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1. Introduction

During the last few decades, the multi-scale expansion of scientific and technical knowledge
has unavoidably raised the productivity of human capital and other significant parameters
in the complex chain of production. Thus, the deeper knowledge, the value of education, the
schooling and on-the-job training (i.e. the further growth of scientific and technical knowl-
edge) have become embodied in people-scientists, scholars, technicians, managers and other
contributors. Consequently, the lifetime path of education is become one of the most impor-
tant investments in human capital’s growth. In that direction, several empirical studies have
showed that good college training, strong influence of family, and lifetime schooling have
raised sharply a persons’ income and prosperity, see for more details Becker (1994), Murphy
and Welch (1989) etc. Thus, the earnings of more educated people are almost always well
above average, see Lynn (ed.) (2006), although the gains are generally larger in less-
developed countries, see also Becker (1994).

Into our micro-macro economical environment, the investment of an individual in educa-
tional matters is a very important, meanwhile a very expensive, decision. For instance, the
foregone income alone for the years of primary and secondary (high school) education is
likely to be hundreds of thousands euros (or dollar) per student. However, the internal rate
of return of this investment has been estimated to be in the rage of ten to twenty, or more in
some developing countries, see for instance Bishop (1961), Hansen (1963), and Psacharopou-
los and Patrinos (2004). Furthermore, following Southwick, Jr and Zionts (1974), McMahon
(2002), the generous investment in education restricts effectively the poverty, as the income
earnings are strongly related to the educational level of the individuals. It should be also
pointed out that the poor generally undertake less or (in the majority of cases) none educa-
tion than the non-poor.

The problem of an optimal lifestyle investment in the limited stock of human capital, i.e. the
optimal stock of education (knowledge), has been a subject in the literature of financial
mathematics for many decades. Analytically, the problem is to determine formalistically
(and not merely empirically) the optimal lifetime path of education policy of an average
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58 Technology, Education and Development

individual, who can split up its time into learning and working, and it is a subject to nega-
tive income by taxation, and by the cost of learning education, as well.

The above interesting problem can be easily reformulated into an optimal control problem.
Although, optimal control theory was developed by engineers in order to investigate the
properties of dynamic systems of difference or/and differential equations, it has also been
applied to financial problems. Tustin (1953) was the first to spot a possible analogy between
the industrial and the engineering processes and the post-war macroeconomic policy-
making; see Holly and Hallett (1989), for further historical details. Furthermore, the research
work of Ben Porath (1967) is one of the earliest applications of optimal control theory that
was devoted to this topic.

Meanwhile, in the last five decades, different types of human capital models for the educa-
tion have been developed to analyse the problem and to optimize several parameters in-
volved, which are penalized by a huge variety of functional criteria. For instance, the inter-
esting readers can advise the pioneer works by Hansen (1963), Southwick, Jr and Zionts
(1970, 1974), Blinder and Weiss (1974), Hartl (1983), and other various extensions of these
models.

In this book chapter, we present some further extensions of the discussed problem by fol-
lowing the recently proposed research works by Kalogeropoulos and Pantelous (2007),
Pantelous and Kalogeropoulos (2008) and Pantelous et al. (2008), which theoretically and
practically provide an optimal path of investment in education (i.e. in knowledge) or in
other words, it can be approached as a schooling-resources allocation over time for an aver-
age individual. The concept of average can be translated that the individual has not so much
financial health that he/she can derive some extra benefits of it.

Since the economical and social environment is continually changing, we should also con-
sider the education-investment decision as a dynamic process over the course of a lifetime.
In this framework some assumptions must also be made. Thus, as in many developing
models, see Ben Porath (1967), Southwick, Jr and Zionts (1974), and Hartl (1983), the indi-
vidual purchases knowledge solely for its investment value, i.e. the consumption aspects of
education is definitely ignored. Moreover, the individual is assumed to act in an optimal
way, i.e. it is interesting in purchasing education as long as its incremental value is greater
then its respective cost. At last but not at least, two individuals are having the same formal
schooling, celeris paribus, they may have quite different levels of acquired knowledge. Since
no readily data are available, social indicators such as sex, colour, labour nationality or im-
migration are not taking into consideration.

Furthermore, the income function used in this chapter is enlarged from earlier studies to
include simultaneously profits from risk-free investments (i.e. T-bills, cash accounts etc),
from the level of education-including the possibility of the individual to participate in dif-
ferent financed projects or simply to obtain a scholarship, and the experience of individual
(i.e. its age), as well. Additionally, it is stretched out that we consider the income function as
a dynamic process over the course of a lifetime.

The 2nd section develops the basic continuous-time model in implicit form and some theo-
retical results are obtained. In 3rd Section, a very interesting case is provided, which is
mainly constrained by a special case of the famous Cobb-Douglas production function.
Afterwards, a linear case is fully investigated. By using empirical results, an optimal in-
vestment-education decision strategy is eventually derived in the 4th Section. In the se-
quence section, the analytic presentation of the proposed educational optimal-investment

www.intechopen.com



The benefits of Schooling: A human capital
alocation into a continuous optimal control framework 59

dynamic model is considered transferring the entire discussion and motivation of the previ-
ous sections into a stochastic framework. Conclusions and further research proposals are
provided in the 6th Section.

2. Development of the optimal dynamic model in deterministic continuous-
time framework

In this section, the discussed model is described into a deterministic, continuous-time
framework, and it has been recently proposed by Kalogeropoulos and Pantelous (2007).
With the next lines, the first step is to describe the necessary notation, and the relative as-
sumptions. It is really worthy to say that our model can be considered as more general com-
paring with the existence models in the relative literature, see Southwick, Jr and Zionts
(1974), Ritzen and Winkler (1979), and Hartl (1983), since the mathematical equations are in
a more general form. In addition, as it can be easily verified, the following equations are
simpler than those proposed in the 5th section (see stochastic case).

Since the schooling increases the education level, the lack of it may allow the education to
decline. The stock of human capital (i.e. knowledge) embodied in an individual may change
over the period of schooling, see Checchi (2006).

Analytically, let x(t)eC'(R)denote the level of education (i.e. the stock of human capital-
knowledge) and u(t):[0,T]—[0,1], which is a sulfficiently differentiable function, denote

the investment into that stock. Equivalently, the fraction of time devoted to work is 1—u(t).

The change in human capital over time is then given by a weakly nonlinear ordinary differential

equation
x(t)=—a(t)x(t)+ f(t,x(t),u(t))

x(0)=x, (1)
where a(t):[0,T] > U cR the depreciation rate of education and f(-):[0,T]xRx[0,1] > R
which represents the production of human capital Becker (1994), Glomm, and Ravikumar
(1992) are also sufficiently differentiable equations. Note that the deduction factor a(t)
varies with the different type of education (i.e. medical, mathematical vs. technical etc), and
the different economical-political-social circumstances (i.e. in the western vs. sub-African
countries). Moreover, the source of this depreciation may be either from forgetting or from
technological obsolescence, or both, see Southwick, Jr and Zionts (1970).
Furthermore, it is assumed that the potential money income that can be earned by an indi-
vidual is mainly a function of his level of education x, the age t and the risk-free interest
rate r >0 is fixed. Thus, we obtain

(1) =ry(t)+(1—u(t))h (t,x () + u(t)hy (t,x(t))
y(0)=vy,. )

This differential function implies that money income is evaluated by the risk-free invest-
ment (i.e. T-bills, cash accounts etc) by the function

h(-):[0,T]xR >R,
for the time which is being spent at work, 1—u(t) and by the function
hy,(-):[0,T]xR > R,
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for the time which is being invested in schooling through a scholarship, or his/her participa-
tion into a research programme. Note that it is assumed that part-time is equally paid as the
full-time work.

The direct cost of education is assumed to be linearly related to the proportion invested to
knowledge, i.e. g,(-):[0,1] > R and to the level of education x, g,(-):R—>R.

This yields that

c(t)=81(u)- 8 (%) ()
A further realistic consideration is the income tax policy, which is surely correlated to the
earning and to the different expenditures, as the following equation is devoted

T(t)=7, + 7y () -e(t). @)
Analytically, the constant number 7, can be a negative or positive number analogously to

the present or to the proposed welfare tax system, see Southwick, Jr and Zionts (1974).
Moreover, eq. (4) takes into consideration a percentage 7, of the actual income diminished
by a percentage 7, of the direct cost of education. However, in practice, the actual tax sys-
tem is somewhat much more complex because it takes into consideration several others
inputs such as capital gains, medical deductions, number of infants etc. Although, a number
of empirical studies, see Bishop (1961) etc, have found that the tax system is approximately
proportional, which gives support to expression (4).

Now, in the same point of view as in research work proposed by Southwick, Jr and Zionts
(1974), Ritzen and Winkler (1979), and Hartl (1983), it can be assumed that the objective
function is to optimize (maximize, in this case) the discounted present value of future in-
come streams. The expression under parentheses in the objective function (5) is the net cash
flow at time te [O,T] . Additionally, we can also stress that the controlled interval period is

[0,T] (e.g. O: the starting of working and T : the year of retirement) and the discount rate

r is constant and equal to the premium of a T -period government (risk-free) bond. Thus
T
max{je”(y(t)—T(t)—c(t))dt}. (5)
0

Actually, the individual follows a time-path of education (through seminars, attainting MSc
courses or doing MBA etc) into that period in order to maximize the value of (5). Of course,
the investment into the knowledge stock via the rate u(t) has a limited range, between 0
and 1, since he/she can not obtain schooling at a negative rate or more than full time.
Historically, the maximum principle, which has been formulated and derived by Potryagin
and his group in the 1950s, is truly a milestone to the optimal control theory; see Yong and
Zhou (1999) for more details. It states that any optimal control along with the optimal state
trajectory must solve the so-called (extended) Hamiltonian system, which is a two-point
boundary value problem (and can also called a forward-backward differential equation),
plus a maximum condition of a function called the Hamiltonian.

Thus, the Hamiltonian function is given by expression (6)

H(tx,y,1,p,) = ¢ (y(E) =T ()= c(8)) + p(H) (1) + 4(£)5(1), ©
(t,x,y,u,p,9):[0,T]xRxRx[0,1]x RxR
where the shadow prices p and g of the level of education and the potential money in-

come, respectively are the solution of
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Furthermore, since the objective function is the maximization of cognitive knowledge, x at
the end of the period, the following transversely condition applies

p(T)=0, ©)
and additionally,
9(0)=4, - (10)
The condition for optimality is
H(tx(8),y(8),u(t),p(8),4(£)) = maxH(t,x(t),y (1), u,p(£) (1)) (11)

In practice, the maximization of the criterion is achieved if the control is chosen to maximize
the Hamiltonian at each point in time. Thus, the necessary first-order condition is derived
H, =0. (12)

Note that time dependency (t) of the variables is omitted for notational convenience. By
substituting expressions (3) and (4) into (5) it is derived

mflx{;[e”((l -r)y-7,—-(1 —z’z)c)dt}. (13)

So, from egs. (7) and (8) by using the reformed Hamiltonian equation (14)
H(t,x,y,u,pq)=e" ((1 -7)y—7,—(1- TZ)C)

(14)
+p{—ax+ f}+q{ry+(1-u)h, +uh,}
it is obtained
p= (‘Z - f )P + (1 - Tz)eirtglgzx - q(hlx + u(hzx —hy, )) (15)
and
g=-rg—(1-z)e". (16)
Moreover, through the eq. (12), it is taken that
~(1-7,)e g8 +pf, =0,
or equivalently
ful 8. =(1-1,)e"g, /p. (17)

The Hamiltonian equation (14) and the co-state variables p and g should be analysed by
taking into consideration several economical-social interpretations. According to eq. (15), the
first co-state variable which reflects to the level of education per individual is very compli-
cated, as many parameters get involved. Thus, the rate a— f, decreases the ordinary linear

differential equation of function p, see eq. (15), whenever the marginal productivity of

human capital exceeds the rate of depreciation of knowledge, see also Ritzen and Winkler
(1979). Moreover, the second co-state variable which reflects the potential money income per
individual is simpler and it depends mainly on the discount rate r . It is intuitively clear that
the income is decreasing by the increment of the discount rate.
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After these preliminary results and comments, the properties of the optimal investment
policy can be determined. Now, differentiate eq. (17) with respect to time t and substitute
the necessary equations, we obtain

Pf. + Pfudt + PfaX + Pl + (1 - Tz)reirtglu& - (1 -0 )eirtgluuugZ - (1 - Tz)eirtglugux

=q(h =hy) +q(hy, —hy ) +q(hy, —hy, )%
or the equivalent non-linear partial differential eq. (18)

I:pfuu _(1 _TZ)eirtgluugZJu 7 I:q(hlx _h2x)_pfux + (1 - TZ)eirtglug2x:|5C +é](hl _hZ)

+q(hy =hy, )= pf = pfu = (1=7)1e " 81,8,

Given the functions involved in expression above, the time path of education along the
turnpike can be found using (18), and the sufficient boundary conditions.

Finally, the Hamiltonian may be interpreted as the net “profit” at time ¢ from the net in-
vestment in human capital. Moreover, by taking also into consideration the above-
complicated eq. (18), a much insightful view for the percentage of education that someone
should invest into that stock is derived in order to maximize his “profit”. Equivalently, the
fraction of time devoted to work 1-u is also obtained. In the next section, a particular pro-
duction function f is used, see also eq. (1).

(18)

3. A special case: Cobb-Douglas production function

In economics, the Cobb-Douglas functional expression of productivity is widely used to
represent the strong relation of an output to inputs. This functional expression has been
firstly used in Cobb and Douglas (1928) as a law of production, but as it is mentioned in
Fraser (2002), it was already known by Pareto, several decades before.
Therefore, in this section, a special case of function f is considered; i.e. the famous Cobb -
Douglas production function, as it has already been used in Southwick and Zionts (1974),
Ritzen and Winkler (1979), and Hansen (1963) research works, which are related to our
approach.
Thus, we assume that
£ (tx,) = b0 (1) (1), (19)
where 3, yeR.
Obviously, the eq. (1) can be transposed into
x(t)=—a(t)x(t)+b(t)u’ (t)x" (t). (20)
Moreover, we assume
hy(t,x(t))=a, (t)x(t) and h,(t,x(t))=a,(t)x(t).
where, the coefficients parameters 4, (t) and a,(t) are t -continuous functions.
So, the eq. (2) is transposed into the linear equation
y(#)=r(B)y(t)+a, (£)x(£) = (a (£) —a, (1)) u(t)x(t). (21)

Following the Southwick and Zionts (1974), the cost of education is assumed to have the
expression

c(t)=u(t)-g(x). (22)
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Then, by using the eq. (17) and noting that time dependency ¢ of the variables is also omit-
ted for notational convenience, a quite complicate expression for the controller is obtained,
ie.

| pbB
u—L_Tze g(x)} . (23)

where f, v, 7,, r are constant, b is a function of ¢, and p, x are the solution of (15) and
(20) respectively.

Now, by substituting the expression above (23) into (20) and (15), the following strong non-
linear system should be solved.

% 1 g, B %(7*0*7
t=—ax+| L] pres s (24)
— P
’ g (x)
ﬂ 1 Vi ﬂbert ﬁ x;/—l ﬁ 1
fJZLZp—aqu— 7/|:1—T2 e”g(x)} +[(1_72)€_rtgx+(a1_a2)x:| |:1_2_2:| |:g(x):| pliﬂ/(ZS)

where £, y €R and g is the solution of ordinary linear differential equation (16). The solu-
tion of such nonlinear systems is far beyond the main target of this paper. However, in order
to obtain some insightful practical comments, we can denote =y =1.
Thus, eq. (19) is rewritten as
f(t,x,u)=b(t)u(t)x(t).

Moreover, we denote c(t)=cu(t)x(t), where c is constant.
Then, considering the eq. (17), it is derived that

p)= e (26)
using the differential equation (15), and after some simple calculus, the following closed
form expression for the controller u(t) is taken,

u(t) = Pfrf)—ﬂ(t)P(t)+ﬂ1(f)q(t) ‘ 27)
(1=z)ee™ =b(E)p(t) = (o (£) —a, (1))q (t)
Now, the solution of eq. (16) is given by eq. (28)
q(t):(qo—(l—rl)t)e‘”, (28)
and finally, the controller, i.e. the fraction of time invested into education, is given
c
7z (t)(qo - (1 -7 )t) - m(l —7 )(r - ‘l(t))
u(t)=
(1 _72)(1 -c) _(‘11 - ‘12)(‘70 _(1 _Tl)t)

Thus, through the eq. (29), we can efficiently control the pattern of human capital (i.e.

knowledge) in order to maximize the financial profits of the individuals. Moreover, accord-
ing to the eq. (20), the change in human capital over time is then obtained by the following

linear ordinary linear equation
x(t)=[b(t)u(t)—a(t)]x(t). (30)

(29)
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Obviously, the above results are apparently interesting and very helpful to practitioners, as
well. In the following section, an interesting numerical application is analytically presented.

4. Using some empirical numerical results to obtain the optimal education
investment decision

In general, the form of the optimal solution is the initial full time schooling, i.e. u(t)=1

(scaled down to part time if consumption requirements are sufficient high) followed by
alternating periods of part-time schooling and zero schooling, with the last period prior to
retirement one of zero schooling. However, in this numerical application, we are mainly
being interested about the period of part-time schooling.

Analytically, the observed relations on income of age and education are used to develop the
optimal allocation of effort between work (i.e. employment) and education (i.e. lifetime
schooling). Moreover, it is underlying that our results are based on the eq. (29) and its pa-
rameters relatively involved.

Furthermore, we would like to mention that the key factor for the optimal allocation policy
is the measure of the depreciation rate of education. This estimation is remarkably impor-
tant; since it could be answered several serious questions, which are naturally derived, see
Groot (1998). To be honest, fairly little things are known about that rate. However, quite
recently a simple methodology to the determination of the depreciation rate is proposed and
it has been applied into real data sets from Great Britain; see Groot (1998) and Lynn (ed.)
(2006). In this numerical application, we use the results of the empirical application men-
tioned above for the population of Great Britain.

The findings suggest that the rate of depreciation is 11-17% per year. Those quite high de-
preciation rates (compared with those that have been used in the early application of
Southwick and Zionts (1974)) emphasize more the importance of the lifetime learning.
Before we go further, it is important to determine the values of the variables, which are
taken into consideration in eq. (29):

a(t): The depreciation rate of education te[0,T]. According to the results of Groot (1998),
it takes values into the interval [11%,17%], see eq. (30).

a,(t): The increment of earnings through work, see egs. (2) and (21). Suppose that it is a

stable 3% increment for each year.

a,(t) : The increment of earnings through scholarships or participation into a research pro-
gramme, see also eqs (2) and (21). Suppose that it is almost unchangeable 0.5%, i.e. almost
no serious increment at all.

T : The end of the time-period, i.e. the year of retirement. In our application, it is 35 years of
full time work.

r: The risk-free interest rate.

c¢: The proportion of cost for the relative education, see egs. (3) and c(t)= cu(t)x(t). This
proportion depends of the quality of education, i.e. the cost of attainting seminar, doing MSc
courses or MBA, which can be quite different. In our application, it is supposed that the
three choices mentioned above of training are the only available. Thus, we consider the
proportion of cost to be equal to 1/3.
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7, : The percentage of the actual income, see eq. (4). It is suppose to be stable and it takes the
value of 10%.

7, : The percentage of direct cost of education, see also eq. (4). It is also suppose to be stable
and it takes the value of 8%. Obviously, it can be either smaller or greater of 7, as a mere
consequence of the government policy. In the particular case that r, >r,, the government

provides extra tax motivation for lifelong learning. In our example the tax policy does not
provide any extra motivation.

b(t): Without further details, we suppose that the t -continuous parameter of the produc-
tion function f is constant and equal to 1, see eq. (19). Obviously, it can be any smooth real

function which is really feasible or, in practice, it depends upon the empirical data of each
special problem.

Finally, since we have assumed that at the beginning of the part-time period, i.e. at time
t=0, the proportion u(t) is equal to 1, we can obtain

u(0) = a9, ~c(1-5)(r-a(t))
(0) (1_2.2)(1_(:)—((11_“2)([70)

or equivalently

(1—72)[1—c(1+a(t)—r)]

2a, —a,

9o =

Thus, we conclude the discussion above by presenting the following collective Table.

Table

Application Parameters

al=3% | T=35|11=10%] c=1/3 r=4%

a2=05%| t<T | 12=8% |[b(t)=1]ain[11%,17%]

Now, in the figure 1, the different values of the controller u(t) are observed for the different

values of the depreciation rates. It is clear that the depreciation rates have a large impact on
the fraction of time invested into education. The larger the depreciation rate is the more time
should be spent in schooling. This result is apparently obvious.

Moreover, the following comment is easily derived; since someone has a depreciation rate of
11%, it needs to spend almost one third of his time in schooling in order to receive optimal
income results.
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Fig. 1. The fraction of time invested into education for different depreciation rates.

The next figure shows something really astonishing. First, we have computed the interest
rate of income return for various values. Then, by using an average deprecation rate of 13%,
we observe that our optimal controller is become a strongly decreasing function for the
different values of interest rate. Thus, the more someone earns the less time has to spend in
schooling.
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Fig. 2. The fraction of time invested into education for different interest rate values.
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Finally, it turns out that the increasing of the depreciation rate also increases the fraction of
time invested into education (i.e. knowledge), see eq. (29). The opposite direction is derived
when the interest rate is increased.

5. Development of the optimal dynamic model in continuous-time stochastic
framework

In this part of the book chapter, we proceed with the analytic presentation of the proposed
educational optimal-investment dynamic stochastic model transferring the entire discussion
and motivation of the previous section into stochastic framework, see also Kalogeropoulos
and Pantelous (2008).

First, the necessary symbols and the relative notations are defined keeping in mind the con-
tinuous-time, stochastic framework. For the deeper understanding of the extending model,
it is important to construct the main equations (see also 2nd section) in a more general form,
following as close as it is possible the known -already used- literature.

Thus, we recall the strong formulation of the stochastic optimal control problem. In that

direction, we need to obtain a filtered probability space (Q,}' AF} 73) satisfying the

207/

usual conditions, i.e. if (Q,F,P) is complete, F, contains all the P -null sets in F , and

0

{#},., is right continuous. On this probability space, we obtain a standard Brownian mo-
tion (sBm) W (t) (with W(0)=0).

Moreover, into this classical stochastic framework, let us remind the stock of human capital
(knowledge) which embodied in an individual may change over the period of schooling, see

also 2nd section. Analytically, x(t) denotes the level of education (i.e. the stock of human capi-
tal-knowledge) and u(t)2u(t,x(t,®)):[0,T]xQ—[0,1] denotes the investment into that
stock. Equivalently, the fraction of time devoted to work is 1—u(t).

Thus, the change in human capital over time is given by a weakly non linear stochastic dif-
ferential equation

dx(t)=[-a(t)x(t)+ f(t,x(t),u(t))]dt+ g(t,x(t))dW(t),
x(0)=x, (31)
where «(t):[0,T] >R, is the depreciation rate of education, f(-):[0,T]xRx[0,1] >R and
g(-): [0,T]xR — R represents the production of human capital, see Becker (1994) and Glomm,

and Ravikumar (1990), and the diffusion parameter (which does not contain the control vari-
able) perturbates the stock of human capital, respectively.
Before, we go further; let us make the following important assumptions.

Assumption 1: {7} is the natural filtration generated by W (t), augmented by all the P -

null setsin F .
Assumption 2: ([O,l],d) is a separable metric space and T >0.

Assumption 3: The maps f(-) and g(-) are measurable, and there exist a constant L >0

and a modulus of continuity @:[0,00) —[0,) such that
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|f(t X (1)) - f(t% |<L|x —x(t)+o(d(u,)),
|f (£,0,u(t) |sL Vte[O T], x,eR, u,i€[0,1]
and
|8 (£,x(t)) - g(t,2(1))| < L|x(t) - 2(t)

|g(t,0) <L Vte[0,T], x,2eR.

7

Assumption 4: The maps f(-) and g(-) are C* in x . Moreover, there exist a constant L >0

and a modulus of continuity @ :[0,00) — [0,) such that
(x(8), ()~ £.(£5(),2(0)| S Lx(8) - 2(0)] + @(d(u,)),
(0, (8) - £ (13, 4(0)] < B(x(1) - 20|+ (d(,2)),
vVte[0,T], x,xeR, u,ie[0,1]
8. (Lx(t) - g, (t&(1)| <L|x(t)-2(t)

8 (X(1) - 8. (L2(1))| < B(|x(t) - 2(t)]), Vte[0,T], x,ReR
The 1st assumption signifies that the system noise is the only source of uncertainty in the

problem, and the past information about the noise is available to the controller. Now, we
assume that

4

ufo,T]= {u 0, TIxQ—[0,1]|uis { £}, , - adapted}
Given u(-)e U[0,T], eq. (31) is a stochastic differential equation with random coefficients. In
case that x(-) is the solution of (31) corresponding to u(-)eU[0,T], we call (x(),u()) an

admissible pair, and x(-) is an admissible state process (trajectory).

Furthermore, we assume that the potential (money) income that can be earned by an indi-
vidual is mainly a function of his/her level of education x and the age t . Since, the formu-
lation of the stochastic control problem is very difficult (but more natural), we obtain a sim-
pler expression for the income function, comparing (32) with the analogous expression in
Kalogeropoulos and Pantelous (2007) (see also 2nd section).

y(t)=(1—-u(t))h (tx(t))+u(t)h, (t,x(t))
y(0)=v, (32)

This function implies that money income is evaluated by the function

h(+):[0,T]xR >R
for the time which is being spent at work, 1—u(t) and by the function

hy(-):[0,T]xR >R
for the time which is being invested in schooling through a scholarship, or his/her participa-
tion into a research (co-)funded programme. Note that it is also assumed that part-time

work is equally paid as the full-time work.
The direct cost of education is assumed to relate to the time ¢, to the proportion of knowl-

edge, u and to the level of education x ,i.e. k(-):[0,T]xRx[0,1] - R . This yields
c(t)=k(t,u,x) (33)
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A further realistic consideration is the income tax policy, which is surely correlated to the
earning and to the different expenditures, as the eq. (4) is devoted.

Following as close as it is possible the 2nd section, we can assume that the objective function
is to maximize the mean value of the discounted present value of the future income streams.
The expression under parentheses in the objective function (34) is the net cash flow at time
te[0,T]. Additionally, it can be also strength out that the controlled interval period is [0,T]

(e.g. 0: the starting of working and T : the year of retirement) and the discount rate r is
constant and equal to the premium of a T -period government (risk-free) bond.

E{Tje‘”(y(t)—T(t)—c(t))dt} (34)

Thus, our problem is to maximize (34) over U[0,T].
Any u’ () e U[0,T] satisfying eq. (35)

J(u' ()= max E{Tje'”(y(t)—T(t)—c(t))dt} (35)

ueU[0,T]

is called an optimal control. The corresponding x(-) = X(-;u* ()) and (x* ()u ()) are called

an optimal state process/trajectory and optimal pair, respectively.

Actually, the individual follows a time-path of education (through seminars, attainting MSc
courses or doing MBA etc) into that time-period in order to maximize the value of (34), see
(35). Of course, the investment into the knowledge stock via the rate u(t) has also a limited

range, between 0 and 1, since he/she can not obtain schooling at a negative rate or more
than full time.

It can be stated that any optimal stochastic control along with the optimal state trajectory
must solve the so-called (extended) stochastic Hamiltonian system, which consists a forward
backward stochastic differential equation and a maximum condition with an additional term
(which contains the diffusion coefficient).

Thus, the Hamiltonian function is given by expression (36)

H(t,x,u,p,q)=e"(y(t)-T(t)—c(t))
+p(8)[ —a(t)x(t)+ f(tx(t),u(t) |+q(t)g(tx(t))
(t,x,u,p,9):[0,T]xRx[0,1]xRxR,

, (36)

where the adjoint equation that p(-) satisfies a forward-backward stochastic differential
equation.

p(t)=—H. (t,x(t),u(t),p(t),4(£)) +q()aW (1), (37)
atae. te[0,T].
Here, the unknown solution is a pair of {7} _, -adapted processes (p(-),4(-)) . The key issue
is that the equation should be solved backwards (since the terminal value is given, see (38)).

Moreover, the solution (p(-),4(-)) is required to be {#} __ -adapted. Any pair of process

>0
(p(-),9(-)) e L5 (0,T;R)x L% (0,T;R) satisfying (37) is called an adapted solution of (37). For

the interested reader, a systematic study of such equations is provided into the Chapter 7 by
Yong, and Zhou (1999).
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Fortunately, under the above four assumptions, for any (x(),u()) e’ (0,T;R)xU[0,T],
(37) admits a unique adapted solution (p(-),4(-)).

Furthermore, since the objective function is the maximization of cognitive knowledge, x, at
the end of the period, the following transversely condition applies

p(T)=0 (38)
The condition for optimality is given by
H(t,x" ()1 (8),p(£),q (1)) = maxH(£2"(£),u,p(t),q (1)) (39)
a.e. te[0,T] and P -a.s., which is parallel to the deterministic case (no risk adjustment is
required).
Notice that expression (39) is true, since there is no a control function in the diffusion coeffi-
cient. In practice, the maximization of the criterion is achieved if the control is chosen to
maximize the Hamiltonian at each point in time. Thus, the necessary first-order condition is
H, =0. (40)
By substituting expressions (33) and (34) into (35), it is derived that

E{Tje-" 1-7)y rn—(l—rz)c(t))dt}. (41)
So, from expression (32)-(34), (3 07 and (38) by using the reformed Hamiltonian equation (42)
H(t,xa),u(t),p(t),q(t))
=" ((1=5)[(1-u(t)m (Lx(1)) +u(t)hy (£,2(1)) ] -7, - (1= )k(t,u, ) (42)
+p(Of-a(®)x(t)+ f ()} +q(t)g()

it is obtained the forward-backward stochastic differential equation
dp(t)=~{e™ ((L=7)[ (1= u() by, (2(0) + (D)o (£,x(1) |- (1-7,)k () _
+p(Of=a(t)+ £.()f +q(t)g. ()} dt +q()aW (¢)

According to (43) the first co-state variable, which reflects the level of education per indi-

(43)

vidual, is very complicated, as many parameters get involved. Although, the rate a— f (-
decreases the stochastic differential equation of function p, in the case that the marginal

productivity of human capital exceeds the rate of depreciation of knowledge, see also sec-
tion 2.
Moreover, through the expression (2.11) it is taken

e ((1=2) [l (t,2(8) =Py (£,x(8) ] = (1= 2,)k, (8,2,2) )+ p(£) £, () +4(£) 8,() =0
or equivalently

(1) f. () +a(1)8. ()=~ {(1=2)[ Iy (t,x(6) = (£,x(8) |- (1= )k, (L x)]  (44)
Let the optimization problem admits an optimal pair (x* (), u ()) :
Then, the optimal 4-tuple (x* ()u (),p(),q()) of the stochastic problem discussed above

solves the stochastic Hamiltonian problem.
Finally, the stochastic Hamiltonian system may be interpreted as the net “profit” at time t
from the net investment in human capital. Moreover, taking also into consideration the
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above-complicated expressions, a much insightful view for the percentage of education that
someone should invest into that, stock is derived in order to maximize his “profit”. Equiva-
lently, the fraction of time devoted to work, 1-u, is also obtained.

6. Conclusion

The main purpose of this book chapter is to introduce an optimal control theory model to
the education-investment decision strategies that maximize a criterion, which is based on
the present value of future earnings for an individual. The formulation of this model is quite
general including several inputs variables, assuming only the rate of schooling as the control
variable.

Using the Potryagin maximum principle and the relative Hamiltonian function, some very
general results for the determination of the time path education-pattern, and the optimal
lifetime policy are derived into a deterministic (see 2nd section) and stochastic (see 5th sec-
tion) framework, as well.

Furthermore, some practical and straightforward results are obtained when a special case of
the productivity function, the famous Cobb - Douglas, is considered.

The results may be summarized as follows:

a) An analytic control function for the exact determination of the fraction of the time in-
vested into education is derived. The formula, although complicated-since it considers sev-
eral parameters, is very insightful and presents the efficient way to spend our time between
job and schooling.

b) For lower (or higher) depreciation rates, the optimal pattern is a full time education, i.e.

u (t) =1, for the very first years, followed by a period of education maintenance via higher

(lower) part time education (for instance, in our application is almost one third of the time),
and finished by zero education for retired persons.

c) Moreover, it appears that the interest rate of return decreases the optimal pattern and
obviously, it follows an opposite monotonicity with the depreciation rate.

Furthermore, in this part of the chapter, in order to unify the language that is necessary for
further interdisciplinary work, other issues arise, that are focused more on the actual model-
ling process rather than the concrete mathematical notation of it. Thus, the followings are
just few of the areas identified for which thorough understanding and clarification is needed
by development of future research work in the modelling process of human capital alloca-
tion, see Pantelous et al. (2008):

% Question regarding the nature of the building blocks of a model have been raised. These
relate to the knowledge we have for the objects, their relationships, their attributes. The
knowledge we acquire and the way this knowledge is acquired relevant questions to be
investigated. Model definition that fits the existing data and the knowledge of the ob-
jects/relations is another issue. From model definition, different kinds of questions come
into the surface regarding model “Minimality”, as well as model simplification and expan-
sion and how these are achieved. The questions formed provide a framework of problem
areas; areas for which little has been done to provide concrete solutions or step-by-step
approaches, and thus form open problem areas. These open problem areas have been identi-
fied as: Knowledge extraction, Systems conceptualization, Design of experiments, Model construc-
tion, Model minimality, Model expansion, Model reduction and Model simplification. Developing
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modelling approaches requires tackling problems of the above classes in a rather substantial
way.

% The need of data mining and knowledge management has been stressed and the impor-
tance of a concrete process of data collection, as well as the extraction of knowledge in a
systematic way. The transition from data to information and eventually knowledge is still an
open and major challenge. There is a need for a generic framework that should provide the
basis for an understanding by answering key questions. Specifically:

1.  How is data transformed into information? Issues of data mining and the knowledge
brought by the modeller related with the modelling process. A question closely related with
the Knowledge extraction problem previously identified, as well as the observer and his
previous knowledge.

2. What is the role of data in shaping the structure of the model? Here again, we identify
a question that if clearly answered could provide an insight in the model expansion, reduc-
tion, as well as simplification problem.

3. Is the role of data purely for quantitative reasons, that is, for providing measures for
the variables, constraints, limitations, etc?

An agenda for long-term research is to develop a systemic approach summarizing the above
needs that aim at:

(i) Providing a conceptual framework that explains the interrelationships between the
different actors of the system notion (objects, interconnection topology, inputs, outputs,
environment).

(ii)  Select the appropriate modelling tools that describe particular problems and provide
qualitative and quantitative means enabling the understanding of hierarchical nesting and
system properties emerging at different levels,

(iii)  Study control, optimization and state assessment problems in the integrated overall
set up; this involves the development of both top-down and bottom-up approaches and
related diagnostics-prognostics-control aspects.

(iv)  Develop criteria, modelling concepts and methodologies that explain the evolution of
physical system structure through the different stages of the cascade design process.

(v)  Develop methodologies for redesigning existing systems to meet new operational
requirements.

(vi)  Explore the system aspects of data merging and transformations, which may pro-
vide useful tools that may support the operational and design aspects of integration.

It should be also emphasized that the paper uses a recent method, see Groot (1998), to
measure the rate of depreciation. Moreover, the numerical application bases on real data, as
well.

Finally, we can stress two other possible directions for further research. The first one consid-
ers the same deterministic problem with a generalization as regard the number of individu-
als, the inputs parameters and consequently the expansion of the number of the control
parameters. The second direction considers the stochastic model, which can be benefited
more by the introduction of stochastic framework for the Cobb-Douglas production func-
tion, the income function, the taxation etc. This approach transforms the simple optimal
stochastic allocation problem proposed in section 5 (and Kalogeropoulos and Pantelous
(2008)) into a complex optimal multi-stochastic control problem, which has also many
mathematical difficulties.

www.intechopen.com



The benefits of Schooling: A human capital
alocation into a continuous optimal control framework 73

Acknowledgment: Dr Athanasios A. Pantelous is very grateful to some anonymous high
school and college tutors-participants of the 24th EM.E. Conference 2008 in Kozani, Greece,
who enthusiastically support my decision to work in this direction.

7. References

Becker, G.S. (1994), Human capital. University of Chicago Press, 3rd edition. U.S.A.

Ben Porath, Y. (1967). The production of human capital and the life cycle of earnings. The
Journal of Political Economy, Vol. 74, pp. 352-365.

Bishop, G.A. (1961). The tax burden by income class. National Tax Journal, Vol. 14 (table VI),
p- 54.

Blinder, A.S. & Weiss, Y. (1974). Human capital and labour supply: a synthesis. The Journal of
Political Economy, Vol. 84, pp. 449-472.

Brjpa (Greek Newspaper) (Code article: B14005A291), (2003) Orxovopiky aipoppayia yia tig
01KOYEVELEG 1] QOITHON TV JTAOIDOV O€ JTAVETIOTHUIA HUAKPLA ATI0 TOV TOMO KATOIKIAG TOV,
(02/11/2003), A29 (in Greek).

Checchi, D. (2006). The economics of education: Human capital, family background and inequality.
Cambridge University Press, U.K.

Cobb, C.W. & Douglas, P.H. (1928). A theory of production. American Economic Review, Vol.
18, pp. 139 - 165.

Fraser, 1. (2002). The Cobb-Douglas production function: An antipodean defence? Economic
Issues, Vol. 7, pp. 39-58.

Glomm, G. & Ravikumar, B. (1992). Public versus Private Investment in Human Capital:
Endogenous Growth and Income Inequality. The Journal of Political Economy, Vol.
100, pp. 818-834.

Groot, W. (1998). Empirical estimates of the rate of depreciation of education. Applied Eco-
nomics Letters, Vol. 5, pp. 535-538.

Hansen, W.L. (1963). Total and private rates of return to investment in schooling. The journal
of Political Economy, Vol. 71, pp. 128-140.

Hartl, R. (1983). Optimal allocation of resources in the production of human capital. The
Journal of the Operational Research Society, Vol. 34, pp. 599-606.

Holly, S. & Hallett, H.A. (1989). Optimal Control, Expectations and Uncertainty, Cambridge
University Press, U.K.

Kalogeropoulos, G.I. & Pantelous, A.A. (2007). A dynamic approach to the education-
investment decision strategy using optimal control theory. Proc. of EUROSIM 2007,
September 2007, Ljubljana, Slovenia.

Kalogeropoulos, G.I. & Pantelous, A.A. (2008). The benefits of schooling: the optimal Life-
style investment in the limited stock of human capital into a stochastic control
framework. Proc. of the IATED 2008, April 2008, Valencia, Spain, paper 339 (ISBN:
978-84-612-0190-7).

Lynn, P. (ed.) (2006). Quality profile: British household panel survey user manual, Institute
for Social and Economic Research, University of Essex, Colchester.

McMahon, W.W. (2002). Education and development: Measuring the Social Benefits. Oxford
University Press. U.K..

Milioti, K. (2007). Conceptual modelling and systems theory with application using Real Options
Analysis, PhD thesis in Systems and Modelling, City University, London, U.K..

www.intechopen.com



74 Technology, Education and Development

Murphy, K.N. & Welch, F. (1989). Wage premiums for College graduates: Recent growth
and possible explanations. Educational Researcher, Vol. 18, pp. 297-331.

OECD, (2006), Education at a glance, 2006 Edition - ISBN-92-64-02531-6.

Pantelous, A.A, Milioti, K.N. & Kalogeropoulos, G.I. (2008). Measuring and controlling
dynamically the benefits of Schooling, Proc. of the ICERI 2008, November 2008, Ma-
drid, Spain, paper 552 (ISBN: 978-84-612-5367-8).

Psacharopoulos, G. & Patrinos, H.A. (2004). Returns to investment in education: a further
update. Educational Economics, Vol. 12, pp. 11-24.

Ritzen, ].M. & Winkler, D.R. (1979). On the optimal allocation of resources in the production
of human capital. The Journal of the Operational Research Society, Vol. 30, pp. 33-41.

Schultz, T.W. (1961). Investment in human capital, American Economic Review L1 (1), pp. 1-22.

Southwick, L. Jr & Zionts, S. (1970). On the individual’s literature allocation between educa-
tion and work. Metroeconomica, Vol. 20, pp. 42-49.

Southwick, L. Jr & Zionts, S. (1974). An optimal-control-theory approach to the education -
investment decision. Operational Research, Vol. 22, pp. 1156 - 1174.

Tustin, A (1953). The Mechanism of Economic Systems: an Approach to the Problem of Economic
Stabilisation from the Point of View of Control - System Engineering, Harvard Universi-
ty Press, Cambridge, Massachusetts, U.S.A..

Vemuri, V. (1978). Modelling of complex systems: an introduction. Academic Press.

Yong, J. & Zhou, X.Z. (1999). Stochastic controls: Hamiltonian systems and HJB equations. Sprin-
ger-Verlag. New York. US.A..

www.intechopen.com



Technology Education and Development
Technalogy, Education . L
andBevelopment Edited by Aleksandar Lazinica and Carlos Calafate

B e P [PIRTE

ISBN 978-953-307-007-0

Hard cover, 528 pages

Publisher InTech

Published online 01, October, 2009
Published in print edition October, 2009

The widespread deployment and use of Information Technologies (IT) has paved the way for change in many
fields of our societies. The Internet, mobile computing, social networks and many other advances in human
communications have become essential to promote and boost education, technology and industry. On the
education side, the new challenges related with the integration of IT technologies into all aspects of learning
require revising the traditional educational paradigms that have prevailed for the last centuries. Additionally,
the globalization of education and student mobility requirements are favoring a fluid interchange of tools,
methodologies and evaluation strategies, which promote innovation at an accelerated pace. Curricular
revisions are also taking place to achieved a more specialized education that is able to responds to the
society’s requirements in terms of professional training. In this process, guaranteeing quality has also become
a critical issue. On the industrial and technological side, the focus on ecological developments is essential to
achieve a sustainable degree of prosperity, and all efforts to promote greener societies are welcome. In this
book we gather knowledge and experiences of different authors on all these topics, hoping to offer the reader
a wider view of the revolution taking place within and without our educational centers. In summary, we believe
that this book makes an important contribution to the fields of education and technology in these times of great
change, offering a mean for experts in the different areas to share valuable experiences and points of view
that we hope are enriching to the reader. Enjoy the book!

How to reference
In order to correctly reference this scholarly work, feel free to copy and paste the following:

Athanasios A. Pantelous and Grigoris |. Kalogeropoulos (2009). The Benefits of Schooling: A Human Capital
Alocation into a Continuous Optimal Control Framework, Technology Education and Development, Aleksandar
Lazinica and Carlos Calafate (Ed.), ISBN: 978-953-307-007-0, InTech, Available from:
http://www.intechopen.com/books/technology-education-and-development/the-benefits-of-schooling-a-human-
capital-alocation-into-a-continuous-optimal-control-framework

INTECH

open science | open minds

InTech Europe InTech China

University Campus STeP Ri Unit 405, Office Block, Hotel Equatorial Shanghai

Slavka Krautzeka 83/A No.65, Yan An Road (West), Shanghai, 200040, China

51000 Rijeka, Croatia FE BT EREREESS _LiBEFFRE KRS M AE4058 5T
Phone: +385 (51) 770 447 Phone: +86-21-62489820

www.intechopen.com



Fax: +385 (51) 686 166 Fax: +86-21-62489821
www.intechopen.com



© 2009 The Author(s). Licensee IntechOpen. This chapter is distributed under
the terms of the Creative Commons Attribution-NonCommercial-ShareAlike-3.0
License, which permits use, distribution and reproduction for non-commercial
purposes, provided the original is properly cited and derivative works building
on this content are distributed under the same license.




