (o) o + ... +if(ox) ®oay oy | W =0
iiOLEZNX2N

(20)

where nonzero components of ¢,v, ,v depend on the 1}}1@, i=1,2;j=1, N that appear in the

solution Wov ; = ¥V @ @ ® ... ® YN, The solutions of the nonlinear Dirac equation for the
coupled waveguides span the same space as that of the system of ¢-bits, i.e.,, uncoupled
waveguides connected to rigid substrates. The next subsection addresses the question of
separability of the coupled waveguide system into a system of uncoupled ¢-bits.

2.3. Elastic states in the exponential space

For a system of waveguides that are not coupled, the elastic states, solutions of linear
equations of the form of Eq. (15), are tensor products but also linear combinations of
tensor products of spinor solution for individual waveguides (see Eq. (17)). It is therefore
possible to construct nonseparable states in the exponential space for systems of uncoupled

39



40

Phonons in Low Dimensional Structures

waveguides. For example, if we consider a system of two uncoupled waveguides, a possible

state of the system in the 2% space can be constructed in the form of the following linear
combination of tensor products:

Ny IR L o
Wi :(SO) ® eszxez2wt - (56) ®
tyw—pk +y/w — Bk +\/@ + Bk

(21)
4= ‘Bk e—ikaeiZa)t
+/w + Pk
Choosing sy = s, and writing Eq. (21) at the location x = 0, one gets:
Vo + pky/w + Bk Vo — pky/w — Bk
+/w + k\/w — Pk + — Pky/w + Bk
T Bl N el | POTReS
+/w — ky/w + Bk +/w + Bk/w — Bk
L\ Vo —Bky/w — Bk Vo +pky/w+pk ]
The bracket takes the form:
1
(Ve + Bry/@+ Bk — v/ — Pky/w — k) g (23)
-1

The vector 0 is not separable into a tensor product of two 2 x 1 vectors. Considering on
-1
‘ 1 0 : 1l 7 .
the basis |0) = J and [1) = 1|}, one can write the state given in Eq. (22) in the form of the

nonseparable Bell state:

Wi (x = 0) = (Ve + Pry/w + Bk — v/ — fky/w — Bk) (10) 8 0) = [1) @ 1) (24)

Since the waveguides are not coupled, it is, however, not possible to manipulate the state of
one of the waveguides by manipulating the state of the other one. Simultaneous manipulation
of the state of waveguides in the exponential space requires coupling. We now address elastic
states in the coupled waveguides system.

For a system of N coupled waveguides, we construct a solution of Eq. (3) that takes the form of
a linear combination of solutions given in Eq. (14):
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\PzNX1(1’l, 7’1/, k, ,k’) _ Xnen(N) ®52X1(k)€ikx€iw"(k>t + X (N) ®52><1<k/> eik’xeiwn/(k/)t (25)

The n and n’ correspond to two different nonzero eigen values, A, and A,/, i.e., they correspond
to two different dispersion relations w, (k) and w,/ (k). We also choose the wave number k’ such
that w,/ (k') = w,(k) = wp. These modes are illustrated in Figure 1 in the case of an N = 9
waveguide system. x, and x,, are the coefficients of the linear combination.

Ay Al
) A A ys
With e,(N) = | . and e, (N) = | . where the specific values of the components A;
Ay Al

and A] are determined by the connectivity and coupling of the waveguides, the state of Eq. (25)
can be rewritten as:

XpA1/wo + Pke™ + x,p A \/wo + K™ gogl)
XuA1\/wo — Bke™ + x,y A}/ wo — BK'e** ol
. e .

XnAny/@o + Pke® 4 x, A\\/wo + BK e N
XuAn~/wo — Bke™ + x, Ay Vo — BK e (PgN )

iwot .

\P2N>d(7’l,n/,k, 7k/> = (26)

Here, we have chosen, for the sake of simplicity, the + of the & in the 55, terms.

5
4_
Ty
e 37
)
S
g'z_n=4
i an
n=3 /
_—--""/
1_n=2 /
{FO
0 T ’ ] ] T
0 k 1 k 2 3 4 5

Wave number

Figure 1. Schematic illustration of the band structure (circular frequency in rad s ' versus the wave number in m ") for an
array of nine elastically coupled waveguides arranged in a ring pattern. The four upper bands are doubly degenerate. We
have taken 8 = 1 and a = 1. The two modes with wave number k and k' (n = 3 and n’ = 2) have the same frequency wy.

41



42

Phonons in Low Dimensional Structures

1
o))

The first two terms in Eq. (26) form a 2 x 1 spinor, (1) = ( 0
P2

>, which corresponds to the

first waveguide, the next two terms form a spinor ¢ for the second waveguide, etc. We can
then construct a solution of the nonlinear Dirac Eq. (20) in the exponential space as the tensor
product:

Dy =P ®...®@p™N (27)

Since Eq. (20) is nonlinear, linear combinations of tensor product solutions of the form
above are not solutions. Solutions of the nonlinear Dirac equation always take the form of

a tensor product when the spinor wave functions ¢ are expressed on the basis of 2 x 1
1 0
vectors. |0) = <0> and [1) = (1 ) If one desires to express @,v,; as a nonseparable state,

one has to define a new basis in which this wave function cannot be expressed as a tensor
product. This is done in Section 2.5. However, prior to demonstrating this, we illustrate in
the next subsection how one can manipulate states of the form ®,v ; in the exponential
space.

2.4. Operating on exponentially-complex tensor product elastic states

In this subsection, we expand tensor product states of the form given in Eq. (27) in linear
combinations of tensor products of pure states in the exponential space. We illustrate this
expansion in the case of three parallel waveguides elastically coupled to each other. Each
waveguide is also coupled elastically to a rigid substrate. We treat the case where the
strength of all the couplings is the same. In that case, the coupling matrix is:

3 -1 -1
Mn=sxn=s3=| -1 3 -1
-1 -1 3

This matrix has three nonzero eigen values A2 = 1, and A7 = A = 4 corresponding to two

dispersion relations w? = (ﬁk)2 + (al,)? with cutoff frequencies. The second band is dou-
bly degenerate. The eigen vectors are also given in Eq. (13). We now consider an elastic
mode in the linear space that is a linear combination of these eigen modes (see Eq. (26)):

¢ XnA1r\/@o + Bke™ + x,y AL/ wo + K e

A || xedi /@ = BR 4 Ay — B
2 ] 1!

\I]6><1(1’l n' . k k/) = (Pg : _ XnA2 \/melk" + )(n/Alz \/a)OT‘Bk/ezkx eint

o2 | | xuafan — PR 4y Ay — R

4053) XnAsr/@o + Bke™ + x,y A/ wo + K e

o) \xuds\fwo = B + x, Al /o — RV

(28)
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In Eq. (28), the A/’s can be the components of the eigen vector ¢y and the A}’s can be linear
combinations of the components of the eigen vectors e¢; and e;. We can calculate the tensor
product of the spinor components in the form of Eq. (27)

Dy =V @0 @ ¥ (29)

Eq. (29) can be rewritten after some algebraic manipulations in the form of the linear combination:
a)ole)olc) () (o) le)« (a)olc)o ()
Dy g = ® ® + ® ®( , ]+ ® , |®
& & &s &1 & &5 &1 & &3
()o()o(e)(0)ea)o () (2)o(2) )
+{ ,|® ® + (., ]®( , ]+, ]|® ®( ,
51 52 53 51 52 53 51 52 53
(o) (@)ele) (2o (e)e )y
51 52 63 51 52 53

(30)
In Eq. (30), we have defined
C[ ) ik () + ‘Bk ik

= nA e = nA e"*s X 3la
< 3 Xn Al oo — PR Xn1 2x1 (31a)

! A/ K
Cf = )(nuAlle’k x wo +p = )(nuAle’k *sh. (31b)

51 wo — ‘BI(

The tensor product of Eq. (30) then reduces to

Dy g = {(Xn>3A1A2A3€i3kx52x1 ®52:1 @521 + (X)X A1A2AL7 ¢ 5,1 ® 5241 ® ),
+ (X)X A1 AL AP 550 @5 @521 + (X)X A ArAse® X s | @ 52,1 @521
+ (Xw)*xnA1AS A3e’kxe’2kxszx1 ®5).1 ®h. 1 + (Xw ) XnAlArAe™e ZZHXS’M ® 52x1 ®Sh.. 4

() Xn AL A Ase™ e | @)1 ®5ax1 + (X) AL AL AL ™S, | ® ), g ®52X1} iBant

(32)
. i 1 O
The spinors s«1 and sh, ; can be expressed on the basis |0) = ( O) and [1) = (1 )3
s2x1 = $1/0) +52[1) (532)
Shr = 5110) + 511) (335)

With s = \/wo + k, $2 = \/wo — Pk, 8] = \/wo + Pk and s, = \/wo — BK'. Inserting Egs. (33a)

and (33b) into Eq. (32), we can express the tensor product ®,:,, on the ba51s {]0)]0)10y, |0}|0)|1),
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|0)[1)]0), [1)]0)|0), |0)[1)|1),|1)[0)[1),|1)[1)|0),|1)|1)|1)}. In defining the basis vectors for the
exponential space, we have omitted the symbols ®. It is also implicit that the left, middle,
and right elements in the tensor product |a)|b)|c) correspond to the first, second, and third
waveguides, respectively.

We find
Dy, = {T1]0)[0)[0) 4 T2|0)[0)[1) +- ... + Ts[1)[1)[1)}e™*! (34)

with

/ !/ /! ! ! ! ! /) VAN |
T = Q1515151 + Q515187 + Q3515751 + Q4575151 + Q55157157 + Q515157 + Q75715751 + Qg575157

(35a)

/ ! / ! ! ! / /) VAN
Ty = Qqs15152 + Q51515 + Q3515152 + Q4575152 + Q5515155 + Q515155 + Q7515152 + Qgs757,

(35b)

/ ! !/ ! ! ! / /) VAN AN
T3 = Q1515251 + Q515257 + Q3515551 + Q4575251 + Q5515557 + Q515257 + Q7515551 + Qg5715,57

(350)

Ty = Q1928181 + Qu52815] + Q3528151 + Qush5151 + Q5928187 + Qesh515] + Q7558751 + Qgsh818]
(35d)

Ts = Q1515282 + Q1515285 + Q3518582 + Qu875252 + Q5515555 + Q815255 + Q7815552 + Qg8 5559
(35¢)

Te = Q1525152 + Q525155 + Q3525152 + Qusy5152 + Q5528155 + Q555155 + Q7555152 + Qgs55155
(35)

/ ! !/ ! ! ! ! /) /AN
T7 = Q1525251 + Q7525287 + Q3525551 + Q45,5251 + Q5525557 + Q555257 + Q75,5551 + Qg555,5;

(35g)

/ ! / ! ! ! ! /) VAN |
Ts = Q1525252 + 552525, + Q3525552 + Q45,5252 + Q5525555 + Q555255 + Q75,5552 + QgS555S,

(35h)

Q1 = (Xn) A1A2A3; Qs = (X)) Xwe2 e A1 AL AL Qs = () xwe e A1 AL As;
Q4 _ (Xn)2Xn/ei2kxeik'xA/1A2A3; Q5 _ (Xn/)2Xneikxei2k'xAlA/2A’3; Q6 _ (Xn/)zxneikxeiZk’xAllAzAg;
Q7 = (X Xue™ eH* AL A3 Ay Qg = (X)) A} AgAe™™

In a true quantum system composed of three spins for instance, states can be created in the
form of linear combinations like 111|0)|0)|0) + m12|0)|0)|1) + ... + mg|1)|1)|1). For the quantum

system, the linear coefficients 11, my,..., mg are independent. The classical elastic analogue,
introduced here, states which are given in Eq. (34) possesses linear coefficients T;,..., Tg are
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interdependent. While somewhat restrictive compared to true quantum systems, the coeffi-
cients T depend on an extraordinary number of degrees of freedom which allows exploration
of a large volume of the exponential tensor product space. In the case of the three waveguides,
these degrees of freedom include (a) the components (or linear combinations) of the eigen
vectors of the coupling matrix through the choice of the eigen modes or the application of a
rotational operation that creates cyclic permutations of the eigen vector components, (b) the
linear coefficients x, and x,, used to form the multiband linear superposition of states in the
linear space, (c) the frequency and therefore wave number which affect the spinor states and
the phase factors ¢** and ¢**, and (d) a phase added to the terms ¢** and ¢~

In the case of N > 3, Eq. (21) can be extended to linear combinations of more than two modes
with the same frequency, leading to additional freedom in the control of the T;. Furthermore,
the elastic coefficients  of the waveguides and the coupling elastic coefficient @ could also be
modified by using constitutive materials with tunable elastic properties via, for instance, the
piezoelectric, magneto-elastic or photoelastic effects [24-26]. Also note that in all the examples
we considered, the coupling of the waveguides had the same strength. Tunability of the
coupling elastic medium would lead to the ability to modify the connectivity of the wave-
guides and therefore the coupling matrix. Exploration of the elastic modes given in Eq. (34) can
be realized by varying any number of these variables. We illustrate in Figure 2 an example of
operation in a very simple case. Figure 2b shows that by varying a single parameter one may
achieve a wide variety of states. For instance, one can obtain states with T; > 0 and T, > 0 or
Ty >0and T, =0or Ty >0 and T> < 0 or T1 =0 and T, = 0. Another interesting example
occurs at x,,~0.6, there only T5 and Tg are different from zero. Then, @, ; = {T5(0.6)|0)|1)|1)+
Ts(0.6)|1)[1)[1)}eB** can be written as the tensor product state {(T5(0.6)|0) + Ts(0.6)|1))|1)
|1)}e®@t. A similar state is also obtained for x,, ~ 0.25. This is the state {(T1(0.25)|0)+
T4(0.25)[1))|0)|0) }e®*f. Varying x,, can be visualized as a matrix operator. For example, in
this latter case, one can define the operation:

g, 0 0 0 0 0 0 O T1(xy) T1(0.25) T1(0.25)
O 00 O OO0 OO T2(x,) T,(0.25) 0
O 00 O OO0 O0OTO T3(X) T5(0.25) 0
0 00 gq 00 O0O Ta(Xw) _ T4(0.25) \ T4(0.25) (36)
O 00 O OO0 O0OTUO Ts(x,) T5(0.25) 0
O 00 O O O0OOTO Te(Xp) T6(0.25) 0
0O 00 O OO0 OO T7(xw) T7(0.25) 0
0O 00 O OO0O0OTO Ts(x,) Ts(0.25) 0
with g, = TTll((O Xi?)) and q,, = TT44((0 Xf?)) Another interesting state occurs at x,, = 0.5. Here, we have

T1=Ts, Ty =Tz, T4 = Tgand T¢ = T7. We also have T3 = —T5 and T4 = —T¢ This state can be
written as the tensor product (T7(0.5)|0) — T(0.5)|1))(|0) — [1))(|0) — |1)).

This simple example indicates the large variability in T}’s (i.e., of states) that we can achieve
with a single variable. The large number of available variables will lead to even more flexibility
in defining states and operators in the exponential tensor product space.
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Figure 2. (a) Schematic illustration of the band structure for an array of three elastically coupled waveguides arranged in
a ring pattern. Each of the waveguides is also grounded elastically to a rigid substrate. The upper band is doubly
degenerate. We have taken f =1 and a = 1. We highlight the frequency wy = 2.5 corresponding to the wave numbers
k=2.292and k' = 1.5. (b) Calculated values of T; (open circles), T» and T; (closed circles), T4 (open triangles), T (closed
triangles), T and T7 (open squares) and Ty (closed squares) as functions of x,, for x, = 0.4. We have fixed x = 0.

2.5. Nonseparability of states in exponentially complex space

States given in Eq. (27) are tensor products on the basis {|0)...|0)|0), |0)...|0)|1), |0)...|1)|0)
,..oy|1)...]1)|1) }. They are therefore always separable in that basis. Consequently these states
cannot be written as nonseparable Bell states. However, we might be able to identify a basis in
which Eq. (27) is not separable.

Since the Dirac equation (Eq. (15)) for the uncoupled waveguides is linear, its solutions can be a
tensor product of a linear combination of N different individual spinors. For instance, we can write:



Separability and Nonseparability of Elastic States in Arrays of One-Dimensional Elastic Waveguides
http://dx.doi.org/10.5772/intechopen.77237

= (VT
2N><l = . i 610’)] e
pry/ @1 — Blie™* + iy fwr + e
® <pN V WN + Bhne™* + HNV @ON — 5kN€_ikNx> it
. .- e N
PNV ON — BRne™ ™ + iy Jwn + Bhye

prand u, I =1,..., N are linear coefficients.

(37)

The state of the coupled waveguide system will be separable in the exponential space into the
state of ¢-bits if

@27\] %1 — \PZN %1 (38)

A necessary condition for satisfying Eq. (38) is that Nwy = w1 + ... + wn.

Furthermore, the first two terms in the column vector ®,v; of the coupled system are gogl)(pgz) e

(N) 1) () (N) . .. ¢ _ AT . .
@, and @; @7 ... @, . Their ratio is simply equal to 7§ o Similarly, the ratio of the first

2
PN/ wN+ﬁkN€ikNx+yN \/ WN 7ﬁkN67ikNx

PN \/(UN 7ﬁkNe”‘N"+yN \/(UN +ﬁkN€7ikNx.

two terms in the vector W,v ; of the ¢-bit system is given by ry, =

Anecessary condition for Eq. (38) to be satisfied is that

=1 (39)
This leads to

XnAN\ /oy + [%ke”‘x —+ Xn’A;\]\/ wo + ﬁkjeik/x PNV wN + ﬁkNeikNx + Uy WN — ﬁkNe_ikNx
XnAN~/ @ — ke + x A/ wo — BKeR>  py/wn — BeneRNE + i/ wn + ke kv

which can be rewritten as:

. oy . »
uezkx 4 u/ezkx _ 7/eszx + ,)/le iknx
veikx + U/eik’x 6eikNx + 5/efikNx

This condition takes the more compact form:

Peilkthnx 4 Qei(kka)x 4 RelK+hn)x 4 gikK—kn)x — (40)

P,Q,R, S are real. Eq. (40) is true for all values of position x. At x = 0, we obtain the relation
P+ Q+ R+ S = 0. Inserting that relation into Eq. (27) and eliminating Q yields:

2P sinkyx = {—(R + S) coskyx[cos (k' — k)x — 1] + (R — S) sin (K’ — k) sinkyx}
+ i{(R+ S) sin (k' — k)x + sinkyx[(R — S) cos (K" — k)x + (R + S)]}

For this condition to be satisfied, one needs the real part of the right-hand side of the equation to
be equal to zero. This can be achieved for all x’s by setting k' = k. In this case, equating the
imaginary parts leads to R = —P. However, when k' # k, Eq. (39) and therefore Eq. (38) are not
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satisfied. When k" # k which corresponds to considering a linear combination of multiband
states, ®,v,; is not separable into the tensor product of individually uncoupled ¢-bit wave-
guides. Therefore, we conclude that there are a large number of solutions of the nonlinear Dirac
equation (Eq. (20)) representing states of arrangements of elastically coupled 1-D waveguides

that are not separable in the 2 dimensional tensor product Hilbert space of individual ¢-bits.

We illustrate the notion of nonseparability of exponentially complex states of a coupled system
composed of N = 2 waveguides on a basis in the exponential Hilbert space of two individual
@-bits. The waveguides are coupled to each other but also to a rigid substrate such that the
coupling matrix, My, takes the form:

Moo — 2 -1
2x2 — -1 )
The eigen values and real eigen vectors of this coupling matrix are A3 = 1, and A7 = 3 and
Ay 1 /1 Aj 1 /1
o= () =a()e= ()= (h) @
Ar V2 \1 A, V2 \ -1

Following the procedure of Section 2.4, we construct a tensor product state in the 2> exponen-
tial space:

2 Dk 1k ik / / ix ik s
Dy g = {()(n) A1A207% 501 @ S2x1 + X XwA1A5e" € 5001 @ Shoq + Xy XA A2e™ € sy 1 @ Sax1

+(Xn’)2A/1AIZei2k/xS/2><l ® S/2><1 }ei2w0t
(42)

Eq. (42) is equivalent to Eq. (32) but for two coupled waveguides.

On the basis, nl — 612w0t612kx52><1 ® Sov1, 172 — ezZ(uotezkxezk’x52X1 ®S/2><1, 173 — eszO1fezI€Jcelka/2><1 ®52><1/

and 1, = e2w0tei?k%s) @5l ., Eq. (42) can be rewritten as:

Dy g = {ann, + ann, + ann; + ann, (43)

with a1 = (x,)?A14; = %()(n)z, A2 = XuXwA1Ay = =3 XX, 021 = XuXnA1A2 = 3 X X

. air a1
and ap = ()(n,)zA’lA’2 = —%()(n,)z. It is then easy to demonstrate that det( e ) =
a1 a2

1 1
() =5 Xk

1 % =0, which indicates that the state ®,. , is separable on the basis
EXn’Xn _E(Xn’)z

{n1,1,, 15,1, }. At this stage, there is nothing surprising as the state @, ; was constructed as
a tensor product. We now try to express the state given in Eq. (42) on a basis of two individu-

ally uncoupled @-bits. Considering the Hilbert space of the first p-bit, HV), we use the spinor
solutions for uncoupled waveguides given in Eq. (17) to construct the orthonormal basis
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1 \Jw1 + Bk L L
¢§1) — 1 ﬁl 1 elklxeza)lt _ Sgl)(kl)elklxezw]t (44a)
V2w1 \ /w1 — Bk
m_ 1 V@1 = Bk —ikx it _ (1) —ikix jant
Y, = e e =5, (ky)e " e (44b)
V21 \ = /w1 + Bk

Similarly, we define the orthonormal basis in the Hilbert space, H®, of the second ¢-bit,

(2) — 1 a)z + ﬁzkz ikzx i(qu = (2) ikzx iwzt
] 7 J e e"e sy (kp)e"* e (45a)
w2 W2 — pyK2
2 _ 1 V @2 — ‘BZkZ —ikox Jjawat __ _(2) —ikox Jiwot
5 = e " = 5,7 (ky)e e (45b)
\/20)2 —\/a)z + ﬂzkz

In these equations, we have used sgl)(k1), sgl)(kl), s§2> (kp), and séz) (ky) as short-hands for the
spinor parts of the basis functions.

The basis in the tensor product space HY ® H® is given by the four functions:

n=9 ey’ n=9 ey u=9" ey’ u=1y" e (46)
We have
Ty = 551)(,(1) ®ng) (k2>ei(k1+kz)xei(w1+wz)t (47a)
Ty = sgl)(kl) ®S§2) (kz)ei(klsz)xei(wﬁrwz)t (47b)
T3 = 551) (k1) ®s§2) (k2)ei(—k1+k2)xei(w1+w2)t (47¢)
Tq = Sél)(kl) ®s§2) (kz)ei(—lﬁ —ka)x pilwr+ao)t 47d)

It is straightforward to show that {71, 72, 73, 74} form an orthogonal basis. That is, T;rT]' =0if

i # j, where 1! is the Hermitian conjugate of ;.

We want now to express the state ®,.; in the 7 basis:
Dy = {1171 + b12T2 + b1 T3 + boTa} (48)
For this, we now need to expand the basis vectors {171, 15,15, 174} on the basis {11, 72, 73, T4}
We define the expansions:
1y = C11T1 + C12T2 + €13T3 + C147T4 (49a)

M, = C21T1 + C22T2 + C23T3 + C24T4 (49b)
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1 = C31T1 + C32T2 + €33T3 + C347T4 (49¢)
Ny = C41T1 + C42T2 + C43T3 + C44T4 (49d)

Note that the c;i’s are functions of ki, k2, x, and t.

We can find the coefficients c;; by exploiting the orthogonality of the 7;’s. For instance, we can

multiply Eq. (49a) to the left by the Hermitian conjugate 7}, leading to

t t t t t t
T17y = €117 T1 + C12T1 T2 + €137 T3 + C14T1 T4 = C11TT1 (50)

or
+ . ) . )
1l (k1,k2, X, t) _ (Sgl) (kl) ® SSZ) (kz)) (Sle ®SZXl)e—z(lq+k2)x612kxe—1(w1+w2)t612w0t/

; 1)
(s k) @5 (k) (51 (k1) @57 k)

We can obtain all other ¢;;’s in a similar fashion. Egs. (49a)-(49d) can be rewritten in the form:

U €11 €12 C13 Ci4 T1
b C21 C2 (23 (24 T2
=M1 = = CyxaTax1 (52)
3 C31 €3 (33 C34 T3
Ui C41 Ca2 €43 Ca4 T4

The matrix C4,4 can be diagonalized. Let dy, dy, d3, and d4 be the four eigen values of Cy,4 with

011 021 031 041

. . . 012 022 032 V42
their associated eigen vectors , , and . We can construct the

013 023 033 043

014 024 U34 V44

following matrix out of the four eigen vectors:

011 U211 U31 V41

% U12 U222 U032 U4
4x4 —

013 023 U033 U43

014 V24 U34 Vg4

On the new basis {71,72,73,74} constructed by using the relation 741 = VZX14T4><1V4><4, the

d 0 0 O
. . . = 0 d 0 0
matrix that couples the 7 basis and the 7 basis takes the form: C4.4 = 0 0 d 0 SO
3
0 0 0 d4

n, = d1T1, N, = daT2, 15 = d3T3 and 1, = d4T4. On the 7 basis, Eq. (43) can be rewritten as

Dy = {a1d1T1 + a1pdrTo + a21d3T3 + axdyTs} (53)

Then on the basis 7, we can investigate the separability or nonseparability of @, ; by calcu-
lating the determinant of the linear coefficients in Eq. (53), that is
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1 1
a1d a1-d _(Xn) dl __Xan’d2 1
det(au oo dz): 2 2 = O s — o) (54
s 2] s o (s

Only in the unlikely event of degenerate eigen values, d;, dy, d3, and ds4, would this determinant
be equal to zero. A nonzero determinant given in Eq. (54) indicates that the state @y, is
nonseparable on the basis {71, 72, 73, T4}

The existence of nonseparable solutions to the nonlinear Dirac equation raises the possibility of
exploiting these solutions for storing and manipulating data within the 2" dimensional tensor
product Hilbert space. The exploration of algorithms for exploiting these solutions is beyond
the scope of this chapter; however, we note that these solutions may well be observed in
physical systems including elastic waveguides which are embedded in a coupling matrix. The
manipulation of the system could be achieved either by externally altering the parameters of
the system, i.e., the elastic properties of the waveguides, or by changing the frequency and
wavenumber of input waves. These possibilities are illustrated for a five-waveguide system
driven by transducers in Section 2.6.

2.6. Physical realization and actuation

Figure 3 illustrates a possible realization of a five waveguide system. The parallel elastic
waveguides are embedded in an elastic medium which couples them elastically. The wave-
guides are arranged in a ring pattern.

Modes of the form given in Eq. (21) can be excited with N transducers attached to the input
ends of the N waveguides and connected to N phase-locked signal generators to excite the
appropriate eigen vectors e, and e,,. These modes can be excited by applying a superposition
of signals on the transducers with the appropriate phase, amplitude and frequency relations.
The frequencies w, (k) and w, (k') are used to control the spinor parts of the wave functions

Coupling elastic medium 2

Multiple channel function generator
1030313p [duueyd a|di NN

Figure 3. Schematic illustration of a five waveguide system. The waveguides are composed of an elastic medium 1 in
which mass density and elastic stiffness determine the physical parameter f. The waveguides are embedded in an elastic
medium 2 in which mass density and stiffness relate to the parameter a. The waveguides are actuated via transducers (see
the text for details).
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$2x1(k) and syx1(K') . The spinor components which represent a quasistanding wave can be
quantified by measuring the transmission coefficient (normalized transmitted amplitude)
along any one of the waveguides. It is then possible to operate on the eigen vectors e, and e,
without affecting the spinor states or vice versa. For instance, one could apply a rotation that
permutes cyclically the components of ¢, by changing the phase of the signal generators. Such
an operation could be quantified by measuring the phase of the transmission amplitude at the
output end of the waveguides.

3. Conclusions

We have shown that the directional projection of elastic waves supported by a parallel array of N
elastically coupled waveguides can be described by a nonlinear Dirac-like equation in a 2V
dimensional exponential space. This space spans the tensor product Hilbert space of the two-
dimensional subspaces of N uncoupled waveguides grounded elastically to a rigid substrate
(which we called ¢-bits). We demonstrate that we can construct tensor product states of the
elastically coupled system that are nonseparable on the basis of tensor product states of N
uncoupled @-bits. A ¢-bit exhibits superpositions of directional states that are analogous to those
of a quantum spin, hence it acts as a pseudospin. Since parallel arrays of coupled waveguides
span the same exponentially complex space as that of uncoupled pseudospins, the type of elastic
systems described here may serve as a simulator of interacting spin networks. The possibility of
tuning the elastic coefficients and the elastic coupling constants of the waveguides would allow
us to explore the properties of spin networks with variable connectivity and coupling strength.
The mapping between the 2N dimensional and the 2" dimensional representations of the elastic
system leads to the capacity for exploring an exponentially scaling space by handling a linearly
growing number of waveguides (i.e., preparation, manipulation, and measurement of these
states). The scalability of the elastic system, the coherence of elastic waves at room temperature,
and the ability to measure classical superpositions of states may offer an attractive way for
addressing exponentially complex problem through the analogy with quantum systems.
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