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Chapter

The Uniformly Parabolic
Equations of Higher Order with
Discontinuous Data in Generalized
Morrey Spaces and Elliptic
Equations in Unbounded Domains

Tair Gadjiev and Konul Suleymanova

Abstract

We study the regularity of the solutions of the Cauchy-Dirichlet problem for
linear uniformly parabolic equations of higher order with vanishing mean oscilla-
tion (VMO) coefficients. We prove continuity in generalized parabolic Morrey
spaces M, , of sublinear operators generated by the parabolic Calderon-Zygmund
operator and by the commutator of this operator with bounded mean oscillation
(BMO) functions. We obtain strong solution belongs to the generalized

’ 1 . o L. . .
Sobolev-Morrey space W, (Q). Also we consider elliptic equation in unbounded

domains.

Keywords: higher order parabolic equations, generalized Morrey spaces, sublinear
operators, Calderon-Zygmund integrals, VMO, Cauchy-Dirichlet problem, elliptic
equations, unbounded domain

1. Introduction

We consider the higher order linear Cauchy-Dirichlet problem in Q =
Q x (0, T), being a cylinder in R"**, Q C R” be a bounded domain 0 < T < oo

up— Y aap(e,t)DPulx,t) = f(x,1), ae. in Q (1)
laf <m,
1Bl <m
u(x,t) = 0 on 9,Q, (2)
where 0,Q = (0Q x [0, T]) U (Q x {t = 0}) stands for the parabolic boundary of
Q and DY = dx(lll,(?‘fl, e le‘f" o 1l = S 10k B =" 1B

The unique strong solvability of this type problem was proved in [1]. In [2] the
regularity of the solution in the Morrey spaces L, ; (R*™) with p € (1, o),

1 IntechOpen



Recent Developments in the Solution of Nonlinear Differential Equations

A€ (0,7 + 2) and also its Holder regularity was studied. In [3] Nakai extend these
studies on generalized Morrey spaces M, ,(R"*!) with a weight ¢ satisfying the
integral condition

ds <co(a,r),YaeR"",r>0.
s

Jw ¢(a,s)
The generalized Morrey space is then defined to be the set of all f € L,, s, (R**")
such that

1 /1 ’
g (aety = 500 s (g | 1 f e )

where the supremum is taken over all parabolic balls £ with respect to the
parabolic distance.

The main results connected with these spaces is the following celebrated lemma:
let |IDf| €L, even locally, with n — A <p, then u is Holder continuous of exponent

a=1- %. This result has found many applications in theory elliptic and parabolic

equations. In [2] showed boundedness of the maximal operator in L, ; (R"*") that
allows them to prove continuity in these spaces of some classical integral operators.
So was put the beginning of the study of the generalized Morrey spaces M, ,,p >1
with ¢ belonging to various classes of weight functions. In [3] proved boundedness
of maximal and Calderon-Zygmund operators in M, , imposing suitable integral
and doubling conditions on ¢. These results allow to study the regularity of the
solutions of various linear elliptic and parabolic value problems in M, , (see [4-6]).
Here we consider a supremum condition on the weight which is optimal and ensure
the boundedness of the maximal operator in M), ,. We use maximal inequality to
obtain the Calderon-Zygmund type estimate for the gradient of the solution of the
problem (1) and (2) in the M, ,.

The results presented here are a natural extension of the previous paper [7] to
parabolic equations. Here we study the boundedness of the sublinear operators,
generated by Calderon-Zygmund operators in generalized Morrey spaces and the
regularity of the solutions of higher order uniformly elliptic boundary value problem
in local generalized Morrey spaces where domain is bounded. Also hear we study
higher order uniformly elliptic boundary value problem where domain is unbounded.

In paper [8] Byun, Palagachev and Wang is study the regularity problem for
parabolic equation in classical Lebesgue classes and of Byun, Palagchev and Softova
[9, 10] where the problem studied in weighted Lebesgue and Orlicz spaces with a
Muckenhoupt weight and the classical Morrey spaces L, ;(Q) with A€ (0,7 + 2).

In papers [11, 12] the authors studied second order linear elliptic and parabolic
equations with VMO coefficients.

Denote by a the coefficient a(x,t) = {a.s(x,t)} : Q — M"*" and by f (x, )
nonhomogeneous term. Suppose that the operator is uniformly parabolic.

The paper is organized as follows. In section 2 we introduce some notations and
give the definition of the generalized Morrey spaces M, ,(Q). In section 3 we study
sublinear operators generated by parabolic singular integrals in generalized Morrey
spaces. In section 4 we is consider sublinear operators generated by non-singular
integrals, in section 5 singular and non-singular integrals in generalized Morrey
spaces. In section 6 we consider uniformly parabolic equations of higher order
with VMO coefficients and proved regularity of solutions. In section 7 we study
uniformly elliptic equations in unbounded domains.
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2. Some notation and definition

The following notations are used in this paper:
x=(x,t),y=(,7) R =R" x R",R"" =R" x Ry;

x = (x",%,,t) ED"T' =R" ' xR, x R,,D""" =R" ' xR_xR.;

| - | is the Euclidean metric, |x| = (}_7 ;x7 + tz)%; B,(x') ={y'eR" :|x' —y'| <7},
IB,| = c -7 Io(x',t) = {yeR"™ :|x' —y/| <, [t — 1| <P LT, (x,0) | = ¢ - 75 Q, =
Z,(x,7)NQ for each (x,7) €Q, 2Z,(x,7) = Lo (x, 7).

S" is the unit sphere in R"™;

ou 0
Dju = ?,Du = (D1tty ., Dyut), 0y = Eu;

X
ol glPly,

D%y =
ot iy - Oy -yl

the letter C is used for various positive constants.
1
In the following, besides the standard parabolic metric p(x,t) = max ( lx'|, |t\2>.

We use the equivalent one

P+ /o |* 4 42
p(x,t) =

2

considered by Fabes and Riviere in [13]. The topology induced by p(x,t) consists
of the ellipsoids

12 2
gy(X)Z{yERn+1l|x ;V| _|_|t T| <1},|EV|=C'1"n+2,

72 r4

E1(x) = By(x).

It is easy to see that the this metrics ore equivalent. In fact, for each &, there exist
parabolic cylinders Z and Z with measure comparable to #*™ such that Zc £, C Z.

Let Q =Q x (0,T),T>0, be acylinder in Rﬁ“. We give the definitions of the
functional spaces that we are going to use. Let @ € Ly, (R"*" and let ag, =

\8,]71&761 (y)dy be the mean value of the integral of 4. Denote

nu(R) = sup— J ] o) - fe ’dy for every R> 0,
rsngi’l & g

where &, ranges over all ellipsoids in R"*, We say 2 € BMO (bounded mean
oscillation [14]) if

lall. = supn,(R)
R>0

is finite. || - ||, is @ norm in a BMO constant functions.
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We say a € VMO (vanishing mean oscillation) [14] if 2 € BMO and

lim,(R) = 0

1,(R) is called the VMO-modulus of a. For any bounded cylinder Q we define
BMO(Q) and VMO(Q) takinga € L1(Q) and Q, = Q n&,(x), x €Q, instead of &, in
the definition above. If a function a € BMO or VMO, it is possible to extend the
function in the whole of R*™* preserving its BMO-norm or VMO-modulus, respec-
tively (see [15]). Any bounded uniformly continuous (BUC) function f with mod-
ulus of continuity ws(R) belongs to VMO with 5¢(R) = w¢(R). Besides, BMO and
VMO also contain discontinuous functions, and the following example shows the
inclusion W, (R"*') c VMO c BMO.

Example 2.1. We have that f(x) = |log p(x,t)| € BMO\VMO;
sinf (x) € BMO N L (R*™); f,(x) = |logp(x,t)|" € VMO for any a € (0,1);

Fa€ Wiy (R forae (0,1-;5); f, & Wi, (R"") forae [1-;25,1).
Let ¢ : R*™ x R, — R, be a measurable function and p € [1, o). The generalized
parabolic Morrey space M,,, (R"**) consists of all f €L, j,. (R*") such that

1

r
Wl e = sup ¢1<x,v>(v“L()|f<y>|de> <eo

(x,7) ER*" xR,

The space M, ,(Q) consists of L, (Q) functions provided the following norm is
finite

r

|[f||p,(p;Q = sup o x,7) (V_"_ZJ )

(x,7) ER"1IxR,

(x)!f(y)lpdy>

r

The generalized weak parabolic Morrey space WM 4(R,+1) consists of all mea-
surable functions such that

If ”WMM(R"H) = sup @ (1) " lw e, )

(x,7) ER"™ xR,

where WL; denotes the weak L; space. The generalized Sobolev-Morrey space
W;f’;;l(Q), p €[1, ), consists of all Sobolev functions U € Wf,m’l(Q) with distribu-

tional derivatives D!D‘u €M, ,(Q), 0<2] + |s| <2m, endowed by the norm

letllwens ) = Notellppsq + D 1Dl p50-
|6] <2m

We also define the space

0 2m,1
W, Q)= {ue W;t’;l(Q) cu(x) =0, xGGQ},
u ", - u m, },
| ||V({/;M1( ) {” lwa @

where dQ means the parabolic boundary QU (dQ x (0, T)). In problem (1) and
(2) the coefficient matrix a(x,t) = (aqp(x, t))?jzl, lal, |f] = m satisfies
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W>07Y E< D aaple,t)Els, (3)
laf=m la]=m
|pl=m

fora.e. (x,t)€Q,VEER" £ = {éa, la = m)| ERN}, N-number different
multiindeks with length equal to m, a,4(x,t) = as4(x,t), which implies
Aa,p (x, t) €L, (Q) .
Theorem 2.1. (Main results) Let a(x,t) € VMO(Q) with n, ; = ZZj:l’?aﬂij satisfy
0 2m,1
(3), and, for each p € (1, 00), let u(x,t) €W, (Q) be a strong solution (1) and (2). If
f €M, ,(Q) with ¢(x,r) being a measurable positive function satisfying

n+2

ess inf ¢(x,E)Er

J <1 + In i) 5<5<°;+2 ds < Ce(x,7) (4)
r v sr +1

0 2m,1
(¢,7) €Q X Ry, then u(x,t) €W, , (Q) and

llaall o 2ns )SCIIfllp,,p;Q )

Wp,rﬂ

with C = C(napa V> aQ> T) Nas ”a”oo;Q)'

3. Sublinear operators generated by parabolic singular integrals in
generalized Morrey spaces

Letf € L1(R*™") be a function with a compact support and a € BMO. For any
x & suppf define the sublinear operators T and T, such that

|Tf (x)] SCJRM%@, (6)
<] o) a0 Lo, %

This operators are bounded in L, (R"*") satisfy the estimates
ITFll, <CIFll,, ITof I, <Cliall., IIf I, (8)

where constants independent of @ and f. Let we have the Hardy operator

Hg(r) =1 [ig(s)ds,7> 0.
Theorem 3.1. (see [12]) The inequality

ess supw(r)Hg(r) <Aess supd(r)g(r) 9)

r>0 r>0

holds for all non-increasing functionsg : R, — R if and only if
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B o(r) (7 ds
A= Cf‘j% r JO ess supd(¢) <o (10)
0<é<s

Lemma 3.1. (see [12]) Let f € Ly jo. (R”H),p € [1, o), be such that

n+2

J 577 N Ny e g ds < o0 V(xo,7) R X Ry (11)

and let T be a sublinear operator satisfying (6).
i. If p>1and T is bounded on L, (R”H), then

_nt2 q

i2 oo
ITF L, &) o) ST 7 J s L, e 45 (12)

2r

ii. If p = 1and T is bounded from Li(R"*") on WLy (R"*"), then

ITF Mwzaten o) S 2| 5D llLye, o 55 (13)
)

2r

where the constants are independent of 7,x¢ and f.
Theorem 3.2. (see [12]) Let p € [1, o) and ¢(x,r) be a measurable positive function

satisfying

ds < Co(x,7), Y(x,r) eR"™t x R, (14)

nt2
r 5p+1

; n+2
[t re0rs
and let T be a sublinear operator satisfying (6).
i. If p>1and T is bounded on L, (R"“), then T is bounded on M, , (R"+1), and

||Tf||Mp)¢(Rn+l) < C”f”Mp,,,,(]R”“) (15)

ii. If p = 1and T is bounded from L1 (R"*") to WL1(R"*'), then it is bounded
from My, (R”“) to WMy, (R"“) , and

”Tf”WMw(R"“) < C”f”MLq,(R”“) (16)

with constants independent of f.
Our next step is to show boundedness of T, in M, , (R*™"). For this we recall

some properties of the BMO functions.
Lemma 3.2. John-Nirvenberg lemma [[12], Lemma 2.8]. Let a € BMO and
p €[1, ). Then, for any &,,

(& |t e,

As an immediate consequence of (7) we get the following property.
Corollary 3.1. Let a € BMO. Then, for all 0 <2r <s,

de) <c(p)lall.
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R
lag, —ag|<Cln) (1+ In~) - llal, (17)

Now we estimate the norm of T,.
Lemma 3.3. (see [12]) Let a € BMO. and T, be a bounded operator in

L, (R*™),p € (1, ), satisfying (7) and (8). Suppose that, for any f € L, j,c(R*™),

* s ds
J (1 + In ;) ”f”Lp(g:(xo)) g <0 Y(x0,7) ER*™ x RT (18)
r sP
Then,
wi2 [ s ds
ITaf L, (&,0x0)) € - Nlall 77 (1 + In —> Wz, (&0 227 (19)
2r r sy +

where C is independent of a,f,x¢ and 7.
Theorem 3.3. Let p € (1, 00) and ¢(x,r) be measurable positive functions such that

n+2

o0 ess inf ¢(x,&)Er
S\ s<é<oo
J (1 + In ;) (n+21p)
r s P

ds <Cop(x,7) (20)

for Y(x,r) €ER™™ x R, where C is independent of x and v. Suppose that a € BMO
and let T, be a sublinear operator satisfying (7). If T, is bounded in L, (R"H) , then
bounded in M, ,(R"*"), and

ITaf g, , (1) < Cllalls - W llag, , () (21)

constant C independent of @ and f.
Then basic results of the theorem follows by Lemma 3.3 and Theorem 3.1 in the

same manner as for Theorem 3.2. For example the functions ¢(x,7) = 7’ JPLZ,
p(x,7r) = e log”(l +7) with 0 << ”piz and m >1, are weight functions
satisfying the condition (20).

4. Non-singular integrals in generalized Morrey spaces
Let x € D"™, define x = (x”, —x,,t) € D" and x° = (x”,0,0) €R""'. Consider

the semi-ellipsoids & (x°) = & (x°) nD"*'. Let f €L, (D), a € BMO(D"*"), and
T, T, be sublinear operators such that

Tf (x)] < CJ %d)’ (22)
D p(X — )
Tf@I<C|  latw) —ap) _FON g, 23)
Dt px—y)

Let both the operators be bounded in L, (D’_f“l) , satisfy the estimates
||Tf||Lp(D1+1) SClIflle(DTl), ”Tuf”LP(DVfl) <Cllal| . |If||Lp(D1+1) (24)

constants C independent of @ and f.



Recent Developments in the Solution of Nonlinear Differential Equations

The following results hold, which can be proved in the some manner as in
Section 3 (see [12]).

Lemma 4.1. Let f €L, 1, (D"Y), p € (1, 00) and for all (x°,r) €R" x R,

J s*%*1|[f||Lp(g;(x0))ds<oo. (25)

If T is bounded on L, (D"™), then

— ni2 (% _na_
ITFl, e ey <67 [ 577 Pl e (26)

2r

where the constant c is independent of 7,x° and f.

Theorem 4.1. Suppose ¢ be a weight function satisfying (14), and let T be a sublinear
operator satisfying (22) and (24). Then T is bounded in M,,, (DT’l) , PE(1,00) and

lle”Mpw(DTl) SC”f”Mp,w(Di“)dS’ (27)

with a constant ¢ independent of f.
Lemma 4.2. Let p € (1, 00), a € BMO (Dﬁ“) and T, satisfy (23) and (24). Suppose
that, for all f € Ly j,.(D"*),

~ 5 -2 0 n
JV (1+ In ;) Il (e woyys™ 7 ds <o, ¥(x°,7) ER xR, (28)

Then

— nt2 [ k) ds
TN, (e, eoy) < Cllall v LV (1 0 U s =

with a constant ¢ independent of a,f,x° and 7.
Theorem 4.2. Let p € (1, 00), a € BMO (D), let ¢(x°,7) be a weight function

satisfying (20) and T, be a sublinear operator satisfying (7), (8). Then sublinear
operator T, is bounded in M, ,(D""") and

ITaf g, (o) < Clall Wy, (oot (29)

constant ¢ independent of 2 and f.

5. Singular and non-singular integrals in generalized Morrey spaces

We apply the above results to Calderon-Zygmund-type operators with parabolic
kernel. Since these operators are sublinear and bounded in L, (R**"), their conti-
nuity in M, , follows immediately. We are called a parabolic Calderon-Zygmund
kernel if the following a measurable function K (x, &) : R*™* x R*™\ {0} — R.

1.K(x, -) is a parabolic Calderon-Zygmund kernel for a.e. x e R*** :
1,. K(x,-) € C=(R"1)\{0},
. K(x, (&', 435)) = u~" 2K (x, &) for all >0, £ = (&),
1. [oK(x,&)dos = 0, [olK(x,&)ldos < + oo.
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2. ||D§K||LM(RMX 5) SM() < oo for every multi-index 4.

Moreover,

/

which means the singular integrals

Bf (x) = PVJ K(x,x —y)f (y)dy, (30)

Rn+l

Clasf)(x) = ij K(x,x —y)[ay) — a(@)f ()dy

Rn+1

are sublinear and bounded in L, (R"H) according to the results in [1, 13].

Theorem 5.1. Let f € M, ,(R" ") m then there exist constants ¢ depending on n,p
and the kernel such that

”Bf”Mp)(ﬂ(R"H) < Cllf”Mp,,p(R"“)’ (31)

1€l F g, sty < Clall o D, o)

Corollary 5.1. For any cylinder Q in R*™, f €M, ,(Q), a €BMO(Q) and
K(x,&) : Q x R"™\{0} — R. Then the operators (30) are bounded in M, ,(Q) and

151l (@) < Cllflm,,, @ €1 flla,., @ <clan. ifh, 0 (32)

constant ¢ independent of @ and f.
We define the extensions

n+1
I?(x,éj) _ I((X,é), (x,f)GQXR+ \{0}’f(x) — {f(‘x)’ XEQ
0, elsewhere 0, x¢Q
and then the singular integral satisfying inequalities
|Bf ()] < |Bf (x)| < CJ %dy
R p(x —y)

and

15, , () < ||Bf||MN(Rm) < Cuanp’(p(RM) = Cllf llm,,,()-

Corollary 5.2. Let a € VMO. Then for any € > O there exists a positive number ro =
ro(e,n,) such that for any &,(xo) with a radius r € (0,7¢) and all f € M, ,(E,(x0))

IC[af]llm,,, (&, xo)) < CElf lln, , (6, (x0))> (33)

where ¢ is independent of &, f, 7, and x,.
For the proof of corollary see [12].
For any x’ € R" and any fixed t > 0, define the generalized reflexion
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n
Aop(x' 1)
n nn b

7(x) = (' (x),1), 7'(x) =x" — 2 p
af(x',t)

(34)

where |a| <m, |B| <m, aj4(x) is the last row of the coefficients matrix a(x) =
(aap(x)) of (1). The function 7'(x) maps R’} into R”, and the kernel
K(x,7(x) —y) = K(x,7(x) —y',t — 7) is non-singular for any x,y € D""*. Taking
X e fo'l, there exists positive constants K; and K3 such that

Kip(x —y) <p(r(x) —y) <Kop(x — y). (35)
Letf €M, ,(D*™), a € BMO(D"™") define the non-singular integral operators
B) = | Klwolo) = 0)dy
* (36)
Claf)ix) = | KCxv(a) —y)laty) — al)lf )y
Since K (x, 7(x) — y) is still homogeneous and satisfies 1,, we have

M C
K(x,7(x) — )| < < .
| (.X‘ (x) y)l < p(T(x) _y)n—i-z = p(J_C _y)n+2

Hence, the operators (36) are sublinear and bounded in L, (D), p € (1, o).
From section 4 the following results are obtained.
Theorem 5.2. Let a € BMO (D) and f € M, (D) with (p, ) as in (8) Then

. . . n+1
the non-singular operators are continuous in M, , (D) and

||l_3f(x) ”Mp,,,)(D”“ < C”f”DTl’

_ (37)
IClasf160) I, o1 < Cllall s [f 1l e
constant C independent of @ and f.
Corollary 5.3. For any a € VMO. Then there exists a positive number ro = ro(€, ¢,)
such that for any E,(xo) with a radius r € (0,7¢) and all I[fIIMp (6 6))

||C[ﬂ,f] ”Mp,q,(gj(xo)) S Cgllf”Mp,w(gj(xo)) 38)

where C is independent of &,f,r and x0, &> 0.

6. Proof of the first main result

Now using boundedness of singular integral of Calderon-Zygmund operators in
generalized Morrey spaces we will get interval estimates for solutions of problem
(1), (2) with coefficients from VMO spaces.

Let Q to be open bounded domain in R",7 >3 and we suppose that its boundary
is sufficiently smoothness.

Let coefficients a,43(x), |al, |#| <m are symmetric and satisfying to the condition
uniform ellipticity, essential boundedness of the coefficient a,5(x) € L.(Q) and
regularity aq4(x) € VMO(Q). Let f € M, ,(Q), (p, ) as in (8) Since M, ,(Q) is a

10
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proper subset of L,(Q), (1) and (2) is uniquely solvable and the solution u(x) belongs
0 2m,1

at least to leg”"l(Q). Our aim is to show that this solution also belong to W, , (Q).

For this we need an a priori estimate of #, which we prove in two steps. Before we

give interior estimate. For any xo € R”"" define the parabolic semi-cylinders

C,(x0) = By(xp) x (to — 1%, t0). Let 9 € Cy (C,) and suppose that 9(x, ) = 0, fort <0.

According to [1, 7, 16], for any x € supp3 the following representation formula for the
0 2m
higher derivatives of 9 holds true ifu e W, (Q)

D"y (x) = P.V.J
Rn+1

D'“'F(x,x—y)[ > (ﬂa/;(x)—ﬂaﬁ(y))D“’ﬁﬁ(y)]dy
(39)

lal, |5 <2m

g

DT (x, — y)L8(y)dy + L&(x)J DYIT(x,y)vido,
Rn+l N

where v = (v1, ..., Uy1) is the outward normal to S”. Here, I'(x, £) is the funda-
mental solution of the operator L. I'(x, ) can be represented in form

[T

F(x9£) = ! (Zn:Aaﬁ(x)figj)

(n — 2)w, (detaqs)? \ij—1

for a.e. x e R"™! and V£ € R"\ {0}, where (A“/f>nxn is inverse matrix for (aa/;)

nxn'

Since any function 9 € W;m’l(Q) can be approximated by C7’ functions, the represen-
tation formula (39) still holds for any 9 € W;m’l(Cy (x0)). The properties of the funda-

mental solution (see [7, 17]) imply that D'“I"(x, y) are variable Calderon-Zygmund
kernels in the sense of our definition above. By notation above, we can write

D*9(x) = D*’Clagp, 9] (x) + D*’B(LI)(x) + L&(x)J DT(x,y)vidoy. (40)
o

|al, |p] <m.

The operators D*”B and D*’C are defined by (30) with K(x,x —y) =
D*T(x,x — 9). Due to (30) and (31) and the equivalence of the metrics we obtain
for £> 0 there exists 7 (&) such that for any » <7 (&)

ID“’ 8l , (G, (xo)) < C(HDa’ﬁt‘)llmp,q,(cy(xo)) + ”lelMp,w(Cr(xo))) (41)
for some 7 small enough. From (41) we get that

”Da’ﬁ&”Mp,w(C,,(xo)) <C(n,p,0,) - ||Da’ﬁF||Lw(Q))||L19||Mp,¢(cy(x0))-

Define a cut-off function y/(x) = yy(x" )y, (t), withy, € Cy (B, (x})), w2 € Cy (R)
such that

1, x'€By, (x’o)
0, x'¢&By(xo),
1, te <to ~ (er)z,to}

pa(x') =

wo(t) =
0, t<(to— (6m)

11
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with € (0,1), ¢ =03 —0)/2> 0 and |D*w| <C[O(1 — O)r] "%, |a| <2m, |y,| ~
|D%|. For any solution u € W;m’l(Q) of (1) and (2) define 9(x) =
p(x)u(x) e W;’”’l(CV). Hence,

”D ﬁu”M Cg,, < ”Daﬁ&”M 0 Cg/ xo))

|D u”M #(Cyry(x0)) |t ”M #(Cyr(x0))
01— O)r 01— 0y

< CILIIpm, , (Cp, x0)) < Cllf llag, (G, 0y +

As so,

2 a,
[0(1 = O)rI D™ ullag, , (Cy x0)) S

S C<V2”f||Mp,¢(Q)) + 9,(1 - 9/>V”Dau||M Cg/ xo + ||u”M CH’ (xo))
We introduce

Ou = sup [0(1—O)r|“IID ullpm, ,(c,r(xo))> ] <2m,
0<0<1

the above inequality becomes
01— O - 1Dl €4y 0)) <O < C (P vy )0 00) (42)
Now we use following interpolation inequality (see [5])
0, <e-0y, + 290 for any e€(0,2m).
where there exists a positive constant C independent of ». Thus (42) becomes
[0(1 - O)r] ||Daﬁu||M J(Con(xo)) SOom < C(r* +6o), VOE(0,1).

Taking 6 = 3 we obtain the Caccioppoli-type estimate

) 1
D ’ﬁu“Mp,w( Coalxa)) S (”f”M o@ Tzl C“(’“’)))

We get the boundedness of the coefficients
a.p
”ut”Mp,(p(Cr/z(xo)) <llallr.q) - IID ullMp’(ﬂ(cr/z(xO))Jr
i gy, (G, ) < C (Wl 12l ) )

Let Q' = Q' x (0,T)and Q" = Q" x (0, T) the cylinders with Q' € Q" € Q. By the
standard covering procedure and partition of the unity we obtain that

el @) < C (Il @) + elag (43)
where C depends on n,p, A, T, [|DT|_(q)» s 2l () and dist(Q', 0Q").

Now we give boundary estimates. For any flxed (x%7r) e R”+1 x R, define the semi-
cylinders

12
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Cj(xo) :Bj(xo') X (0,7’2) = x% — x| <7, x,>0, 0<t<?

with S = (x,0,2) : [x® — x”| <r, 0 <z <7?. For any solution u € W2 (C;' (x°))

with supp u € C' (x?), the following boundary representation formula holds (see
[1,7, 16]).

D*Pu(x) = Cjj[aap, D*’u](x) + By(Lu)(x) + Lu(x)J DTvido, —J;(x),
s

where

J(x) = By(Lu)(x) + C; [aa,,,)Da,ﬂu} (&), i,j=1, s — 1,

Jin(x) = Joi () = Z (a;(x>)l {a.l [aa,/wa,ﬁu} (x) + Bil(Lu)(x)], i=1,..,n

n I
]nn<x) = Z (a(’;xj) (a;(:nc)) [a_l [c,D“’ﬂu] (x> +Bﬂ(Lu>(x>},
o)\ _ (_,Gap®) w0
( o, ) - < 2y T A O)'

Here B;; and C;; are non-singular operators defined by (36) with a kernel

K(x,7(x) —y) = D*'T'(x, z(x) — y). Applying the estimates (37) and (38) and having

in mind that the components of the vector (%@)) are bounded, we obtain that

1D ullag, , o)) < C(Hf lIng, ,(@) + ”z”””Mp,«ACr(xo)))

Taking » small enough we can move the norm of # on the left-hand side,
obtaining that

N, , c, (o)) < ClIfllm, @)

with a constant C depending onn,p, A, T, 1, ||a]| L..(Q)- By covering the bound-

ary with small cylinders, using a partition of the unit subordinated by that covering
and local flattening of 0Q we get that

||u||W%1(Q\Q,) < C”f”Mp’,p(Q) (44)

Using (43) and (44), we obtain (5).

7. The higher order elliptic equations in unbounded domains

Now we are consider boundary value the Dirichlet problem for higher order
nondivergence uniformly elliptic equations with coefficients in modified Morrey
spaces in unbounded domains Q

Lu = Z aasD™Pu = f(x) in Q
lal <IBI<m (45)
D =g(x) |la|<m — 1 on 0Q

13
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n

where the coefficients matrix a(x) = {aZ ﬁ(x)} . satisfies
I Z’]':

INS>0AD < ) auplels, (46)

lal=m lal=pl=m

forae. x€Q,VEER", agp = apa,é = {&,, ||a|=m €RY}, N-number different
multiindeks with length equal to .
Under these assumptions we prove that the maximal operator M are bounded

from the modified Morrey space Z;p,ﬂ (R") to f,q,,l (R") if and only if,

a

< .
- n—A

<

S R

AT
| =

Forx € R" and ¢ > 0, let B(x,t) denote the open ball centered at x of radius ¢ and
*B(x,t) = R"\B(x,t). One of the most important variants of the Hardy-Littlewood
maximal function is the so-called fractional maximal function defined by the formula

B(x,t)y”%J

B(x,t

M,f (x) = sup

t>0

f)ldy, 0<a<mn,
)

where |B(x,t)| is the Lebesgue measure of the ball B(x,t). The fractional maximal
function M,f coincides for a = 0 with the Hardy-Littlewood maximal function

Let1<p <o, 0<A<m, [t]; = min{1,¢t}. We denote by lip,j(R”) the modified
Morrey space, as the set of locally integrable functions f(x), x € R", with the finite
norm

Iflls,, = sup ([th*jB( t)|f<y>v”dy)p

Note that
L,o(R") =L,o(R") = L,(R"),
L,(R") & Ly (R") N Ly(R") and max {l[fllLN, |Lf||Lp} <Iflly, .

and if A< 0 or A>n, then L, ;(R") = EP,A(R") = 6, where 6 is the set of all

functions equivalent to 0 on R”. Wf,p,,l (R")-the modified weak Morrey space as the
set of locally integrable functions f (x), x € R" with finite norm

Fllws,, = supr sup (713 €Bx.) £ 0) >} )

r>0 xeR",t>0

Note that

WL, 0(R") = WL,0(R") = WL,(R"),
L,;(R")cWL,;(R") and fllwz,, <Ifllz,

We study the I:p,,l—boundedness of the maximal operator M.

14
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The classical result by Hardy-Littlewood-Sobolev states that if 1 <p <¢q < oo, then

the Riesz potential I, is bounded from L, (R") to L,;(R") if and only if a = n <}% — %)

and for p = 1<q <o, I, is bounded from L;(R") to WL, (R") if and only if a =
n (1 — %) D.R. Adams studied the boundedness of the I, in Morrey spaces and

proved the follows statement.
Theorem (Adams) Let 0<a<nand 0<i<n —a,1<p< %
1

LIf1<p < ™4 then condition}% — 4 = n— is necessary and sufficient for the

boundedness of the operator I, from L, ;(R") to L, ;(R").

2.1f p =1, then condition 1 — % = % is necessary and sufficient for the
boundedness of the operator I, from L, ;(R") to WL, ;(R").

Ifa= ﬂ — g, then A = 0 and the statement of Theorem reduced to the aforemen-

tioned result by Hardy-Littlewood-Sobolev Theorem also implies the boundedness
of the fractional maximal operator M,,.

In this section we study the fractional maximal integral and the Riesz potential in
the modified Morrey space. In the case p = 1 we prove that the operator I, is

bounded from Lj ;(R") to Wf,q 4(R") if and only if, & <1 — 1 <% In the case

1<p < 4 we prove that the operator I, is bounded from Lp ,1(R ) to Lq, 2(R") if and

1 a
onlylf p qgni

Theorem 7.1. Iff €L, 1(R"), 1<p <oo, 0 <A<n, then Mf €L, ;(R") and

IMfllz,, <Cpallfllz,

where C, ; depends only on p, 4 and 7.
Proof. We use Fefferman-Stein inequality and get

| ororay<c| 101y, 00
B(x.t) R"

Later from some estimates for M,, = we have the following inequalities

J, t)(Mf@))pdysCOB( fO)Payt

i =0 JB(x,zmt)\B(x,zit) (| —y\+t)") <Cleh ”f”LM

[
Theorem 7.2. (see [18]) Let 0<a<n, 0<A<n —aand 1<p <4
1.If 1<p < 4, then condition ¢ < l — i < -2 is necessary and sufficient for the

boundedness of the Riesz potentlal operator I, from Lp, 2(R") to Lq, 2(R™).

2Ifp=1<22 ’1 , then condltlon <1-- <% is necessary and sufficient for the

1<
9~
boundedness of the operator I, from Ly ,(R") to Lq,,l(R ).

15
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Recall that, for O <a<n

Mf(x) <vy Lo([f])(x)

where v, is the volume of the unit ball in R”. From [7] for unbounded domains
Q CR" we have following result.
Theorem 7.3. Let Q C R" be an unbounded domains with noncompact boundary o<,

and 0 <a<n, 0<A<n — aand 1<p <=2 Also let satisfies conditions S%—% <-4

f GI:M(Q), function U(x) is a solution of problem (45). Then there is exist constant C
which dependent only at n, A,p, q, Q such that

100 () <CIf i, @ (47)

where W;ﬁ-is correspondingly modified Sobolev-Morrey space.
The proved Theorem 7.3 consequence from methods of [7] and Theorem 7.1

and 7.2.
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