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Chapter

Perturbation Methods to Analysis
of Thermal, Fluid Flow and
Dynamics Behaviors of
Engineering Systems
Gbeminiyi M. Sobamowo

Abstract

This chapter presents the applications of perturbation methods such as regular
and homotopy perturbation methods to thermal, fluid flow and dynamic behaviors
of engineering systems. The first example shows the utilization of regular pertur-
bation method to thermal analysis of convective-radiative fin with end cooling and
thermal contact resistance. The second example is concerned with the application of
homotopy perturbation method to squeezing flow and heat transfer of Casson
nanofluid between two parallel plates embedded in a porous medium under the
influences of slip, Lorentz force, viscous dissipation and thermal radiation.
Additionally, the dynamic behavior of piezoelectric nanobeam embedded in linear
and nonlinear elastic foundations operating in a thermal-magnetic environment is
analyzed using homotopy perturbation method which is presented in the third
example. It is believed that the presentation in this chapter will enhance the
understanding of these methods for the real world applications.

Keywords: perturbation method, thermal analysis, fluid flow behavior,
dynamic response, engineering systems

1. Introduction

The descriptions of the behaviors of the real world phenomena and systems
through the use of mathematical models often involve developments of nonlinear
equations which are difficult to solve exactly and analytically. Consequently,
recourse is always made to numerical methods as alternative methods in solving the
nonlinear equations. However, the developments of analytical solutions are obvi-
ously still very important. Analytical solutions for specified problems are also
essential and required to show the direct relationship between the models parame-
ters. When analytical solutions are available, they provide good insights into the
significance of various system parameters affecting the phenomena. Such solutions
provide continuous physical insights than pure numerical or computation methods.
Indisputably, analytical solutions are convenient for parametric studies, accounting
for the physics of the problem and appear more appealing than the numerical
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solutions. Also, they help in reducing the computation and simulation costs as well
as the task involved in the analysis of real-life problems.

Although, there is no general exact analytical method to solve all nonlinear
problems, over the years, the nonlinear problems have been solved using different
approximate analytical methods such as regular perturbation, singular perturba-
tion method, homotopy perturbation method, homotopy analysis method,
methods of weighted residual, variational iterative method, differential transfor-
mation method, variation parameter method, Adomian decomposition method,
etc. The non-perturbative approximate analytic methods present explicit approx-
imate analytical solutions which often involve complex mathematical analysis
leading to analytic expressions involving large number terms. Furthermore, the
methods are inherently with high computational cost and time accompanied with
the requirement of high skills in mathematics. Moreover, in practice, analytical
solutions with large number of terms and conditional statements for the solutions
are not convenient for use by designers and engineers. Also, in these methods,
there are always search for particular value(s) that will satisfy the end boundary
condition(s). This always necessitates the use of software and such could result in
additional computational cost in the generation of solution to the problem. Also,
the quests involve applications of numerical schemes to determine the required
value(s) that will satisfy the end boundary condition(s). This fact renders most of
the approximate analytical methods to be taken as more of semi-analytical
methods than total approximate analytical methods. Moreover, these methods
have their own operational restrictions that severely narrow their functioning
domain and when they are routinely implemented, they can sometimes lead to
erroneous results. Specifically, the transformation of the nonlinear equations and
the development of equivalent recurrence equations for the nonlinear equations
using differential transformation method proved somehow difficult in some
nonlinear system such as in rational Duffing oscillator, irrational nonlinear
Duffing oscillator, finite extensibility nonlinear oscillator. There is difficulty in
the determination of Adomian polynomials for the application of Adomian
decomposition method for nonlinear problems. There are lack of rigorous theories
or proper guidance for choosing initial approximation, auxiliary linear operators,
auxiliary functions, and auxiliary parameters in the use of homotopy analysis
method. Therefore, the need for comparatively simple, flexible, generic and high
accurate total approximate analytical solutions is well established. One of the
techniques that can be applied for such quest is the perturbation method. Pertur-
bation method, although comparably old, as a pioneer method for finding
approximate analytical solutions to nonlinear problems, it offers an alternative
approach to solving certain types of nonlinear problems. In the limit of small
parameter, perturbation method is widely used for solving many heat transfer,
vibration, fluid mechanics and solid mechanics problems. It is capable of solving
nonlinear, inhomogeneous and multidimensional problems with reasonable high
level of accuracy. The most significant efforts and applications of the method were
focused on celestial mechanics, fluid mechanics, and aerodynamics. Although, the
solutions reported for other sophisticated methods to difference problems have
good accuracy, they are more complicated for applications than perturbation
method. Therefore, over the years, the relative simplicity and high accuracy espe-
cially in the limit of small parameter have made perturbation method an interest-
ing tool among the most frequently used approximate analytical methods.
Although, the perturbation method provides in general, better results for small
perturbation parameters, besides having a handy mathematical formulation, it has
been shown to have a good accuracy, even for relatively large values of the
perturbation parameter [1–5].
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2. Example 1: regular perturbation method to thermal analysis of
convective-radiative fin with end cooling and thermal contact
resistance

Consider a convective-radiative fin of temperature-dependent thermal
conductivity k(T), length L and thickness δ, exposed on both faces to a convective
environment at temperature T

∞
and a heat transfer co-efficient h subjected to

magnetic field shown in Figure 1. The dimension x pertains to the length coordinate
which has its origin at the tip of the fin and has a positive orientation from the fin
tip to the fin base. In order to analyze the problem, the following assumptions are
made. The following assumptions were made in the development of the model

i. The heat flow in the fin and its temperatures remain constant with time.

ii. The temperature of the medium surrounding the fin is uniform.

iii. The temperature of the base of the fin is uniform.

iv. The fin thickness is small compared with its width and length, so that
temperature gradients across the fin thickness and heat transfer from the
edges of the fin is negligible compared with the heat leaving its lateral surface.

Applying thermal energy balance on the fin and using the above model
assumptions, the following nonlinear thermal model is developed

d

dx
1þ λ T � Tað Þ½ � dT

dx

� �

� h

kaδ
T � Tað Þ � σε

kaδ
T4 � T4

a

� �

� σB2
ou

2

kaAcr
T � Tað Þ ¼ 0

(1)

The boundary conditions are

x ¼ 0, � k Tð Þ ∂T
∂x

¼ he T � Tað Þ þ σ ∈ T4 � T4
a

� �

(2)

x ¼ L, � k Tð Þ ∂T
∂x

¼ hc Tb � Tð Þ þ σ ∈ T4 � T4
a

� �

(3)

Figure 1.
(a) Schematic of the convective-radiative longitudinal straight fin with magnetic field. (b) Schematic of the
longitudinal straight fin geometry showing thermal contact resistance and boundary conditions.
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Considering a case when a small temperature difference exists within the mate-
rial during the heat flow. This actually necessitated the use of temperature-invariant
physical and thermal properties of the fin. Also, it has been established that under
such scenario, the term T4 can be expressed as a linear function of temperature.
Therefore, we have

T4 ¼ T4
a þ 4T3

a T � Tað Þ þ 6T2
a T � Tað Þ2 þ … ffi 4T3

aT � 3T4
a (4)

On substituting Eq. (4) into Eq. (1), one arrives arrived at

d

dx
1þ λ T � T

∞
ð Þ½ � dT

dx

� �

� h

kaδ
T � Tað Þ � 4σεT3

a

kaδ
T � Tað Þ � σB2

ou
2

kaAcr
T � Tað Þ ¼ 0

(5)

The boundary conditions

x ¼ 0, � k Tð Þ ∂T
∂x

¼ he T � Tað Þ þ 4σ ∈T3
a T � Tað Þ (6)

x ¼ L, � k Tð Þ ∂T
∂x

¼ hc Tb � Tð Þ þ 4σ ∈T3
a T � Tað Þ (7)

On introducing the following dimensionless parameters in Eq. (8) into Eq. (5),

X ¼ x

L
, θ ¼ T � Ta

Tb � Ta
, Ra ¼ gkβ Tb � Tað Þb

ανkr
, N ¼ 4σstbT

3
a

ka
, Ha ¼ σB2

0u
2

kaAcr
: (8)

Bie ¼
heb

ka
, Bic ¼

hcb

ka
, M2 ¼ hb2

kaδ
, ε ¼ λ Tb � Tað ÞBie,eff ¼

he þ σεð Þb
ka

,

Biceff ¼
hc þ σεð Þb

ka

The dimensionless form of the governing Eq. (5) is arrived at as

d

dX
1þ εθð � dθ

dX

� �

�M2θ �Nrθ �Haθ ¼ 0 (9)

On expanding Eq. (9), one has

d2θ

dX2 þ εθ
d2θ

dX2 þ ε
dθ

dX

� �2

�M2θ �Nrθ �Haθ ¼ 0 (10)

The boundary conditions are

X ¼ 0, 1þ εθð Þ dθ
dX

¼ �Bie,effθ (11)

X ¼ 1, 1þ εθð Þ dθ
dX

¼ �Bic,eff 1� θð Þ (12)

3. Method of solution using regular perturbation method

It is very difficult to develop closed-form solution for the above non-linear
Eq. (10). Therefore, in this work, recourse is made to apply a relatively simple and
accurate method approximate analytical method, the perturbation method.
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Perturbation theory is based on the fact that the equation(s) describing the phe-
nomena or process under investigation contain(s) a small parameter (or several
small parameters), explicitly or implicitly. Therefore, the perturbation method is
applicable to very small magnitudes of ε where the nonlinearity is slightly effective.
Although, it has been shown to have a good accuracy, even for relatively large
values of the perturbation parameter, ε [1, 2].

In solving Eq. (10), one needs to expand the dimensionless temperature as

θ ¼ θ0 þ εθ1 þ ε2θ2 þ … (13)

Substituting Eq. (13) into Eq. (10), up to first order approximate, we have

d2θ0

dX2 � M2 þNrþHa
� �

θ0 þ ε
d2θ1

dX2 þ θ0
d2θ0

dX2 þ dθ0
dX

� �2

� M2 þNrþHa
� �

θ1

" #

þε2
d2θ2

dX2 þ θ1
d2θ0

dX2 þ θ0
d2θ1

dX2 þ 2
dθ1
dX

� �

dθ0
dX

� �

� M2 þNrþHa
� �

θ2

" #

¼ 0

(14)

Leading order and first order equations with the appropriate boundary
conditions are given as:

Leading order equation:

d2θo

dx2
� M2 þNrþHa
� �

θo ¼ 0 (15)

Subject to:

X ¼ 0,
dθo
dX

¼ �Bie,eff θo (16)

X ¼ 1,
dθo
dX

¼ Bic,eff θo � 1ð Þ (17)

First-order equation:

d2θ1

dX2 � M2 þNrþHa
� �

θ1 ¼ � dθo
dX

� �2

� θ0
d2θo

dX2 (18)

Subject to:

X ¼ 0, θ0
dθ0
dX

þ dθ1
dX

¼ �Bie,eff θ1 (19)

X ¼ 1, θ0
dθ0
dX

þ dθ1
dX

¼ Bic,eff θ1 (20)

Second-order equation

d2θ2

dX2 � M2 þNrþHa
� �

θ2 ¼ �θ1
d2θ0

dX2 � θ0
d2θ1

dX2 � 2
dθ1
dX

� �

dθ0
dX

� �

(21)

The boundary conditions

X ¼ 0, θ1
dθo
dX

þ θ0
dθ1
dX

þ dθ2
dX

¼ �Bie,eff θ2 (22)

X ¼ 1, θ1
dθ0
dX

þ θ0
dθ1
dX

þ dθ2
dX

¼ Bic,eff θ2 (23)
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It can be shown from Eq. (15), (18) and (21) with the corresponding boundary
conditions of Eqs. (16), (19) and (22) that the:

Leading order solution for θo is

θo ¼
Bic

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q

cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNr þHa
� �

q

X
	 


� Biesinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q

X
	 
n o

Bic

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNr þHa
� �

q
	 


� Bie sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 
n o

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q

Bie cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 
n o

8

>

<

>

:

9

>

=

>

;

(24)

While the first order solution θ1 is

θ1 ¼
�Bi2cBie

3

Bie
2

Bic cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
p
	 


sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
p
	 


8

>

>

<

>

>

:

9

>

>

=

>

>

;

þ
Bic M2 þ Bi2e
� �

þ 4MBi2cBie
� �

cosh 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


þ M M2 þ Bi2e
� �

� 2MBicBie
� �

sinh 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
p

	 


8

>

>

<

>

>

:

9

>

>

=

>

>

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


Bic cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
p
	 


sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
p
	 


8

>

>

<

>

>

:

9

>

>

=

>

>

;

�Bie

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�Bic sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


8

>

>

<

>

>

:

9

>

>

=

>

>

;

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

>

>

;

Bic

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�Bie sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


0

B

B

@

1

C

C

A

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q	 


Bie cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


0

B

B

@

1

C

C

A

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

>

>

;

2

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q

� �

X

þBi2c
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


Bic M2 þ Bi2e
� �

þ 4MBi2cBie
� �

cosh 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


þ M M2 þ Bi2e
� �

� 2MBicBie
� �

sinh 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
p

	 


8

>

>

<

>

>

:

9

>

>

=

>

>

;

þ Bie
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�Bie sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
p
	 


8

>

>

<

>

>

:

9

>

>

=

>

>

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


Bic cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
p
	 


sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
p
	 


8

>

>

<

>

>

:

9

>

>

=

>

>

;

�Bie

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�Bic sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


8

>

>

<

>

>

:

9

>

>

=

>

>

;

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

>

>

;

Bic

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�Bie sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


0

B

B

@

1

C

C

A

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


Bie cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þNrþHa
� �

q
	 


0

B

B

@

1

C

C

A

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<
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(25)

The second-order solution θ2 is too huge to be included in the manuscript.
On substituting Eqs. (24) and (25) into Eq. (13) up to the first order (i.e.

neglecting the higher orders), one arrives at
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4. Example 2: homotopy perturbation method to analysis of squeezing
flow and heat transfer of Casson nanofluid between two parallel
plates embedded in a porous medium under the influences of slip,
Lorentz force, viscous dissipation and thermal radiation

Consider a Casson nanofluid flowing between two parallel plates placed at time-
variant distance and under the influence of magnetic field as shown in the Figure 2.
It is assumed that the flow of the nanofluid is laminar, stable, incompressible,
isothermal, non-reacting chemically, the nanoparticles and base fluid are in thermal
equilibrium and the physical properties are constant. The fluid conducts electrical
energy as it flows unsteadily under magnetic force field. The fluid structure is
everywhere in thermodynamic equilibrium and the plate is maintained at constant
temperature.

Following the assumptions, the governing equations for the flow are given as

∂u

∂x
þ ∂v

∂y
¼ 0 (27)

ρnf
∂u

∂t
þ u

∂u

∂x
þ v

∂u

∂y

� �
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∂x
þ μnf 1þ 1

β

� �

2
∂
2u

∂x2
þ ∂

2u

∂x∂y
þ ∂

2u

∂y2

� �

� σB2
ou�

μnfu

Kp

(28)

ρnf
∂v
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þ u

∂v

∂x
þ v
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∂y
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¼ � ∂p
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β

� �

2
∂v

∂x2
þ ∂
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∂x∂y
þ ∂

2v

∂y2

� �

�
μnf v

Kp
(29)

∂T
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þ u

∂T
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þ u

∂T

∂y
¼
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� �
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∂
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∂y2

� �

þ
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� �
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� � 2 ∂
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∂x2
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ρCp

� �

nf

∂qr
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(30)

where

ρnf ¼ ρ f 1� ϕð Þ þ ρsϕ (31)

μnf ¼
μ f

1� ϕð Þ2:5
(32)

Figure 2.
Model diagram of MHD squeezing flow of nanofluid between two parallel plates embedded in a porous
medium.
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and the magnetic field parameter is given as

B tð Þ ¼ B0
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� αt
p (33)

σnf ¼ σ f 1þ
3 σs

σ f
� 1

n o

ϕ

σs
σ f

þ 2
n o

ϕ� σs
σ f

� 1
n o

ϕ

2

4

3

5, (34)

knf ¼ k f

ks þ m� 1ð Þk f � m� 1ð Þ k f � ks
� �

ϕ

ks þ m� 1ð Þk f þ k f � ks
� �

ϕ

" #

, (35)

The Casson fluid parameter, β ¼ μB
ffiffiffiffiffiffiffiffiffiffiffiffi

2π=Py

p

and k is the permeability constant.

The radiation term is given as

∂qr
∂y

¼ � 4σ

3K

∂T4

∂y
ffi � 16σT3

s

3K

∂
2T

∂y2
using Rosseland’s approximationð Þ (36)

The appropriate boundary conditions are given as

u ¼ 0, v ¼ vw ¼ dh

dt
, T ¼ TH at y ¼ h tð Þ ¼ H

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� αt
p

, (37)

∂u

∂y
¼ 0,

∂T

∂y
¼ 0, v ¼ 0, at y ¼ 0, (38)

On introducing the following dimensionless and similarity variables
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2
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1� αt
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2
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� αt
p f η, tð Þ, η ¼ y

H
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� αt
p , θ ¼ T � T0

TH � T0
, Ec ¼ 1

Cp

αH

2 1� αtð Þ

� �2

Re ¼ �SA 1� ϕð Þ2:5 ¼
ρnfHVw

μnf
, S ¼ αH2

2v f
, Da ¼ Kp

H2 , A1 ¼ 1� ϕð Þ þ ϕ
ρs

ρ f

, Pr ¼ μCp

k
, δ ¼ H

x
,

B1 ¼
σs þ m� 1ð Þσ f

� �

þ m� 1ð Þ σs � σ f

� �

ϕ

σs þ m� 1ð Þσ f

� �

� m� 1ð Þ σs � σ f

� �

ϕ

" #

, A2 ¼ 1� ϕð Þ þ ϕ
ρCp

� �

s

ρCp

� �

f

, A3 ¼
knf
k f

, R ¼ 4σT3
∞

3kK

(39)

One arrives at the dimensionless equations

1þ 1

β

� �

f iv � SA1 1� ϕð Þ2:5 η f ‴ þ 3 f 00 þ f f ‴ � f 0 f 00
	 


�Ha2 f 00 � 1

Da
f 00 ¼ 0

(40)

1þ 4

3
R

� �

θ00 þ PrS
A2

A3

� �

θ0f � ηθ0ð Þ þ PrEc

A3 1� ϕð Þ2:5
f 00

� �2 þ 4δ2 f 0
� �2

	 


¼ 0

(41)

with the boundary conditions as follows

f ¼ 0, f 00 ¼ 0, θ0 ¼ 0, when η ¼ 0, (42)

f ¼ 1, f 0 ¼ 0, θ ¼ 1, when η ¼ 1, (43)

where m in the above Hamilton Crosser’s model in Eq. (35).
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5. Method of solution by homotopy perturbation method

The comparative advantages and the provision of acceptable analytical results
with convenient convergence and stability coupled with total analytic procedures of
homotopy perturbation method compel us to consider the method for solving the
system of nonlinear differential equations in Eqs. (40) and (41) with the boundary
conditions in Eq. (42).

5.1 The basic idea of homotopy perturbation method

In order to establish the basic idea behind homotopy perturbation method,
consider a system of nonlinear differential equations given as

A Uð Þ � f rð Þ ¼ 0, r∈Ω, (44)

with the boundary conditions

B u,
∂u

∂η

� �

¼ 0, r∈Γ, (45)

where A is a general differential operator, B is a boundary operator, f rð Þ a known
analytical function and Γ is the boundary of the domain Ω.

The operator A can be divided into two parts, which are L and N, where L is a
linear operator, N is a non-linear operator. Eq. (44) can be therefore rewritten as
follows

L uð Þ þN uð Þ � f rð Þ ¼ 0: (46)

By the homotopy technique, a homotopy U r, pð Þ : Ω� 0, 1½ � ! R can be
constructed, which satisfies

H U, pð Þ ¼ 1� pð Þ L Uð Þ � L Uοð Þ½ � þ p A Uð Þ � f rð Þ½ � ¼ 0, p∈ 0, 1½ �, (47)

or

H U, pð Þ ¼ L Uð Þ � L Uοð Þ þ pL Uοð Þ þ p N Uð Þ � f rð Þ½ � ¼ 0: (48)

In the above Eqs. (47) and (48), p∈ 0, 1½ � is an embedding parameter, uo is an
initial approximation of equation of Eq. (44), which satisfies the boundary
conditions.

Also, from Eq. (47) and Eq. (48), one has

H U, 0ð Þ ¼ L Uð Þ � L Uoð Þ ¼ 0, (49)

or

H U, 0ð Þ ¼ A Uð Þ � f rð Þ ¼ 0: (50)

The changing process of p from zero to unity is just that of U r, pð Þ from uo rð Þ to
u rð Þ. This is referred to homotopy in topology. Using the embedding parameter p as
a small parameter, the solution of Eqs. (47) and Eq. (48) can be assumed to be
written as a power series in p as given in Eq. (51)

U ¼ Uo þ pU1 þ p2U2 þ … (51)
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It should be pointed out that of all the values of p between 0 and 1, p = 1
produces the best result. Therefore, setting p ¼ 1, results in the approximation
solution of Eq. (42)

u ¼ lim
p!1

U ¼ Uo þU1 þU2 þ … (52)

The basic idea expressed above is a combination of homotopy and perturbation
method. Hence, the method is called homotopy perturbation method (HPM), which
has eliminated the limitations of the traditional perturbation methods. On the other
hand, this technique can have full advantages of the traditional perturbation tech-
niques. The series Eq. (29) is convergent for most cases.

5.2 Application of the homotopy perturbation method to the fluid flow
problem

According to homotopy perturbation method (HPM), one can construct an
homotopy for Eq. (36)–(39) as

H1 p, ηð Þ ¼ 1� pð Þ 1þ 1

β

� �

f iv
� �

þ p
1þ 1

β

� �

f iv � SA1 1� ϕð Þ2:5
η f ‴ þ 3 f 00

þf f ‴ � f 0 f 00

 !

�Ha2 f 00 � 1

Da
f 00

2

6

6

6

4

3

7

7

7

5

¼ 0,

(53)

H2 p, ηð Þ ¼ 1� pð Þ 1þ 4

3
R

� �

θ00
� �

þ p

1þ 4

3
R

� �

θ00 þ PrS
A2

A3

� �

θ0f � ηθ0ð Þ

þ PrEc

A3 1� ϕð Þ2:5
f 00

� �2 þ 4δ2 f 0
� �2

	 


2

6

6

6

4

3

7

7

7

5

¼ 0,

(54)

Taking power series of velocity, temperature and concentration fields, gives

f ¼ f 0 þ pf 1 þ p2 f 2 þ p3 f 3 þ … (55)

and

θ ¼ θ0 þ pθ1 þ p2θ2 þ p3θ3 þ … (56)

Substituting Eqs. (55) and (56) into Eq. (53) and (54) as well as the boundary
conditions in Eq. (42), and grouping like terms based on the power of p, the fluid
flow velocity equation is given as:

Zeroth-order equations

p0 : f iv0 ηð Þ þ 1

β
f iv0 ηð Þ ¼ 0, (57)

p0 : 1þ 4

3
R

� �

θ000 ¼ 0, (58)
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First-order equations

p1 :

1

β
f iv1 ηð Þ þ f iv1 ηð Þ � SA1 1� ϕð Þ2:5η f 0 ηð Þ � 1

Da
f 000 ηð Þ �Ha2 f 000 ηð Þ

�3SA1 1� ϕð Þ2:5 f 000 ηð Þ � SA1 1� ϕð Þ2:5 f 00 ηð Þ f 000 ηð Þ þ SA1 1� ϕð Þ2:5 f 0 ηð Þ f ‴0 ηð Þ ¼ 0,

(59)

p1 : 1þ 4

3
R

� �

θ001 þ PrS
A2

A3

� �

θ00 f 0 � ηθ00
� �

þ PrEc

A3 1� ϕð Þ2:5
f 000

� �2 þ 4δ2 f 00
� �2

	 


¼ 0

(60)

Second-order equations

p2 :

1

β
f iv2 ηð Þ þ f iv2 ηð Þ � SA1 1� ϕð Þ2:5η f 1 ηð Þ � 1

Da
f 001 ηð Þ �Ha2 f 001 ηð Þ � 3SA1 1� ϕð Þ2:5 f 2

00
ηð Þ

�SA1 1� ϕð Þ2:5 f 01 ηð Þ f 000 ηð Þ � SA1 1� ϕð Þ2:5 f 00 ηð Þ f 001 ηð Þ þ SA1 1� ϕð Þ2:5 f 1 ηð Þ f ‴0 ηð Þ

þSA1 1� ϕð Þ2:5 f 0 ηð Þ f ‴1 ηð Þ ¼ 0,

(61)

p2 : 1þ 4

3
R

� �

θ002 þ PrS
A2

A3

� �

θ01 f 0 þ θ00 f 1 � ηθ01
� �

þ 2PrEc

A3 1� ϕð Þ2:5
f 000 f

00
1 þ 4δ2 f 0

0 f 01
� �

¼ 0

(62)

the boundary conditions are

f 0 ¼ f 1 ¼ f 2 ¼ 0, f 0
00 ¼ f 1

00 ¼ f 2
00 ¼ 0, θ0

0 ¼ θ1
0 ¼ θ2

0 ¼ 0, when η ¼ 0,

f 0 ¼ 1, f 1 ¼ f 2 ¼ 0, f 0
0 ¼ f 1

0 ¼ f 2
0 ¼ 0, θ0 ¼ 1, θ1 ¼ θ2 ¼ 0, when η ¼ 1,

(63)

In a similar way, the higher orders problems are obtained.
On solving Eqs. (57), (61) and (64) with their corresponding boundary

conditions, we arrived at

f 0 ηð Þ ¼ 1

2
3η� η3
� �

(64)

f 1 ηð Þ ¼ � 1

6720 1þ βð Þ

168
1

Da

� �

β þ 168Ha2β þ 419SA1 1� ϕð Þ2:5β
� �

η

� 336
1

Da

� �

β þ 336Ha2β þ 873SA1 1� ϕð Þ2:5β
� �

η3

þ 168
1

Da

� �

β þ 168Ha2β þ 504SA1 1� ϕð Þ2:5β
� �

η5

�28SA1 1� ϕð Þ2:5βη6 � 24SA1 1� ϕð Þ2:5βη7

þ2SA1 1� ϕð Þ2:5βη8

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

(65)
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f 2 ηð Þ ¼ � 1

9686476800 1þ βð Þ2

�12684672 1
Da

� �2
β2 � 25369344

1

Da

� �

Ha2β2 � 12684672Ha4β2 � 92692600
1

Da

� �

SA1 1� ϕð Þ2:5β2

�92692600Ha2A1 1� ϕð Þ2:5β2 � 154163807S2A2
1 1� ϕð Þ5β2

0

B

@

1

C

A
η

þ
31135104 1

Da

� �2
β2 þ 62270208

1

Da

� �

Ha2β2 þ 31135104Ha4β2 þ 205741536
1

Da

� �

SA1 1� ϕð Þ2:5β2

þ205741536Ha2A1 1� ϕð Þ2:5β2 þ 324472661S2A2
1 1� ϕð Þ5β2

0

B

@

1

C

A
η3

þ
�24216192 1

Da

� �2
β2 � 48432384

1

Da

� �

Ha2β2 � 24216192Ha4β2 � 135567432
1

Da

� �

SA1 1� ϕð Þ2:5β2

�135567432Ha2SA1 1� ϕð Þ2:5β2 � 188756568S2A2
1 1� ϕð Þ5β2

0

B

@

1

C

A
η5

þ 672672
1

Da

� �

SA1 1� ϕð Þ2:5β2 þ 672672Ha2SA1 1� ϕð Þ2:5β2 þ 1677676S2A2
1 1� ϕð Þ5β2

� �

η6

þ
5765760 1

Da

� �2
β2 þ 11531520

1

Da

� �

Ha2β2 þ 5765760Ha4β2 þ 24216192
1

Da

� �

β2

þ24216192Ha2SA1 1� ϕð Þ2:5β2 þ 17976816S2A2
1 1� ϕð Þ5β2

0

B

@

1

C

A
η7

� 1009008
1

Da

� �

SA1 1� ϕð Þ2:5β2 þ 1009008Ha2SA1 1� ϕð Þ2:5β2 � 332946S2A2
1 1� ϕð Þ5β2

� �

η8

� 1441440
1

Da

� �

SA1 1� ϕð Þ2:5β2 þ 1441440Ha2SA1 1� ϕð Þ2:5β2 þ 1441440S2A2
1 1� ϕð Þ5β2

� �

η9

þ 80080
1

Da

� �

SA1 1� ϕð Þ2:5β2 þ 80080Ha2SA1 1� ϕð Þ2:5β2β2
� �

η10 � 109928S2A2
1 1� ϕð Þ5β2η11

þ12376S2A2
1 1� ϕð Þ5β2η12 þ 168S2A2

1 1� ϕð Þ5β2η13

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

,

(66)

In the same manner, the energy equations are solved. Following the definition of
the homotopy perturbation method as presented in Eq. (52), one could write the
solution of the fluid flow equation as

f ηð Þ ¼ 1

2
3η� η3
� �

� 1

6720 1þ βð Þ

168
1

Da

� �

β þ 168Ha2β þ 419SA1 1� ϕð Þ2:5β
� �

η� 336
1

Da

� �

β þ 336Ha2β þ 873SA1 1� ϕð Þ2:5β
� �

η3

þ 168
1

Da

� �

β þ 168Ha2β þ 504SA1 1� ϕð Þ2:5β
� �

η5 � 28SA1 1� ϕð Þ2:5βη6 � 24SA1 1� ϕð Þ2:5βη7 þ 2SA1 1� ϕð Þ2:5βη8

0

B

B

B

@

1

C

C

C

A

� 1

9686476800 1þ βð Þ2

�12684672 1
Da

� �2
β2 � 25369344

1

Da

� �

Ha2β2 � 12684672Ha4β2 � 92692600
1

Da

� �

SA1 1� ϕð Þ2:5β2�

92692600Ha2A1 1� ϕð Þ2:5β2 � 154163807S2A2
1 1� ϕð Þ5β2

0

B

B

@

1

C

C

A

η

þ
31135104 1

Da

� �2
β2 þ 62270208

1

Da

� �

Ha2β2 þ 31135104Ha4β2 þ 205741536
1

Da

� �

SA1 1� ϕð Þ2:5β2

þ205741536Ha2A1 1� ϕð Þ2:5β2 þ 324472661S2A2
1 1� ϕð Þ5β2

0

B

B

@

1

C

C

A

η3

þ
�24216192 1

Da

� �2
β2 � 48432384

1

Da

� �

Ha2β2 � 24216192Ha4β2 � 135567432
1

Da

� �

SA1 1� ϕð Þ2:5β2�

135567432Ha2SA1 1� ϕð Þ2:5β2 � 188756568S2A2
1 1� ϕð Þ5β2

0

B

B

@

1

C

C

A

η5

þ 672672
1

Da

� �

SA1 1� ϕð Þ2:5β2 þ 672672Ha2SA1 1� ϕð Þ2:5β2 þ 1677676S2A2
1 1� ϕð Þ5β2

� �

η6

þ
5765760 1

Da

� �2
β2 þ 11531520

1

Da

� �

Ha2β2 þ 5765760Ha4β2 þ 24216192
1

Da

� �

β2þ

24216192Ha2SA1 1� ϕð Þ2:5β2 þ 17976816S2A2
1 1� ϕð Þ5β2

0

B

B

@

1

C

C

A

η7

� 1009008
1

Da

� �

SA1 1� ϕð Þ2:5β2 þ 1009008Ha2SA1 1� ϕð Þ2:5β2 � 332946S2A2
1 1� ϕð Þ5β2

� �

η8

� 1441440
1

Da

� �

SA1 1� ϕð Þ2:5β2 þ 1441440Ha2SA1 1� ϕð Þ2:5β2 þ 1441440S2A2
1 1� ϕð Þ5β2

� �

η9

þ 80080
1

Da

� �

SA1 1� ϕð Þ2:5β2 þ 80080Ha2SA1 1� ϕð Þ2:5β2β2
� �

η10 � 109928S2A2
1 1� ϕð Þ5β2η11þ

12376S2A2
1 1� ϕð Þ5β2η12 þ 168S2A2

1 1� ϕð Þ5β2η13

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

(67)

6. Example 3: homotopy perturbation method to dynamic behavior of
piezoelectric nanobeam embedded in linear and nonlinear elastic
Foundation in a thermal-magnetic environment

Consider a nanobeam embedded in linear and nonlinear elastic media as shown
in Figure 3. The nanobeam is subjected to stretching effects and resting onWinkler,
Pasternak and nonlinear elastic media in a thermo-magnetic environment as
depicted in the figure.
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Following the nonlocal theory and Euler-Bernoulli theorem, the governing
equation of the structure is developed as

EI
∂
4w

∂x4

� �

þ ρAc
∂
2

∂t2
w� e0að Þ2 ∂

2w

∂x2

� �

þ kw w� e0að Þ2 ∂
2w

∂x2

� �

� kp
∂
2

∂x2
w� e0að Þ2 ∂

2w

∂x2

� �

þk2 w2 � e0að Þ2 ∂
2 w2
� �

∂x2

� �

þ k3 w3 � e0að Þ2 ∂
2 w3
� �

∂x2

� �

� ηAcH
2
x

∂
2

∂x2
w� e0að Þ2 ∂

2w

∂x2

� �

þ EAc
αxΔT

1� 2ν

� �

∂
2

∂x2
w� e0að Þ2 ∂

2w

∂x2

� �

� EAc

2L

ðL

0

∂w

∂x

� �2

dx

 !

∂
2w

∂x2
� e0að Þ2 ∂

4w

∂x4

� �

" #

¼ 0

(68)

It is assumed that the midpoint of the nanobeam is subjected to the following
initial conditions

w x, 0ð Þ ¼ wo,
∂w x, 0ð Þ

∂t
¼ 0 (69)

The following boundary conditions for the multi-walled nanotubes for simply
supported nanotube is given,

w 0, tð Þ ¼ 0,
∂
2w 0, tð Þ
∂
2x

¼ 0, w L, tð Þ ¼ 0,
∂
2w L, tð Þ
∂
2x

¼ 0: (70)

Using the following adimensional constants and variables

x ¼ x

L
; w ¼ w

r
; t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi

EI

ρAcL
4

s

; r ¼
ffiffiffiffiffi

I

Ac

r

; h ¼ e0a

L
; αdt ¼

NthermalL
2

EI
; A ¼ wo

r

Kw ¼ kwL
4

EI
; Kp ¼

kpL2

EI
; Ham ¼ ηAcH

2
xL

2

EI
; Kd

2 ¼
k2rL

4

EI
; Kd

3 ¼
k3r

2L4

EI
:

(71)

The adimensional form of the governing equation of motion for the nanobeam is
given as

1þ Kph
2 þHamh

2 � αdt h
2 þ h2

2

ð

1

0

∂w

∂x

� �2

dx

2

4

3

5

∂
4w

∂x4
þ αdt � Kwh

2 � Kp �Ham � 1

2

ð

1

0

∂w

∂x

� �2

dx

2

4

3

5

∂
2w

∂x2

þKwwþ ∂
2w

∂t2
� h2

∂
4w

∂x2∂t2
þ Kd

2 w2 � h2
∂
2 w2ð Þ
∂x2

� �

þ Kd
3 w3 � h2

∂
2 w3ð Þ
∂x2

� �

¼ 0

(72)

Figure 3.
A nanobeam embedded in linear and nonlinear elastic media (note: Only the bottom side of the elastic media is
shown).
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And the boundary conditions become

w 0, tð Þ ¼ 0,
∂
2w 0, tð Þ
∂
2x

¼ 0, w 1, tð Þ ¼ 0,
∂
2w 1, tð Þ
∂
2x

¼ 0: (73)

6.1 Solution methodology: Galerkin decomposition and homotopy
perturbation methods

The method of solution for the governing equation includes Galerkin decompo-
sition and homotopy perturbation methods. As the name implies the Galerkin
decomposition method is used to decompose the governing partial differential
equation of motion can be separated into spatial and temporal parts. The resulting
temporal equations are solved using homotopy perturbation method.

The procedures for the analysis of the equations are given in the proceeding
sections as follows:

6.1.1 Galerkin decomposition method

With the application of Galerkin decomposition procedure, the governing par-
tial differential equations of motion can be separated into spatial and temporal parts
of the lateral displacement function as

w x, tð Þ ¼ ϕ xð Þq tð Þ (74)

Using one-parameter Galerkin decomposition procedure, one arrives at

ð

1

0

R x, tð Þϕ xð Þdx ¼ 0 (75)

where R x, tð Þ is the governing equation of motion for nanobeam i.e.

R x, tð Þ ¼ 1þ Kph
2 þHamh

2 � αdt h
2 þ h2

2

ð

1

0

∂w

∂x

� �2

dx

2

4

3

5

∂
4w

∂x4
þ αdt � Kwh

2 � Kp �Ham � 1

2

ð

1

0

∂w

∂x

� �2

dx

2

4

3

5

∂
2w

∂x2

þKwwþ ∂
2w

∂t2
� h2

∂
4w

∂x2∂t2
þ Kd

2 w2 � h2
∂
2 w2ð Þ
∂x2

� �

þ Kd
3 w3 � h2

∂
2 w3ð Þ
∂x2

� �

¼ 0

(76)

where ϕ xð Þ is the basis or trial or comparison function or normal function, which
must satisfy the boundary conditions in Eq. (73), and q tð Þ is the temporal part
(time-dependent function).

Substituting Eqs. (75) into (74), then multiplying both sides of the resulting
equation by ϕ xð Þ and integrating it for the domain of (0,1), we have

d2q tð Þ
dt2

þ λ1q tð Þ þ λ2q
2 tð Þ þ λ3q

3 tð Þ ¼ 0 (77)

where

λ1 ¼
λ1

λ0
; λ2 ¼

λ2

λ0
; λ3 ¼

λ3

λ0
; (78)
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λ0 ¼
ð

1

0

ϕ2 � h2ϕ
∂
2ϕ

∂x2

� �

dx (79)

λ1 ¼
ð

1

0

Kwϕ
2 þ 1þ Kph

2 þHamh
2 � αdt h

2� �

ϕ
∂
4ϕ

∂x4
þ αdt � Kwh

2 � Kp �Ham
� �

ϕ
∂
2ϕ

∂x2

� �

dx

(80)

λ2 ¼
ð

1

0

Kd
2 ϕ3 � h2ϕ

∂
2 ϕ2
� �

∂x2

 !

dx (81)

λ3 ¼
ð

1

0

Kd
3 ϕ4 � h2ϕ

∂
2 ϕ4
� �

∂x2

 !

dxþ h2

2

ð

1

0

∂ϕ

∂x

� �2

dx

ð

1

0

ϕ
∂
2ϕ

∂x2
dx� 1

2

ð

1

0

∂ϕ

∂x

� �2

dx

ð

1

0

ϕ
∂
4ϕ

∂x4
dx

(82)

The initial conditions are given as

q 0ð Þ ¼ A,
dq 0ð Þ
dt

¼ 0 (83)

A is the maximum vibration amplitude of the structure.
From the initial conditions in Eq. (83), one can write the initial approximation,

uo as

uo ¼ Acos ωtð Þ (84)

Eq. (22) satisfies the initial conditions in Eq. (83).
The homotopy perturbation representation of Eq. (77) is

H q, pð Þ ¼ d2q

dt2
þ λ1q

" #

� d2uo

dt2
þ λ1uo

" #

þ p
d2uo

dt2
þ λ1uo

" #

þ p λ2q
2 þ λ3q

3
� �

¼ 0

(85)

From the procedure of homotopy perturbation method, assuming that the
solution of Eq. (77) takes the form of:

q ¼ q0 þ pq1 þ p2q2 þ p3q3 þ … , (86)

On substituting Eqs. (86) into the homotopy Eq. (85)

H q, pð Þ ¼ d2 q0 þ pq1 þ p2q2 þ p3q3 þ …
� �

dt2
þ λ1 q0 þ pq1 þ p2q2 þ p3q3 þ …

� �

" #

� d2uo

dt2
þ λ1u0

" #

þ p
d2uo

dt2
þ λ1u0

" #

þ p
λ2 q0 þ pq1 þ p2q2 þ p3q3 þ …
� �2

þλ3 q0 þ pq1 þ p2q2 þ p3q3 þ …
� �3

0

B

@

1

C

A
¼ 0

(87)

rearranging the coefficients of the terms with identical powers of p, one obtains
series of linear differential equations as.
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Zero-order equation

p0 :

d2q0
dt2

þ λ1q0

" #

� d2uo

dt2
þ λ1uo

" #

¼ 0 (88)

with the conditions

q0 0ð Þ ¼ A and
dq0 0ð Þ

dt
¼ 0 (89)

First-order equation

p1 :

d2q1
dt2

þ λ1q0 þ
d2uo

dt2
þ λ1uo þ λ2q

2
0 þ λ3q

3
0 ¼ 0 (90)

with corresponding initial conditions

q1 0ð Þ ¼ 0 and
dq1 0ð Þ
dt

¼ 0 (91)

Second-order equation

p2 :

d2q2
dt2

þ λ1q2 þ 2λ2q0q1 þ 3λ3q
2
0q1 ¼ 0 (92)

with corresponding initial conditions

q2 0ð Þ ¼ 0 and
dq2 0ð Þ
dt

¼ 0 (93)

The solution of the zero-order is given by.
From Eq. (27), we have

q0 ¼ Acos ωtð Þ (94)

On substituting Eq. (94) into Eq. (90) and using trigonometric identities, after
the colllection of like terms, one arrives at

d2q1
dt2

þ λ1q1 þ A λ1 � ω2 þ 3

4
A2λ

� �

cos ωtð Þ þ A2λ2

2
cos 2ωtð Þ þ A3λ3

4
cos 3ωtð Þ þ A2λ2

2
¼ 0

(95)

The solution of the above Eq. (95) provides

q1 tð Þ ¼
A λ1 � ω2 þ 3

4
A2λ

� �

λ1

ω2 � λ21

� �

cos ωtð Þ þ A2λ2

2

λ1

4ω2 � λ21

� �

cos 2ωtð Þ

þA3λ3

4

λ1

9ω2 � λ21

� �

cos 3ωtð Þ þ A2λ2

2

2

6

6

6

6

4

3

7

7

7

7

5

þ A λ1 � ω2 þ 3

4
A2λ

� �

λ1

λ21 � ω2

� �

þ A2λ2

2

λ1

λ21 � 4ω2

� �

þ A3λ3

4

λ1

λ21 � 9ω2

� �

þ A2λ2

2λ1

� �

cos αtð Þ

(96)
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Based on the procedure of HPM, setting p ¼ 1,

q tð Þ ¼ lim
p!1

q tð Þ ¼ lim
p!1

q0 þ pq1 þ p2q2 þ p3q3 þ …
� �

¼ q0 þ q1 þ q2 þ q3 þ …

(97)

On substituting Eqs. (94) and (96) into Eq. (97), the result is

q tð Þ ¼ Acos ωtð Þ þ
A λ1 � ω2 þ 3

4
A2λ

� �

λ1

ω2 � λ21

� �

cos ωtð Þ þ A2λ2

2

λ1

4ω2 � λ21

� �

cos 2ωtð Þ

þA3λ3

4

λ1

9ω2 � λ21

� �

cos 3ωtð Þ þ A2λ2

2

2

6

6

6

6

4

3

7

7

7

7

5

þ A λ1 � ω2 þ 3

4
A2λ

� �

λ1

λ21 � ω2

� �

þ A2λ2

2

λ1

λ21 � 4ω2

� �

þ A3λ3

4

λ1

λ21 � 9ω2

� �

þ A2λ2

2λ1

� �

cos λ1tð Þ þ …

(98)

In order to find the natural frequency, ω, the secular term must be eliminated. In
order to do this, set the coefficient of cos λ1tð Þ to zero.

A λ1 � ω2 þ 3

4
A2λ

� �

λ1

λ21 � ω2

� �

þ A2λ2

2

λ1

λ21 � 4ω2

� �

þ A3λ3

4

λ1

λ21 � 9ω2

� �

þ A2λ2

2λ1
¼ 0

(99)

After simplification of Eq. (99), we have

Aλ2

2λ21
� 1

� �

ω6 þ A λ21 13� 49Aλ2
2

� �

� 36λ1 þ
9Aλ2
2

� 26λ3A

� �

ω4

A λ41 þ 13λ31 � 2Aλ2 � 11λ3A
2

� �

λ21
� �

ω2 þ λ41A λ1 þ λ3A
2

� �

¼ 0

(100)

The sextic equation can be written as

Aλ2

2λ21
� 1

� �

ω6 þ A λ21 13� 49Aλ2
2

� �

� 36λ1 þ
9Aλ2
2

� 26λ3A

� �

ω4

A λ41 þ 13λ31 � 2Aλ2 � 11λ3A
2

� �

λ21
� �

ω2 þ λ41A λ1 þ λ3A
2

� �

¼ 0

(101)

Eq. (101) can be written as

χ1ω
6 þ χ2ω

4 þ χ3ω
2 þ χ4 ¼ 0 (102)

where

χ1 ¼
Aλ2

2λ21
� 1

� �

, χ2 ¼ A λ21 13� 49Aλ2
2

� �

� 36λ1 þ
9Aλ2
2

� 26λ3A

� �

χ3 ¼ A λ41 þ 13λ31 � 2Aλ2 � 11λ3A
2

� �

λ21
� �

, χ4 ¼ λ41A λ1 þ λ3A
2

� �

¼ 0
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The roots of the sextic equation are

ω1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�χ32

27χ31
þ χ2χ3

6χ21
� χ4

2χ1

� �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

χ3
3χ1

� λ22
9χ21

	 
3
þ �χ32

27χ31
þ χ2χ3

6χ21
� χ4

2χ1

	 
2
r

3

s

þ
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�χ32

27χ31
þ χ2χ3

6χ21
� χ4

2χ1

� �

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

χ3
3χ1

� λ22
9χ21

	 
3
þ �χ32

27χ31
þ χ2χ3

6χ21
� χ4

2χ1

	 
2
r

3

s

� χ2

3χ1

v

u

u

u

u

u

u

u

u

t

(103)

ω2 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�χ32

27χ31
þ χ2χ3
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2χ1

� �

þ
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χ3
3χ1

� λ22
9χ21

	 
3
þ �χ32

27χ31
þ χ2χ3
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� χ4
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2
r

3

s

þ
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�χ32
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þ χ2χ3
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2χ1

� �
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χ3
3χ1

� λ22
9χ21

	 
3
þ �χ32

27χ31
þ χ2χ3

6χ21
� χ4

2χ1

	 
2
r

3

s

� χ2

3χ1

v

u

u

u

u

u

u

u

u

t

(104)

ω3 ¼
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�1

2χ1
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� �
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ω4 ¼ �
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7. Conclusion

In this chapter, the applications of regular and homotopy perturbation methods
to thermal, fluid flow and dynamic behaviors of engineering systems have been
presented. Regular perturbation was used in the first example to developed
approximate analytical solutions for thermal behavior of convective-radiative fin
with end cooling and thermal contact resistance. In the second example, homotopy
perturbation method utilized to study squeezing flow and heat transfer of Casson
nanofluid between two parallel plates embedded in a porous medium under the
influences of slip, Lorentz force, viscous dissipation and thermal radiation. The
same method was used in the third example to analyze the dynamic behavior of
piezoelectric nanobeam embedded in linear and nonlinear elastic foundations oper-
ating in a thermal-magnetic environment. It is hoped that the vivid presentation
and applications of these perturbation methods in this chapter will advance better
understanding of methods especially for real world applications.
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