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1. Introduction

Dynamic models play an important role in parallel manipulators simulation and control.
Mainly in the later case, the efficiency of the involved computations is of paramount
importance, because manipulator real-time control is usually necessary (Zhao & Gao, 2009).
The dynamic model of a parallel manipulator operating in free space can be represented in
Cartesian coordinates by a system of nonlinear differential equations, which may be written
in matrix form as

I(x) %+ V(xx)-x+G(x)=f (1)

I(x)being the inertia matrix, V(xx) the Coriolis and centripetal terms matrix, G(x) a vector

of gravitational generalized forces, x the generalized position of the moving platform (or
end-effector) and f the controlled generalized force applied on the end-effector. Thus,

f=J3'(x)t 2

where t is the generalized force developed by the actuators and J(x) is the inverse
kinematics jacobian matrix (Merlet, 2006).

Dynamic modelling of parallel manipulators presents an inherent complexity, mainly due to
system closed-loop structure and kinematic constraints. Several approaches have been
applied to the dynamic analysis of parallel manipulators, the Newton-Euler and the
Lagrange methods being the most popular ones (Do & Yang, 1988; Reboulet & Berthomieu,
1991; Ji, 1994; Dasgupta & Mruthyunjaya, 1998; Khalil & Ibrahim, 2007; Riebe & Ulbrich,
2003; Guo & Li, 2006; Nguyen & Pooran, 1989; Lebret et al., 1993; Di Gregorio & Parenti-
Castelli, 2004; Caccavale et al., 2003; Dasgupta & Choudhury, 1999). These methods use
classical mechanics principles, as is the case for all the approaches found in the literature,
namely the ones based on the principle of virtual work (Staicu et al., 2007; Tsai, 2000; Wang
& Gosselin, 1998), screw theory (Gallardo et al., 2003), recursive matrix method (Staicu &
Zhang, 2008), Hamilton’s principle (Miller, 2004), and Kane’s equation (Liu et al., 2000).
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362 Advances in Robot Manipulators

Thus, all approaches are equivalent, leading to equivalent dynamic equations. Nevertheless,
these equations can present different levels of complexity and associated computational
loads (Zhao & Gao, 2009). Minimizing the number of operations involved in the
computation of the manipulator dynamic model has been the main goal of recent proposed
techniques (Zhao & Gao, 2009; Staicu & Zhang, 2008; Abdellatif & Heimann, 2009; Wang et
al., 2007; Sokolov & Xirouchakis, 2007; Bhattacharya et al., 1997; Carricato & Gosselin, 2009;
Lopes, 2009).

This book chapter presents the generalized momentum concept to model the dynamics of a
Stewart platform manipulator having a non-stationary base platform. This is important, for
example, in macro/micro robotic applications, where a small manipulator is attached in
series to a big one. The later performs large amplitude movements, while the former is only
responsible for the small motions. The book chapter is organized as follows. Section 2
presents a brief description of the parallel manipulator under study. In section 3 a complete
dynamic model is developed. The generalized momentum approach is used and the motion
of the manipulator base platform is considered. Conclusions are drawn in section 4.

2. Manipulator Kinematic Structure

A Stewart platform manipulator is being considered. It comprises a (usually) fixed platform
(the base) and a moving platform (the payload platform), linked together by six
independent, identical, open kinematic chains (Raghavan, 1993). In this book chapter a
particular design will be considered as shown in Figure 1 (Fichter, 1986). In this case, each
chain (leg) comprises a cylinder and a piston (or spindle) that are connected together by a
prismatic joint, I The upper end of each leg is connected to the moving platform by a
spherical joint whereas the lower end is connected to the fixed base by a universal joint.
Points B; and P; are the connecting points to the base and moving platforms, respectively
(Figure 2). They are located at the vertices of two semi-regular hexagons inscribed in
circumferences of radius rp and rp. The separation angles between points B; and Bs, B, and
Bs, and B4 and Bs are denoted by 2¢p. In a similar way, the separation angles between points
P1 and Py, P3 and P4, and Ps and Ps are denoted by 2¢p (Figure 2).

Fig. 1. Stewart platform kinematic structure
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Tp
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B, P
Fig. 2. Position of the connecting points to the base and payload platforms

For kinematic modelling purposes, two frames, {P} and {B}, are attached to the moving and
base platforms, respectively. Its origins are the platforms centres of mass. The generalized
position of frame {P} relative to frame {B} may be represented by the vector:

', =l v oz v 6 ol =U'x ‘x,.T ©

P lge

where “x, = [xP V., z, ]T is the position of the origin of frame {P} relative to frame {B},

(pos) |
and “x, . —[w, 6, .| defines an Euler angles system representing orientation of frame
{P} relative to {B}. The used Euler angles system corresponds to the basic rotations

(Vukobratovic & Kircanski, 1986): yp about zp; 6p about the rotated axis yp; and ¢p about the
rotated axis xp~. The rotation matrix is given by:

CWPCQP Cl//FSHPSq)P - SWPCQP CWPSQPC¢P + SV/PS¢P
‘R, =|Sy,CO, Sy,50,Sp,+Cw,Cp, Sy,56,Cp,—Cy, S, 4)
-S0, Co.Sp, C6Cop,

5(-) and C(-) correspond to the sine and cosine functions, respectively.

The manipulator position and velocity kinematic models are well known, being obtainable
from the geometrical analysis of the kinematics chains. The velocity kinematics is
represented by the Euler angles jacobian matrix, Jg, or the kinematic jacobian, Jc (Merlet,
2006). These jacobians relate the velocities of the active joints (the actuators) to the
generalized velocity of the moving platform:
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oy % —g | Xl (5)
’ e ! Bkmo)\
i=J "%  =J_ - K, (6)
c 1’\3 C B(DP‘
with
i=li i i 7)
‘o, =J,"x ®)

‘3 4 P(”) ‘E

and (Vukobratovic & Kircanski, 1986)

0 _Sl//P CQPCWP

J=10 Cy, CO65Sy, )
1 0 -50,
Vectors °x, , ='v, —~and ‘o, represent the linear and angular velocity of the moving

platform relative to {B}, and "x,  represents the Euler angles time derivative.

3. Complete Dynamic Modelling Using the Generalized Momentum Approach

It is well known the generalized momentum of a rigid body, q., may be computed from the
following general expression:

q =1 -u (10)

Vector u. represents the generalized velocity (linear and angular) of the body and L is its
inertia matrix. Vectors q. and u. and inertia matrix I. must be expressed in the same frame of
reference.

Equation (10) may also be written as

Q| (L, 0 \4
=| g e o 11
q, {H} {0 i (11)

where Q. is the linear momentum vector due to rigid body translation and H. is the angular
momentum vector due to body rotation. I, is the translational inertia matrix and I is
the rotational inertia matrix. v. and w, are the body linear and angular velocities.

The inertial component of the generalized force (force and moment) acting on the body can

be obtained from the time derivative of equation (10):
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f

c(ine]

=q = u +I -u (12)

with force and moment expressed in the same frame and f = [ f M ]T .

c(ine) c(ine)

Equivalently, force and moment vectors are:

F, =Q =I_ -v.+1_ v (13)

M, =H =I_ &+, o (14)

3.1 Payload Platform Modelling

Considering the Stewart platform manipulator base motion, i.e., the motion of frame {B}
relative to a fixed world frame {W}={xw, yw, zn}, the position of the payload platform, {P},
relative to {W} and expressed in {W}, may be given by

P, = Py, TP, (15)

where WpB‘ is the position of frame {B}, and “p, . Tepresents the position of frame {P}

relative to {B} and expressed in {W}.
The linear velocity of the payload platform, {P}, relative to {W} and expressed in {W}, may
be obtained taking the time derivative of the previous equation, that is,

v, ="y, v, e, xp (16)
: Y

where "v,_  is the linear velocity of frame {B}, “v, is the linear velocity of frame {P} as

‘W ‘W

seen by an observer fixed in {B}, ", = represents the angular velocity of frame {B} relative

W

to {W}, and ’p, " ="X 00 , Yepresents the position of {P} relative to {B} and expressed in {W}.

(pos

In the following analysis, knowledge of the generalized position of frame {B} relative to {W},

w T W, T W, T T .
e =[x, » z, v, 0, o] =[x, w o Xa) ‘E] , shall be assumed:
w

XB(pas

), Tepresents the position vector expressed in frame {W}, and "x,  represents the

B(a
orientation expressed in an Euler angles system. Knowledge of its first and second time
derivatives shall also be supposed ie., "x and "X, , respectively. Therefore, the

B ‘W\E B ‘W\E
orientation matrix, "R,, of frame {B} relative to {W} can be easily computed, and the

jacobian, J, relating the angular velocity of the base frame relative to {W}, "®, , to the first

By 7

w

time derivative of the Euler angles, XB(O) W is given by
E

— W
o, =J,Xx

B |y

©) I 17)
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Considering equation (16), in frame {B}, the following equation can be written:

v, =, v, e, xp, (18)

QP(mt) | = mP.W Vp (19)

mp being the payload platform mass.
Taking the time derivative of the previous equation results in

. .
Qp(mr)\g =my, vV, (20)
Knowing that,
w _B w
0, =0, ‘B+ o, (21)
w B . w B W
= X
0, =0, +o, o, 6 +o,. (22)
results in
w2 W B2 w B W B w w B
= X X X X )
Vo, = Ve, V., 2o, VXV, T, xX'p,, Ho, ( o, x'p, (23)

The inertial part of the total force applied in {P}, due to the payload platform translation,
expressed in frame {B} will be

"o 1, = Qmm) s (24)
That is,
"ot 1, = Frtwer) 1y, T Frtoioen) | (25)
Fonn s m,"v, ls (26)
“F, ) L =M .(W“;B , T2 "o, \BXBVP " +'o, \Bprf’ \ +'o, L (Wcog \ x'p, . )) (27)

where “F, . represents the inertial part of the force, considering the base platform is not

) fix

moving, and "F, , Tepresents the inertial part of the force which results from the base

ine)(man)

motion.
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On the other hand, the angular momentum of the moving platform, about its centre of mass
and expressed in frame {B} will be

H =1 . W '0) (28)

represents the rotational inertia matrix of the moving platform, expressed in the base

IP(rm) \B

frame, {B}. This inertia matrix is given by:

_B | BT

P(rot) \B_ RP IP(mr) Ip RI’ (29)

where I, = = is a constant matrix representing the rotational inertia matrix of the moving
o lp

platform, expressed in frame {P}. Considering that 7/, , /, and [, are the moments of

Py

inertia of the moving platform expressed in its own frame, this matrix may be written as:

= diag([Z,, 1, 1.]) (30)

P(rot) | Pyy

Taking the time derivative of equation (28) results in
H, =1, Yo, +I, "6 (31)

The inertial part of the total moment applied in {P}, due to the payload platform rotation,
expressed in frame {B} will be

. .
MP(ine)(!ol) ‘B - HP([al] ‘E (32)
that is,
P _r P
MP([m’)([az] ‘b‘ N MP(ine)(/L\') ‘B + MP(ine)(man) ‘B (33)
where,
P 4 B T B
MP(lrw)(ﬁx) s IP(mr} I (DP I + Ip(mf) I (DP 5 (34)
P o R A7 a w B
MP(ine)(man) I5 - IP(rm‘) Iz ('OB I5 +IP(mt) I5 ( (’OB \B+ (’OB ‘BX (’OP \B) (35)
‘M, represents the inertial part of the moment, considering the base platform is not
- B

moving, and "M, represents the inertial part of the moment which results from the

ine )(man

base motion.
The total inertial component of the generalized force applied to {P} and expressed in {B} will
be
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l’f _[PFT PMZ(

Plineeor) |, Pline)ior) |

im’)(fal) ‘B ]T (36)

The inertial components of the forces in the manipulator actuators (actuating forces) will be

_qT.P
T o)) — J. f[’(ine)( ) Iy (37)

T a J'r fp(me)(mun (38)

P(ine)(man ) ‘B

On the other hand, regarding the gravitational part of the generalized force, if the base
platform orientation changes, then the force applied to {P} and expressed in {B} results in

pfp(gm) ls ="R," fp(gm) b (39)
where,
, "R 0
”"RB{ T } (40)
0 R,
and “f, . , s the gravitational generalized force applied to {P} and expressed in {W}. This

force can be computed using a simplified model that considers both a non-moving base
platform, frame {B} parallel to {W},and z,=-g, i.e,,

B
%)
rf _ ﬂJP( s
M) by T g

Pl

(41)

P,=m, - gz, representing the mobile platform potential energy.
The gravitational component of the actuating forces due to the moving platform, t,,,,, is
given by equation (42), which can be added to equations (37) and (38).

T P(gra) T J;T 4 fp( (42)

gra) ‘B

3.2 Cylinder Modelling
Position of the cylinder i, relative to {W} and expressed in {W}, may be computed using the
following equation:

w w

pC‘, \W: pB ‘W +qu ‘W (4:3)

The linear velocity of the cylinder, relative to {W} and expressed in {W}, may be obtained
taking the time derivative of the previous equation, that is,
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w w B w

Vo, = Vot Ve, t 90, XD, (44)

Considering that frame {C;} is attached to the cylinder i and positioned at its centre of mass,
then “v_

is the linear velocity of frame {Ci} as seen by an observer fixed in {B}, and °p . "

represents the position of {C;} relative to {B} and expressed in {W}.
In frame {B} the following equation can be written:

w w B w

="y, v, o, xp, (45)

ls

Considering the centre of mass of each cylinder is located at a constant distance, bc, from the
cylinder to base platform connecting point, B;, (Figure 3), then its position relative to frame
{B} is

ch,- \ = b(' ' li +bi (46)
where,
A 1 1
] =—— =0 47
TR &)
l’,ZBXP(Pm) ‘B+Pp’_ L —b, (48)

Fig. 3. Position of the centre of mass of the cylinder i

The linear velocity of the cylinder centre of mass, “p,_. W relative to {B} and expressed in the

same frame, may be computed as:

ch,- Iz :Bm/i I5 Xbc 'ii (49)

where ‘@ |, represents the leg angular velocity, which can be found from:
W P g ang Yy

B
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o, ="y, +'o, xp, (50)
As the leg (both the cylinder and piston) cannot rotate along its own axis, the angular
velocity along 1 is always zero, and vectors 1; and ‘@,

enables equation (50) to be rewritten as:

, are always perpendicular. This

B [ 1 [ B B P ]
m”'}_l,r-l,.lix( VP\B+ (DP\BX pi\B) (51)
or,
B ' \ \
Oy =J ‘o, \B 2
where jacobian J, is given by:
1,1 15| 53)
- 1,
1 =— 54
=71 54
and, for a given vector a = [ax a, a, ]T ,
0 -a a
a=| a 0 -a, (55)
-a, a 0
On the other hand, equation (49) can be rewritten as:
B BV” \
By =du| 0y " (56)
P g
where the jacobian J, is given by:

(57)
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Q =m." v (58)

Ci(tor) | — e G |

mc being the cylinder mass.
Taking the time derivative of the previous equation results in

- _ W
QC,»(zot) ls - mc' VCi | (59)
where,

s _ms by w B W B w B
Ve, = Vo, T Ve, 20, XV, Ho, X'p, + 0, x"p,. ‘B) (60)

B |g G g Iz G |

The inertial part of the total force applied in {C;}, due to the cylinder translation, expressed
in frame {B} will be

G _r
C;(ine)(tot) | - QC/(roz) Is (61)
That is,
C; _Gi Ci
Cilimeeot) [y G lime)(n) | + Fc, (ine)(man) | 5 (62)
Cl = -B v = . ] 'B < . 0E X
FC‘-(ine)(/ix) g =m, VCA g m. JB,- XP s +mc JB; Xp g (63)
[ _ . w3 w B W B w w B
CilineYoman) |, — e ( Vi, +2 0, LS Vo, T 05 X P O, x( O, X P, \3» (64)
where “F_ ., = represents the inertial part of the force, considering the base platform is
iline)(fix) |5
not moving, and “F_ .. = represents the inertial part of the force which results from the

base motion.
When equation (61) is pre-multiplied by J; , the inertial component of the generalized force

applied to {P}, due to each cylinder translation is obtained in frame {B}:

P —_ T .G
fCl (ine)(tot )(tra) ‘B - JB[ FCi (ine)(rot) ‘B (65)
The inertial components of the actuating forces will be
_ -T . P
T = Ve Femorpomn ls (66)
_gT.rP
Ty netmanon) = I ™ Fe eman)(on) R (67)

On the other hand, the total angular momentum of the cylinder about its centre of mass and
expressed in frame {B} will be:
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— 'VV
Gileor) |5 — IC,(rat) Iz (’)q g (68)

Taking the time derivative of the previous equation results in

. i W o
H(‘,(zm) I - Ic,-(mz) I (0(7, I +ICl-(mr) g (’ocl- g (69)
where,
w _B w
(DCi \3_ mCi \3+ mB 5 (70)
"o, 2o, Yo x'o +e (71)

Considering that I is the inertia constant matrix of the rotating cylinder i, expressed in

the frame fixed to the cylinder itself, {Ci}={x_ .y .z, }, then

_B BT
Gilrot) |5 Rq 'Ic,(m,) \C’_' Rc,- (72)

where BRQ is the orientation matrix of each cylinder frame, {C}, relative to the base frame,

(B}

Cylinder frames were chosen in the following way: axis x_ coincides with the leg axis and
points towards P;; axis y, is perpendicular to x and always parallel to the base plane, this

condition being possible given the existence of a universal joint at point B;, that negates any
rotation along its own axis; axis z, completes the referential following the right hand rule,

and its projection along axis zg is always positive. Thus, matrix "R, becomes:

‘R, =[x, v, z.] (73)
where
x. =1 (74)
!
y, =| - L 75)
Jo+r o o+
Zq = XC,- qu (76)

So, the inertia matrices of the cylinders can be written as:
IC,'(I‘O/) ‘C[ = diag([](,“ I(“){V IC_.Z ]) (77)
where /., I, and I are the cylinder moments of inertia expressed in its own frame.

Cx’ Oy
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The inertial part of the total moment applied in {Cj}, due to the cylinder rotation, expressed
in frame {B} will be

C o

MC,’(inE)(ml) 5 - HC[(tm) Iz (78)

that is,
Ci _Gi Ci

MC,-(imf)(/nt) g MC[(ine)(_/ix) I + Mc,(,-ne)(man) s (79)
where,

“M —i(l J )x TS SO B (80)

C; (ine)( fix) ‘B - dt Cj (rot) ‘B D;j P ‘b‘ Cj (rot) ‘B D; P ‘B
Cj 1 W A7 a w B
Mc,»(m)(man) b Iq(w) L P, +Ic[(m,) ls ( 0, +o, X0, \B) (81)
“M, .. represents the inertial part of the moment, considering the base platform is not
iline ) fix) | p

moving, and “M_ .., = represents the inertial part of the moment which results from the

an) |
base motion.
When equation (78) is pre-multiplied by J;, , the inertial component of the generalized force

applied to {P}, due to each cylinder rotation is obtained in frame {B}:

P _qT G
fq (ine)(tot )(rot) | 5 - JD,' MC‘ (ine)(tot) | (82)
The inertial components of the actuating forces will be
_q-T.r
Tt = e K eliaoon | (83)
_ yT.P
T neman)ror) = V& fc,-(me)(man Joor) | (84)

Now, with reference to the gravitational part of the generalized force, if the base platform
orientation changes, then the force applied in {P} and expressed in {B} results in

Pfci(gm) ‘B :ng‘[) fC','(gm) ‘W (85)
where “f ~ is the gravitational generalized force applied in {P} and expressed in {W}.

Ci(gra) |y
This force can be computed using the model that considers both a non-moving base
platform, frame {B} parallel to {W}, and z,=-g, i.e,

ﬂ)C[ BXP
Pfc,-(gm) by é,gx ‘B‘E) (86)

Py
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P_ being the cylinder potential energy. Using equation (46) it can be computed by:

i

The gravitational component of the actuating forces due to each cylinder, t_ ., is

gra

R
TC,»(gra) I JC fC,'(gra) g (88)

3.3. Piston Modelling
Position of the piston i, relative to {W} and expressed in {W}, may be computed using the
following equation:

Wps[ :W'pB ‘W +Bp5i (89)

‘W ‘W
The linear velocity of the piston, relative to {W} and expressed in {W}, may be obtained
taking the time derivative of the previous equation, that is,

w _w B w B
Vo, = Vo, T Vet 90 X Py (90)

Iy Sily

Considering that frame {S;} is attached to the piston i and positioned at its centre of mass,

then “v s the linear velocity of frame {Si} as seen by an observer fixed in {B}, and"p

ly
represents the position of {S;} relative to {B} and expressed in {W}.
In frame {B} the following equation can be written:

w _w B w B
v Vi, T Vet @, X P (91)

Silg Bl Si lp

If the centre of mass of each piston is located at a constant distance, bs, from the piston to
moving platform connecting point, P;, (Figure 4), then its position relative to frame {B} is:

92)

B _ ] B B
Ps ==b;-1+7p, T Kot |,

The linear velocity of the piston centre of mass, “p  , relative to {B} and expressed in the

same frame, may be computed as:

B -

| =il_+”o) x(—bs i) (93)

1 ‘}g
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B BVP\
ps,» Iz :JG,-' B(D ’ (94)

where the jacobian J  is given by:

(95)
Fig. 4. Position of the centre of mass of the piston i
The total linear momentum of the piston i, expressed in frame {B} will be
QS[(tot) I = ms' VS[ I (96)
ms being the piston mass.
Taking the time derivative of the previous equation results in
QSi(zoz) g = mS'W ‘.,sl- g (97)
where,
T 2 e, 0 e, e, xUe, <, ) %8)

The inertial part of the total force applied in {S;}, due to the piston translation, expressed in
frame {B} will be

S; e
FSi(ine)(mz) Is - QS,-(mt) I5 (99)

That is,
“F, =F +'F (100)
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S; _ By — T By . By
S;line)(fix) | - ms Vsl. Iz ms JG,- XP I + ms JG; XP g (101)
S; w2 w B W B w w B
' = . X X X X
Si (ine)(man) |, mS ( Vb’ g +2 (DB 5 Vsl- ‘3+ 0‘)3 g ps,- \B+ (DB Iz ( 0)8 lg psl g )) (102)
where "F . represents the inertial part of the force, considering the base platform is
Siline)(fix) | p

not moving, and *F, ), represents the inertial part of the force which results from the

i (ine )(man
base motion.
When equation (99) is pre-multiplied by J; , the inertial component of the generalized force

applied to {P}, due to each piston translation is obtained in frame {B}:

P _ T S
fSl- (ine)(tot )(tra) | 5 - JG,' FSI- (ine)(ror) | (103)
The inertial components of the actuating forces will be
_qT.r
T o) o) = T fs,.(fm)( fie)(ira) | (104)
_y-r.r
Ts,-(me)(man)(zm) - Jc fs,- (ine)(man)(ra) | (105)

On the other hand, the total angular momentum of the piston about its centre of mass,
expressed in frame {B}, will be:

H =1 e (106)

S; (101) ‘B S; (rot) ‘B S; ‘B

Taking the time derivative of the previous equation results in

1 w R
Siltor) |5 Is,-(roz) 1 (’os[ Iz + IS[(ror) g wsi Iz (107)
where,
w _B W
(’)S‘_ ‘3_ wsi ‘B+ 0)5 ‘B (108)
W —B w B W
o =0 +o Xo +'o0, (109)

Considering that I is the inertia constant matrix of the rotating piston i, expressed in

) s,
the frame fixed to the piston itself, {S;}, then

—'R, -1, “R. (110)

Si(rot) | S; S (rot) ‘Sl

where °* R, is the orientation matrix of each piston frame, {S;}, relative to the base frame, {B}.
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As the relative motion between cylinder and piston is a pure translation, {S;} can be chosen
parallel to {Cj}. Therefore, "R, ="R,_ .

So, the inertia matrices of the pistons can be written as:

IS,'(rol) Is; = diag([]sxx I ]szz ]) (111)

Syy

where I, , I, and I _ are the piston moments of inertia expressed in its own frame.

The inertial part of the total moment applied in {S;}, due to the piston rotation, expressed in
frame {B} will be

S; o

MS,-(me)(mr) I5 - HS[(mr) Iz (112)

that is,
Si _Si Si

MS,-(x’ne)(loz) ‘B - MSZ- (ine)(ﬁx) ‘B + MS,(ine)(man) ‘B (113)
where,

"™ B O S TS s (114)

silime)(x) [, dt si(rot) | D; Py Si(rot) | D; Plp
S; _ W A7 w B
MS;(ine)(man) b IS[(rm) L s, +Is,(,-m> s ( 0, +oo, X0 \R) (115)

"M, .. represents the inertial part of the moment, considering the base platform is not
i ]

moving, and "M . represents the inertial part of the moment which results from the

base motion.
When equation (112) is pre-multiplied by J;, , the inertial component of the generalized

force applied to {P}, due to each piston rotation is obtained in frame {B}:

P _q7 S
fS;(me)(rot)(rm) Iz - JD,' MS[(ine)(ful} Iz (116)
The inertial components of the actuating forces will be
_qr.r
T oo =T ™ £ ey mon Is (117)
_qT.r
T, (ine)man)ror) — J. fSi(ine)(man)(mt) ls (118)

Now, with reference to the gravitational part of the generalized force, if the base platform
orientation changes, then the force applied in {P} and expressed in {B} results in

Pf :sz'l’f

Silgra) |g Si(gra) |y

(119)
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where “f_
i(era) |y

This force can be computed using the model that considers both a non-moving base

is the gravitational generalized force applied in {P} and expressed in {W}.

platform, frame {B} parallel to {W}, and z,=-g, i.e,

P \"x,
PfSi(g"a) Iy - &IEXX ‘B‘E) (120)

P g

P, being the piston potential energy. Using equation (92) it can be computed by:

P =m g -[l —ZZ—SJ : (ZP+Pp‘, \3;) (121)

The gravitational component of the actuating forces due to each piston, 7., is

(gra)

=J. 1 . (122)

Si(gra)

) Ig

It should be noted that the base platform motion originates new inertial contributions to the
parallel manipulator dynamic model, expressed by equations (38), (67), (84), (105) and (118).
These contributions should the added to the corresponding ones resulting from the model
that considers a fixed-base: equations (37), (66), (83), (104) and (117). Regarding the
gravitational part of the dynamic model, the base platform motion modifies the
gravitational force components, resulting in the equations (42), (88) and (122), which can
also be added to the previous ones.

Computational efficiency of the proposed model has been evaluated by counting the
number of scalar operations needed in the calculations (sums, multiplications and
divisions). For this purpose, the Maple® software package was used. The results were then
compared with the ones obtained by using the Lagrange formulation. The generalized
momentum approach resulted in a much more efficient dynamic model. Regarding the total
number of sums and multiplications involved in the two models, the ratio is five,
approximately. This might be a great advantage if real-time simulation and control is
needed.

4. Conclusion

A parallel manipulator is a complex multi-body dynamic system having several closed
loops. Typically, it is composed of a (usually) fixed base platform and a moving payload
platform, connected by at least two independent open kinematic chains. Dynamic modelling
of parallel manipulators presents an inherent difficulty. Despite the intensive study in this
topic of robotics, mostly conducted in the last two decades, additional research still has to be
done in this area.
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In this book chapter an approach based on the manipulator generalized momentum was
explored and applied to the dynamic modelling of a Stewart platform manipulator. The
system dynamic equations were obtained for the general case of a non-fixed base platform.
It was shown the base platform motion originates new inertial force contributions to the
parallel manipulator dynamic model. Compact analytical expressions for these contributions
were presented and it was shown they can be easily added to the corresponding ones
resulting from the model that considers a fixed base. On the other hand, regarding the
gravitational part of the dynamic model, the base platform motion modifies the
gravitational force components derived when considering a fixed base platform. Analytical
expressions for these components were also presented. Computational efficiency of the
dynamic model was evaluated by counting the number of scalar operations that are needed.
The results were then compared with the ones obtained by using the Lagrange formulation.
The generalized momentum approach results in a much more efficient dynamic model.

5. References

Abdellatif, H. & Heimann, B. (2009). Computational efficient inverse dynamics of 6-DOF
fully parallel manipulators by using the Lagrangian formalism. Mechanism and
Machine Theory, Vol. 44, 192-207

Bhattacharya, S., Hatwal, H. & Ghosh, A. (1997). An on-line estimation scheme for
generalized Stewart platform type parallel manipulators. Mech. Mach. Theory, Vol.
32, 79-89

Caccavale, F., Siciliano, B. & Villani, L. (2003). The tricept robot: Dynamics and impedance
control. IEEE/ASME Transactions on Mechatronics, Vol. 8, 263-268

Carricato, M. & Gosselin, C. (2009). On the Modeling of Leg Constraints in the Dynamic
Analysis of Gough/Stewart-Type Platforms. J. Comput. Nonlinear Dynamics, Vol. 4,
DOI:10.1115/1.3007974

Dasgupta, B. & Choudhury, P. (1999). A general strategy based on the Newton-Euler
approach for the dynamic formulation of parallel manipulators. Mech. Mach. Theory,
Vol. 34, 801-824

Dasgupta, B. & Mruthyunjaya, T. (1998). A Newton-Euler formulation for the inverse
dynamics of the Stewart platform manipulator. Mechanism and Machine Theory, Vol.
34, 711-725

Di Gregorio, R. & Parenti-Castelli, V. (2004). Dynamics of a class of parallel wrists. Journal of
Mechanical Design, Vol. 126, 436-441

Do, W. & Yang, D. (1988). Inverse dynamic analysis and simulation of a platform type of
robot. Journal of Robotic Systems, Vol. 5, 209-227

Fichter, E. (1986). A Stewart Platform-Based Manipulator: General Theory and Practical
Construction. The Int. Journal of Robotics Research, Vol. 5, 157-182

Gallardo, J., Rico, J., Frisoli, A., Checcacci, D. & Bergamasco, M. (2003). Dynamics of parallel
manipulators by means of screw theory. Mechanism and Machine Theory, Vol. 38,
1113-1131

Guo, H. & Li, H. (2006). Dynamic analysis and simulation of a six degree of freedom Stewart
platform manipulator. Proceedings of the Institution of Mechanical Engineers, Part C:
Journal of Mechanical Engineering Science, Vol. 220, 61-72

www.intechopen.com



380 Advances in Robot Manipulators

Ji, Z. (1994). Dynamics decomposition for Stewart platforms. ASME Journal of Mechanical
Design, Vol. 116, 67-69

Khalil, W. & Ibrahim, O. (2007). General solution for the dynamic modelling of parallel
robots. Journal of Intelligent and Robot Systems, Vol. 49, 19-37

Lebret, G., Liu, K. & Lewis, F. (1993). Dynamic analysis and control of a Stewart platform
manipulator. Journal of Robotic Systems, Vol. 10, 629-655

Liu, M-J,, Li, C-X. & Li, C-N. (2000). Dynamics analysis of the Gough-Stewart platform
manipulator. IEEE Trans. Robotics and Automation, Vol. 16, 94-98

Lopes, A. M. (2009). Dynamic modeling of a Stewart platform using the generalized
momentum approach. Communications in Nonlinear Science and Numerical Simulation,
Vol. 14, 3389-3401

Merlet, J-P. (2006). Parallel Robots, Springer, Dordrecht, Netherlands

Miller, K. (2004). Optimal design and modeling of spatial parallel manipulators. Int. J.
Robotics Research, Vol. 23, 127-140

Nguyen, C. & Pooran, F. (1989). Dynamic analysis of a 6 DOF CKCM robot end-effector for
dual-arm telerobot systems. Robotics and Autonomous Systems, Vol. 5, 377-394

Raghavan, M. (1993). The Stewart Platform of General Geometry has 40 Configurations.
ASME Journal of Mechanical Design, Vol. 115, 277-282

Reboulet, C. & Berthomieu, T. (1991). Dynamic Models of a Six Degree of Freedom Parallel
Manipulators, Proceedings of the IEEE Int. Conf. on Robotics and Automation, pp. 1153-
1157

Riebe, S. & Ulbrich, H. (2003). Modelling and online computation of the dynamics of a
parallel kinematic with six degrees-of-freedom. Archive of Applied Mechanics, Vol.
72, 817-829

Sokolov, A. & Xirouchakis, P. (2007). Dynamics analysis of a 3-DOF parallel manipulator
with R-P-S joint structure. Mechanism and Machine Theory, Vol. 42, 541-557

Staicu, S. & Zhang, D. (2008). A novel dynamic modelling approach for parallel mechanisms
analysis. Robotics and Computer-Integrated Manufacturing, Vol. 24, 167-172

Staicu, S., Liu, X.-J. & Wang, J. (2007). Inverse dynamics of the HALF parallel manipulator
with revolute actuators. Nonlinear Dynamics, Vol. 50, 1-12

Tsai, L.-W. (2000). Solving the inverse dynamics of Stewart-Gough manipulator by the
principle of virtual work. Journal of Mechanical Design, Vol. 122, 3-9

Vukobratovic, M. & Kircanski, M. (1986). Kinematics and Trajectory Synthesis of Manipulation
Robots, Springer-Verlag, Berlin

Wang, J. & Gosselin, C. (1998). A new approach for the dynamic analysis of parallel
manipulators. Multibody System Dynamics, Vol. 2, 317-334

Wang, J., Wu, J.,, Wang, L. & Li, T. (2007). Simplified strategy of the dynamic model of a 6-
UPS parallel kinematic machine for real-time control. Mechanism and Machine
Theory, Vol. 42, 1119-1140

Zhao, Y. & Gao, F. (2009). Inverse dynamics of the 6-dof out-parallel manipulator by means
of the principle of virtual work. Robotica, Vol. 27, 259-268

www.intechopen.com



Advances in Robot Manipulators
Edited by Ernest Hall

s
" i,
P ISBN 978-953-307-070-4
:'J" 3 Hard cover, 678 pages
N }' ™) Publisher InTech
g f Published online 01, April, 2010
wo U V. Published in print edition April, 2010

The purpose of this volume is to encourage and inspire the continual invention of robot manipulators for
science and the good of humanity. The concepts of artificial intelligence combined with the engineering and
technology of feedback control, have great potential for new, useful and exciting machines. The concept of
eclecticism for the design, development, simulation and implementation of a real time controller for an
intelligent, vision guided robots is now being explored. The dream of an eclectic perceptual, creative controller
that can select its own tasks and perform autonomous operations with reliability and dependability is starting to
evolve. We have not yet reached this stage but a careful study of the contents will start one on the exciting
journey that could lead to many inventions and successful solutions.

How to reference
In order to correctly reference this scholarly work, feel free to copy and paste the following:

Antonio M. Lopes (2010). Fast Dynamic Model of a Moving-base 6-DOF Parallel Manipulator, Advances in
Robot Manipulators, Ernest Hall (Ed.), ISBN: 978-953-307-070-4, InTech, Available from:
http://www.intechopen.com/books/advances-in-robot-manipulators/fast-dynamic-model-of-a-moving-base-6-
dof-parallel-manipulator

INTECH

open science | open minds

InTech Europe InTech China

University Campus STeP Ri Unit 405, Office Block, Hotel Equatorial Shanghai

Slavka Krautzeka 83/A No.65, Yan An Road (West), Shanghai, 200040, China

51000 Rijeka, Croatia FE BHIERFARK6SS HiBEFR R ARIRE I AE40582TT
Phone: +385 (51) 770 447 Phone: +86-21-62489820

Fax: +385 (51) 686 166 Fax: +86-21-62489821

www.intechopen.com



© 2010 The Author(s). Licensee IntechOpen. This chapter is distributed
under the terms of the Creative Commons Attribution-NonCommercial-
ShareAlike-3.0 License, which permits use, distribution and reproduction for
non-commercial purposes, provided the original is properly cited and

derivative works building on this content are distributed under the same
license.




