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Chapter

Positive Periodic Solutions for
First-Order Difference Equations
with Impulses

Mesliza Mohamed, Gafurjan Ibragimov and
Seripah Awang Kechil

Abstract

This paper investigates the first-order impulsive difference equations with
periodic boundary conditions

Ax(n) =f(n,x(n)), ne€j, n#ny,
Ax(ny) = In(x(ne)), k=1,2,..,m,
x(0) = x(T),
where f € C(J x R",R"), I, e C(R*,R"). By using a cone theoretic fixed point

theorem, new existence theorems on positive periodic solutions are established.
Our main results enrich and complement those available in the literature.

Keywords: Impulse, difference equation, boundary value problem, Green’s
function, fixed point theorem

1. Introduction

Let R denote the real numbers and R the positive real numbers. Let ] =
[0,T] ={0,1, -, T}. In this paper we investigate the existence of positive periodic
solutions for nonlinear impulsive difference equations

Ax(n) =f(n,x(n)), ne€j, n#ny,
Ax(ny) = I(x(ne)), k=1,2,..,m, (1)
x(0) = x(T),

where A denotes the forward difference operators, i.e., Ax, = x,+1 — X,
feC( xR, RY), [,eC(RT,RY).

Boundary value problems for difference equations and impulsive differential
equation have been widely received attentions from many authors (see [1-12]) and
reference therein. However, as far as we know, the theory of difference equation for
boundary value problems (BVPs) with impulses is rather less, there are still lots of
work and research that should be done. In [3], He and Zhang obtained the criteria
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on the existence of minimal and maximal solutions of (1) by using the method of
upper and lower solutions and monotone iterative technique. The similar tech-
niques were applied in [11] for the problem

Ax(n) =f(n,x(n)), n€j, n#ny,
Ax(np) = I (x(ne)), k=1,2,-,p, (2)
Mx(0) — Nx(T) = C,

where f € C(J x R*,R"), I, e C(R", R"). Motivated by the work of [3, 13] we
establish the existence of positive periodic solutions for (1) by using the fixed
point-theorem in cones following the ideas of [13]. The results herein improve some
of the results in [3, 11].

Throughout the paper, we make the following assumptions:

1.0<M<1,0<Ly <M, f(n,x(n)) +Msx(n) >0.
2.(M — Lg)x(ng) + I (x(m)) + Lex(ne) > 0.

This paper is organized as follows. In Section 2, we introduce some preliminaries. In
Section 3, by applying the fixed point theorem in cones, we obtain some new existence
theorems for the impulsive difference equations with periodic boundary conditions.

2. Preliminaries

Let
E={x:]—->R:x(0)=x(T)}

with the norm ||x|| = max,¢j|x(z)|. Then E is a Banach space.
Consider the following linear impulsive difference equations with periodic
boundary condition

Ax(n) +Mx(n) =o(n), n€j,n # ny,
Ax(np) = —Lpx(ng) + Le(x(np)) + Lex(ng), k=1,2, ...,m, (3)
x(0 =x(T),
where M is a constant, I, e C(R",R") and 6 € C(J, R").
The following lemma transforms the analysis of PBVP (3) to the analysis of
summation equation. We denote G(#,j), the Green’s function of the problem (3).

Lemma 1. Let (A1) and (A2) hold, 6 € C(J,R"). Then x € E is a solution of PBVP
(3) if and only if x is a solution of the following impulsive summation equation

T-1
x(n)= Y Gnj)o(j)
J=0,57m (4)
+ Y Glmyme) (M — Li)x(me) + Le(x(ne)) + +Liex ()
0<mp <T—-1
where
(1-M)" :
Gn,j) =———= (5)
1-1-M) | a-m)™™ ,
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Proof For convenience, we give the proof for the corresponding linear case (3).
Consider first the homogeneous equation

Au(n) + Mu(n) = 0, nej, n#m,
which is easily solved by iteration. We have
un)=1-M)",

with #(0) = 1. Now the first Eq. (3) can be solved by substituting x(n) =
u(n)y(n) into Eq. (3), where y is to be determined:

umn+1yn+1) —umn)yn)(1—M) =o(n)

or

So from (3), we see that y(n) satisfies

Ay(n) = %” 7 M
Ay(ne) :]\%y(m) +Ik(x271¢k))j\:[r)nL}ﬁ9i(nk), k=12, ...m, (6)
y(0) =y(T)(1—-M)".
From (6), we have
n—1 .

—(0) + _ o)

y(n) =y(0) 2 amT
(7)

M—L,
+ y(me) + -,
O<7§S:n—1(1_M (1_M) L

Lettingn = T in (7), we have

(J)
H(T) =(0) + vy
Jj=0,j#n, (1 - M) s (8)
M — L Iy (x(mi.)) + Ly ()
+O<nk<T1<1_M y(ﬂ ) (1 M)nk+1 >
Applying (8) and the boundary condition y(0) = y(T)(1 — M)", we get
__a=mt S el) CW—%
¥0) = 1-(1- M)T (j(%;enk (1- MYH ' O<nkz§:T1 1-M Y 9)
+Ik(x(nk)) +ka(nk)
(1 _M)nk+1 :
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Substituting (9) into (7) and using y(n) = % ,n €], we get the unique
solution of (3)
T-1
x(m)= Y Gmj)o(j)
j=0,j#m
+ Y Glryme) (M — Li)x(me) + Ie(x(m)) + Lix(me)))
0<n,<T-1

where G(n,j) is given in (5). The proof is complete. [].
Consider the PBVP (1). To define a cone, we observe that

(1- M) | 1
aomr SO S
Define
A::(l——M)"T’
1-(1-M)
3 1
T1-(1-M)7"

We denote the cone in E by
K={x€E , nel0,T] and x(n) >0|x||},

where 6 =4 €(0,1). Define a mapping T : E — E by

)= Y. Glnjo())
j=0,j7m: (10)
+ > Glnyme) (M — Le)xc(me) + L (x(m)) + Lix(mi))).

0<m<T—1

Since f is continuous, T is also a continuous map. Before starting the main
results, we shall give some important lemmas. The next Lemma is essential in
obtaining our results.

Lemma 2. The mapping T maps K into K, i.e TK CK.

Proof For any x € K, it is easy to see that Tx € E. From (10) we have

T-1
Tx(n)= > G(n,jo(j)
j=0,j#m
+ > Grym) (M = Le)x(me) + Te((me)) + Lix(ng)))

O<n, <T-1

T-1
< Y Bo(i+ D B(M—Lp)x(m) + L(x(m)) + Lex(m))).
=05,

0<m, <T—1
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Noting that
G(n,j)o(j) =0, G(mym)((M — Li)x(ng) + I (x(ng)) + Lex(ng,)) > 0.

We can also obtain

Txm)= S Gln,j)o())

J=0,j#n
+ > G,m) (M — Le)x(me) + Ie(x(ne)) + Lix(n))

0<m, <T-1

T-1
> Y Ao+ D A(M—Lyx(m) + L(x(m)) + Lix(n)))

=0, j#n, 0<n, <T—1
A

> —|Tx(n

> I Tx(n)

>o||Tx||.

Hence TK Cc K. The proof is complete. [].

The following lemma is crucial to prove our main results.

Lemma 3. (Guo—Krasnoselskii's fixed point theorem [14]) Let E be a Banach space
and let K C E be a cone E. Assume 4, ; are open subsets of E with 0 € Q;, Q; C Q,
and let

T:Kn(Q\Q) — K
be a completely continuous operator such that either.
i |Tx|| < ||x|| forx e KnoQq and ||Tx|| > ||x]|| for x € K Nn0Ly,; or
ii. [Tx|l > |lx|| forx e KnoQq and || Tx|| < |lx|| for x € K noQy.
Then T has a fixed point in K N (Q,\Q).

We are now in a position to apply the preceding results to obtain the existence of
positive periodic solutions to (1).

3. Main results

In this section, we state and prove our main findings.
Theorem 1. Suppose that the following conditions hold

fn,x)

limgr === =M, lim_o ,;T =0, (11)
: . ]
lim oo flnx) _ oo,  limy e Zk_x) — oo (12)
X X

Then the problem (1) has at least one positive periodic solution.
Proof 0 <7 <R < oo, setting

Q = {x€E: |xl|<r}, Q ={x€E: |lx]|<R}.
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We have 0 € Qq, Q1 CQ,. It follows from (11) that there exists » > 0 so that for
any 0 <x <7,

f(n,x(n)) <cix — Mx, Zlk <cox,

where ¢1, ¢, are positive constants satisfying
oB(Tey + (T —m)(M + ¢3)) <1.

Therefore for x € K, with ||x]| = r,
fln,x(n)) + Mx <cpe, » I <cox.
k=1

Moreover 0 <o||x|| <x(n) <|lx|| = r. Thus

T-1
Tx(n)= > G(n,jo(}j)

J=0,57m
+ > Grm) (M = Le)x(me) + Ie(x(me)) + Lix ()

0<m, <T—1

< Y B(flnx(n) +Ms(n)

n=0,n#n,

+ Z B((M — Ly)x(ne) + I(x(ng)) + Lix(nz)))

0<m, <T—1
<TBcio|lx|| + (T — m)Bo(M — Ly, + ¢ + Lg) |||
<6B(Tey + (T —m)(M + c2)) Il
< lleell,
which implies || Tx|| < ||x|| for Vx € K N 0Q;.
On the other hand (12) yields the existence of R > 0 such that for any x >R

fln,x(m) 2nx, > Ipy>npx
k=1

where 7,,1, > 0 are constants large enough such that

Ao(T(ny +M) + (T —m)(M +1n,)) > 1.

Fixing R > max {V, §} and letting x € K with ||x|| = R, we get x(n) > ol|x|| =

6R >R and f(n,x(n)) + Mx > nx + Mx > 6(n, + M) |lx||.
Thus

T-1
Ts) = S Glnje(j)

j=0.j
+ Y Gm) (M — Li)x(m) + Ie(x(m)) + Lix(m)))

0<ny <T-1

T-1
> Y A(f(n,x(n)) +Mx(n)

n=0,n#ny,
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+ Z A((M — Ly)x(ng) + I (x(n)) + Lix(ng)))

0<m, <T-1
>TAo(n +M)llxll +A(T —m)o(M — Li + 1, + L) |Ix||
2Ao(T(n; +M) + (T —m)(M + 1)) lIx|
2 lx|l-

In particular ||Tx|| > ||x]|, Vx € K N 0Q;.
Consequently by Lemma 3(i), T has a fixed point in

Kn (Qz\{gl}),

which is a positive periodic solution of (1). The proof is complete. [].
Theorem 2. Suppose that the following conditions hold

: fn,x) . L (x)
lim o+ PR lim,_ o+ kX_; P (13)
lima ot M G ZIk ) _ . (14)
X —1 X

Then the problem (1) has at least one positive periodic solution.
Proof We follow the same strategy and notations as in the proof of Theorem 1.
Firstly, we show that for » > 0 sufficiently large

From (13) it follows that there exists 0 <x <7, where f;, #, are constants large
enough such that 6A(T(f; + M) + (T —m)(M + f3,)) > 1. Therefore, for 0 <x <7, if
x €K and ||x|| = r, then from (12),

f(n,x(n)) +Mx > pix + Mx > o(fy +M)]lx||,

m
> L= pox 2 o lx|l.
k=1

Furthermore, we obtain

T-1
= 3. Glnje())
J=0,j7#m
+ Z G(n,nk)((M — Lk)x(nk) —f—Ik(x(nk)) +ka(7lk)))
0<n, <T-1

T-1
> 3 A(frx(n)) + Mx(n))

n=0,n#n,

+ > A(M - Li)x(me) + T (x(mi)) + Lix(n)))

O0<n, <T-1
>TAo(fy + M)l|lx|| + (T —m)Ac(M — Ly, + B, + Ly)|1x||
>cA(T (B +M) + (T —m)(M + S,)) x|
> ||l
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which implies ||Tx|| > ||x||, for each x € K N 0Q;.
Next we show that for R > 0 sufficiently large, ||Tx|| < |lx||, Vx € K N 0. On the

other hand (14) yields the existence of R > 0 such that for any x > R
m
f(n,x(n)) <nx — Mx, Zlk < 1pX,s
k=1

where 7,, 7, > 0 are constants such that

Bo(Tn, + (T —m)(M +1n,)) <1.

Fixing R > max {V, §} and letting x € K with ||x|| = R, we get x(n) > ol|x|| =
6R >R and f(n,x(n)) + Mx <n.x <ny0|lx| and

Txn) = S G(m,j)o())

j=0,j#m,
+ > Grm) (M — Le)x(me) + Te(e(me)) + Lix ()
O0<n, <T-1
T-1
< Y B(fnx(m) +Mx(n)
n=0,n#n,
+ Z B((M — Li)x(ng) + I (x(ng)) + Lix(ng)))
0<n,<T-1

<TBon||x|| +B(T — m)o((M — Lg)lIx|| + nyllx|| + Lelx]|)
<Bo(Tny + (T —m)(M +n,))llxl
< lx|f.

which implies || Tx|| < ||x||, Vx € K N 0Q;.
Finally, it follows from Lemma 3(ii) that T has a fixed point in

Kn (Qz\gl),

which is a positive periodic solution of (1). The proof is complete. []

4. Conclusion
By applying the fixed point theorem in cones, we establish new existence theo-
rems on positive periodic solutions for impulsive difference equations with periodic

boundary conditions. Our main findings enrich and complement those available in
the literature.
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