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Chapter

On the Generalized Simplest
Equations: Toward the Solution of
Nonlinear Differential Equations
with Variable Coefficients

Gunawan Nugroho, Purwadi Agus Darwito,
Ruri Agung Wahyuono and Murry Raditya

Abstract

The simplest equations with variable coefficients are considered in this research.
The purpose of this study is to extend the procedure for solving the nonlinear
differential equation with variable coefficients. In this case, the generalized Riccati
equation is solved and becomes a basis to tackle the nonlinear differential equations
with variable coefficients. The method shows that Jacobi and Weierstrass equations
can be rearranged to become Riccati equation. It is also important to highlight that
the solving procedure also involves the reduction of higher order polynomials with
examples of Korteweg de Vries and elliptic-like equations. The generalization of the
method is also explained for the case of first order polynomial differential equation.

Keywords: the simplest equation, Riccati equation, nonlinear differential
equations, reduction of polynomial

1. Introduction

Despite the advent of supercomputers in numerical methods, increasing activi-
ties are devoted to solving nonlinear differential equations by analytical method in
recent years [1-3]. Analytical solutions have their own importance concerning the
physical phenomena as they are often pave the way to the construction of right
theory [4]. Many methods have been proposed concerning this important problem
and generally, for the problems with constant coefficients. One of the useful
methods is the method of simplest Equation [5] or for some authors, the auxiliary
Equations [6]. The method is built by the utilization of the first integral of simplest
nonlinear differential equations, such as Bernoulli and Riccati Equations [7]. The
method had produced many new solutions of the considered nonlinear differential
equations, generally with constant coefficients [8, 9].

For the more general cases, we have found that the method can be extended
such as involving the solution of the nonlinear differential equations with variable
coefficients. The nature of variable coefficients often arises in the equation describ-
ing the heterogenous media and composites [10] or in other cases are produced by
the coordinate transformation of the partial differential Equations [11]. Those two
categories are developed rapidly in recent years with the capacity of high-speed
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Recent Developments in the Solution of Nonlinear Differential Equations

super computers which sufficient for computing nonlinear problem with complex
geometries [12, 13], as sometimes desired by engineering design activities. The role
of analytical solutions is as a benchmark to validate the computer algorithm with
simpler geometries as it is usually performed [14].

In this chapter, the solution method of the simplest equations is different from
the cases of constant coefficients except, on Bernoulli equation. Hence, we will start
from Riccati equation instead of Bernoulli equation as the simplest equation to
highlight the novelty of the procedure. The method is then followed by examples
and conclusion.

2. The first integral of the simplest equations with variable coefficients
2.1 Riccati equation
Consider the Riccati equation with variable coefficients as follows,
As = ar(OA% + ar(©)A +as(@) ()

Let A = ,/, and the above equation can be rearranged as,

Pabg + PP = ap1p5 + arpp, + az or

PP — apiB5 — arpifr = —P1Pas + a3 = yPips.

and is separated as

Prc — arf2Bs — (a2 +7)Br = 0 and B: + 15 — ;—j ~0 2)

The solutions for ; and f3, are

-1
g, — et { J . L(ﬂzﬂ)dafal Bode+ Cl}

¢

and

o= ([ e ) ®
4

1

The relation for A = 3,4, is thus,

1
A= pip, = et [J;ﬁ“ﬁy)d‘falﬂzdg + cl} <Lef!”l‘f %dg + cz) )

1

. . d . .
Without loss of generality, suppose that f; = eL’y * and thus the above relation is
performed as,

-1
pip, = el Ugefﬁ”zd‘falﬂlﬁzdf + cl] ( Lazdé + Cz) 5)
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Rearrange Eq. (5) and integrate once,
ﬂ1€£’a2d§ﬂ1ﬁ2 “ € L“2d§a1ﬂ1ﬂzd€ + C1:| = 0!162La2d§ (J asdé + Cz)
¢ ¢
or
d 2 2 [ axd
|:J e"l;az é&l1ﬁ1ﬂ2d§ + C1:| = 2J aie Laz é(J 0136[5 + Cz)df + C3
¢ ¢ ¢

The solution for A is then,

2 (a
A=pp,= gejﬁ “ <J

¢

2

asdé + cz) U a2l (J asdé + Cz)déj + c3] (6)
13 '3

where the coefficients a; will be determined later from the substitution into the
considered nonlinear differential equations.

2.2 The Jacobi and Weierstrass equations

It is interesting to know that other simplest equations can also be rearranged into
the Riccati-type equations. The famous examples are Jacobi [15] and Weierstrass
Equations [16], which can solve a large class of nonlinear differential equations. Let
us consider Jacobi type equation with variable coefficients,

¢z = b1()p" +ba(&)¢® + b3 (§)¢” +ba(£)¢p +bs(&) 7)
and the Weierstrass equation as follows,

@z = b1(E)® + b2 (E)P* + b3(E) + ba(£) (8)

Here, the reader should not be confused by the coefficients which represent
different functions with the same index. Take ¢ =1+ 4(&) and the Weierstrass
equation becomes Jacobi equation which admits the similar method of solution.

Concerning the search for obtaining solution of (7) and (8), the balancing princi-
ple suggests the substitution of the first order series ¢p = bg + b7A as in the following,

(bee + b7eA + b7As) = bib3A* + (4b1beb3 + byb3) A® + (6b1bgh3 + 3bybeb’ + bsbs) A

+(4b1b2b7 + 3bsbghy + 2b3beby + bab7)A + bibg + babg + b3by + babe + bs
9)

Performing the Riccati equation A: = a1h7A% + a,A + as into (9) and we
generate the following expression,

(bes + b7:A + b7A§)2 = [alb%Az + (a2b7 + b7:)A + ash; + beg]z = 6l%bé7tA‘t + 2a1b7(arb7 + b7§)A3
+ [2a1b7(ﬂ3b7 + b6§) + (ﬂlzb7 + b7§>2]A2 + 2(612197 + b7¢)(ﬂ3b7 + b&:)A + (ﬂ3b7 + b6¢)2
The coefficients of polynomial are then related with the coefficients in (9) in

order to determine a1, a,, a3, be, b7 as functions of the known b, b, b3, b4 and bs as
follows,
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bibs = a2b;

4b1beb3 + bob; = 2a1b7(arby + by:)

6b1b2b3 + 3bybeh3 + b3b2 = 2a1b7(ashy + bes) + (azby + bze)* (10)
4b1b2b7 + 3babghy + 2bsbeby + baby = 2(asb7 + bye)(ashy + bee)

bibg + babg + bsb + babe + bs = (ash7 + be:)’

Hence, the first equation gives,

a1 = fO (bl) (11)

and the second equation is then,

4b1beb5 + bybs
arb; + b7§ = 2f (12)
0
The next relation produces,
6b1bghy + 3babehy + bsb; 1

a3b7+b6§ _ 1We 7+ 206 7+ 3v7 N : (4b1b6+b2)2b; (13)

2f, 8f%

Egs. (12) and (13) are thus substituted into the fourth relation of (12) to form
the third order polynomial equation in term of bg as follows,

(32f b1 + 64b3b5 — 192f 5bib3)bi + (24f by + 32bibyb5 — 16b3babs — 96f bibobs — 48f abibab3) b
+(16f 4bs + 4b1b3b5 + 8bibbs — 32f sbibshs — 24f 5hb3)be + 8f gha + b3bs — 8f ababshs = 0
(14)
which the roots will determine the solution for b¢ as functions of b1, by, b3, b4, b7,

or bg = f,(b7) in simple unknown variable. The step now is to find the polynomial
expression for b7 from the last relation of (10) as,

bif1(b7) + baof1(b7) + bsf 1(b7) + baf 1 (b7) + bs =

6b1f1(b7)b7 + 3baf 1 (b7)by + bsb; 1
2f g ng

2

15
(4b1f(b7) + bz)zb; P

Therefore, the last equation gives the expression for by as polynomial equation of
higher order, and the generated polynomial is,

anb’y + ay by + ay oy a3y 4 e, +asb5 +arby +ag =0 (16)

In this case the higher order polynomial will be solved by reducing the order.

3. Reduction of higher order polynomial
Consider the sixth order polynomial equation as in the following,

bg + 6l4b; + a5b; + a6b; -+ a7b§ +agh7; +a9 =0



On the Generalized Simplest Equations: Toward the Solution of Nonlinear Differential...
DOI: http://dx.doi.org/10.5772/intechopen.95620

First, multiply the above equation with the functiona and rearranged as,
B® + a4aB’ + asa’B* + aga®B? + a;a*B? 4+ aga’B + aqa® + ¢ = ¢ (17)
where B = ab;. The polynomial equation is cut as in the following,
(B* + b1B® 4+ byB” + b3B + b4)B> + bsB* — (B* + b1B® + b,B* + b3B + b4)be = ¢

Note that, the coefficients b; in this section is different from the previous
section. Expanding for the new coefficients,

B® + 191B5 + (bz — b5)B4 + (b3 — 191175)33 + ([94 + bs — b2b5)B2 — b3bsB — bsbe = ¢
(18)

Hence, the relation for coefficients is,
b1 = a1
bz — b6 = azaz
bs — bibg = aza’
bs + bs — bybg = asa* or
—b3bg = asa®

—b4b6 = a6a6 + @

_9
b6_b5
191:%1(1

bz — l’)6 = a2a2

[93 — {lla(l’)z — azaz) = (136(3

b4 + bs — (192 — (12(12)2 = 6140(4 + a2a2 (bz — azaz)
T [ﬂ3(13 + ala(bz — azaz)} (192 — azaz) = ﬂ50!5

— [&l4a4 + ara? (bz — azaz) + (bz — a2a2)2 — b5] (bz - azaz) = aga® + 7

[a4a4 + a20?(by — aza®) + (by — a2a2)2 — b5] (by — aya?) + aga®

bs

(bz — 612(12) = —
The fifth coefficient relation is rearranged as,

(bz — ﬂzaz)z —+ @az (192 — 612612) —+ @(14 =0 (19)
a1 a1

and the roots are,

1 2 2
(l’)z—&lzaz) :i(,]!2 —;E:l: (61—3—4@)
1

] = f,@ (20)
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Also, the last relation is rewritten as,
(bz — a2a2)3 + a2a2 (192 — a2a2)2 + a4a4 (bz - dzaz) + a6a6 =0 (21)

Note that performing (19) into (21) will remove bs and a. Thus, it is necessary to
take other relation, i.e. aga® = a'? + b5, which will produce the cubic equation as
follows,

@ + (£} +aofy + asfy)a® +bs =0 )

which has the roots as,

1
2

=2 (fyrafs afy) 21 [(firafs vaf) —an] @3

Substituting back into aga® = ' + bs to get,

{—%(f3+42f3+ﬂ4fo) i%[(f(3)+“2fé+“4fo)2_4bsf}2 _

ths = —%%(fg +arfs +aaf,) i%%[(f?) +arfs+aufy) — 4175]
(£ +aafh +asfo)’ = abs| = 2(£3 +arfs +asfo) [( £3 +arfs + asf,) — dbs]'
1
4

1 1 1
(f5+axf§ +asfo) +bs = —3as( 3+ aaf s +asfo) +5a6| (3 +aaf +asfo) — 4bs]

N

[NTEN

1
4
+
or

(f3+arfatasfo) +as( £3 +arf’ +asfy)]
(fo +axfy+asfy+as)

1

2
bs =5 (fo+mfy+asfy) =5

SN

(24)

Therefore,a is also determined by (24) and so all the coefficients,
b1,b2,b3,b4,be, @. The polynomial equation of sixth order is then re-expressed as,

(B* + b1B + bB? + b3B + by) (B — be) = —bs <BZ )\ bi;) (25)

as reduced into the quartic equation the roots can be obtained by radical
solution.

The procedure described by (17-25) can be applied and iterated into (16) until
the polynomial equation of b; is reduced into quartic equation. Hence, all the
coefficients for Riccati equation the first order series, i.e. a1,45,4a3,bs, b7 are
determined and produce the solution as,

¢ =be + b;A or

¢ =be + \/751976“[5“2& (J azdé + Cz) U ﬂ1b7€2jfa2d§ (J azdé + Cz) aé+ C3} _
¢ 4 4
(26)

1
2

Thus, following the method explained by (2-6) and (17-25), we have arrived at
the solution of Jacobi and Weierstrass equations with variable coefficients.
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4. Solution examples
4.1 The elliptic-like equation
As an application, consider the elliptic-like equation with forcing function,
bec +D1(8)¢° +Dba(S)¢ = b3(&) (27)
The balance principle suggests that the solution should be in the form,
¢ =hs+bsA (28)

Substituting into (27) will reproduce the following expression,

bsAgg + stgAg + blbgAa + 3b1b4b§A2 + (bsgg + 3b1bib5 + bzbS)A + b4§§ + blbi +bobs = b3
(29)

The next step is to differentiate the Riccati equation once,
Agg = M%A3 + (36{1(12 + 6115)142 —+ (2011%3 + a% + dz,g)A + aras + ase

Substituting into Eq. (29) and it will produce the polynomial equation as in the
following,

(2a3bs + b1b2) A® + (3arasbs + arehs + 2a1bs: + 3b1babl) A
+(2a1a3bs + aZbs + ayehs + 2a2bse + bsge + 3b1b3bs + bobs) A
tasa3bs + azebs + 2a3bs: + bazz + bibs + baby = b3
or the next step is to relate the coefficients as,
2a2bs +bib2 = 0
3a1a2bs + arehs + 2a1bse + 3bibabs = 0
2arazbs + a2bs + ayebs + 2a2bs: + bszz 4 3b1b5bs + bybs = 0
arazbs + azebs + 2a3bse + baze + bib> + byby = b3
In this case, the first equation gives,
a1 = f (b1)bs (30)
For the second equation,

3f0l2b5 +f§b5 + 3_7%55 + 31’)11’)4b5 =0

Thus, provide the expression for b5 as,

biby
bs = C4 —%e_L(“2+T)d‘f (31)
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The third and fourth equations produce,

asbs = bs_lefjfazdé U

bk (b3 — bage — babi — baba)dé + 64} (32)
¢

Substituting (32) into (31),

b b —(a a
—a% — Ay — 2.dzb—55‘f — bs—ig — 3b1bi — bz = 2_.fb5_1€ ‘L e |:J§b5€“|; A (b3 — b45§ — b1bi — b2b4)df + C4:|

Replace bs with (10),

o S 1) (),
(33)

bqby _ [ h1ba
2feL—df d “ P f(b3 — bage — bib} — bobs)dé + 04]
4

which then solves a, regardless of b4. In this case, we take b4 as the chosen
fundamental variable and the resulted coefficients, bs, a1, a,, a3 depend on by
and with the known coefficients b1, b,, b3. Therefore, the solution of (27) is
generated as,

H(E) = bs(ba) {?eﬁ“zu’“)‘“ (La3(b4)d§ + cz> Ugal(m)ezﬁ“ﬂb””’f <La3(h4)d§ + C2>d§ + 03] _%}
+b4
(34)
4.2 Korteweg de Vries equation
The next example is for the Korteweg de Vries type equation,
Peze + b1(E) e + b2 (E)de + b3(E)d + ba(E) =0 (35)

The balancing principle with application of Riccati equation will determined the
ansatz,

¢ = bs + bA + b7 A? (36)
Performing into (35) will produce,
2b7AA sz + beAge: + 6b7A:As: + 6b7:A7 + 6b7:AAg: + 2b1b5A%A; + 3b1beb,A’A;
+(6byes + bib2 + 2bibsby + 2byby) AAs + 3besA: + (3bez: + bibsbe + babg)As + bibyby:A*
+(b1besh7 + bibgb7:)A® + (breee + bibshz: + bibgbes + bibsehs + babse + bsby) A

+(begee + bibsbe: + b1bsebe + bobes + bsbe)A + bsgzzs + bibsbs: + bobs: +bsbs + by = 0
(37)
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Performing the Riccati equation into (37) will produce the following polynomial,

18a1a1:by + 54a3arby + 6a3be + bib7by: + 2ab1b5
(12b7a3 + 2b1b2ar + 12a3b7) A5 + ( ' ' ") at

+18a2b7: + 3a1b1beby

40a2asb; + 32a1a3b7 + 12a1:a:b7 + 18a1a2:h7 + 2a14:h7 + 6a1a1:be + 12a2a2b6 + bibeehy
+ | 4b1bebre + 2a3bib3 + 6a3by + 30arabys + 6a1chye + 6a3be: + 3asbibeby + 6a1byg: A3
+aib1bg + 2a1b1bshy + 2a1bab;
52a1aya3h7 + 14ayzazh; + 10a1a3:hy + 12araz:h7 + 2aze:h7 + 8a3h7 + 8atashe + 7a1a3bs
+3a1za2b6 + 6a102:b6 + a1g:be + 24a1a3b7: + 1251%1975 + 6ax:b7s + 9a1a2be: + 3a1:bes + by
+hibsh: + bibebes + bibschy + baby: + bsby + 3azhibeby + 6ashzz: + asbib? + 2a2bibshs

+2a,b,b7 + 3d1b65§ + a1b1bsbe + arbrbg
16ala§b7 + 14a%a3b7 + 10a2¢a3b7 + 8a2a3§b7 + 2&35§b7 + 8ayara3bg + 4a15a3b6 + 2a1a3,5b6

+3a2a2§b6 + ﬂ2§§b5 + ﬂgbs + 18a2a3b7§ + 6a3§b7§ + 6a1a3b6§ + 36!%1’)65 + 3ﬂ2§b6§ + b6§5§
+b1b5b6§ + h1b55b6 + b2b6§ + bsbg + 6a3b7§§ + ﬂ3b1hé + 2a3b1bsbs + 2a3byb7 + 3ﬂ2b6§§

+ab1bsbe + arbabe

2a1a§b6 + 61%6{3b6 + 2d2§ﬂ3b6 + a2a35b6 + ﬂl3§§b6 + 60120[%197 + 6d3a3§b7 + 3ﬂ2d3b6§ )
=0

+3ﬂ3§l’)5§ + 195555 + l’)lbsbsg + bzbs‘f + 6&1%1075 + 3&131’)555 + aszbhibsbe + azbrbg + b3bs + by
(38)

From this step on, there is a little hope to solve all the coefficients as they are
equal to zero. As it has also to be reduced, it is important to note that the problem of
reduction here is different from the case of Jacobi equation since all the coefficients
are in principle solvable in algebraic form. In this case, it is not practical to reduce
the fifth order polynomial as the even highest power, i.e., as a tenth order polyno-
mial equation. The calculation will become too tedious as the detail expression is
needed in the reduced polynomial equation. The next sub section will illustrate the
reduction of an odd highest power polynomial equation.

4.3 Reduction of fifth order polynomial
Consider Eq. (38) as follows,
A1 A° + dryA* + d3 A3 + d4A? + dsA +dg = 0

Multiply by the function, f and rearrange,

1B’ + dopB* + ds°B’ + daff°B* + dsp*B +de° + ¢ = ¢ (39)
where, B = f/A. Rearranged Eq. (39) as given by,
(b1B> + b2B* + b3B + b4) B> + bsB> — (b1B® +byB*> +b3B +bs)bs = ¢  (40)
Expanding the all the coefficients as,

b1BS + sz4 + (hg — b1b6)33 + (b4 + bs — b2b6)Bz — b3bgB — bsbg = @
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Relate the coefficients as in the following,

by =d1
by = dofp
bs — bibg = d3f*

1
by +bs — dzﬂaTl (b3 - d3ﬁ2) =dp°

1 1
~ (b3 - d32)’ = dsp* + dsp? 7 (03— dsp?)
1
1 1
—|d4p® + dzﬂjl (b3 — dap®) — bs] @ (b3 — d3p®) =def’ + @
1 1
{d4ﬂ3 +dofp— (b3 — d3p®) — bs| = (b3 — dsp*) +dsf°
L (by — dof?) = — & &
d V27 bs
(41)
The fifth equation of (41) gives the roots as,
Loy - asp?) —lﬂz[d + (&3~ 4ds)’| = p°f (42)
2, \b3 —dsf) =35 |ds 3 5)°l =B

Moving to the last equation, the functions b5 and $ disappear from the operation.
In this case we will consider the test function, bs + ﬂlo = d6ﬁ5 , and will perform as,

1 1
B0+ dup? & (bs — dap®) + dzﬁ; (b3 — d3ﬂ2)2 +bs=0 (43)
1

Substituting for b3, the expression for f is,
P+ (daf o +daf §)dap® +bs =0
s 1 o, 1 52 ] (44)
P = =5 dafo+dofo) £ 5 [(d4f0 +daf5)" - 41”5}

Substitute back to, bs + 1 = d¢f° as follows

1

[ 2@ty ) 25 (fo +fd) ~ans]'} 4
= Zdsldafo +daf3) + 2 ds | (df g +dof3)’ - b5’ or

3@+ af)” — avs] -
.

N =

(df o +dof?) [ (def o + def )" — 4]

(Ao +dof3)’ +bs = —Sdeldef'y + dof) =5 ds [ (def o +dof3) — 4bs]

1
2

or

1 232 1 (d4fo+d2f%))2+d6(d4fo+d2f%)) 2
- 4 efo +afo) 4 [ (daf o +dof o +ds) ] )

which then solves bs, 5, ¢ and thus generates all the coefficients of b;. The
polynomial is then rewritten as,

10
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(b1B® + baB? + b3B + by) (B — be) = —bs (32 - bﬂ)
5

which is reduced as,
3 2 1 2 3 1 2 1
hA® +dr A% + {idl ds £ (d5 — 4ds)’| +d3}A +dy+ 5 |da & (] — 4ds)’] = 0
(46)

Eq. (46) dictates that the relations, d; = d, = d3 = d4 = 0 will satisfy for the
solution. Hence, the coefficients are then,

12b7a3 + 2b1bay + 1243b; = 0

18a1a1:hy + 54a3arh; + 6a3be + bibsbs: + 2a2b1b5 + 18a2by: + 3a1b1beh; = 0
40a3asb; + 32a1a5b7 + 12a1:a2b7 + 18a1aa:h7 + 2a1:b7 + 6a1a1:bs + 12a2azbs
+b1bezb7 + b1ibeb7: + 2a3b1b§ + 6a§b7 + 30a1a2b7: + 6a1:b7: + 6a%b65 + 3asb1beb7
+6a1byze + arbiby + 2a1b1bsh; + 2a1bab; = 0

52a1a,a3b7 + 14a1:a3b7 + 10a1a3:by + 12a2a2:b7 + 2a0::b7 + 8a3h7 + 8atasbs
—|—7a1a%b6 + 3a1:arb6 + 6a1a2:b6 + a1eebs + 24a1a3b7: + 12a%b7§ + 6ay:b7: + 9a1asbe:
+3a1:bes + beee + bibshye + bibgbes + bibseby + babzs + bsb7 + 3asbibeby + 6a3b7e:

+asbibg + 2a2b1bshy + 2ayb2b7 + 3arbee: + arbibshe + aibabs = 0
(47)

The first equation gives,

b7 =f(b1)a? (48)

The second equation is rewritten as,

18a1¢fai + 54faia2 + 6ai’b6 + blﬁffaf + 2b1fza$a1§ + Zozzblfzcl]t + 18f§ai' + 18faia15
+ 3bibefas = 0 or

18a1f + 54fa, + 6be + byff .an + 2b1f a1e + 2a0b1f7ar + 18f a1 + 18fay, + 3bibef
=0or

36f + 2b1f7)are + 54fa, + 6bs + (boff . + 2a0b1f> +18f, Jas + 3bibef = O
4 ¢
The solution for bg is then,
(36f + 251 )are = — (biff s + 2asb1f + 18f ) as — 54fa, — (6+ 3fb, )b

! ) |:<b1ﬁ€§ + Zazblfz + 18f§>011 + (36f -+ 2b1f2)6l1§ —+ 54f612:| = hl(al,ﬂz)

he —
6 (6 + 3fb,

(49)

11
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The third equation will produce,

40&1%6‘!3}0 + 32&%&1% + 12611&0[2](611 + 180!25]%% + 261155]%11 + 6%1§b6 + 12a1a7b6 + h1b65fa1 + b1b6f§ﬂ1
+2fa,b1be + 2a3b1fad + 6aifa, + 3Of§a%a2 + 3Oﬁ‘§a§a2 + 60f2as:a1a; + 6aicf a1 + 12faif
+6arbg: + 3arbibefa, + 6f a1 + 24f .arcar + 12fay a1 + 12faf, + bibg + 2bibsfa; + 2bofai = 0

Take the expression for b5 as,

1
~ T [ha(ar, a2) + (40fa% + 2b1f2ai)a3}
vy

with,
hz(al,dz) = 32%%01%]0 + 120!1§6l2fd1 + 18(12/:]“01% + 2ﬂ1§§fd1 + 6d1§h1 + 12a1a7h4

+b1h1§fﬂ1 + b1h1f§0l1 + 24f§ﬂ156{1 + 60!;][%1 + 30f§6l%6l2 + 30]75(1%[12 + 60f2[l1§[l10l2

+6aref a1 + 12faf, + 6arhy + 3asbihifa, + 6f .at + Aaybihy + 12fa, a1 + 12fa],
+hih} + 2bofa;

(50)

The fourth relation of (47) will generate,

hs(a1,a2) = <24f£a§ + 48fadas; + 3b1b6fai>a3 + 6fa1§a15512a2a2§fai + 2y

+8a3fal + 7arashy + 3arzarhy + 6arazshy + arehy + 12f .aja; + 24fa,arza5 + 6f .ajaz
+12fa,a1:a0: + Sarashe + 3archaz + f 07 + 2f otrane + 4f pearane + 6f a3 + 6f .aranz
+2fa,ange: + bihihe + f a3y + 2aja1ehy + bafal + 2a0bofa; + 3a1h1¢§ + asbohy

h
+6f ::a 2ay + 24f .ananzar + 12fa1§a2 + 12fa,a1z:a7 + asbihs + ——— 5+ bifa; < 2

fa zblfoﬁ) :
(51)

which then produce the solution of a3.
Note that 4, and a, are the chosen fundamental variables and according to (48-51)

and with the known coefficients b1, by, b3, b4, they will define, bs, bg, b7, a3, f. There-
fore, the solution of Korteweg de Vries equation is generated as,

V2 eLWE <f§a3(a1, ay)dé + C2>

#(&) = bs(ar,a2) + bs(as,a2) 5

1
2

{fgﬂlez‘[‘f“zdé (fgﬂs(ah az)dé + C2>d§ + C3}

a) 2
€2L d <f§a3(a1,a2)d§ + Cz)
+I97((11, az)

N =

{fgalezﬁ“z”’é (Jias(ar, a2)de + Gy )de + ca]

(52)

Since only a few of the considered equation has a special polynomial to be solved
by equating all the variable coefficients to zero, it is important to note that the
reduction of polynomial order would be an important step. Solving all coefficients

12
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to zero often be an obstacle because the difficulty would be the same or even more
than the original nonlinear ODE:s. In this case, the reduction of polynomial manip-
ulates and reduces the need for solving all coefficients.

However, it is possible not to search for the expression of variable coefficients,
i.e., bs,be,b7,a1,a, and as. First the roots of Eq. (37) are determined first as ¢, and
then Eq. (1) is decomposed as,

B a
D5 = (llBDz + <dz — Eé>D + §3 (53)

with A = BD. The solution of (53) is then,

1

\/i J‘ﬂzdﬁ as aq 2Jqﬂzd£§ as 2
D =5g¢” (LEdS—FCz) U§§€ ¢ (LEd‘f—I—Cz)df—l—Q] or

A — BD = Y2 Jee (J % e+ Cz) U 1 2] aade (J % e+ Cz) dé + C3} -
. B . B . B

(54)

The definition for B is determined by substituting the polynomial solution, ¢
into (54) as in the following,

o V2 fﬂzdf a3 ai 2ja2d5 as
A=d="e (Lgdf + Cz) “ﬁe : (Lgd&+ c2>d5 + ca}

1
2

Rearranging the above equation as,

o 1 2(a ’
Al ([Gee e o] 3 (| S

Differentiating once,

a1 2(axd a a ade  Pe 2[ax a 2
§162L g(Lﬁdé + Cz) = <¢_§€2L $L ¢_§€2L 5) <L§3d§ + Cz)

as 1 ard a
+§3Eezjf 2 é(Lﬁdf—i-Cz) or

a_ (a2 e\ ([ a3 a1
5_(? ¢3>(LB”Z§+CZ)+B¢2 )

Eq. (55) is a first order ODE in B and can be easily solved, which then prove that
A = ¢ without establishing the explicit expression for variable coefficients.

5. Generalized method

In this section, the method of solution to the Riccati equation is extended for the
class of the first order polynomial differential equation as,

Ar = a, A" 4 a, 1AV 4 a, AV 4 +a3A3 + A+ a1A +a9  (56)

13



Recent Developments in the Solution of Nonlinear Differential Equations

The above equation can be always re-expressed as,

As = (bpA" >+ by A2 + by A" + +b3A +by)A* + biA
+ (byA" 2 + by 1AV 4 by AT+ +b3A + by)bo

or

A: =byA" + by 1 A"+ (bya +bubo)A" T + ... + (b3 + by_1b) A3
+ (b + by—2bo)A* + (b1 + b3bo)A + babg (57)

which the coefficients will be reformulated as,

bn = Ay, bnfl = -1, beO = ao

bn - anabn 1= a4y 1,b2b0 =ao
- - 2 3

Olzbz — bz +a,ag = an_zaobz

bn—Z + bnbO = an-—2 a
0

b3 +by-—1bo = a3 or 3+ b, " (58)
bz + banbO = a2 b% + bn_zao = dzbz
b1+ bsby = aq
by + b3@ =aq
b,

In this case, we will always obtain the new coefficients b;. Proceeding into the
other equations andmultiply the equation by the function «a, to get,

aA: = (bpA" * + by 1A 3 + by A" + +b3A +by)aA? + biaA
+(buA" 2 4+ by 1 AP+ by 2 AT+ +b3A + by)abg >
B: = (bya®> "B" * + by1a® "B" 3 +bya* "B + ..., +b3a 'B+by)a 'B* + (b1 - %)B
+ (bnotz_”B”_2 + by 1 "B 4+ by aat "B 4 +bsa B+ bz)abo
(59)

where B = aA. Then, all the new coefficients in b; will be determined. The step is
now to solve the Riccati equation. Let B = 3,33, the equation can be rearranged as,

BBz + PPz = (bya® "B + by_10®> "B 3 + by 20 "B + ... +bsa 'B+by)a '\ f55
or
(01 %) 8oy (b "B by 1@ B byt B +bsa'B + by)abo
B3P — (bna® "B** + by 10> "B + b, 20t "Bt + L +bsa 'B+by)a B35
a bnaZ—an—Z T bn71a3—an—3 + bn,2a4_an_4
- (bl + *)ﬂzﬁz = —fafse + ) abo = ypp;
a T s +bsza'B+ b,
(60)
and is separated as,
Boz — (bna® "B ? + by 10> "B" 3 + by 2a* "Bt + ... +b3a B+ by)a 2 pop;
a
(b +%4y)p =0
and
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1
Bas + B3 — 7 (by® "B** +by_10® "B"? + by 2a* "B + ... +bsa 'B+by)abo =0
2

(61)

The solutions for f, and f; are,

%
pr = —€L<bl+“+y)d6x
-1
., b azann—Z +b _1a3ann—3 +b _2a4ann—4 and
% n n n
J o (Bt )e a pade + Cr
4 A leveed.. + l’)3a_1B + b,
1 bya*"B" 2 4+ b, 103 "B" 3+ b, 0 "B"*\ b
,3326 LJ/df JeJ;}’di n n11 n—2 a—Odéj—i—Cz
& Foeenn +bsa "B+ b, )3
(62)
The relation for B = f,f; is thus,
B, 76.[5(1,1;%:),15 |:L,ef:(bﬁ(:_fﬂ)d5 (hnotz‘”B’”2 + by 1> "B 3 4+ b, a* "B 4+ +bsa B+ hz)a‘1ﬁ3d§:| 7lx
+C1
|:[ €-Lyd5 (bnazann—Z + bn,1(137"3n73 + bn,z{147an74 R RTTI + b3(1713 + bz)(lbodf + C2:|
Je

Without loss of generality, suppose that g, = (peJqudg and the above relation is
performed as,

b,a®>"B" %2 + b, 10> "B" 3 -

o o
Pofs = —eL(bﬁ“)dé& J eﬁbﬁf)d& +b,_2a* "B 4 +bsa B |a \ppopdé + C
¢
+b> o
U (bya® "B" 2 + by 10> "B" 3 + by_ra* "B + +b3a "B+ by)ag 'bodé + C,
¢
u b aananZ 4 b 71(137an73 + b 720‘,47an74
bi+-2)de [ 7" n n B
PabP3 J C’L( A a 'ppyfsdé + Ci| =
¢ A\ + b3a_lB + b,
a b,a>"B" 2+ b, 10> "B" 3 + b, _,a*"B"*
% n n—1 n—2
J;(b1+ll)d§ J an_lbOdg ‘I’ CZ
P\ 4 +b3a B+ b,
Rearrange the above equation as,
fb1d§ 2—npn—2 3—npn—3 4—npn—4 -1
e (bna B “4+b, 1 "B" 2 4+ b, 2a" "B + ... +bsa "B+ bz)cpﬁ2ﬂ3
thd5 b n—2 n—3 n—4 —
e by buy" 7 A by 4 e, +b3y + b)) pPypsdé + Cr| =
¢
—e2Lbld§aq) (bnazannfz + by 1@ "B 3 4 by a* "B 4 +bsa B+ bz)
U (lanocz*"B”*2 +b, 1@ "B 3+ b, 0B+ ... +bsa B+ bz)a(pflbodf + CZ]
¢
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2 (b : :
Let &2 “ap = ap~'bo and integrate the above equation to get,

2
“ el (bya®> "B" 2 + b, 10> "B"® + b, 20" "B + ........ +bsa B+ by) gp,fadt + cl} =
¢
2
— U (bnozz’"B”’2 + b, 13"B" 34 b, 5a "B +bsa B+ bz)ago’lhodé + Cz]
¢
or
bqd _ _ _ _ _ _ _

i “(bp@® "B 4+ by 1> "B 2+ by 2 "B 4 .. +b3a 'B* 4+ byB)¢* =
. (bnocz_”B"_2 + by 1@ "B 3 4+ b, hat "B +bsa B+ bz)abo

The solution for B is then reduced into the solution of the polynomial equation.
Thus, let A = a~'B = ¢, where¢ is the expression from the solution of the resulting
polynomial equation which is similar to (38). The expression for a can be deter-
mined by the inverse method as in (53-55) for the first order polynomial differential

Eq. (56).

6. Conclusion

In this chapter, we propose the method of the simplest or the auxiliary equation
to solve the nonlinear differential equation with variable coefficients. The method is
based on the solution of the generalized Riccati equation as the simplest equation. It
is found that the other known simplest equations, i.e., Jacobi and Weierstrass
equation, are also solved by the Riccati equation. The applications with the variable
coefficients elliptic-like and Korteweg de Vries equations show that the problem of
solving nonlinear differential equations with variable coefficients are simplified,
especially by the reduction of the resulting polynomial equation in solving the
Korteweg de Vries equation. The generalization of the method is also derived in
detail.
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