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Chapter

Inverse Measurement of the
Thickness and Flow Resistivity of
Porous Materials via Reflected
Low Frequency Waves-Frequency
Approach
Mustapha Sadouki

Abstract

A direct and inverse method is proposed for measuring the thickness and flow
resistivity of a rigid air-saturated porous material using acoustic reflected waves at
low frequency. The equivalent fluid model is considered. The interactions between
the structure and the fluid are taken by the dynamic tortuosity of the medium
introduced by Johnson et al. and the dynamic compressibility of the air introduced
by Allard. A simplified expression of the reflection coefficient is obtained at very
low frequencies domain (Darcy’s regime). This expression depends only on the
thickness and flow resistivity of the porous medium. The simulated reflected signal
of the direct problem is obtained by the product of the experimental incident signal
and the theoretical reflection coefficient. The inverse problem is solved numerically
by minimizing between simulated and experimental reflected signals. The tests are
carried out using two samples of polyurethane plastic foam with different thick-
nesses and resistivity. The inverted values of thickness and flow resistivity are
compared with those obtained by conventional methods giving good results.

Keywords: acoustic characterization, porous materials, fluid equivalent model,
reflected wave, Darcy’s regime

1. Introduction

Porous materials are of great importance for a wide range of industrial and
engineering applications, including transportation, construction, aerospace, bio-
medical and others. These materials, such as plastic foams, fibers and granular
materials are frequently used for sound and heat insulation in buildings, schools and
hospitals to minimize noise and reduce nuisance.

The propagation of sound in a porous material is a phenomenon that governed
by physical characteristics of a porous medium. Porous sound absorbers are mate-
rials in which sound propagation takes place in a network of interconnected pores
such that the viscous and thermal interaction causes the dissipation of acoustic
energy and converts it into heat. Knowledge of the acoustic and physical properties
of these materials is of great importance in predicting their acoustic behavior and
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their insulate ability against noise and heat. For this reason, there are many works of
research and studies in the literature [1–15] that are articulated in this line of inquiry
where many mathematical and semi-phenomenological models have been devel-
oped to study the acoustic behavior of these materials. Among the most important
of these models, we find the JCA model (Johnson-Champoux-Allard model) [1–4]
used in the case of porous materials with a rigid structure saturated with air.

According to the JCA model [3, 4], The acoustic propagation in air saturated
porous materials is described by the inertial, viscous, and thermal interactions
between the fluid and the structure [1–5]. In the high frequency domain [1–4] the
inertial, viscous and thermal interactions are taken into account, by the high limit of
tortuosity for the inertial effects [3], and by the viscous and thermal characteristic
length [1, 2, 4] for the viscous and thermal effects. In the low-frequency domain
[1, 2, 11, 13], inertial, viscous and thermal interactions are described by the inertial
and thermal tortuosity and by the viscous and thermal permeability. In very low
frequency approximation, the viscous-inertial interactions [11, 14, 15] are only
described by the flow resistivity. The determination of these parameters is crucial
for the prediction of sound damping in these materials.

The objective of this work is to propose an acoustic method based on the reso-
lution of the direct and inverse problem using reflected acoustic waves at low
frequency to determine the thickness and flow resistivity describing the porous
medium. The direct problem consists in constructing theoretically the reflected
signal knowing the incident signal and the parameters of the medium; given the
experimental incident signal denoted by pi

exp ωð Þ, and the reflection coefficient

which plays the role of a transfer function of the medium denoted R σ,L,ωð Þ as a
function of the parameters to be found, we deduce the simulated reflected signal
pr
sim σ,L,ωð Þ which must be compared to the experimental reflected signal pr

exp ωð Þ.
The inverse problem therefore consists in minimizing the difference between the
pr
exp ωð Þ and pr

sim σ,L,ωð Þ signals by varying the required parameters. The solution

corresponds to the sets of parameters that give the minimum deviation between the
simulated reflected signal and the experimental reflected signal.

2. Acoustical model

The porous material is a bi-phasic medium consisting of a solid part and a fluid
part that saturates the pores. When the solid part is flexible, the two phases start
moving simultaneously under excitation by an acoustic wave; in this case the
dynamics of the movement is well described by Biot’s theory [16–18]. In the case of
a rigid material, the solid part remains immobile and the acoustic waves propagate
only in the fluid. This case is described by the equivalent fluid theory [1–5]. In this
theory the viscous and inertial interactions within the medium are described by the
dynamic tortuosity introduced by Johnson et al. [2, 3] while the thermal effects are
taken into account by the dynamic compressibility of the fluid given by Allard and
Champoux [1, 4]. In the frequency domain, these factors are multiplied by the
density and compressibility of the fluid.

To differentiate between high and low frequency regimes [1–3], the viscous and

thermal layer thicknesses δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

2η=ωρ
p

and δ0 ¼ δ=
ffiffiffiffiffi

Pr

p
are compared, at a given

frequency, with the effective radius of the pores r (ρ is the density of the saturation
fluid, ω the pulsation frequency, Pr the Prandtl number, and η the viscosity of the
fluid). The low frequency range is defined when the viscous [3] and thermal [1]
skin thicknesses are great relatively to the pore radius. Otherwise, it is the high-
frequency range. In the Darcy regime (flow without inertial effect), corresponding
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to the very low frequencies [11, 15], the air flow resistivity is the most important
parameter describing the viscous losses caused by fluid/structure exchanges. In this
case, the dynamic tortuosity α (ω) and the dynamic compressibility β (ω) are given
by [2, 3, 13–15, 19]:

α ωð Þ ¼ σϕ

jωρ
(1)

β ωð Þ ¼ γ (2)

In these equations, j2 = �1, ϕ is the porosity, σ is the flow resistivity, ρ is
saturating fluid density and γ is the adiabatic constant.

Let us consider an acoustic wave arriving under normal incidence and striking a
homogeneous porous material that occupies the region 0 ≤ x ≤ L (Figure 1). This
wave generates an acoustic pressure field p and an acoustic velocity field v within
the material that satisfies the following macroscopic equivalent fluid equations
(along the x-axis):

ρα ωð Þjωv ¼ ∂p

∂x
,
β ωð Þ
Ka

jωp ¼ ∂v

∂x
(3)

where Ka is the compressibility modulus of the fluid.
The expression of a pressure field incident plane, unit amplitude, arriving at

normal incidence to the porous material is given by

pi x,ωð Þ ¼ e�j kx�ωtð Þ, (4)

where k ¼ ω
c0
¼ ω

ffiffiffiffi

ρ0
Ka

q

, k and c0 are, respectively, the wave number and the wave

velocity of the free fluid.
In the medium (1) (x < 0), the movement’s results from the superposition of

incident and reflected waves,

Figure 1.
Problem geometry.
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p1 x,ωð Þ ¼ e�j kx�ωtð Þ þ ~Re�j �kx�ωtð Þ (5)

where ~R is the reflection coefficient.
According to Eq. (3), the expression of the velocity field in the medium (1) is

written:

v1 x,ωð Þ ¼ 1

Z0
e�j kx�ωtð Þ � ~Re�j �kx�ωtð Þ
� �

(6)

where Z0 ¼
ffiffiffiffiffiffiffiffiffiffiffi

ρ0Ka

p

is the characteristic impedance of air.
In the medium (2) corresponding to the porous material, the expressions of the

pressure and velocity field are:

p2 x,ωð Þ ¼ ~Ae�j ~kx�ωtð Þ þ ~Be�j �~kx�ωtð Þ (7)

v2 x,ωð Þ ¼ 1
~Zc

~Ae�j ~kx�ωtð Þ � ~Be�j �~kx�ωtð Þ
� �

(8)

In these expressions ~A and ~B are amplitude constants of the right-going and

left-goingwaves, ~Zc and ~k are the characteristic impedance andwave number, respec-
tively, of the acoustic wave in the porousmedium. These are two complex quantities:

~k ¼ ω

ffiffiffiffi

~ρ

~K

r

¼ ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ0α ωð Þβ ωð Þ
Ka

s

, and ~Zc ¼
ffiffiffiffiffiffi

~ρ~K

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ0Kaα ωð Þ
β ωð Þ

s

(9)

Finally, in the medium (3), the expressions of the pressure and velocity fields of
the wave transmitted through the porous material are,

p3 x,ωð Þ ¼ ~Te�j k x�Lð Þ�ωtð Þ, (10)

v3 x,ωð Þ ¼ 1

Z0

~Te�j k x�Lð Þ�ωtð Þ (11)

In these Eqs. ((10) and (11)) ~T is the transmission coefficient.
The continuity conditions of the pressure field and of the velocity field at the

boundary of the medium are given by:

p1 0�,ωð Þ ¼ p2 0þ,ωð Þp2 L�,ωð Þ ¼ p3 Lþ,ωð Þ (12)

v1 0�,ωð Þ ¼ ϕv2 0þ,ωð Þϕv2 L�,ωð Þ ¼ v3 Lþ,ωð Þ (13)

the � superscript denotes the limit from right and left, respectively. Using
boundary and initial condition (12)–(13), reflected coefficient can be derived:

~R ωð Þ ¼
ϕ2 � ~Z

2
� �

sinh j~kL
� �

2ϕ~Z cosh j~kL
� �

þ ϕ2 þ ~Z
2

� �

sinh j~kL
� � (14)

where ~Z ¼ ~Zc

Z0
¼

ffiffiffiffiffiffiffi

α ωð Þ
β ωð Þ

q

is the normalized characteristic impedance of the material.

Using the expressions of the dynamic tortuosity α ωð Þ and the dynamic
compressibility β ωð Þ given by Eq.(1), the expression (14) of the reflection
coefficient becomes:
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R ωð Þ ¼ 1� C2
1ω

� �

sinh LC2

ffiffiffiffiffi

jω
p� �

2C1

ffiffiffiffiffi

jω
p

cosh LC2

ffiffiffiffiffi

jω
p� �

þ 1þ C2
1ω

� �

sinh LC2

ffiffiffiffiffi

jω
p� � (15)

where

C1 ¼
ffiffiffiffiffiffiffiffi

γρϕ

σ

r

et C1 ¼
ffiffiffiffiffiffiffiffi

γσϕ

Ka

r

(16)

By doing the Taylor series expansion of the reflection coefficient (Eq. (15)),
limited to the first approximation, the reflection coefficient expression is written at
very low frequencies (see appendix):

R ¼ 1

1þ 2
Lσ

ffiffiffiffiffiffiffiffi

ρKa
p (17)

This simplified expression of the reflection coefficient is independent of the
frequency and porosity of the material, and depends only on the flow resistivity σ

and the thickness L of the material.
The incident pi and reflected pr fields are related in the frequency domain by the

reflection coefficient R:

prsim x,ωð Þ ¼ R pi x,ωð Þ (18)

The time-domain simulated reflected signals Pr
sim x, tð Þ are obtained numerically

by taking the inverse Fourier transform F
�1 of (18),

P
r
sim x, tð Þ ¼ F

�1 R pi x,ωð Þ
� �

(19)

3. Inverse problem

The simplified expression of the reflection coefficient obtained at low frequency
(Eq.(17)) depends only on the flow resistivity σ and thickness L of the medium. Our
objective is to find this two parameters simultaneously, supposedly unknown, by
minimizing between the simulated reflected signal given by the expression (18) and
the experimental reflected signal. The inverse problem then consists in finding the
flow resistivity σ and thickness L of porous samples that minimize the function:

U σ,Lð Þ ¼
X

i¼N

i¼1

prexp ωð Þ � prsim σi,Li,ωð Þ
� �2

(20)

Wherein prsim σi,Li,ωð Þ are the discrete sets values of the simulated reflected
signal and prexp x,ωð Þ are the discrete sets of values of the experimental reflected

signal. The minimization is made in frequency domain. The experimental setup [15]
is shown in Figure 2. The tube length is adaptable to avoid reflection, and to permit
the propagation of transient signals, according to the desired frequency range. For
measurements in the frequency range (20–100) Hz, a length of 50 m is sufficient.
The tube diameter is 5 cm (the cut-off of the tube fc � 4 kHz). A sound source
Driver unit “Brand” constituted by loudspeaker Realistic 40–9000 is used.
Tone-bursts are provided by Standard Research Systems Model DS345–30 MHz
synthesized function generator. The signals are amplified and filtered using model
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SR 650-Dual channel filter, Standford Research Systems. The signals (incident and
reflected) are measured using the same microphone. The incident signal is
measured by putting a total reflector [15] in the same position as the porous sample.
Figures 3, 4 show the incident and reflected signals and their spectrum of the two
samples in frequency bandwidth of 50 Hz.

The inverse problem is solved for two cylindrical polyurethane (PU) foams
named (M1) and (M2) with a rigid frame and an open cell structure. Polyurethane
foam is a leading member of the large and very diverse family of polymers or
plastics and has many uses in the automotive sector and for the thermal insulation
of buildings. The flow resistivity and thicknesses of the two samples M1 and M2 are
measured by conventional methods [20, 21] and given in Table 1.

Figure 2.
The experimental set up.

Figure 3.
The incident and reflected signals and their spectrum of the sample (M1) in frequency bandwidth of 50 Hz.

6

Porous Fluids - Advances in Fluid Flow and Transport Phenomena in Porous Media



The inverse problem is to find the parametric vector V ¼ σ,Lf g which satisfies
the conditions:

U σ,Lð Þ ! 0

LV ≤V ≤UV

(

(21)

where LV and UV are the lower and upper bounds that limit the research
domain on the adjustable parametric vector V. For plastic foam samples, the value
of the flow resistivity is greater than 3000 Nm�4s. The lower and upper limits in
Eq. (20) can be built from the following constraints:

σ ≥ 3000 Nm�4s

0≤L≤ 10 cm

�

(22)

The inverse problem is solved by the last-square method. For its iterative solu-
tion, we used the simplex search method [22–26] which does not require numerical
or analytic gradient. The flow resistivity and the thickness are inverted using
experimental reflected signals by two PU porous material samples (M1 and M2).
The variations in the cost function present one clear minimum corresponding to
the solution of the inverse problem. Figures 5, 6 show the variation of the cost
function U when varying the flow resistivity and the thickness in different
frequency bandwidths for the samples (M1, M2). The results of the inverse problem

Figure 4.
The incident and reflected signals and their spectrum of the sample (M2) in frequency bandwidth of 50 Hz.

Samples M1 M2

Thickness (cm) 2.6 � 0.5 5.0 � 0.5

Resistivity (Nm�4s) 27,500 � 500 7500 � 500

Table 1.
Flow resistivity and thickness of the sample M1 and M2.
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are summarized in Table 2, in which inverted values of flow resistivity and thick-
ness are given for different frequency bandwidths. A comparison between an
experimental reflected signal and simulated reflected signal is given in Figures 7, 8
for the optimized values of the inverted flow resistivity and thickness of the porous
samples (M1, M2), respectively. The frequency bandwidth of the incident signals is
(40–60) Hz. It can be seen that the agreement between experiment and theory is
good for the two samples and the inverted values are close to those given by
conventional methods.

Figure 5.
Variation of the cost function U when varying the flow resistivity and the thickness in different frequency
bandwidths for the samples M1.

Figure 6.
Variation of the cost function U when varying the flow resistivity and the thickness in different frequency
bandwidths for the samples M2.
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Samples Frequency (Hz) Thickness (cm) Resistivity (Nm�4s)

M1 50 2.52 28,750

60 2.56 33,125

70 2.39 27,500

M2 50 4.75 7500

60 5.55 8500

70 4.88 8250

Table 2.
Inverted parameters obtained of the flow resistivity and the thickness of the two samples M1 and M2.

Figure 7.
Comparison between an experimental reflected signal and simulated reflected signal of the sample M1.

Figure 8.
Comparison between an experimental reflected signal and simulated reflected signal of the sample M2.
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4. Conclusion

Simultaneous determination of the flow resistivity and the thickness of a rigid
porous medium are obtained by solving the inverse problem using experimental
signals at very low frequencies. The model is based on a simplified expression of the
reflection coefficient which is independent on frequency and porosity and depends
only on the flow resistivity and thickness of the medium. Two plastic foam samples
having different values of flow resistivity and different thickness are tested using
this proposed method. The results are satisfactory and the inverted values of flow
resistivity and thickness are close to those given by conventional methods. The
advantage of the proposed method is that the two parameters, resistivity and thick-
ness of the porous medium, were determined simultaneously without knowing
previously any other parameter describing the porous medium, including its poros-
ity. The suggested method opens new perspectives for the acoustic characterization
of porous materials.
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Appendix: Taylor series expansion of the reflection coefficient

The reflection coefficient given by Eq. (15) can be rewritten as [14, 15]:

R ωð Þ ¼ 1� C2
1jω

1þ C2
1jω

 !

1

1þ coth LC2

ffiffiffiffiffi

jω
p� � 2C1

ffiffiffiffi

jω
p

1þC2
1 jω

0

B

@

1

C

A
(A.1)

where C1 and c2 are given by Eq. (16). Taylor’s limited serial expansion in the

vicinity of zero of the expressions 1�C2
1 jω

1þC2
1 jω

� �

,
2C1

ffiffiffiffi

jω
p

1þC2
1 jω

and coth LC2

ffiffiffiffiffi

jω
p� �

is given by:

1� C2
1jω

1þ C2
1jω

 !

¼ 1� 2C2
1jωþ O jωð Þ2

� �

, (A.2)

2C1

ffiffiffiffiffi

jω
p

1þ C2
1jω

¼ 2C1

ffiffiffiffiffi

jω
p

� 2C3
1 jωð Þ3=2 þ O jωð Þ5=2

� �

, (A.3)

and,

coth LC2

ffiffiffiffiffi

jω
p

� �

¼ 1

LC2

ffiffiffiffiffi

jω
p þ 1

3
LC2jω� 1

45
L3C3

2 jωð Þ3=2 þ O jωð Þ5=2
� �

, (A.4)
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with,

coth LC2

ffiffiffiffiffi

jω
p

� � 2C1

ffiffiffiffiffi

jω
p

1þ C2
1jω

¼ 2C1

LC2
þ 2

3
C1C2L 1� 3C2

1

L2C2
2

 !

jωþ O jωð Þ2
� �

, (A.5)

and,

1

1þ coth LC2

ffiffiffiffiffi

jω
p� � 2C1

ffiffiffiffi

jω
p

1þC2
1 jω

¼ 1

1þ 2C1

LC2

�
2
3L

3C3
2C1 1� 3C2

1

L2C2
2

� �

1þ 2C1

LC2

� �2 jωþ O jωð Þ2
� �

, (A.6)

Using Eqs. (A.1), (A.2) and (A.6), one obtains

R ωð Þ ¼ 1

1þ 2C1

LC2

 !

1�
2
3LC1C2 1þ 3C1

LC2
þ 3 3C2

1

L2C2
2

� �

1þ 2C1

LC2

� � jωþ O jωð Þ2
� �

0

@

1

A (A.7)

As a first approximation, at very low frequencies, the reflection coefficient (A.7)
is given by the first term

R ¼ 1

1þ 2C1

LC2

¼ 1

1þ 2
Lσ

ffiffiffiffiffiffiffiffi

ρKa
p (A.8)
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