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Chapter

Theory of Control Stochastic
Systems with Unsolved
Derivatives

Igor N. Sinitsyn

Abstract

Various types of stochastic differential systems with unsolved derivatives (SDS
USD) arise in problems of analytical modeling and estimation (filtering, extrapola-
tion, etc.) for control stochastic systems, when it is possible to neglect higher-order
time derivatives. Methodological and algorithmic support of analytical modeling,
filtering, and extrapolation for SDS USD is developed. The methodology is based on
the reduction of SDS USD to SDS by means of linear and nonlinear regression models.
Two examples that are illustrating stochastic aspects of methodology are presented.
Special attention is paid to SDS USD with multiplicative (parametric) noises.

Keywords: analytical modeling, estimation (filtering, extrapolation), normal
approximation method (NAM), regression (linear, nonlinear), stochastic
differential systems with unsolved derivatives (SDS USD)

1. Introduction

Approximate methods of analytical modeling (MAM) of the wideband stochas-
tic processes (StP) in stochastic differential systems with unsolved derivatives (SDS
USD) based on normal approximate method (NAM), orthogonal expansions
method, and quasi moment methods are developed in [1, 2]. For stochastic
integrodifferential systems with unsolved derivatives reducible to SDS
corresponding equations for MAM are given in [3, 4]. In [3, 4], problems of mean
square (m.s.) synthesis of normal (Gaussian) estimators (filters, extrapolators, etc.)
were firstly stated and solved in [1-4]. Results presented in [1-4] are valid for
smooth (in m.s. sense) functions in SDS USD. For unsmooth functions in SDS USD
theory of normal filtering and extrapolation is developed in [5].

Let us present an overview and generalization of [1-5] for linear and nonlinear
regression models. Section 2 is developed to normal analytical modeling algo-
rithms. Normal linear filtering and extrapolation algorithms are given in Sections 3
and 4. Linear modeling and estimation algorithms for SDS USD with multiplicated
(parametric) noises are presented in Section 5. Normal nonlinear algorithms for
filtering and extrapolation are described in Section 6. Section 7 contains two
illustrative examples. In Section 8, main conclusions and some generalizations
are given.
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2. Normal modeling

Different types of SDS USD arise in problems of analytical modeling and esti-
mator design for stochastic nonlinear dynamical systems when it is possible to
neglect higher-order time derivatives [1-3].

First-order SDS USD is described by the following scalar equation:

¢ = ¢(t)XtaXta Ut) =0, (1)

where X, and X, are scalar state variable and its time derivative; U, is noise vector
StP (dim U, = nV); nonlinear function ¢ admits regression approximation [6-8].
For vector SDS USD, we have the following vector equation:

¢ = @(tath}_(t, Ut) =0. (2)
Here X, being vector of derivatives till / order
X = [% xS 3)
U, being autocorrelated noise vector defined by linear vector equation:
Ut = ﬂ([)]t +ayUs + btUVta (4)

where dim X; = #X; dimU, = nY; V, is white noise, dimV; = n"; dimagt =
nU x 1; dimal = nY x nY; dimb” = nY x nV. Further, we consider the Wiener
white noise W, with matrix intensity vy = vo(¢) and the mixed Wiener-Poisson

white noise [9-13]:

Vi=W,, W,=Wg+ JC(p)PO(t, dp), ®)
Ry
o=l + o) on(t. ). (6)
Rq

0

Here, dim ¢(p) = dim Wy, = n"; stochastic Ito integrals are taken in R% (R% with
pricked origin).
As it is known [6-8], a deterministic model for real StP defined by Y = ¢(Z) at

_ T
7 = [XTXTUT} in (2) is given by the formula

J(z) =E[Yls], j(z)eY (7)
at accuracy criterion
nY 2
€(Z)=ZEUJ7P—YP‘ Iz],p: 1, ..,n"]. (8)
p=1

Class of functions y € ¥ represents linear functional space satisfying the follow-
ing necessary and sufficient conditions:

wE{|15) - Yliy(z)"} = 0. )
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For linear shifted and unshifted regression models, we have two known models:

J(z) =gz, g =Tl (10)
(Booton [6-8]),
I(z) =a+g2°% g=K.K;', a=E" —g¢F (11)

(Kazakov [6-8]),

where E*, I';, K being first and second moments for given one-dimensional
distribution.

For Eq. (2), linear regression model takes the Booton form

» =@y + k(th + kf)_(t + k(3pUt =0, (12)

where ¢, k{ , ; being regressors depending on ¢ and joint distribution of StP

X;,X,;, U,. After Eq. (12) differentiation till the (I — 1) order, we get the following
set of (I — 1) equations:

A A~ (I—
¢, =0, ... ,go,g UV _o. (13)

At algebraic solvability condition of linear Egs. (12) and (13), we reduce SDS
USD to SDS of the following form:

X; = Ao+ ArX, + AUy, (14)

. . -1 g
where Ao, A1, A, are expressed in terms (g, k7, (det (ky)  # O) and indirectly
depends on statistical characteristics of X;, its derivatives and noise U;. For com-
bined vector [X] U] = Y, we have equation:

Y, =By +BY; +B,V,, Y=Y, (15)

Its one and second probabilistic moments satisfy the following equations [12-14]:

Y, =Bo+BiY, +BV;, Yo = Yo, (16)
E| =Bo+BE', EY =E, (17)
K =BK' + KB + BwBl, K, =K/, (18)
K" (11, . . .
K () _ v (t1,t2)BL,, K'(t1,t1) = K. (19)

oty

v 51 ¥ > =2\ (v &\
where EY = E[V,],KY = E (Yt .y ) (Yt _E ) , (t1>12). So, we get two
proposals.
Proposal 1. Let vector non-Gaussian SDS USD (2) satisfy conditions:
i. vector functions ¢ in Eq. (2) admit m.s. regression of linear class \V;

ii. linear Eqs. (12) and (13) are solvable regards all derivatives till (I — 1) order.

Then SDS USD may be reduced to parametrized SDE. First and second moments of
joint vector Y, = [X] U] ] " satisfy Egs. (16)—(19).
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Proposal 2. For normal joint distribution N' = N (E} K} ) of vector variables in
Egs. (16)—(19) it is necessary in equations of Theorem 1 to put

- - - - . - . -\T
W, = Wo, EY=EY, K/ =EY [(Yt B (V.- EY) ] ,

(20)
¥ > v\ (% v \7T
K™ (t1,t2) = Ey [(Ytl - E/\/tl) (Ytz - E/\/tz) ]
For Eq. (2) using Kazakov form
P=+9 =0 (21)
where
7° = kIX 1+ kIX, + RIUY, (22)

we have two sets of equations for mathematical expectations and centered
variables:

Do=0,.,00 V=0 (23)

7o=0, .,500 Y =0. (24)

So, we reduce SDS USD to two sets of equations for EX and X? = X, — EX
E.j( = Zo —|—ZlE‘;{ —i—ZzEF, (25)
X = AX0 + A,U°. (26)

<0 T . S
For the composed vector Y, = [X)TU?"]" its probabilistic one and second
moments satisfy the following equations:

Et? =Bo + §1Et?, Yo = Yo, (27)
K" =BiK' + KB, +BwB,, K=K, (28)
oK (t1,t - il . -
% > KY(tl,tz)Bthz, KY(t1,t1) =K, >0 (29)
2

Here v = v being defined by Eq. (6).

So for Kazakov regression, Eqs. (21)-(24) are the basis of Proposal 3.

The regression F’ (z) and its m.s. estimator y(z) represent deterministic regres-
sion model. So to obtain a stochastic regression model, it is sufficient to represent Y
inthe form Y =E?(z) + Y or Y = j(2) + Y”, where Y', Y” being some random
variables. For finding a deterministic linear regression model, it is sufficient to
know the mathematical expectations E*, E” and covariance matrices K*, K’*. In the
case of a stochastic linear regression model, it is necessary to know the distribution
of Y for any z or at list its regression y(z) and covariance matrix K’ (z) (coinciding

with the covariance matrices K¥'(z) or K¥' (z)). A more general problem of the best
m.s. approximation of the regression by a finite linear combination of given func-
tions y4(2), ..., xn(2) is reduced to the problem of the best approximation to the
regression, as any linear combination of the functions y,(z), ..., yy(2) represents a
linear function of variables 21 = y4(2), ...,2n(2) = yn(2). Corresponding models
based on m.s. optimal regression are given in [7].
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In the general case, we have the following vector equation:
Zy = a*(Zy,t) + b*(Zs, 1)V, (30)

where V, being defined by Egs. (5) and (6). Functions a* = a%(Z;,t) and b* =
b*(Z;,t) are composed on the basis of Eq. (2) after nonlinear regression approxima-
tion ¢, =, cjx(Z;) and Eq. (13).

According to normal approximation method (NAM), we have for Eq. (30) the
following equations for normal modeling [9-12]:

K; = F,(E5, K%, 1), (32)

OKZ (t1, ¢t
% = F3 (Ef,[(z(lj),I(z(tl,tz),tl,tz). (33)

Here

F.(E;,K;,t) = Ena®(Z;,1), (34)
Fy (B2, K?,t) = Fy (B2, K2, 1) + Fo (B2, K2,8) T + Fop (B2, K5, 1), (35)
F (EZ,KZ,t) = Ena®(Z,,t) (2, — EY), (36)
Fy(Ef,KZ,t) = ENb*(Z, t)0b* (Z,1)", (37)

-1 T
Fs (B K, Ko (1, 2), ) = Ko (e, 12) (KG, ) P (B, K2
E; =E’(t0), K. =K”(to), K'(t1,) =K

to

(38)

where Ey being symbol of normal mathematical expectation.

3. Normal linear filtering

In filtering SDS USD problems, we use two types of equations: reduced SDE
USD for vector state variables X, and equation for vector observation variables Y,
and Y, = Z,.

Consider SDS USD Eq. (2) reducible to SDE Eq. (3.9) at conditions of Theorem
1. We introduce new variables putting X, = Ys,

X, = Ao+ AuX, + AyVy,. (39)
Let the observation vector variable Y, satisfy the following linear equations:
Zt - Yt - BOt + BltXt + BZtVZt- (40)
where V4, and Vy; are normal white noises with matrix v1; = vo1 and vy, = vo2
intensities.

Equations of Kalman-Bucy filter in case of Egs. (39) and (40) for the Gaussian
white noises are as follows [12-14]:

};\(t - AO +A1Xt +ﬂt |:Zt - (BO + Blj\(t)] . (41)
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B, = R.BLvy!, detvy # 0. (42)
R. = AuR: + RAL, + vi — foup! (43)
at corresponding initial conditions. R; being m.s. covariance matrix error, f,

being gain coefficient. So, we have the following result.
Proposal 4. Let:

i. USD are reducible to SDS according to Proposal 2 or Proposal 3;
ii. observations are performed according to Eq. (40).

Then equations for m.s. normal filtering have the generalized Kalman-Bucy filter of
the form (41)—(43).

4. Normal linear extrapolation

Using equations of linear m.s. extrapolation for time interval A [12-14] we get
the following equations for the generalized Kalman-Bucy extrapolator:

Xt—i—Atlt = AlXH-Atlt (A>0) (44)

with initial condition

[XH-Atlt] A=0 — Xt- (45)

For the initial time moment ¢ and for the final time moment ¢ + A according to
Eq. (44), we get
t+A t+A
Xeinge =u(t+A,0)X; + J u(t+ A, 7)ag(r)dr + J ult + A, 0)w(r)dW(r). (46)

t t

where u(t, 7) being the fundamental solution of equation #; = Ayu, at condition
u(t,t) = I. For conditional mathematical expectation relatively Y; in Eq. (46), we
get m.s. estimate future state X;, o
t+A
Xt+At|t = E |:Xt+A|t|Y§0i| = u(t —+ A, t)Xﬂt —+ J u(t + A, T)ﬂO(T)dT. (47)

t

In this case, error covariance matrix Ry s, satisfies the following equation:

Rt+At|t = a1Ry iy + Rt+A|tﬂ{ + U/UOV/T- (48)

At initial condition
|:Rt+A|ti| A=0 - Rt' (49)

Hence, the error matrix R; is known from Proposal 4. So, we have the following
proposition.

Proposal 5. At conditions of Proposal 4 m.s. normal extrapolation X, ny; is defined
by Eqs. (47)-(49).
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This extrapolator presents a sequel connection m.s. filter with gain u(t + A, 1),

summator (¢ + A t)Xt|t and integral term J; u(t + A, 7)Ao dr. The accuracy of
extrapolation is estimated according to Egs. (48) and (49).

5. Linear modeling and estimation in SDS USD with multiplicated noises

Let us consider vector Egs. (2)-(6) for the multiplicative Gaussian noises:

nX

§0 = q)(Xt,Xt, Vt) = §01 (Xt, t) + (020 (t) Z(pzh (t)Xh Vt = O (50)
h=1

Here, dimX, = dimX, = #%, dim¢ = n%, ¢4 being nonlinear vector function of
vector argument X, admitting linear regression

01 (X t)mpuXs, @11 = o1 (E§a1<§’ t)- (51)

Here, ¢;; being matrix of regressors; Vi, being vector Gaussian white noise,
dimV, = n" with matrix intensity v = v¢(¢). In this case, Egs. (50) and (51) at
condition det ¢;; # 0 may be resolved relatively X;

nX
X, =Bo + BiX; + (Bz + Z&m) Vi, (52)
r=1

where By, B, B,, B3, depend upon regressors ¢4;. Using [9-12], we get equations
for mathematical expectations. EX, covariance matrix K, and matrix of covariance
functions K* (t1,,):

E' =Bo+BiEX, EX =EX, (53)
nX

K = BiKX + KXBT + BywoBY + > (B3voB] + BywoB},)

X (54)
n
EXY > BswoBl (EXE; +KY,), K =Kg,
oKX (t1, ¢
K (h12) _ KX(t1,02)BY,,, KX(t1,11) =K, 0>t (55)

oty

Here KX [K‘;ft] KX (t1,1) = [K‘zg (t1, tz)]. So for MAM in nonstationary

regimes, we have Egs. (54) and (55) Proposal 6. In stationary case Egs. (54) and (55)
we get the following finite set of equations for E, and K. (Proposal 7):

B +BfEX =0, (56)
nX
By K% + K%B} +BjviB;" + ) (B;v3B;" + Byv;B;)EY
r=1
(57)

+) Z B;viBiT (EX EX +KX,)=0
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and ordinary differential equation for k% (z), (z = t, — t1):

dar* (z)

o =Bk (1), K*(0)=K.. (58)

Applying linear theory Pugachev (conditionally m.s. optimal) filtering [9-12] to
equations

ﬂX

X, =Ao+A:X, + (Az - ZAg,X,t) Vi, (59)
r=1

Z; =Y; =By + BiX; + B,V,, (60)

We get the following normal filtering equations:

Xt =Ao+ AlXt + b [Zt - (BOt + BlXt)] > (61)
nX4n¥
P = |R:B1 + (Az + Z A3VE§> Z)032] Kips (62)
r=1

Rt — A]_Rt + RtA{ — Kll X

n*4n?
R.BT + <A2+ ZA3, )voBz
nX+n"¥ n*4n” nin?
% |Bi+Bwo AT+ S ATEX || + (A2 + Y A3EX |uo[ AT + Y ALEY

r=1 r=1 r=1

7lX+1’lY T
+Z ZV,SIl A371)0A351<m.

(63)

Here

k11 = BavoB, k2 = ByoB]. (64)

For calculating (62) we need to find mathematical expectation EX, covariance
matrix KQ of combined vector Q, = [X1, ..., X,x, Y1, ..., Yny]T and error X;, X; =
X — X; covariance matrix R; using equations

E® = a%E2 + 42, (65)
T o i) T
K? = “QKtQ + I<tQ (ﬂ(?) + g (CQ) + Z [CQUO (CVQ) + c?vo <c§) ]EVQ—I—
r=1

nX4n"¥

+> Z Qo (cQ)" (EQEQ + KQ),
(66)

where

0 B By B,
aQ:{O AJ, ag:[Ao], Cg:[z‘hr] (V:0,1,,..,nX+nY). (67)

So, Egs. (61)-(67) define linear Pugachev filter for SDS USD with multiplicative
noises reduced to SDS (59) and (60) (Proposal 8).
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At last following [9-12] let us consider linear Pugachev extrapolator for reduced
SDS USD. Taking into account equations

nX

X, =Ao+AX: + <A2 - ZAa,nYHXﬂ) Vi, (68)
r=1

Zy =Y; =By +BX,+B,V, (69)

(V1,2 being independent normal white noises with v, ; intensities) and the
corresponding result (Section 5) we come to the following equation:

X, = Aot + A) + A1t + A)X, + p,[Z: — (Bo + Bie, 'X, — Bre; 'hy)]. (70)

Here & = u(t + A,t), u(s,t) being fundamental solution of equation du /ds = A4(s),

t+A
he = h(t) = J Wl + A, 7)Ao (2)ds. (71)

t

Accuracy of linear Pugachev extrapolator (70) is performed by integration of the
following equation:

R, =Ai(t + A)R, + RA:(t + A)" — B,(Bw1BY) T + [ Ayt + A)+

nX4n¥ nX4n¥
+’Z:A%@+MB@+Aﬂ%@+AﬁAﬁ+Af+ > As(t+A)E(t+A)| +
r=n¥+1 r=n¥+1
nX4n¥
+D D As(t+ Aot + A)AL(E+ A) 'K
rys=nY +1

(72)

Equations (70)-(72) define normal linear Pugachev extrapolator for SDS USD
reduced to SDS (Proposal 9).

6. Normal nonlinear filtering and extrapolation

Let us consider SDS (2) reducible to SDS and fully observable measuring system
described by the following equations:

Xt = a(Xt, Yt, a, t) + b(Xt, Yt, a, t)VO, (73)
Zi =Y =a1(Xy, Yirt) + b1(Xy, Yir t) V. (74)

Here, a,a1,b, by being known functions of mentioned variable; a being
vector of parameters in Eq. (73); V being normal white noise with intensity matrix
Vo = Uo(t).

Using the theory of normal nonlinear suboptimal filtering [10-12], we get the
following equations for X, and R;:

X, = f (X, Yo, R t)dt + h(X,, Vi, Ry, t)dt [dYt — F(%,, Yt,Rt,t)dt], (75)
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R = { f(z) (Xm Yy, Ry, t) —h (th Yy, Ry, t)blvobf(Yt, t)h (Xt, Yi, Ry, t)T}dH—

"y . . (76)
+ 32 (% ViR ) [dY, = £ (X, Vi Rey ).
r=1

Here
£ Yo Ret) = 22 R [ a¥omtyexp { (57— X )R - %) /2,

(77)
FO K Yo Rit) = { (%, Vi Rest) }

(78)
a1(Yy,x,t) exp {— (xT — X?)Rt_l (x — Xt)/Z}dx,

f——38 ——

= [(Zn)”wm}”

h(Xe, Ye, Riyt) = {[(zn)"xmt”—l/z J [xal(Yt,x,t)T +buob{(yt,x,t)} x

A~

X exp {— (xT — XtT>Rt_1 (x — Xt) /Z}dx — th(l) (Xt, Y, R;, t)T} (blvobir) 71(Yt, 1),

(79)
£ (&Y Ret) = (@) R [ = Xa(Vorxt)!
+a(Y;,x,t) (xT - Xf) + buobi (Y, x,t) X (80)
X exp {-(xT ~XDR M (x — X,) /z}dx,
Py (X0 Vi, Rit) = [(2p)" J {(x ~X) (xT - % )a,,(Yt,x,t)Jr
e R Tt) (7~ KT 4 by (Fot) (47— K }
x exp {—(x" =X )R = X) 2 }dx  (r=Tmy), (81)
Xo = Ev[Xo|Yo], Ro=Ey [(XO — Xo) (Xg —X0T> |Y0}, (82)

where a, being r th element of line-matrix (alT — [zf) (lolyobf ) _1; by, being
element of k th line and » th column of the matrix blyoblT ; by being the rth column of
the matrix byvobT (b1wobT) s by = [byy .. by (r = T,77).

Proposal 10. If vector SDS USD (2) is reducible to Eqs. (73) and (74) then

Egs. (75)-(81) at conditions (82) define normal filtering algorithm. The number of
equations is equal to

ne(my +1)  ny(ne +3)

Qnam = nx + > = 5 : (83)

10
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Hence, if the function a; is linear in X; and function b does not depend on X, all

matrices p, = 0 and Eq. (76) does not contain Y, (Section 3).
Analogously Section 6 we get from [12] corresponding equations of normal
conditionally optimal (Pugachev) extrapolator for reduced equations

X, = a(Xs, Yi,t) +b(X;, 1)V, (84)
Zy = Yt =a1(Xy, Yist) + b1(Xy, Vi, 1) Vo, (85)

where V; and V;, are normal independent white noises.

7. Examples

Let us consider scalar system

(X0, X:) = 01(X:) + 2(Xe) + U = 0 (86)

Uy = a10 + 011U + S V1. (87)

Here, X;, X, being state variable and its time derivative; Uy, being scalar sto-
chastic disturbance; V7, being scalar normal white noise with intensity v1; ¢, and ¢,
being nonlinear functions; @10, @11, f; being constant parameters. After regression
linearization of nonlinear functions, we have

-0
1R P10 + kX 02 rg + REX]. (88)

At condition k;’f( # 0 we get from (86) and (88) equations for mathematical

expectation mX = EX, and centered X! = X; — mX:

P10 + @20 +mY = 0, (89)
X! = a,X° + b,U°, (90)

where
®10 = P10 (Wlf’D§(>’ ®20 = P20 (Wlstf)> (91)

\ -1 -1
ar = g (mfamfaDif) Di(’DtUlanlh) = _kg? <k;1> b bt - _<k;’;1> y (92)

Equations (87) and (90), for U, = Uy, = m/”" (myl =EUy) and X, = [X; Uy)"
may be presented in vector form

¥ = Ao + A, (93)
-0 _
X, = AX, +BVy, (94)
a; b 0
Af:{t ﬂ, &zl } (95)
0 om P
Covariance matrix
< | DY KX
KX =1 . (96)
KXY D

11
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and matrix of covariance functions

X Kf(tt) K(tt)

KX(t1,t) = | 1 - (97)
K (ti,t) K5(t,1)
satisfy to linear equations for correlation theory (Section 3)
k' = AKX + KXAT + By BT, KX =K%, (98)
%@’tz) = KX(t1,0)AT, KX(t1,11) = KZ. (99)
Vector Eq. (98) is equal to the following scalar equations:
D, =2(a:DX + bk, D" =2a;DY + frvy, K,
= a,K*V" + b, D" + oy KXV1. (100)
From Eq. (90) we calculate variance
DX = a?D¥ + 2DV + 2a,b, KXV (101)
Thus, for MAM algorithm we use Egs. (89), (91), (98)-(101).
Let system (86) and (87) is observable so that
Zi=Y;=Xi+ Va. (102)

Then for Kalman-Bucy filter equations (Proposal 4), we have

Xt = AtXt + ﬁt (Zt — Xt), ﬂt = Rtl/z_tl (det 122 # O), Rt = 2Ath + 1% I/zﬁtz.
(103)
For Kalman-Bucy extrapolator equations are defined by Proposal 5 at u(t, 7) =
e*tl(tfr).
In Table 1, the coefficients of statistical linearization of for typical nonlinear

function are given.
Let us consider normal scalar system

F=®(X,) +aX, +u = 0. (104)
Here random function admits Pugachev normalization
. ®-<,0 0
O (X,)» Do + k°X, + AD), (105)
where ACI)? being normal StP satisfying equation of forming filter
A®? = a2 AD? 4 h2V,. (106)

Note that functions ®° and k® depend on Ef’ and Df’ . Equations (104) and (105)
are decomposing on two equations. First equation at condition k% # 0 is as follows:

o+ mEX +u, =0, By =k*EX. (107)

12
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@ Po
e m(m* + 3D)
sinwY exp <f “’22D> sin wm
coswY exp (7 “’22D> cos wm
Y exp (aY) (m 4 aD) exp (am + "ZTD>
Y sin oY (m sin wm — wD cos wm) exp <— “’ZTD>
Y coswY (m cos wm — wD sin wm) exp <— ‘UZTD>
sgn¥ 2@(%>
-2 . 2 2
v sgn ¥ {(5+1)o(2) + Asexp (-5)} (m=my D=Dy)

I . ; . _

st M= l{(l +m1><1>(1 u ”“) —a- m1)¢><1 ”“)+

. o1 01
IR Y<d; 2 2
. 01 1/1+ mq 1/1-— miq
-1 Y< —d +\/72—” exp *E o1 — exp 75 o1
y(Y+d), YI<—d; y{l—i{(1+M1)®(1+ml) —(1—m1)<1>(1_m1>}+
0, VI <d; " . ”
) 2 2
}/(Y*d) V>d o1 _} 1—m _ _1 1+m
> +m1\/2_7r exp 2 o exp 7 o

fo(i2) o)

0, IV|<d;
! Y>d
Yle mimy + I{n
Yin (m% + I(n)mz + 2m1K1n
i ' ' 2K + 201K 2K
sin (@Y1 + wY>) exp wiK11 + a)laéz w+oiKn| (s + wam2)
sen (Yl * Yz) Zq)(Cl,z): f10 = m1\;-5m2 , D=Ku+2Kip+Kp
Table 1.

Coefficients of statistical linearization for typical nonlinear functions [12-14].

Second equation at condition k% # 0 is as follows: kq)X? + A®? + 2,X? = 0 may
be presented as 0 D »
X, =a, (k%) X2 — (k®) AL, (108)

Equations (106) and (108) for Z} = [X? ACD,?}T leads to the following vector
equation for covariance matrix

K’ = AKZ + KZAT + BLVBT, (109)
oy —1 oy —1
where A — | % (’; ) _(kAg , B— L}gq,}. Eqs. (107) and (109) give
the following final relations: ’
EX = (B +u) (&™), (110)
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DX = a2 (k) °D¥ + (k%) °D2® — 24, (k®) KX,

t p—

- X
D, = —2(a,Df + K}*?), 1)
D;® =2a2°DA + (b2®)"0Y,

K = abOKA® — (a, KX 1 DAY (k%)

8. Conclusion

Models of various types of SDS USD arise in problems of analytical modeling
and estimation (filtering, extrapolation, etc.) for control stochastic systems, when it
is possible to neglect higher-order time derivatives. Linear and nonlinear methodo-
logical and algorithmic support of analytical modeling, filtering, and extrapolation
tfor SDS USD is developed. The methodology is based on the reduction of SDS USD
to SDS by means of linear and nonlinear regression models. Special attention is paid
to SDS USD with multiplicative (parametric) noises. Examples illustrating method-
ology are presented. The described results may be generalized for systems with
stochastically unsolved derivatives and stochastic integrodifferential systems
reducible to the differential.
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