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Chapter

A Posteriori Error Analysis in
Finite Element Approximation for
Fully Discrete Semilinear
Parabolic Problems

Younis Abid Sabawi

Abstract

This Chapter aims to investigate the error estimation of numerical
approximation to a class of semilinear parabolic problems. More specifically, the
time discretization uses the backward Euler Galerkin method and the space
discretization uses the finite element method for which the meshes are allowed to
change in time. The key idea in our analysis is to adapt the elliptic reconstruction
technique, introduced by Makridakis and Nochetto 2003, enabling us to use the a
posteriori error estimators derived for elliptic models and to obtain optimal order
in L., (H") for Lipschitz and non-Lipschitz nonlinearities. In this Chapter, some
challenges will be addressed to deal with nonlinear term by employing a
continuation argument.

Keywords: A posteriori error estimates, semilinear parabolic problems, finite
element approximation, L, (H") bounds in finite element approximation, fully
discrete semilinear parabolic approximation

1. Introduction

The finite element method (FEM) consider is the most of flexibility common
technique used for dealing with various kinds of application in many fields, for
instance, in engineering, in chemistry and in biology. The derivation of a posteriori
error estimates for linear and nonlinear parabolic problems are gaining increasing
interest and there is a significant implementation of the method now are under-
standable and available in the literature [1-9]. However, There is less progress has
been made comparatively in the proving of a posteriori error bounds for semilinear
parabolic problems [10-13]. These estimations play a crucial rule in designing
adaptive mesh refinement algorithms and consequently leading to a good accuracy
while reducing the computational cost of the scheme.

The key technique used in the proofs is the elliptic reconstruction idea, intro-
duced by Makridakis and Nochetto for spatially discrete conforming FEM [2] and
extended to fully discrete conforming FEM by Lakkis and Makridakis [3] These
ideas have been carried forward also to fully discrete schemes involving spatially
non-conforming/dG methods in [14]. The choice of this technique for deriving a
posteriori error for parabolic problem is motivated by the following factors.
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Finite Element Methods and Their Applications

First, elliptic reconstruction allows us to utilise the readily available elliptic a
posteriori estimates [2] to bound the main part of the spatial error. Second, this
technique combines the energy approach and appropriate pointwise representation
of the error in order to arrive to optimal order a posteriori estimators in the Lo, (L*)-
norm. As a result, this approach will lead to optimal order in both L*(H") and

Lo (Lz) -type norms, while the results obtained by the standard energy methods are
only optimal order in L?(H")-type norms.

The aim of this Chapter is to derive a posteriori error bounds for the fully
discrete in two cases Lipschitz and non Lipschitz. Continuation Argument will be
used to deal with nonlinear forcing terms.

2. Preliminaries

Before we proceed with the error analysis, we require some auxiliary results that
will be used in our analysis.

2.1 Functional spaces

Letz(t, x) is a function of time ¢ and space y, we introduce the Bochner space
Lp(0, T,- X) where (X is some real Banach space equipped with the norm || - ||x)
which is the collection of all measurable functions v: (0, T) — X, more precisely,
for any number »>1

T

Lp(0, T; X)z{z : (0, T)—=X : J ||z||2dt§oo}, (1)

0

such that

T 1/2
2l 2.0,7; %) = (J IIZIIZdt) <oo forl<p<eo,
0

z = max ||g(t)]|ly <o  forp = oo.
2l 200,75 %) te[o,T]” @) llx p

(2)

Lemma 1.1 (Continuous Gronwall inequality). Let Cy, C; eL'(0, T) forall
T > 0 and z € W, then for almost every t € (0, T, reads

2 (t) <Co(t) + Ci(t)z(t) , (3)
then
2(£) <F(0, T)z(0)+ JOF(O, T2 (s)ds, (4)

where F(0, T) = exp (joTCl(é(t)df). Furthermore, if Cy and C; are non-

negatives, gives

T

z(T)<F(0, T) (2(0) +J Co(s)ds>. (5)

0

Proof: See [15].
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Theorem 1.2 Given some p > 2, we have

2p+2d—pd

pd-2d
o117, ) < ClIVo |2 I
01y @y <CIIVOIP oI, d = 2

14 <CIVl T[T, d=3,p<6
10117y @p < ClIVell = llvl=, ,p<6.

Proof: See [16].

3. Model problem

Consider the semilinear parabolic problem as

%“_Au —f(), inQulo, T),
u=20, on 09, (6)

u(0,x) =up(x), on{0} x Q,

where Q is a plane convex domain subset of R*, Q c R* with smooth boundary
condition 0, where u, = ou/ot, T>0 andf € C'(R). Let L,(w), 1<p <oo and
H"(w), r €R, denote the standard Lebesgue and Hilbertian Sobolev spaces on a
domain w C Q. For brevity, the norm of L,(w) = H 0 (w), w CQ, will be denoted by
Il - Il,» and is induced by the standard L, (w)-inner product, denoted by (-, -),; when
o = Q, we shall use the abbreviations || - || = || - [|q and (-, -) = (-, )q.

Returning to the (6), multiplying by a test function v € Hy(Q) and then
integrate by parts, we arrive to (7) in weak form, which reads: find u €
L,(0, T,Hp)(Q)NH(0, T, Ly(Q) for almost every t € (0, T], this becomes

|, Zoae+ Dtsz.0) = | fleua @)

Q

for all v € H}(Q). Here,

D(t;z, v) = J Vz - Vodx. (8)
Q

By using Cauchy-Schwarz inequality, the convercitivity and continuity of the
bilnear form D, viz.

D(v, )2 Ceoer||Vo|* for allv € Hy(Q),

9
ID(v, w)| < CeontllVoll[[Vw]|| forallv, weH;(Q), ©)

with Ceont, Ceoer positive constants independent of w, v.

4. Fully discrete backward Euler formulation

To introduce a backward Euler approximation of the time derivative paired with
the standard conforming finite element method of the spatial operator. To this end,
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we will discretize the time interval [0, T] into subintervals (¢,_1, t,], 7 =

1, .., Nwitht®° = 0andzy = T, and we denote by x, =t, —t,_1 the local time
step. We associate to each time-step ¢y a spatial mesh 7" and the respective finite
element space V"; = V7 (T"). The fully discrete scheme is defined as follows. Set
Z(0) to be a projection of zy onto some space V° subordinate to a mesh 7°
employed for the discretization of the initial condition. Fork =1, ..., #, find

Z €S" such that the fully discrete, then reads as follows

A A
K,

, ¢") LD, )= (FZ), B, eV (10)

where D"(-,-) = D(t,, -, -) denotes the cG bilinear form defined on the mesh
7" Since Z" € V", there exist a;(t) €R,j = 0,1,2, ..., Nj, so that

NlocNel
Z'x, 1) = Y di(6)®)(x), ®j, j=0,1,2..N, (11)

is the basis functions. After plugging (11) into (10), yields a nonlinear system of
ordinary differential equations

(M + Kk, A)d(t) = Ma’]?*l(t) + k,F

a(0) = 6, (12)

where M;; = (<I>]~, <I)]-) and A;j = D(d)j, <I>]~) are called the mass and stiffness
matrices with element F j, = ( f(®;), ®). We define the piecewise linear
interpolant Z and time-dependent elliptic reconstruction w(z) as by the linear
interpolant with respect to ¢ of the values Z" ' and Z”, viz.,

Zt)=t, 1) 2"+ 6,02, wt)=¢, 1R} 27+ 6,RE 2T (13)

where {#,_1, ¢, } denotes the linear Lagrange interpolation basis on the interval
I, are defined as

t, —t Ty 1
Oy = s Cpo1t= . 14
=2 14)

We give here some essential definitions in the error analysis of the discrete
parabolic equations.

i. L? projection operator IT}; The operator defined IT}: L — V", 1<n<N
such that

(Igo, ¢") = (v, ¢") V" €V", (15)

for allv € L*(Q).

ii. Discrete elliptic operator: The elliptic operator defined A}: Hj(Q) — V"
such that for v € Hy(Q), reads

(Apv, ¢") =D(v, ¢") V¢" V" (16)
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Using the above projections, (10) can be expressed in distributional form as

VAR (VAR

o AL =T () (17)

5. Elliptic reconstruction

The aim of this section will be introduced the elliptic reconstruction operator
and then discuss the related aposteriori error analysis for the backward Euler
approximation. To do this, we define the elliptic reconstruction R}, € Hy(Q) of Z"
as the solution of elliptic problem

D(Rjv, ¢) =(g" ¢), (18)

for agivenv € V” and g" = I, " (Z") _Z%OZH

operator R}, is orthogonal with respect to D such that

. The crucial property, this

D(u—Rju, v)=0 u, veV". (19)

The following lemma is the elliptic reconstruction error bound in the H' and
L,-norms To see the proof, we refer the reader to [3] for details.

Lemma 1.3 (Posteriori error estimates). For any Z" € V", the following elliptic a
posteriori bounds hold:

(RpZ" — Z"|| <C® |

(20)
v << nzn Z") I <Ca?

where

@2, o= |lhE (g + A"Z|| + 1R P12y,

2 n n 1/2 (21)
(I)n’Hl = ”hn(g +A Zn)” + ”hn IIZn]]”Z,,a

and g” defined in (18).
Lemma 1.4 (Main semilinear parabolic error equation). The following error
bounds hold

(L. v)+Dl 9= (56~ 1@, 9+ (50 #) +Dlw ", )

mzt - z»1 (22)

(e - e+ T ).

Proof: To begin with, we first decompose the error as
e=p—e¢ p=z—w, e=w-—27I. (23)

By recalling (17), this becomes

(% )+ 0= (B =5, 0) w2, 9) veemi@),  @4)
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where % = Z%W_Z" Subtracting (24) from (7), gives

(ﬁg—d,¢)+Dwﬂ—z,@=4ﬁwm@”—f@%¢)+(mwwyﬁﬂq’¢)

ot Kp
(25)
Using elliptic reconstruction to split the error, gives
<%[—z—w +w + 2", ¢) +DW" —w+w -z, ¢)= 3 "Z") - f"(Z"), ¢)
_ B (26)
1 mz" 1 _z" 1
HP@) —f@, o+ (T ).
After using triangle inequality, the proof will be concluded.
The proof of the following Lemmas 1.5, 1.6, 1.7 in details, we refer to [3].
Lemma 1.5 (Temarol error estimate). Let T, 1,1 <7 <N be given by
o
Twa :=J D (w —w", a_p) dt, (27)
In—1 at
then
b o 1/2
Tp1 < (J —H dt) (k0) /@, 5, (28)
tn—1 at
where
V3 n Z" — HZZ’“1
?a(HHOf”(Z”) B ) forne[2: N,
D, ;= (29)
’ V3 N %)ZO
Lemma 1.6 (Space-mesh error estimate). Let T, 5,1 <7 <N is defined by
fa de dp
Tn = VR b
2 J;nl (at dt> dt (30)
we have
. 5 N\ 12
T —H dt) ()Y, (31)
tn—1 at
where

~3/2

d n n n — ~3/2 n —
Yn,2:=C<dt||hi(g +A z")||> +Clk, (2" = 2" g, + Cllk. (2" = 2" s, 5, (32)

Lemma 1.7 (Mesh change estimates). Let T, 3,1 <7 <N is given by

Ly
Tﬂ,3 H— J
tn-1

ann—l_ —1
0 z a—”) ar, (33)

() - ) + o

Ky
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such that

Tn3<Kn I‘I[laX ||Vp||<noo+zkn n1+5ool> ) (34)

n=2

where

S 1= hpo(ITy — 1) ( f"(Z") — kaZ" ) Il

(35)
S0 = Iy (ITy — 1) ( fM(Z") — kuZ" ).

6. A posteriori error bound for fully discrete semilinear parabolic
problems

The aim of this section is to study a posteriori error bound in Lo, (H")-norm for
nonlinear forcing terms. Both globally and locally Lipschitz continuous nonlinear-
ities are considered.

6.1 A posteriori error analysis for the globally Lipschitz continuity case

Let us suppose that f is defined on the whole of and satisfies globally Lipschitz
continuous

If (z1) —f(22)] £ Cglz1 — 2al, (36)

where | - | denotes the standard Euclidean norm on (R>1).

Lemma 1.8 (Data approximation error estimate). Suppose that the nonlinear
reaction f satisfying the globally Lipschitz continuous defined in (36), then, the
following error bounds hold:

tn ap C ﬁ Ln
= - i <
re=[ (0 5@ 2) s Lenavor + 0% [ |2 a
e, W Jt" %[, 1/2+ p Jt" P\ 4 " 7
Kn Tyl e ot KnTy2 ol ot )
where
Wor=+/Ce{lle" I, 1€ }s
o= [ F@) -l
nJt, 1
Proof: Using triangle inequality, T', 4 written as
tn ap tn ap
r=[" | (0. 2) <] |( 50 s L)fa
th-1 tyh1
Ly (39)

dt

i

tn—1

(r@-ran. %)

| (f-r2. %)

= Ln,l + Ln,Z + Ln,3-
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Applying Cauchy-Schwarz inequality and (36) along with Young’s inequality
and Poincar’e-Friedrichs inequality, L, ; gives

Ly ap tn
L= |( 10—, %) as i@ ~ftw)|[Z]a
tp-1 at [
(40)
\/é— 2 ﬂ\/z?; t 2
< = dt.
< VI +5 J Al
The second term L, ;, reads
L —r Fw)—fz), %2 dt<r lw — z11 %2 at
n’z a th—1 ’ at B In—1 at
ety — | t—tya|, , op
e TR 0 T

< VG 1+ 1) (J

2 In—1

) 1/2
— Lh)> :

Finally, L, 3 can be bounded by using Cauchy-Schwarz inequality, to obtain

Tn
Ln,3 = J
In—1

Collecting all the results together, the proof will be finished.

Lemma 1.9 Let z be the exact solution of (7) and let Z” be its finite element
approximation obtained by the backward Euler approximation (10). Then, for
1<n <N, the following a posteriori error bounds hold:

o o 1lop]? 1/2
(r@- @ %) dtSl[f(Z)—fn(Zn)ll(L i dt>) @)

12
tm a 2
<n[1§§ Vo)1 +J Haf dt) < {286m)IIVPIP} ) + 286(m) (F2,, + F2,)  (43)
m 0
where

t €0, 1]

Fim=2 max 5moo—l—221<n5n,1,
n=2
(44)
f%,m:Z n(©ho+ Y, 2leP 17“P 2)-

n=1

Proof: Now, setting ¢ = % in 22, gives

2

de Odp
<|[=. =
|G 3+

+'<Hgf(Z”) —f”(Z”)+I%;ZH’ %))'

CL’OEV

- 2
S IV +

dp
ot

(- )l 3)

(45)
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Integrate the above from¢,_; to ¢, then, we have

1 1 Cooer [ ||0p|*
“IVpE)II? = S IIVp(t 1) |)? + -2 N dt<Tp1+ Tyo+ Tpz+ Tna, (46)
2 2 ot

tn—1

2

where T}, ;,i = 1,2, 3,4 defined in Lemmas 1.5, 1.6, 1.7 and 1.8, respectively.
Summing up over n = 1: m so that

tm a 2 m
IV (Em) 1> + CJ § dt <|[Vp(O)II> +2) (Tuwi+ Tua+ Tuz+ Tua). (47)
0 n=1
By introducing
IV (o)l = 1 (t,)1l = max IVp(0)l, (48)
therefore
Tm ap 2 m
max ”Vp(t)” + Ccoerj . dtSZHVp(O)”z + 4Z(Tn,1 + Tn,z + Tn,3 + Tn,4)'
t€[0,tn) o |l ot —

(49)
Now, using Lemmas 1.5, 1.6, 1.7 and 1.8, reads

T

max [Vp(0)I? <209p(O)IF + (26/C — Car) | [ %

t€(0,1,]

dt + 2 max ||VP( MNF1m
te0,t,

0

dp

ot

2G "
K, Vp@®)|* + 4
=3 ;  max IVp(Il” + (J

tn—1

5\ 12
dt> (k)2 (@2 + Yz 4+ Wt + W)

(50)

Selecting now $> 0 be such that (28,/C, — Ceoer) > 0 and using Gronwall’s
inequality, imply

L a 2
max. V(0 + Eq(m )J af dt <2£6(m)IVp(O) + 2£6(m) max V&)1

t€[0,t,

+4Ec(m i ( '

n= Tp—

n2+Yn2+an1+an2)

(51)

with Eg(m) := { i “ Ky €Xp ( VG (Z,, <j<mk; )) } To finish the proof of

lemma, we use a standard inequlty. For (ag,a1, ..., a,), (bo, b1, ..., by) eR" 1
la|* <c? + ab, (52)
then
|a] < el + 1bl, (53)
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and by taking

dp

5 Y12
= dt} , ci={2Ea(m)|IVp(0)P}"*

tm
aoi= max Vp(e)l, a,= {EG(’”)J
re|0, ) 0

(54)
(kn) 2 (@2 + Yo + Wt + Pn2).

NgE

bo = \/ié'g(m)}_l,m, bn = 48(;(7}1)

Il
N

n

The proof already will be finished.

Theorem 1.10 Let z be the exact solution of (7) and let Z” be its finite element
approximation obtained by the backward Euler approximation (10). Then, for
1<n <N, the following a posteriori error bounds hold:

max ||V (z(¢) - Z()) 12 < 266(m) (@21 (0) + V(z(0) — Z(0)) 1)
t €0,y (55)
+2E¢(m) (]—"fm + ]—"%m)) + 2 max Qi,Hl’

t€(0,t]
where CI)i - defined in (20).
Proof: By decomposing Z(t) — 2(t) into p and ¢, so that

IV(Z(t) — z(0)II* <2 Vell* + 2| VoIl (56)

To be able to bound the first term on the right hand side of (56), using (13), this
becomes

IVe@)I> = IV(w(t) = Z@))I> = IV (aRLZ" + iRy 127 — £, (0201 — £,(8)27) |1
<CllV(REZ" = Z")|P + CuallV (R, 2" — 2770 |1

< max (VR 2 -2 v (e - 27) )

T te[0,ty

(57)
< max {|V(R.Z" - Z")|}

< max @? e
tel0,t,] ™

and [|Vp(0)[1> = [[V(w(0) —2(0))I> <2[|Ve(0)||* + 2[V(2(0) — Z(0))|I*. Finally,
the second term on the right hand side of (56) will be estimated via Lemma 1.9.

6.2 A posteriori error analysis for the locally Lipschitz continuity case

Letf: R — R is locally Lipschitz continuous for a.e. (x, t)€QuU[0, TJ, in the
sense that there exist real numbers C;, > 0 and y > 0 such that

f () =f (@)l = CL@) A+ [ul” + [of")lu —v]. (58)

Lemma 1.11 (Estimation of the nonlinear term). If the nonlinear reaction f is
satisfying the growth condition (58) with 0 <r <2 ford = 2, and with 0 <r<4/3
for d = 3, we have the bound

1 @) = F1EZN <N @{N22) Wl + llell) + VIVl + V3llell I Vel }
2 )1/2 (59)
a |,

%

Ly a
+®n,3 J
( tn-1 at

10
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LC(t) max {1, 4}, N(Z):=J5\/1+ 4|Z|Z and

ons= [ @) -

Kn tn—1

where NV4(¢) =

Proof: Applying triangle inequality, reads
Iy n a
oo = | as[ |(se-r2. 2)
th—1 [
iy
+J dt = J n,1 T J. n,2-
tn—1

J 1 can be bounded as follows

dt

_ %
(f&- @, %) "

(r@-ren?)

7u=] (re-r@.2) <[ Ire -

(] Ip—1

1 1 ap||* (61)
< o
ot

S| F@ —r@r+5 ]

< dt.
2 th—1

Now, we have

Ty Tn Tn

If (2) — f () Ide + J If (w) — £(2)|%dt

In—1

w®—ﬂmW=j

In-1

= Zl,n + ZZ,n-

W@—ﬂ@Wmsj

(2]

(62)

To estimate Z;, on the first term in the right hand side of (62), we use the
Cauchy-Schwarz inequality and (58) to obtain

In

210 = [ 1f(e) - FlalPde = G0 |

In—1 Tn—1

(1+ P + o™ ) o — wf’
(63)
tn Tn
sJ (1 + |z|2y) Iz — w|’dt + J w (¥ |z — w|dt.
th—1 In—1
Applying the elementary inequality |C, + C,|** <C (|Ca > + \Ch|2a> with C, =
z —w and C, = w, so that |z|** < Clz — w[** 4 C|lw|**, this becomes

Tn

Tn
Z1,<C? (t)CJ (1 +lz— w|27> iz — w|?dt + C (r)cj (2|w —Z + 2|Z|27) lz — w|’dt
th—1 th—1
2 242 I (64)
<C}(1)Cmax (1,16} ( (1412 ) 1ol + o133, + 2J ||e||2y||p||2).
th—1

Similarly, Z,, follows as

Zop = J If (w) — £ (Z) Pde = cg(t)cJ" (1+ ol + 2P ) o — 2P
Ly—1 In1 (65)

<C*(t)Cmax {1, 16@((1 n 4’|Z|ZZ) lell? + ||e||§1§;).

11
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Collecting all these terms, we obtain

I (2) — f(Z)I> < CE()C max {1,16'} (14 41212 ) (111> + llel)

b (66)
+C} (t)C max {1,16"} (npniiz +3llell3 3 + 2J ||e||2||p||2Ydt>.
n—1
Using Holder’s inequality and Young’s inequality, we deduce that
7 2+2r 24-2r
" 21 a2 a5, | 7Bl
a dx < + . 67
[, natPupras < BT TR (67
Therefore,
242 242
Jtn lelPpn < Mz APl
- - ort1 r+1 (68)
2 242
< ”8”212; + ”,0”212;

Substituting this into our grand inequality yields
If2) —F @)IF <NF@) (V@) (Il + lel®) + 31153, + Slels %) o (69)

where N3 (t) = 1C}(r)Cmax{1,16'} and N3(Z) = : <1 - 4V|Z|Z>. From
Gagliardo-Nirenberg inequality in Theorem 1.2, implies that

242y)d—2d 4+44y+2d—2d—2dy

(2+
ol <CINVAI " Mlp 7, (70)

valid for all y > 0 ford = 2 and 0 <y <2 for d = 3. Combining this with the
Poincar’e-Friedrichs inequality ||p|| < C||Vp||, yields

Pll242, < ClIVpll. (71)
Finally,
Ly ap tn 0p 2 1/2
= |(r@)-ri). %) (f(Z>—f“”(Z”)H<L i dr) N

Putting all of the results together the proof will be finished.

Theorem 1.12 Let 2 be the exact solution of (7) and let Z” be its finite element
approximation obtained by the backward Euler approximation (10). Then, for
1<n <N, the following a posteriori error bounds hold

max ||V (z(¢) - Z(2) |2 <4€(tas Z) (IV(2(0) = Z(0)I + @2 (0))

t€(0,t,]
+4E(ty, 2 Z Fi o+ 4E(tns Z Z ACIAER EPR SRR A5 (73)
HANZ(DEt, Z Z( (2)®2,, + @2, & ) +2 max @]y,

n=1

where @, ; and @2 , are given in (20).

12
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Proof: Now, setting v = %’) in 22, and integrate from ¢,_; to t, along with

summing up over n = 1: m we have

tm ap
VoOP+Cer | == 112t <||Vp(0)]|> + 2 J ZM|1?
max [Vp(0) -+ L 12 2de < 1Vp(0) P + Z @) =@
(74)
m
+2) (Toa + Tup + Tu3)-
n=1

Using Lemma 1.11, along with lemmas 1.3, 1.5, 1.6 and 1.7, imply

Lm ap 2 m
max |Vp(t)? + j D ar<19p0)P +>° 72,
0 n=1

t€[0,ty)

i (P, + Yap + W0+ ,) + Ni(t)z;nzl (N%( )@, + 5P, @ W H )

| (\ONIDIVPIR + 38501V ).
(75)

Setting

Fltws Z, €)2=|VpO)I* + > Fi,+ > x{@l, + Y0, + ¥, +¥2,}
B n=1

(76)

m

NGO D (NI, + 502,07, ).

n=1

Upon observing that

tn n
J IVl lpIP < max ||vm|27j Ipl12)ds
t€[0,ty] 1

In—1 E[ b

(77)

Ty
< ( max || Vp||? +J ||p||2)dt)y+1'
t€[0,t,] ty/1

Now combining two equations, we obtain

m n

2
dt < F(tm, Z, +ZJ NN @)1Vl

n= tnl

T ap
Vo (2)|2 =
max V(0] +L o

(78)

m

tn y+1
#3330 3 ( max 9o+ [ tplPan))
stim b1

n=1

To bound of the nonlinear term of above equation, we shall employ a
continuation argument in the spirit of [17, 18]. To do that, we consider the set

tim (3,0 2
Mn = { lim }”Vp(t)”z + CcoerJ E

te(0,ty 0

At <4F(tp, Z, 8)25(tm,Z)}, (79)

13
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where E(t,,, Z) = exp (Jg’"N 2N %(Z)dt). Since the left hand side of (78)

depends continuously on ¢, and our aim is to show that M, = [0, T]. To do this,
assuming ¢, = max .M, >0and¢; <T, imply

L 2
max ||Vp<t>u2+j %” At < Fta, Zy €+ {4F (tmy Z, €)E(tm, Z)}
0

ref0,z;]

1

TN ONA(Z) Jom V|12t

(80)
and Gronwall inequality, thus, implies
L 2
max ||Vp(2)|)* + J P dt <
tef0,1;] o |l (81)

€ (tm, Z){(zu\/i(t)f(tm,z, V28 (tm, 2)) N+ Pty Z, 8)2}.

Since £ (t:;l, Z ) <&(tm, Z)and, suppose that the maximum size %, of the mesh
is small enough that, for & </, satisfy

b4 y+1
1 1
Flem:Z, €)< (Nf@)) <4F(tm,Z,8)2€(tm,Z)> ‘ (82

This leads to

Ni(t) (47'"(tm, Zy &) E(tmy Z2)) T < Ftm, Z, €). (83)

Then, (81), becomes

2
dt <28ty Z)F(tm, Z, €)™ (84)

max [9p(0)1F + | HE
te|0,t 0

This leads to contradictions, because of ¢, suppose to be ¢, = max M,,.
The triangle inequality along with Lemma 1.3, imply that

max ||Ve|> <2 max ||Vp|* + 2 max ||Vel|?
t €0, ] t€[0,tm] t € [0, 1] (85)
<AF (tm, Z, €)’E(tm,Z) +2 max O ..

t €0, 1]

By recalling (76), the proof already finished.

7. Adaptive algorithms
This section aims to explain an adaptive algorithm aiming to investigate the

performance of the presented a posteriori bound from Theorems 1.10 and 1.12 for
the backward-Euler cG method for the semilinear parabolic problem (6). To this

14
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end, the implementation of the adaptive algorithm will be based on the deal. II finite
element library [19] to the present setting of semilinear problems. We shall write
algorithm for Theorem 1.10. For the Theorem 1.12 will follow the same with some
modifcations. To begin with, we have

¥ =11V(2(0) — Z(0))[l + |Ve(0)|

‘Piime = Z (K] ?0

=t

Z -z

Kj

(7)) -

— th If (2) —fj(Zj)II> (86)

t j-1

W) e =l (g + AIZT) |+ 1Y (2],

The adaptive algorithm from [15], starts with an initial uniform mesh in space
and with a given initial time step. Starting from a uniform square mesh of 16 x 16
elements, the algorithm adapts the mesh to improve approximation to the initial
condition using the initial condition estimator ¥;,; until some tolerance is satisfied.
To adapt the timestep «;, the algorithm bisects a time interval not satisfying a user-

/. < ttol, and leaves a time-interval unchanged if

defined temporal tolerance ¥, <

Y. < ttol.

time —
Once the time-step is adapted, the algorithm performs spatial mesh refinement

and coarsening, determined by the space indicator ‘ng e using the user-defined

tolerances stol” and stol~, corresponding to refinement and coarsening, respec-
tively. More specifically, we select the elements with the largest local contributions

which result to ‘ng e > stol " for refinement. The spatial coarsening threshold is set

to stol” = 0.001 x stol; we select the elements with the smallest local contribu-

tions which result to ‘I’SJ]; e <stol” for coarsening. The algorithm iterates for each

time-step. We refer to [15] for the algorithm’s workflow and all implementation
details. The following two algorithms give the backward Euler method to the ODE
system (12) and space-time adaptivity for Theorem 1.10.

Algorithm 1. The backward Euler method for solving the semilinear parabolic
equation

1: Create a mesh with # elements on the interval I,,.

2: We disctize I, as 0 = t1 <t <t3,_ <;, = T, where z is time step defined as
Ky =1L, —ty1.

3: Setting a® = a(0).

4:fork=1,2, .., ndo

5: Calculate the mass and stiffness matrices M and A, and the load vector F with
entries

My = | dys, 4= | e By =] f(0))0ax @
6: Solve

(M + k,A)d! (t) = Ma! 1(t) + K, F. (88)

1

7: end for

15
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Algorithm 2. Space-time adaptivity.

1:Inputa, b,f,z° T, Q.n, T, ttol,stol",stol”
2: Pick k1, ..., k, = %
3: Compute Z°.

4: Compute Z* from Z°

5: while (‘I’1

time

2
)2 >ttol” or max (‘I’l ) > stol " do bisction 7° by refining all

Space

2
elements such that (‘Pl ) > stol” and coarsening all elements such that

space
2
<‘P1 ) <stol™

space
6: if (‘I’tlime)2 > ttol, then.
7in—1«—mn.
8: Kvn:1<n,1, ..y K2 = K1.
912 = 7.
10: k1 < 3.
11: end if.
12: Compute Z°.
13: Compute Z* from Z°,
14: end while
15: putj =1, T =T7°, time = ;.
16: while time < T do

17: Calculute Z/ from Z /7.
18: while (‘PZW)Z > ttol do
19: if (‘I’tlime)2 > ttol then
20:n — 1 «— n.

21; Ky = Kp—1s -« ,Kj+2 = K‘j+1.
22k =

23; Kk %J

24: end if

25: Compute Z/ from Z /7,
26: end while

: . N
27: Create 7’ from 7 /! by refining all elements such that <‘I”spm> > stol ™ and

N2
coarsening all elements such that <‘P’sp m,) <stol™.
28: Compute Z/ from Z /72,
29: time « time + K.
30:5 — 1.
31: end while

8. Conclusion

The aim of this Chapter is to derive an optimal order a posteriori error estimates
in term of the L., (H") for the fully semilinear parabolic problems in two cases when
f (u) Lipschitz and non Lipschitz are proved. The crucial tools in proving this error is
the elliptic reconstruction techniques introduced by Makridakis and Nochetto 2003.
This is consequently enabling us to use a posteriori error estimators derived for
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elliptic equation to obtain optimal order in terms of L., (H') norm for Lipschitz and
non-Lipschitz nonlinearities. Some challenges have to be overcome due to non-
linearity on the forcing term depending on Gronwall’s Lemma and Sobolev embed-
ding through continuation argument. Furthermore, this will give insight about
designing adaptive algorithm, which allow use to control the cost of computations.
In the future, this Chapter can be extended to the fully discrete case for semilinear

parabolic interface problems in Lo (L>) + L, (H') and L« (L,) norms [18, 20-22].
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