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Chapter

Numerical Investigations of
Electromagnetic Oscillations and
Turbulences in Hall Thrusters
Using Two Fluid Approach
Sukhmander Singh, Bhavna Vidhani and Ashish Tyagi

Abstract

The first part of the contributed chapter discuss the overview of electric propul-
sion technology and its requirement in different space missions. The technical terms
specific impulse and thrust are explained with their relation to exhaust velocity. The
shortcoming of the Hall thrusters and its erosion problems of the channel walls are
also conveyed. The second part of the chapter discuss the various waves and elec-
tromagnetic instabilities propagating in a Hall thruster magnetized plasma. The
dispersion relation for the azimuthal growing waves is derived analytically with the
help of magnetohydrodynamics theory. It is depicted that the growth rate of the
instability increases with magnetic field, electron drift velocity and collisional fre-
quency, whereas it is decreases with the initial drift of the ions.

Keywords: electric propulsion, Hall thruster, dispersion, impulse, exhaust velocity,
growth rate

1. Introduction

In the past few years, electric propulsion has received widespread attention as an
alternative to chemical propulsion for spacecraft. A chemical thruster is capable of
producing high thrust, but it provides a relatively low specific impulse. This limita-
tion of chemical thrusters opens up discussion of the use of electric thrusters, which
provide much higher specific impulses. A high specific impulse allows the space-
craft to reach the same speed with lower propellant consumption than chemical
ones or travel faster with the same propellant mass [1–10]. In addition, the use of a
high specific impulse, electric thruster permits a significant reduction in propellant
mass on spacecraft, which helps reduce launching cost, extending mission lifetime
or increase the payload mass on the spacecraft [2]. Therefore, the benefits that
electric thrusters provide make them the best choice for in-space propulsion of
spacecraft.

To date, several different types of electric propulsion thrusters have been devel-
oped, of which Hall thrusters are the most reliable and widely used. Hall thrusters
are simple in design, consisting of an annular discharge channel, an anode, a cath-
ode and a radial magnetic field across the channel [1]. A propellant, usually Xenon,
is injected to channel through the hollow anode and a high potential difference is
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applied between the anode and cathode. The electrons emitted from the cathode
and start moving towards the anode due to the potential difference. As they enter
the discharge channel, they get trapped in the radial magnetic field generated by
electromagnetic coils (or permanent magnets) and start drifting in the azimuthal
direction (E x B). Due to this trapping, the residence time of electrons in the
discharge channel increases and they move very slowly towards the anode. Elec-
trons, then collide with neutral propellant atoms entering the discharge channel and
ionize them. Then, these generated ions are accelerated to high velocity towards the
thruster exhaust by the electric field to generate thrust. On the thruster exterior, the
ion beam is neutralized by electrons from the virtual cathode so that no charge
builds up on the spacecraft’s surface [2]. More details on Hall thruster operation and
fundamentals can be found in [1–13].

Hall thrusters offer several benefits like simple design, high thrust-to-power ratio,
high efficiency, improved performance, etc., which give them a clear advantage over
other electric thrusters. For an input power range of 0.1 kW–20 kW, they can
produce a few mN to 1 N of thrust and offers a specific impulse in the range of
1000s–3000s with more than 50% efficiency [14]. Hall thrusters can also adjust their
thrust level and specific impulse by varying the discharge voltage and propellant mass
flow rate, which makes them suitable for applications such as precision maneuvering,
attitude control, station keeping and orbital raising [15]. In addition, plasma in a Hall
thruster remains quasi-neutral, which eliminates the issue of space charge, allowing
the Hall thruster to achieve higher thrust densities. Because of all these characteris-
tics, the space community has shown great interest in Hall thrusters and they have
been used successfully on many spacecraft for space missions and maneuvers.

Thrust is caused by a change in a substance’s momentum as a result of a chemical
reaction or an electrical principle. The thrust indicates how much force, in
newtons (N), the propulsion system exert on the vehicle. Let us denote _mp as the

mass flow rate, the exhaust velocity U
!

ex and g is the acceleration due to gravity, then
spacecraft’s thrust denoted by

T ¼ _mpU
!

ex (1)

The performance of thrusters is usually determined by thrustT, which is the total
force undergone by the rocket. Thrust also has same unit as a force in newton, which
shows themovement of the propulsion system. Thrust, is generated by the burning of

fuel or by the electrostatic forces. The thrustT ¼ _mpU
!

ex, if themass flow rate is constant.
The specific impulse Isp is used to compare the efficiencies of different type of propulsion

systems [2]. The specific impulse is expressed as Isp ¼ T
_mpg

. In general, the higher the

specific impulse the less fuel is required. Therefore the specific impulse simplifies to

Isp ¼ U
!

ex

g . The specific impulsehas thedimensionof timeand is ameasure for the effective

mission time of the thruster. The high value of the specific impulse reduces themission
time. Ifwedenote the thrust efficiency η and the input powerPt, then these are relatedby

T ¼ 2ηPt

Ispg
(2)

Tsiolkovsky rocket Eq. (1) can be read as

Δυ
! ¼ υ

!
f � υ

!
i ¼ U

!
ex ln

m f

m f þmp

 !

(3)
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The above Rocket equation defines the change in velocity of a spacecraft. It is

clear that a higher dυ
!
demands more propellant. In terms of specific impulse, the

above equation simplifies to

Δυ
! ¼ υ

!
f � υ

!
i ¼ Ispg ln

m f

m f þmp

 !

(4)

We can now say that Isp plays a key role in the design of a space mission
propulsion system.

2. Description of the Hall thruster

This description of the Hall thruster is shown in Figure 1. The anode and
cathode set up an axial electric field and magnetic coils create a radial magnetic
field. First cathode starts producing a stream of electrons and these electrons are
attracted by positive anode. When electrons are moving to anode, then at the
channel exit they face of perpendicular electric and magnetic fields, these fields
are more strong at channel exit. Due to these perpendicular fields, electrons
trapped in an ExB drift and formed Hall current [1]. At this time Xenon gas is
released from the anode, when neutral atom of gas reached at the channel exit,
then electron collides with neutral atoms and ionized them. These ions are accel-
erated out of channel by electric field at the channel exit and this motion of ions
imparts a reaction force on the thruster in reverse direction. The cathode is also
used to neutral the ions charge so it produce a stream of electron to neutral the
ions [1–10].

2.1 Stationary plasma thruster (SPT)

The wall material of this type of thruster is dielectric like borosil (BN-SiO2),
boron nitride (BN) and alumina. This type of material has low secondary electron
emission coefficient with Xenon ion interaction. Most of SPT use Xenon as a pro-
pellant because of its higher mass (131.3amu), lower first ionization potential,
less toxicity, ionization cross section of (�2.310�6cm2) and of its desirable
thermodynamics properties [1, 10].

Figure 1.
Schematic diagram of a typical Hall plasma thruster.
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2.2 Thruster with anode layer (TAL)

These types of thruster has metallic conducting walls and has narrow accelera-
tion zone associated with the narrow electric field region near the anode. The ratio
of channel width and channel depth in these thruster is 2:1. The conducting channel
wall is negatively biased and it is a part of magnetic circuit so it prevent electron to
move in direction of wall and repel them to ionization region and reduce electron
power losses [1–10].

3. Components of a Hall thruster

The main components of a Hall thruster are body, magnetic coils, discharge
channel, anode and cathode. The body of the Hall thruster provides better shape
of external magnetic field, so it is normally made up of iron (steel). In this thruster
a single thick disk shape annular discharge channel exist on the front face. To
create better shape of magnetic field two type of magnetic coils are situated in the
thruster channel. The inner coil is made of single reel and located radially inward
in the channel and the outer coil is made of multiple reels and located radially
outward in the channel. The magnetic coils and iron body made a magnetic circuit.
The magnetic iron body of the thruster is separated from thruster discharge
channel by walls and the material of these walls is metal or ceramic. The material
of the anode is normally stainless steel, which avoids magnetic interaction and
supply hardiness [1–10]. To set up an axial electric field in discharge channel of
thruster a cathode is required and this cathode is normally hollow cathode with
lanthanum hexaboride or barium oxide. The cathode completes the discharge
circuit and work like an electron source. This description of the Hall thruster
provides knowledge about the structure of thruster.

4. Hall current and thrust

As discussed earlier, there is an azimuthal electron drift in a Hall thruster
channel, which is normal to both the applied electric field and generates a Hall
current [1, 10]. Because of the collisions of the electrons with neutrals, electrons,
ions and potential fluctuations in the plasma, generate the axial electron current
density. The azimuthal E X B drift is given by

υd ¼
E
!
� B

!

B2 ≈
Er

Bz
(5)

The Hall current may be approximated by integrating the magnitude of Er=Bz

along the acceleration region and multiplying the result by the electron charge
density and width. In mathematically, it can be read as

IH ≈ ene

ðL

0

Er

Bz
dx≈

ewneVd

B
(6)

Here, w is the channel width and Vd is the voltage at cathode.
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5. Channel length and scaling laws for Larmor radius

The ratio of electric and magnetic field is such that the ion’s gyro radius is much
larger than electron’s gyro radius, so that ions are not magnetized inside the chan-
nel. The channel length is calculated by determining the Larmor radius of both the
plasma species [10]. The motion of the moving charged particle under the
electromagnetic fields defined as follows

mυ⊥
2

r
¼ q υ⊥ � Bð Þ (7)

This gives the radius of gyration

r ¼ mυ⊥

qB
¼ υ⊥

Ωc
(8)

Here, Ωc ¼ qB
m , is called the cyclotron frequency. If ions are accelerated through

electrical potential V⊥ (perpendicular to the magnetic field), then energy balance

leads to mυ⊥
2

2 ¼ qV
⊥
.

This implies to

υ⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffi

2qV
⊥

m

r

(9)

These above equations gives the larmor radius in terms of the applied potential

r ¼ 1

B

ffiffiffiffiffiffiffiffiffiffiffiffiffi

2mV⊥

q

s

(10)

The magnitudes of the fields are such that ri > >L> > re, where L (�6 cm) is the
length of the acceleration channel. For a typical Hall thruster, Larmor radius for
electrons (�0.13 cm) and ions (�180 cm) corresponds to the radial magnetic field
strength of order 150 G and energy 300 eV.

Despite many successful applications of Hall thrusters, some aspects of their
operation are still poorly understood. One notable problem is the anomalous elec-
tron mobility [16, 17] and plasma sheath, which is far above the classical collisional
values. It has been established that the inhomogeneous plasma under the electro-
magnetic fields is not in the thermodynamically equilibrium state [17–20]. The
equilibrium E � B electron drift, ion flow rate, plasma and magnetic field gradients
are all sources of plasma instabilities in Hall plasmas. Hall plasmas devices with ExB
electron drift demonstrate wide range of turbulent fluctuations. These fluctuations
are probably the reason of the observed anomaly in the electron transport across the
magnetic field [21–23] and other nonlinear phenomena (coherent rotating spoke)
[24–26]. Understanding of the mechanisms of the coherent structures and anoma-
lous transport requires the detailed study of linear instabilities in Hall plasma
devices. These instabilities are also considered to be a principal source of anomalous
transport in toroidal magnetic confinement devices [2].

6. Oscillations and instabilities in Hall thrusters

If free energy is available in the system and even though system is in equilibrium
in the sense that all the forces are in balance, then these oscillations can grow at the
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cost of free energy and hence instabilities can take place. There are different types
of instabilities that depend on different conditions. For proper description of a
particular instability, one should be able to define the mode of the growing wave,
the nature of the growth and the source of the free energy. Instabilities are mainly
classified into four groups, namely streaming instabilities, Rayleigh–Taylor insta-
bilities, universal instabilities and kinetic instabilities.

When there is any kind of perturbation, the free energy available excites the
waves and the plasma waves no longer remains in thermal equilibrium. Even
though there exist an equilibrium because all the forces are balanced and there is no
net force and it is possible to find a time independent solution to the wave. Pertur-
bation makes the plasma waves unstable, which is always a motion that brings the
plasma closer to true thermodynamic equilibrium by decreasing the free energy.
Instabilities may be classified according to the type of free energy available to drive
them. Few of them has been explained below.

6.1 Streaming instability

This type of instability occurs, when either a current or a beam of energetic
particles is driven through plasma so that the different species of particles have drifts
relative to one another. This drift energy attempt to excite waves and oscillation. This
energy is acquired at the loss of the drift energy, which is in the unperturbed state.

6.2 Rayleigh–Taylor instabilities

In this kind of instability, the plasma has a sharp boundary or a density gradient,
so that it does not remain uniform. In addition to this, an external, non-
electromagnetic force is applied into the plasma. This force is responsible for driv-
ing the instability in plasma. This analogy can be realized in an inverted glass of
water. Though the plane interface between the air and the water is in the state of
equilibrium, where the air pressure support the weight of the water. Any ripple
arising in the surface of water tend to grow at the loss of potential energy in the
influence of gravitational field. Whenever a light fluid supports a heavy fluid this
things happen, which is quite known in the field of hydrodynamics [1].

6.3 Universal instabilities

A plasma is hardly present in perfect thermodynamic equilibrium, when it is
confined by gravitational field or an electric field (driving forces). The plasma is
expanded by plasma pressure and an instability is driven by the expansion energy.
Any finite plasma always contains this type of free energy and the waves, which
comes out as a result are called universal instabilities.

6.4 Kinetic instabilities

Generally, the velocity distributions are assumed to be Maxwell-Boltzmann in
fluid theory. If there is a case, where distributions are not Maxwell-Boltzmann, then
there may be a departure from thermodynamic equilibrium and this anisotropy of
the velocity distribution drive the kinetic instabilities.

6.5 Streaming instabilities

These kind of instabilities occur, when the plasma particles streams with their
relative drift, which may be driven due to the travel of charge particle beam or
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internal driven current. For example, the two stream instability is due to the relative
drift of ion and electron streams.

6.6 Electromagnetic resistive instability

These instabilities have been investigated in various positions of the acceleration
channel of the thruster. The effect of radial magnetic field, thermal motions of
plasma particles and electron collisions can induce time varying fields in the dis-
charge oscillations. This can prompt an electromagnetic resistive instability in the
Hall thruster. In this chapter, we derive the dispersion relation for the electromag-
netic instabilities in a Hall thruster and conditions for the instability.

6.7 Oscillations and instabilities in Hall thrusters

There are numerous types of oscillation found in thrusters which propagates in
azimuthally and axially direction ranging from a few kHz to tens of MHz [1, 10].
These oscillations may reduce the specific impulse and the efficiency of a Hall
thruster. These disturbances can also limit the operating life of a Hall thruster and
therefore, suppression of this oscillation has become an essential task for Hall
thrusters. These fluctuations are responsible for electron transport across magnetic
field lines, performance and ionization of propellant [27–30]. The magnitude of
these oscillations strongly depend on the magnetic field, location of the cathodes,
the discharge voltage and the mass flow rate.

Low frequency oscillation, frequently referred to as the breathing mode, is
intimately tied to the details of propellant ionization and eventual ion acceleration
and manifests itself as a strong 10–30 kHz oscillation in the thruster discharge
current. Breathing mode models suggest the presence of a propagating ionization
front traversing the channel of the thrusters [31]. Benítez and Ahedo investigated
the axial-azimuthal instabilities in the global discharge region of a Hall-thruster to
identify dominant mode (develops in the near plume at 1–5 MHz) and subdominant
mode (develops near the anode100–300 kHz) [32]. Lafleur et al. studied transport
effects of the electron drift instability in Hall-effect Thrusters [33]. Fan et al. stud-
ied the effects of the peak magnetic field position on Hall thruster discharge char-
acteristics [34]. Sekine et al. investigated the spatially and temporally resolved ion
flow measurements inside the plasma source of an inductive radio frequency
plasma thruster [35]. Puerta et al. generalized non-ideal treatment and growth rates
analysis of drift waves instabilities in a collisions-free magnetized dusty plasma
[36]. The electrostatic dispersion relation for an unbounded homogeneous plasma
in the presence of unmagnetized ions, magnetized electrons and an applied mag-
netic field has been solved numerically by Mikellides and Ortega in the near-plume
of a magnetically shielded Hall thruster [37]. Tomilin and Ivan Khmelevskoi studied
the influence of kinetic effects on dispersion properties of high-frequency pertur-
bations in Hall thruster plasmas [38]. Marcovati et al. reported the dynamic behav-
ior of gradient-driven drift waves in a strongly magnetron discharge in multi ion
plasma [39]. Litvak and Fisch [40] investigated resistive instabilities in a Hall
plasma and found that plasma perturbations in the acceleration channel are unsta-
ble in the presence of collisions. Fernandez et al. [41] did simulations for resistive
instabilities. Marusov et al. [42] modeled the stability of gradient-drift waves in a
Hall-type plasma using two-fluid ideal magnetohydrodynamics. Ducrocq et al. [43]
studied high-frequency electron drift instability, where they derived three-
dimensional dispersion relation for a model of a crossed electric and magnetic field
configuration existing in the Hall thruster. Litvak and Fisch [44] have analyzed
gradient driven Rayleigh type instabilities in a Hall thruster using two fluid
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hydrodynamic equations. Kapulkin and Guelman [45] investigated low frequency
instability in near anode region of a Hall thruster, where they obtained that the
instability can be responsible for the enhanced transfer of the electrons between the
ionization region and the anode. Choueiri [46] has quantitatively discussed the
nature of oscillations in the 1 kHz–60 MHz frequency range observed during oper-
ation of Hall thrusters. Various plasma parameters measured inside the accelerating
channel of a typical Hall thruster were used to evaluate the various stability criteria
and dispersion relations of oscillations [46].

At small amplitudes, the oscillations can be considered a part of normal opera-
tion with no significant effect on operation. At large amplitudes, the oscillations can
severely and adversely affect operation. The details of these oscillation are given in
Table 1.

Lakhin et al. have developed the effects of finite electron temperature on
gradient drift instabilities in partially magnetized plasmas in the frequency range
ωBi ≪ω≪ωBe driven by the equilibrium current perpendicular to the magnetic field
[56]. Romadanov et al. [57] studied the structure of nonlocal gradient-drift insta-
bilities in Hall E � B discharge plasma. Koshkarov et al. calculated the linear and
nonlinear nonlocal instability of axial lower-hybrid modes in plasma under the
influence of ion flow rate [58]. Smolyakov et al. have used fluid theory and
performed the simulations of instabilities, turbulent transport and coherent struc-
tures in magnetized plasmas [59]. Singh and Malik [60, 61] investigated that tem-
perature of the ion and drift velocity profiles of the electron modifies the conditions

Type Description Ranges of frequencies

Spoke type Spoke type oscillations are propagating in the

azimuthal direction at low discharge voltages

[47, 48].

15–35 kHz

Breathing

mode

Discharge-current low-frequency oscillations [49] Range of 10–100 kHz

Contour

oscillations

These are longitudinal oscillations connected with

an instability in the location of the ionization

region and can have very large amplitude [50–53].

Contour oscillations depend on the parameters of

the discharge power supply circuit.

1–30 kHz (correspond to the

transit time for a neutral

propellant atom)

Ionization

oscillations

These oscillations are caused from the ionization

front propagating irregularly around the

circumference of the discharge channel [47, 52].

10–100 kHz.

Flight

oscillations

These oscillations are also called ionization flight

oscillations, because they are determined by the

change of ionization rate due to the delay of

particle appearance, from one region to another.

The analysis is based on the concept that plasma

particles are delayed in being transferred from one

region to other [54].

100 kHz up to 10 MHz

(correspond with the transit

time for an ion)

High

frequency

oscillations

The amplitude of these oscillations is smaller and

these are azimuthal waves generated near the exit

part of the thruster [55].

1–100 MHz

Super high

frequency

oscillations

These oscillations are connected with the

development of electron layers in the plasma and

the formation of flows of fast overheated electrons

and have the smallest amplitude [55].

Few GHz

Table 1.
Types and frequency range of oscillations in Hall thrusters.
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for Rayleigh type instability under the effects of thermal motions of ions and plasma
resistivity induces resistive instabilities (electrostatic and electromagnetic) [62–65]
associated with azimuthal and axial directions. Yadav et al. presented the model for
relativistic electron-beam assisted growth of oscillating two-stream instability [66].
Aria and Malik [67] have investigated the propagating modes, instabilities and
plasma sheath formed on the outer surface of a spacecraft. The detailed physical
picture of the processes in the thruster is very complex. It includes a whole series of
phenomena, such as stabilization of the flow in cross-fields. Becatti et al. investi-
gated the properties of plasma oscillations in the exterior region of a high-current
hollow cathode [68].

7. Magnetic field profiles and erosion problems

Magnetic field is an important parameter, which affect the performance and
operation of Hall thruster. The erosion on the channel walls and on the electrodes
can be minimized by accelerated beam of ions to a narrower beam width and by use
of appropriate profile of magnetic field. The radial magnetic field causes the ero-
sions of the walls, so new topology of magnetic field ‘lens’ is proposed by Morozov
[69]. By using magnetic shielding technique, the discharge chamber erosion rate
can be reduced by orders of magnitude [70]. Morozov and Lebedev proposed a
magnetic field lens to focus the plasma beam [71]. Morozov et al. have designed a
lens-type magnetic field with a zero magnetic point to make the plume divergence
half angle only 10° in SPT-ATON Hall thruster [72]. Hofer et al. showed that the
performance of the Hall thruster can be enhanced by reducing the divergence of the
plume that could damage the solar panels and other parts of the satellite [73]. Hofer
et al. used magnetic field to control the unmagnetized ion beam that formed in Hall
thruster. By controlling ion beam the wall erosion was reduced to 2–3 order by ion
bombardment [74]. Huang et al. studied the effect of background pressure on
performance and plume of NASA’s High Voltage Hall Accelerator Hall thruster [75].
Their result shows that discharge current and thrust are increases with pressure and
ion beam current, ion energy per charge, plum divergence decreases with increasing
background pressure.

Liu et al. studied the effect of azimuthally electron drift on sheath profile and
anomalous erosion in thrusters. Their results show that azimuthally electron drift
induce sheath oscillations and it can produce an asymmetric sheath structure. To
simulate the azimuthally erosion evolution, an erosion modal is used and it has been
concluded that the azimuthally asymmetric ion sputtering is responsible for an
asymmetric erosion profile [76]. Kim studied the ionization processes and ion
dynamics in the accelerating channel to determine the stationary plasma thrusters
performance levels [54]. Choueiri theoretically studied the difference between sta-
tionary plasma thruster and thruster with anode layer by measuring the tempera-
ture of secondary electron emission from the walls of thruster [77]. Hong et al.
studied the effect of wall grooves on Hall thruster discharge to improve the perfor-
mance of Hall thruster. If wall grooves are present in ionization region it increases
near wall conductivity and decrease electron transient time, thrust and efficiency
[78]. Ding et al. studied the discharge current and stability in graphite walls and BN-
SiO2 walls for magnetic shielded and unshielded thruster. Their result shows that
magnetic shielded thruster does not show change in stability and discharge current
but 25% discharge current increases in unshielded thruster [79]. Experimental
results and PIC simulation show that oblique channel’s specific impulse, anode
efficiency, thrust, propellant utilization and ionization in plume region is improved
20% rather than the straight channel thruster [80]. Olano et al. studied the effect of
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magnetic field configuration on thruster performance and plasma discharge by
proposing three types of configurations: (A) nominal, (B) orthogonal magnetic field
and (C) high magnetic field [80, 81]. Garrigues et al. did PIC simulations and shows
that in a Hall thruster electric discharge produce due to wall-plasma interaction and
wall of thruster channel is reduced due to interaction with ions [82]. The electro-
static and magnetic probes are used to investigate the electromagnetic fluctuations
and coherent magnetohydrodynamic azimuthal modes in thruster [68].

8. Introduction to electromagnetic instabilities and their dispersion
relations

The resistive instability is driven by coupling to a dissipative process. Due to the
collisions between the electrons and neutral particles, resistive instability can occur
in the acceleration channel of the Hall thruster. This instability occurs due to the
interaction of the wave with the electrons’ flow in the presence of electron colli-
sions. The two major problems in plasma confinement are equilibrium and stability
of plasma. The system in an equilibrium state if all the forces, which act on a system
are balanced but stability and instability of the equilibrium can be assured by giving
some perturbations to the equilibrium state. The stable and unstable state of equi-
librium depend on small perturbation whether the perturbations are damped or
amplified. For small perturbations, equilibrium is non- linear but stability can be
linearized.

9. Plasma model and basic equations for purely azimuthal waves

For the case of small amplitude perturbations and wavelengths much smaller
than the scale lengths of inhomogeneities, the analysis of linearization can be
applied. In the simplest approach, we consider the x- axis is taken along the axis of
the thruster and the z-axis is taken along the radius of the thruster. The direction

the magnetic field B
!
is along the z- axis. The y- axis is taken correspond to the

azimuthal direction. Consistent to the fluid approach, we write below the basic fluid
equations

∂n j

∂t
þ ∇

!
� υ

!
jn j

� �

¼ 0 (11)

where n j is the mass density and υ
!

j is the velocity of species j (j = i, e). The
momentum equations for electrons and ions are

∂υ
!
e

∂t
þ υ

!
e � ∇

!� �

υ
!
e þ vυ

!
e ¼ � eE

!

m
� e

m
υ
!
e � B

!� �

(12)

∂υ
!
i

∂t
þ υ

!
i � ∇

!� �

υ
!
i ¼ � eE

!

M
(13)

9.1 Linearization of fluid equations

To linearize all the equations, let us write ni ¼ n0 þ ni1, υ
!
i ¼ υ

!
i1 þ υ

!
0, B

!
¼

B
!
1 þ B

!
0 and E

!
¼ E

!
1 þ E

!
0. The unperturbed density is taken as n0, electric field
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(magnetic field) as E
!
0(B

!
0) and the perturbed value of the electric field (magnetic

field) is taken as E
!
1(B

!
1). Here, we consider the perturbed densities for ions and

electrons as ni1 and ne1 velocities as υ
!
i1 and υ

!
e1 indicated by subscript 1 along with

their unperturbed values as υ0 and u0 in the x- and y-directions respectively. In
view of small variations of both the density and magnetic field along the channel,
the plasma inhomogeneities are neglected. The oscillations of the perturbed on and
electron densities are taken small enough ni1, ne1 < < n0ð Þ so that the collisional
effect due to the velocity perturbations dominate over the one due to the density

perturbation. Since υ
!
0 and u0 are constant, the terms υ

!
0 � ∇

!� �

n0, n0 ∇
!
� υ!0

� �

and

n1 ∇
!
� υ!0

� �

are equal to be zero. Further the terms υ
!
1 � ∇

!� �

n1, and n1 ∇
!
� υ!1

� �

are

neglected as they are quadratic in perturbation.
The linearizations of the above eqation leads to

∂

∂t
þ u0

∂

∂y
� v

� �

υ
!
e1 þ

e

m
E
!
1 þ υ

!
e1 � B

!
þ u

!
0 � B

!
1

� �

¼ 0 (14)

∂

∂t
þ υ0

∂

∂x

� �

υ
!
i1 �

eE
!
1

M
¼ 0 (15)

∂ne1
∂t

þ u0
∂ne1
∂y

þ n0 ∇
!
� υ!e1

� �

¼ 0 (16)

∂ni1
∂t

þ υ0
∂ni1
∂x

þ n0 ∇
!
� υ!i1

� �

¼ 0 (17)

9.2 Dispersion equation and growth rate of azimuthal waves

We take the variation of oscillating quantities in azimuthal direction as
� exp iωt� ikyð Þ. The linearized Eqs. (14)–(17) are used and the density and veloc-
ity perturbations are expressed in terms of the electric field as

υex1 ¼
eEy

mΩ
þ�i

eExω̂

mΩ
2 (18)

υey1 ¼
u0B1

B
� eEx

mΩ
� ieEyω̂

mΩ
2 (19)

From Eq. (15)

υix1 ¼ � ieEx

Mω
(20)

υiy1 ¼ � ieEy

Mω
(21)

From Eqs. (13) and (14)

ne1 ¼ � ekn0 iω̂Ey þΩEx

� �

mΩ
2 ω� ku0ð Þ

(22)

ni1 ¼ � ien0kEy

Mω2
(23)
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The x-component of the perturbed current density

Jx ¼ en0 υix1 � υex1ð Þ þ eni1υ0e (24)

and the y-component of the perturbed current density

Jy ¼ en0 υiy1 � υey1
� �

� ene1u0 (25)

9.3 Conductivity tensor

From the Maxwell’s equation, we have

∇� B
!
¼ μ0 J

!
þ μ0ϵ0

∂E
!

∂t
(26)

or

J
!¼ ∇� B

!

μ0
� ∂E

!

∂t
(27)

Faraday’s law gives the relationship between changing electric and magnetic
field as

∇� E
!
¼ � ∂B

!

∂t
(28)

For a plane electromagnetic wave

E
!
¼ E0
	!

e jðk!: r
!�ωtÞ (29)

Where E
!
is the electric field, B

!
is the magnetic field, j represents the complex

number, k
!
is the wave vector, t is the time, E0

	!
and B0

	!
is complex magnitude of

electric and magnetic field. Then ∇ operation gives ik and ∂

∂t gives �iω. Substituting

these operators Faraday’s law become

k
!
� E

!
¼ ωB

!

or

B
!
¼ k

!
� E

!

ω
(30)

9.4 Permittivity tensor

From Maxwell’s equations, we get

D
!

¼ � k
!
� k

!
� E

!

ω2μ0
(31)
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which on expansion will give

Dx

Dy

Dz

2

6
4

3

7
5 ¼ 1

ω2ε0μ0

k2 � k2x �kxky �kxkz

�kykx k2 � k2y �kykz

�kzkx �kzky k2 � k2z

2

6
6
4

3

7
7
5

Ex

Ey

Ez

2

6
4

3

7
5 (32)

Then permittivity tensor will be

εr ¼
1

ω2ε0μ0

k2 � k2x �kxky �kxkz

�kykx k2 � k2y �kykz

�kzkx �kzky k2 � k2z

2

6
6
4

3

7
7
5

In general

εrij ¼
1

ω2ε0μ0
k2δij � kik j


 �

(33)

But for a pure dielectric medium k ¼ ω
c

ffiffiffiffi
εr

p
and we will get

εr ¼
εrr � εrx �εrxεry �εrxεrz

�εryεrx εrr � εry �εryεrz

�εrzεrx �εrzεry εrr � εrz

2

6
4

3

7
5

Then, the Maxwell’s equations are used in view of the perturbed electric and
magnetic fields of the electromagnetic wave, and the plasma dielectric tensor εij is
obtained as

εijE j ¼ E jδij þ
ji E j

� �

iωε0
(34)

Finally, the wave equation k2δij � kik j � ω2

c2 εij

� �

E j ¼ 0 is written in the

following form

k2εyy �
ω2

c2
εxxεyy � εxyεyx
� �

¼ 0 (35)

Where, the components of the dielectric tensor are obtained from Eq. (34) with
the help of the Eqs. (24) and (25)

εxx ¼
ω� ku0ð Þωe

2

ωΩ2 þ 1� ωi
2

ω2
(36)

εxy ¼
iωe

2

ωΩ
� ωi

2kυ0
ω3

(37)

εyx ¼
ωe

2

iωΩ
þ ωe

2ku0Ω

iΩ2ω ω� ku0ð Þ
(38)

εyy ¼
ωe

2ku0ω̂k

Ω
2ω ω� ku0ð Þ

� ωi
2

ω ω� ku0ð Þ þ
ωe

2ω̂

ωΩ2 þ 1 (39)
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By substituting these components into Eq. (35) we get the following cumber-
some analytical expression of the dispersion relation of electromagnetic waves
propagating in magnetized plasma [40].

k2c2

ω2
¼ ω� ku0ð Þωe

2

ωΩ2 þ 1� ωi
2

ω2

þ

ωe
2

iωΩ
þ ωe

2ku0Ω

iΩ2ω ω� ku0ð Þ

� 

ωe
2

iωΩ
� ωi

2kυ0
ω3

� 

ωe
2ku0ω̂k

Ω
2ω ω� ku0ð Þ

� ωi
2

ω ω� kyu0
� �þ ωe

2ω̂

ωΩ2 þ 1

( )

(40)

9.5 Typical parameters of Hall thrusters

The values and ranges of some typical parameters are given in Table 2.

9.6 Numerical results and discussion

We solve the dispersion Eq. (40) to find out complex root by using typical
values of the magnetic field, azimuthal wave number, collision frequency, electron
drift velocity, ion drift velocity and electron temperature. Then the effect of these
parameters on the growth γ of the electromagnetic wave is studied in Figures 1–4.

Figure 2 shows that the growth rate of the wave get enhanced for the larger
values of the drift velocity of the electrons [64]. Since the drift velocity can be
correlated with the discharge voltage, so it can be said that the growth rate is
increased with the discharge voltage. Esipchuk and Tilinin [83] also reported the
proportionality of the frequency of drift instability to the discharge voltage. The
increase in the growth rate may be attributed to the strong coupling between the
electric field and electron current [84].

Figure 3 shows the variation of growth rate under the effect of collisional
frequency. It is seen that the wave grows at a faster rate in the presence of more
electron collisions. Since the stronger resistive coupling of the oscillations to the
electrons’ closed drift requires the electron collisions, it is obvious that this insta-
bility grow faster in the presence of higher collision frequency. Similar results were
also reported in the simulation studies of resistive instability by Fernandez et al.
[41] that the growth rate is directly proportional to the square root of the collision
frequency.

The dependence of growth rate on the magnetic field is shown in Figure 4,
where it is observed that the wave grows faster in the presence of strong magnetic

Property Typical value Property Typical value

Inner diameter 60 mm Neutral velocity 300 m/s

Outer diameter 100 mm Electron temperature 5-10 eV

Plasma density 1017/m3 Ion temperature 1-5 eV

Neutral density 1018/m3 Neutral temperature 0:9 eV

Ion velocity 104 m/s Debye length 10�5 m

Collision mean free path 1 m

Table 2.
Typical values of parameters used in Hall thruster.
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Figure 3.
Variation of growth rate with collision frequency.

Figure 2.
The dependence of growth rate with electron drift velocity.
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field. The growth rate of the wave gets suppressed under the larger drift of the ions
as shown in the Figure 5. Since in the presence of their large drift, the ions try to
diminish the transverse oscillations of the electrons in the x-direction.

Figure 5.
Dependence of growth on ion drift velocity.

Figure 4.
Variation of growth rate with magnetic field.

16

Plasma Science and Technology



10. Results and the discussion

The different aspects of the Hall thrusters have been reviewed in this chapter
along with future challenges related to the performance and efficiency. The differ-
ent types of turbulence and oscillation with frequency ranges are also summarized.
Hall thruster Plasma support electrostatic and electromagnetic waves under the
influence of resistive effects. Therefore the waves (electrostatic and electromag-
netic) propagating in azimuthal direction in a Hall thruster channel are found to be
unstable due to the resistive coupling to the electrons’ closed drift in the presence of
collisions. The theoretical model for the propagation of electromagnetic instability
is derived in a Hall thrusters. The dispersion relation for the electromagnetic insta-
bility is derived analytically. The dispersion relation is solved numerically with the
help of MATLAB to study the growing and propagating modes. The dominated
modes are plotted to observe the behaviors of the instability.
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