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Chapter

Soliton and Rogue-Wave Solutions
of Derivative Nonlinear
Schrodinger Equation - Part 1

Zhou Guo-Quan

Abstract

Based upon different methods such as a newly revised version of inverse
scattering transform, Marchenko formalism, and Hirota’s bilinear derivative trans-
form, this chapter aims to study and solve the derivative nonlinear Schrédinger
(DNLS for brevity) equation under vanishing boundary condition (VBC for
brevity). The explicit one-soliton and multi-soliton solutions had been derived by
some algebra techniques for the VBC case. Meanwhile, the asymptotic behaviors of
those multi-soliton solutions had been analyzed and discussed in detail.

Keywords: soliton, nonlinear equation, derivative nonlinear Schrédinger equation,
inverse scattering transform, Zakharov-Shabat equation, Marchenko formalism,
Hirota’s bilinear derivative transform, rogue wave

1. Introduction

Derivative nonlinear Schrédinger (DNLS for brevity) equation is one of the
several rare kinds of integrable nonlinear models. Research of DNLS equation has
not only mathematic interest and significance, but also important physical applica-
tion background. It was first found that the Alfven waves in space plasma [1-3] can
be modeled with DNLS equation. The modified nonlinear Schrédinger (MNLS for
brevity) equation, which is used to describe the sub-picosecond pulses in single
mode optical fibers [4-6], is actually a transformed version of DNLS equation.

The weak nonlinear electromagnetic waves in ferromagnetic, anti-ferromagnetic, or
dielectric systems [5-9] under external magnetic fields can also be modeled by
DNLS equation.

Although DNLS equation is similar to NLS equation in form, it does not belong
to the famous AKNS hierarchy at all. As is well known, a nonlinear integrable
equation can be transformed to a pair of Lax equation satisfied by its Jost functions,
the original nonlinear equation is only the compatibility condition of the Lax pair,
that is, the so-called zero-curvature condition. Another fact had been found by
some scholars that those nonlinear integrable equations which have the same first
operator of the Lax pair belong to the same hierarchy and can deal with the same
inverse scattering transform (IST for brevity). As a matter of fact, the DNLS
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equation has a squared spectral parameter of 4? in the first operator of its Lax pair,
while the famous NLS equation, one typical example in AKNS hierarchy, has a
spectral parameter of 1. Thus, the IST of the DNLS equation is greatly different
from that of the NLS equation which is familiar to us. In a word, it deserves us to
demonstrate several different approaches of solving it as a typical integrable
nonlinear equation.

In this chapter, we will solve the DNLS equation under two kinds of boundary
condition, that is, the vanishing boundary condition (VBC for brevity) and the non-
vanishing boundary condition (NVBC for brevity), by means of three different
methods — the revised IST method, the Marchenko formalism, and the Hirota’s
bilinear derivative method. Meanwhile, we will search for different types of special
soliton solution to the DNLS equation, such as the light/dark solitons, the pure
solitons, the breather-type solitons, and the rogue wave solution, in one- or multi-
soliton form.

2. An N-soliton solution to the DNLS equation based on a revised
inverse scattering transform

For the VBC case of DNLS equation, which is just the concerned theme of the
section, some attempts and progress have been made to solve the DNLS equation.
Since Kaup and Newell proposed an IST with a revision in their pioneer works
[10, 11], one-soliton solution was firstly attained and several versions of raw or
explicit multi-soliton solutions were also obtained by means of different
approaches [12-20]. Huang and Chen have got a N— soliton solution by means of
Darboux transformation [15]. Steudel has derived a formula for N— soliton
solution in terms of Vandermonde-like determinants by means of Bicklund trans-
formation [13]; but just as Chen points out in Ref. [16], Steudel’s multi-soliton
solution is difficult to demonstrate collisions among solitons and still has a too
complicate form to be used in the soliton perturbation theory of DNLS equation,
although it can easily generate compute pictures. Since the integral kernel in
Zakharov-Shabat (Z-S for brevity) equation does not tend to zero in the limit of
spectral parameter 1 with || — oo, the contribution of the path integral along the
big circle (the out contour) is also nonvanishing, the usual procedure to perform
inverse scattering transform encounters difficulty and is invalid. Kaup thus
proposed a revised IST by multiplying an additional weighing factor before the
Jost solution E(x, 1), so that it tends to zero as |1| — oo, thus the modified Z-S
kernel should lead to vanishing contribution of the integral along the big circle of
Cauchy contour. Though the one-soliton solution has been found by the obtained
Z-S equation of their IST, it is very difficult to derive directly its multi-soliton
solution by their IST due to the existence of a complicated phase factor which is
related to the solution itself [11]. We thus consider proposing a new revised IST to
avoid the excessive complexity. Our N-soliton solution obviously has a standard
multi-soliton form. It can be easily used to discuss its asymptotic behaviors and
then develop its direct perturbation theory. On the other hand, in solving Z-S
equation for DNLS with VBC, unavoidably we will encounter a problem of
calculating determinant det(I + Q4Q,), for two N x N matrices Q, and Q,, where
Iisa N x N identity matrix. Our work also shows Binet-Cauchy formula and some
other linear algebra techniques, (Appendices A.1-4 in Part 2), play important
roles in the whole process, and actually also effective for some other nonlinear
integrable models [21].
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2.1 The revised inverse scattering transform and the Zakharov-Shabat equation
for DNLS equation with VBC

2.1.1 The fundamental concepts for the IST theory of DNLS equation

DNLS equation for the one-dimension wave function u(x, ¢) is usually
expressed as

Uy + Usy + z<|u|2u> =0 (1)

X

with VBC, where the subscripts stand for partial derivative. Eq. (1) is also called
Kaup-Newell (KN for brevity) equation. Its Lax pair is given by

.9 0 u
L=—ilo3+AU, U= _ (2)
—u 0
and
M = —i2)%63 + 2°U — i’*U?o3 — A(—U? +iUyo3) (3)

where 1 is a spectral parameter, and o3 is the third one of Pauli matrices o1, 67, 03,
and a bar over a letter, (e.g., # in (2)), represents complex conjugate. The first Lax
equation is

Ocf(x, A)=L(x, A)f(x, A) (4)
In the limit of |x| — oo, u — 0, and
L — Lo = —il’o3; M — Mo = —i21%03 (5
The free Jost solution is a 2 X 2 matrix.

2

72 1 s 0\ .
E(x, j,) = eill x53;E,1(x,/1) = (O)elll x,E.z(x’j/) — (l)elﬁx (6)

The Jost solutions of (4) are defined by their asymptotic behaviors as x — f-co.

W(x,4) = (y(x,2),w(x,4)) — E(x,4),as x — oo @)
D(x,4) = (gb(x,/l),(])(x,/l)) — E(x,1),asx — —oo (8)

where y(x, 1) = (w1 (x,4), w5 (6, ), @, ) = (rq(x, 1), 9, (x, )7, ete., and
superscript “T” represents transposing of a matrix here and afterwards.

Since the first Lax equation of DNLS is similar to that of NLS, there are some
similar properties of the Jost solutions. The monodromy matrix T(4) is defined as

®(x,1) = P(x,1) T(A), (9)
where
_(a®,2) —b(t,2)
T) = (b(t,/l) a(t,A) ) (10)



Nonlinear Optics - From Solitons to Similaritons

It is easy to find from (2) and (9) that

62 L(1) 62=L(4), o2 T(A) 62 =T(4) (11)
02 ¥(x,2) 063 =¥(x,4), 62 @(x,1) 07 = D(x,4) (12)
and
o3¥(x, o3 = ¥(x, 1), 03®(x,A)05 = D(x, —A) (13)
o3L(1)o3 = L(—1), o3T(A)o3 = T(-2) (14)

Then we can get the following reduction relation and symmetry properties

iooy (x,2) = g (x, A) (15)
—io)p(x, 1) = @(x, A) (16)
a(7) =a(2); b(A) =b) (17)
and
y(x, —A) = —o3p(x, 1) (18)
y(x, —4) = o3y (x, 4) (19)
a(—2) = a(A); b(—2) = b ()

- (20)

2.1.2 Relation between Jost functions and the solutions to the DNLS equation
The asymptotic behaviors of the Jost solutions in the limit of |1| — oo can be
obtained by simple derivation. Let v = (v1, vz)T = y(x,4); Eq. (4) can be
rewritten as
V1 £ iA%01 = AUy, 0oy — i1%0) = — ATy (21)
Then we have

Vg — Uy (le + i/lzul) Ju + Ao + /12|u|21)1 =0 (22)

In the limit |4| — oo, we assume i (x, 1) = ¢ 4%, substituting it into Eq. (22),
then we have

(<822 +.8,)" + g — g fu + A+ 2l = 0 (23)
In the limit || — oo, g can be expanded as series of (l’z)j,j =1,2,-
. -1
ig, =u=po+m(2%)  +-- (24)
and

po = lul /2,y = —ithu /2 — |ul*/4, - (25)
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Eq. (21) leads to g, .01 = Auv,. Considering (25), in the limit of |1| — oo, we find a
useful formula

U= i2|}|im Wy (%, 4) (%, A) (26)

which expresses the conjugate of solution  in terms of the Jost solutions as
[A] = eo.

On the other hand, the zeros of a(1) appear in pairs and can be designed by 4,,
n =1,2,-,N in the | quadrant, and 4,y = —4, in the III quadrant. The discrete
part of a(4) is [21-23].

W

a(d) = Lo L
() nzlﬂz_ﬂi /1%

(27)

where a(0) = 1. It comes from our consideration of the fact that, from the sum
of two Cauchy integrals

,T" = (0, 00)U(ioo, i0)U(0, —o0)U(—ioo, i0),

Ina(A) 1 Jdﬁ’ Ina(A)a(d)
A 2ri r

0=_—
* 70— 1)

in order to maintain that Ina(1) — 0,as 4 — 0, and Ina(4) is finite as || — oo,

we then have to introduce a factor /_ﬁ /2% in (27). At the zeros of a(1), we have

D%, ) = by (%, 1), 4(—2y) = —(2n)s bpin = —by (28)

Due to py # 0 in (24) and (25), the Jost solutions do not tend to free Jost
solutions E(x, ) in the limit of |A| — oo. This is their most typical property which
means that the usual procedure of constructing the equation of IST by a Cauchy
contour integral must be invalid and abortive, thus a newly revised procedure to
derive a suitable IST and the corresponding Z-S equation is proposed in our group.

2.1.3 The revised IST and Zakharov-Shabat equation for DNLS equation with VBC

The 2 x 1 column function ®(x, 4) can be introduced as usual

¢(x,4)/a(4), as 4 in I, III quadrants.
w(x,4), as 4 in II, IV quadrants.

m%@:{ (29)

An alternative form of IST equation is proposed as

1 o1 11 s
?wmw—aﬁwkﬂ:ﬂiyijﬁﬁ@@m—amwmﬂ(w)

Because in the limit of || — oo, }im evx — 0,

|A|—o0

5 _ then the integral path I" should
x<0, ImA°<0, (4in thell, IV quadrants),

be chosen as shown in Figure 1, where the radius of big circle tends to infinite,

while the radius of small circle tends to zero. And the factor A2 is introduced to
ensure the contribution of the integral along the big arc is vanishing. Meanwhile,

{ x>0, ImA*>0, (1in the I III quadrants),
as
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Figure 1.
The integral path for IST of the DNLS.

our modification produces no new poles since Lax operator L — 0, as 4 — 0. In the
reflectionless case, the revised IST equation gives

2N 2
1 b,, 2,
(x /1 )ezlnxe iV%x (31)

where a(4,) = da(1)/d|,_, . Similarly, an alternative form of IST equation is
proposed as follows:

1

:_,J d,l’/l ! 7 {@2(x 1)} (32)

1 2
Z{® ) iA7x
AN A el

where a factor 17! is introduced for the same reason as A2 in Eq. (30). Then in
the reflectionless case, we can attain
21

< Jn A — zna n)

H(x,4) = Wo (2, An )e”l'zl"e_’ﬂ2 (33)

n=

Taking the symmetry and reduction relation (18) and (28) into consideration,
from (31) and (33), we can obtain the revised Zakharov-Shabat equation for DNLS
equation with VBC, that is,

N 2
b 2
ﬂ —il%x n , /1 zinx —il°x 4
e +n2:;’1n n)d(ln)l/jl(xl e (54
N
22 b 2,
= — X5y An ¢l gik'x 35
;ﬂz—ﬂiﬂ(ln)WZ( ) ( )

2.2 The raw expression of N-soliton solution

Substituting Egs. (34) and (35) into formula (26), we thus attain the N-soliton
solution

iy = —i2Uy/Vy (36)
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where
N
217” i2x
Uy = ;d( 7 Wy (%, Ao e (37)
Vy =1+ i 2b, (66, Ay )& (38)
N LG, T

Let A = Ay, m =1, 2,..., N, respectively, in Egs. (34) and (35), and make use of
the symmetry and reduction relation (15), we can attain

Py (X, Am) =€ i + Z Cat1 (%, Ay )e”lnxe idx (39)
n= 1& ( /12>
N 22_2 =
Wq(x, ) = _Z&_z UL 2cny/2(x,/1 )e”"xe WX =1,2,...,N. (40)
n=14%4y, — Ay

where ¢, = b, /a(1,). We also define

f,= V2¢,6M* (wj), = = V2 () j =1,2and n = 1,2, ... N. (41)

(B1)yn :Eﬁfn’ (B2)yw =f ﬁfn;m,n =1,2,..,N (42)

m ~ n

Wi = (W), Wi)y, -, wi)y) ' Wa = (wa)y, a2y, -+, (wa)y)

F=(fifyfn)»G=(fr/afolha. = fylin)"

where superscript “T” represents transposition of a matrix. Then Egs. (39) and
(40) can be rewritten as

(43)

N
N
@1) = = (B2)y (w2), (45)
n=1

where m =1, 2, ..., N. They can be rewritten in a more compact matrix form.

W, =F+B;- W, (46)
W;=-B, - W, (47)
Then
W, = (I+BiB,) 'F (48)
W; = —B,(I+B:B,) 'F (49)

where I is the N x N identity matrix. On the other hand, from (37) and (38),
we know
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N
Un = anwm =F'W, (50)
n=1
N
Vi =1+ (fo/dn)wn =1+ G'W; (51)
n=1

Substituting Eqs. (48), (49) into (50) and (51) and then substituting (50) and
(51) into formula (36), we thus attain

L L FTw, . F'(I+BiB) 'F
Uy = —i2——m-— = —12 — o=
1+G'W, 1-G'B,(I+BiB,) F
(52)
— D det(I + E1B2 + FFT) - det(I + Ele) det(I -+ B1Ez) _ —ZZA -D
B det [I -+ (Bl — T‘TGT)Ez} det(I + Ele) N 52
where
A = det(I + B1B, + FF") — det(I + B1B;) (53)
D= det(I + B1§2) (54)
In the subsequent chapter, we will prove that
det[I + (By — FG")B,| = det(I + B1B,) (55)

It is obvious that formula (52) has the usual standard form of soliton solution.
Here in formula (52), some algebra techniques have been used and can be found in
Appendix A.1 in Part 2.

2.3 Explicit expression of IN-soliton solution
2.3.1 Verification of standard form for the N-soliton solution

We only need to prove that Eq. (55) holds. Firstly, we define N x N matrices P,
P5, Q1, Qy, respectively, as

— - A — A -
= (B _ /131 f_m . — (B _fr ’_1’” (57)
(Ql)nm:( 1>nm_fn/ﬁ_g Z ’(QZ)mn:( 2)mn _fmg_ﬂﬁfn
Then
— N J—
D =det(l +Q;Q) =1+ > Dim,ng,-my)
r=1 1<m<ny<---<n,<N
N
= 1_'_2 Z Z Ql(nlanza"'nr;mlamb"'7mV)Q2(mlam27"'mr;nlvnz"'ﬂnr)
r=11<m<--<n, <N 1<mqi<--<m,<N

(58)
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where Q;(n1,n2, ---n,;my,my, --+,m,) denotes a minor, which is the determinant
of a submatrix of Q; consisting of elements belonging to not only rows (n4, #,, ...,
n,) but also columns (m4,m,, ..., m,). Here use is made of Binet-Cauchy formula in
the Appendices A.2-4 in Part 2. Then

Q1 (n1,m2, =1y M1, M2y -y ) Qo (Mg, M2y -+ My My, Mg+, )

fnf 5 2 2 72 2 2 2
=] 25" A, — /1 A Ay — A ) (A — 4,
n,mﬂfl _/15” /1”" n<n’1,_m[<m’( rgﬂ —ﬂz n<n’1,_;n[<m’< )( )
r ﬂﬁffszn 27 )2
= (-1 Wll_[nﬁ H (’13; - /13;/) </13n \ /Ifm) (59)
’ (ﬂn — Am) n<n,m<m
where
n,n' € {ny,ny, -, n,.},mym' € {my,my, -, m,} (60)
Similarly,

Pl(”ly M2, ***5 Ny ml, mZ’ ° amV)P2<m1: My ooy My3701,702, 0, nr)

H( —,12> n<nf1:n[<ml(ﬂf” R (-7 (61)

where

n,n' €{ny,ny, -, n,};m,m' € {mq,my, ---,m,},and
det[I + (By — FG")B,| = det(I + P1P,)

N
:1+Z Z Z Pl(”lu“'7n7’;m17'“7m1’)P2(m17'“7m1’;n17'“7n1’>

r=11<n<--<n,<N1<m;<--<m,<N

(62)

It is easy to find a kind of permutation symmetry existed between expressions
(59) and (61), that is,

Pl(nla My M,y oy mV)P2(m1’ My N, "')nr)

- Ql(mla sy My, "'3n1’)Q2<n1a ey My My o0y mr)

(63)

Comparing (58) with (62) and making use of (63), we thus complete verifica-
tion of Eq. (55). The soliton solution is surely of a typical form as that in NLS
equation and can be expressed as formula (52).

2.3.2 Introduction of time evolution function

The time evolution factor of the scattering data can be introduced by standard
procedure [21]. Due to the fact that the second Lax operator M — —i21%s3 in the
limit of |x| — oo, it is easy to derive the time dependence of scattering date.

dl,/dt = 0,da(,)/dt = 0;¢,(t) = Co0l 0o = B0 /i (An), b(t) = b, oc it
(64)
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Then the typical soliton arguments 6, and ¢, can be defined according to
f z = 2c,,oe"2’15xei“3t = 2c,0e Ve n (65)

where A = u,, +ivy,, and 0, = 4u,v, [x + 4(,uﬁ — vﬁ)t} = 4K, (x — Vyut);
0n =202 = 2)x+ [4(2 —12)" — 16122 -1

V= _4(/"35 - Uﬁ),Kn = 4/-4n1/n (66)
2.3.3 Calculation of determinant of D and A

Substituting expression (64) and (65) into formula (59) and then into (58),
we have

Qq(n1,ma, -+, mps My, My, o, my ) Qo (M, M,y oo, My M, MY, oo )
. ‘ A2 —  —\2
= (-1)" H (26‘,,)(me)efgne’f/’nefemejfﬂm —r H (2,’21 — /12,)2 <ﬂfn — /1nt>
nym <}% —ﬂi) n<n'ym<m
(67)

with n,n’ € {nq,n,, ---,n,} and m,m’ € {mq,m,, ---,m, }. Where use is made of
Binet-Cauchy formula which is numerated in Appendix A. 3-4 in Part 2.
Substituting expression (67) into formula (58) thus complete the calculation of
determinant D.

About the calculation of the most complicate determinant A in (52), we
introduce a Nx (INV + 1) matrix Q; and a (IN + 1) x N matrix Q, defined as

(Ql)nm = (El)nm = (Ql)nm’ (Ql>n0 :fn, (68)
(Qz)mn = (Bz)mn = (QZ)mn, (‘Q'Z)On :fn

with n,m = 1,2, ---, N. We thus have

det(I + BiB, + FF") = det(I + 1)

N
=1+ E E E Qi (n1,m2, My M1, Mo, o M) Qo (M, My, oo My M1, M2, o0, Ty

r=11<n<--<n, <NO<m<--<m, <N

(69)

The above summation obviously can be decomposed into two parts: one is
extended to 4 = 0, the other is extended to 7, > 1. Subtracted from (69), the part
that is extended to m > 1, the remaining parts of (69) is just A in (52) (withm; =0
and m, >1). Due to (68), we thus have

A = det(I + Q,) — det(I + Q;Q,)

N
:Z Z Z Ap(ny,ma, o 15 0,ma, - M)

Ql(”la”Zv sy My 0,7’}’[2, '.'>mV)QZ(07m23 My N, N7, "'7”1’)

r=11<mni<ny<n, <N 1<mp<mz<--<m, <N

(70)

with

10
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Ql(?’ll, MYy =225 Ny O) my, ===y mV)Q2<Oa MYy =2y My3715700, =00y nV)

22 52 -
=y [l T e-n)(E-R)
n,m (,12 — ,13n> n<n',m<m
7z .
= (1) T Qe et e T (-2 (B - 2)
n,m (ﬁﬁ _,13”> n<n',m<m'

(71)

Here n,n’ € {n1,n,, ---,n,} and especially m,m’ € {m,, ---,m, }, which completes
the calculation of determinant A in formula (52). Substituting the explicit expres-
sions of D, D, and A into (52), we finally attain the explicit expression of N-soliton
solution to the DNLS equation under VBC and reflectionless case, based upon a
newly revised IST technique.

An interesting conclusion is found that, besides a permitted well-known con-
stant global phase factor, there is also an undetermined constant complex parameter
b,o before each of the typical soliton factor e ¢+, (n = 1,2, ..., N). It can be
absorbed into e %¢'?» by redefinition of soliton center and its initial phase factor.
This kind of arbitrariness is in correspondence with the unfixed initial conditions of
the DNLS equation.

2.4 The typical examples for one- and two-soliton solutions

We give two concrete examples — the one- and two-soliton solutions as illustra-
tions of the general explicit soliton solution.
In the case of one-soliton solution, N =1, A, = —11, 41 = pleiﬁl =y, +ivp, and

Ar = Qi = Lmy = 0)Qy(my = O3my = 1) = f2 (72)
Y 42,02 732\
D1 = Q1<1’l1 = 1;1’}’11 = 1)Q2(Wl1 = 1;1’l2 = 1) =1- }fl} /11/</11 — /11> (73)
f% — 210 eiuix ez’4,1‘1‘t; c10 = b1o/d(1);h1o = g0 eialo; b1o eizﬁx em;‘t — ot ei(pl;
2
01 = 4 — 10+ 402 — R)els o1 = 22 — ) + [4( = 12)7 — 1632 1 +
(74)

It is different slightly from the definition in (66) for that here b19 has been
absorbed into the soliton center and initial phase. Then
A1 =M <l% - l?) e " /71% = i2p, sin 23, 1e 01e'
2
oz

2 —2
|44 (,1% — ,1%)

L,

L= e 20 1 4 (220

and

4p, sin 23,e'31 (1 + e‘izﬁle_zgl)

—91 i(p
1+ ethe 20 e N1t (75)

i1(x,t) = —i2A1D1/D; =

11
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The complex conjugate of one-soliton solution % (x, ) in (75) is u1(x,t), which is
just in conformity with that gotten from pure Marchenko formalism [24] (see the
next section), up to a permitted global constant phase factor. In the case of two-
soliton solution, N = 2, A3 = —44, 44 = —4; and

M= p1€Pr = py Five, by = pre” = p, + iy (76)
o — b1 :bwﬁ_ﬁ-ﬁ_ﬂ%-ﬁé
a(l) 20 -0 2 ) -
€20 :.lﬂi:bzoﬂ%_g-lg_li-ﬁ-é
a(4y) 22 -0 2 )2

f 2L' 612/12x 14/1 't ] 1,2 (Cf.(1.62)),bjoeiZ/lzjx—&-M/l‘}t = e—‘gjeifﬂj’j =12 (78)

where 0; = 4y v [x —xjo+ 4(/4? — u?)t]

2
0y =2(u2 = 2)x + [4 (12 -22) - 1@@4 ttag (79)

and b jo is absorbed into the soliton center and the initial phase by

b jo = ¥ 0" 05j = 1,2 (80)
And we get
Ay= > Q(n1,0)(0,n1) + > Q1(n1,m2; 0,m2) (0, m2;m1,12)
n=1,2 n=1n,=2
mi =20 my=0,m =1,2

= Q1(1;0)(0;1) + 2:(2;0)2:(0;2) + (1,2, 0,1)2(0,1;1,2) +€4(1,2;0,2)Q(0,2;1,2)

R e

(a-7)(E-2) " (@-#) (3-A)

=fi+f- Il

—141} )“ /12 i4(p1+p ) —01 i —14ﬂ /1 )“2 i4(p+p ) -0, i
:/11(1 1)ﬁ 1+5, 16491 +)«2( 2)—26‘ 1+52 26102
1 /12 A
22 2 2 22
a1 = ) T i |y (1 i) LT i | om0 gt ) it )
2 2 02 22
iy iy
12
— 2 12 e (ﬂ a (3ﬁ1+4ﬂ2)6761+i¢1 _|_ pz Sin 2/)’267i((p+a)ei<4ﬂl+3ﬁ2)6762+i¢2
+p1 Sln zﬁle (ﬂ a) (3ﬂ1+2ﬂ2)€7202791 . ei¢1 + pz Sln zﬁzei((ﬂ+a)ei(2ﬂ1+3ﬁZ)€7291762 . el¢2] (81)
where

¢ = arg (ﬂ% — E) = arctan (p7sin2p; + p3sin2B,)/(p7 cos 2, — p3 cos2p,)

a= arg(/ﬁ — /1%) = arctan (p% sin2p; — p% sin 2ﬂ2)/(p% cos2f; — p% cos Zﬂz)
(82)

and
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2
52 :1+Z Z Z Ql(nla"'7nr;m17'"ami’)QZ(mh'"amr;n17"'7n7)

r=11<m <ny <21<my<my <2
=14+Q:(m=1m =1)Qy,(m1 =1,n1=1)+ Q,;(n1 = 1;m =2)Q,(my =2,n; = 1)
+Qy(m1 = 2ymy = 1)Qy(m1 = 1,m1 = 2) + Qq(n1 = 2ymy = 2)Qy(m1 = 2,m1 = 2)
+Q1(ny =1,m1 =2smy =1,my =2)Qy(my = 1,my = 25my = 1,mpy = 2)

22 )2 — )2 _ 22 (83)

—  —\2
AB(E-B)' 63 - B

+Lf1f2‘4' ) 2 ) )
(A7) (@) (&) (8 )
—12
D, =1 ’ﬁ _’1% —i2By =201 | ,—i2B, —20>
=1+ 22 . 22 (e ¢ te ¢ )
1 2
—2
2_ 22 84
+ (11— }g }% e~ (01102) p=i(B1+5,) |:%ei((ﬂ2—(l’1) +p_2€i((/’1—(/’2) (84)
+ e—iz(ﬁ1+ﬁz)e—2(91+92)
where
2 7)? 2 -2
M=% (p1/pr—pa/p1)” +4sin" (B + o) (85)
ﬁ - l% (p1/p2 — Pz/ﬂ1)2 + 4sin2(ﬂ1 —p)

Substituting (81) and (84) into formula (52), we thus get the two-soliton solu-
tion to the DNLS equation with VBC

i, = —i2A;,D, /D5 (86)

Once again we find that, up to a permitted global constant phase factor, the
above two-soliton solution is equivalent to that gotten in Ref. [23, 24], verifying the
validity of our formula of N-soliton solution and the reliability of those linear
algebra techniques. As a matter of fact, a general and strict demonstration of our
revised IST for DNLS equation with VBC has been given in one paper by use of
Liouville theorem [25].

2.5 The asymptotic behaviors of N-soliton solution

The complex conjugate of expression (52) gives the explicit expression of
N-soliton solution as

unN = IZZNEN/DIZ\] (87)

Without the loss of generality, for 4, = p,, + i, Vo = —4(u2 —v2),

n
n=12,--,N, weassume V; <V, < <V, <--Vy and define the »’th vicinity area
asTy :x — x4 — Vit ~0,(n =12,---,N).

Ast — —oo, N vicinity areas I',,n = 1,2..., N, queue up in a descending series

I'n, Ity o005, T (88)

and in the vicinity of I',,, we have (note that x; > 0)

13
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9] = 41<](x —Xjo — \%# t) {+°° for]:>n (89)

oo, forj<n

Here the complex constant 2¢,o in expression (65) has been absorbed into
¢ %¢'?n by redefinition of the soliton center x,o and the initial phase a,.

—\2
Introducing a typical factor F,, = —6_26”/</15 — Ai) >0,n=1,2,--,N; then

D,( H/IZF]H (90)
l<m
where l,me{1,2,--,n}. Thus
2 2
D~D, 1(1,2,-+,n —1) + Dy(1,2,~,n) = | 1+ A2F, H ; ’; D,_1(1,2, -,m —1)
] 7!
(91)

and

—  —\2
- e (2-2)
A~A,1,2,-,n;0,1,2,--n—1) =D, 16 Onem i Hi_e"‘/’f (92)

2
j=1 </1§ — )2
In the vicinity of I,
u(x,t) = i2AD/D? ~usq (an + A0, g, + Ago,g—)) (93)
Here
Y
A0 =2 In|3— (94)
. 2=
j=1 J n
— 2
n1 (2-2)
oy =-> farg | T4
= (2-2)
n—1 - . _L
=2 |arg(# - 2) —arg(2 - 22) - 28] (95)
j=1
then
N
Uy ~ Zm <0n + A6, + A(pfﬁ) (96)
n=1

Each u1(0,, ¢,), (1,2, ---,n) is a one-soliton solution characterized by one
parameter 4,, moving along the positive direction of the x-axis, queuing up in a
series with descending order number # as in series (88). Ast — oo, in the vicinity of
I',, we have (note that x; > 0)
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0; = 4x;(x —x jo — Vjt) — {“”’ forj>n  DaDy_yn+ 1,142, ,N) + Dy_pir(n,n+1, -, N)

+oo, forj<n

4
2 2
@ i
2

j

__ N
=1+ AF, ]I

j=n+1

)DN 2(n+1,m+2,,N) (97)

Z:ZN—VH-I(”," + 13 "',N; 0,71 + 1,7’1 + 2, ’N)

N (2 - /1_2) 22
=Dy_p(m4+1,m42,-,N)e e ' 45 (98)
j=n+1 (l? — ﬂz) A
So ast — oo, in the vicinity of T,
u = 2AD/D*=us (0, + 20,7, 9, + AoV (99)
N 2 - /12
j=n+1 ] n
[ [-2)
Aplt =— " Jarg 5| +4B;
j=n+1 </12 — /12)
] n
N . .
2 2 2 2
=2 .Zl[arg@j - ﬂn> — arg(ﬂj - /1”> - 2,5]} , (101)
j=nt
then ast — oo,
N
v Y ui (6, 4+ 200, 9, + Agf) (102)

n=1

That is to say, the N-soliton solution can be viewed as N well-separated exact
one- solitons, queuing up in a series with ascending order number 7: I"1, I, -+, I'y.
In the course going from ¢ — —oo tot — oo, the 7’th one-soliton overtakes the
solitons from the first to #» — 1’th and is overtaken by the solitons from 7 + 1’th to
N’th. In the meantime, due to collisions, the #’th soliton got a total forward shift

() /x, from exceeding those slower soliton from the first to n — 1’th, and got a

total backward shift AG'") /k, from being exceeded by those faster solitons from
n + 1’th to N’th, and just equals to the summation of shifts due to each collision
between two solitons, together with a total phase shift Ag,, that is,

Ax, = |26 — A6 | /x, (103)

Ag, = A(p(+) — A(p(_) (104)

n n

2.6 N-soliton solution to MNLS equation
Finally, we indicate that the exact N-soliton solution to the DNLS equation can

be converted to that of MNLS equation by a gauge-like transformation. A nonlinear
Schrédinger equation including the nonlinear dispersion term expressed as
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10,0 + Oxx + 100y (|1)|21)> + 2ﬂ|v|21) =0 (105)

is also integrable [23] and called modified nonlinear Schrédinger (MNLS for
brevity) equation. It is well known that MNLS equation well describes transmission
of femtosecond pulses in optical fibers [4-6] and is related to DNLS equation by a
gauge-like transformation [23] formulated as

v(x,t) =u(X, T)einX+i4"2T (106)

withx = a Y(X + 4pT),t = a T, X = ax — 4pt, T = a’t. p = pa*. Using a
method that is analogous to reference [16], and applying above gauge-like trans-
formation to Eq. (105), the MNLS equation with VBC can be transformed into
DNLS equation with VBC.

i07u + Oxxu + iy (|u|2u> ~0 (107)

with # = u(X, T). So according to (106), the N-soliton solution to MNLS
equation can also be attained by a gauge-like transformation from that of DNLS
equation.

The N-soliton solution to the DNLS equation with VBC has been derived by
means of a IST considered anew and some special linear algebra techniques. The
one- and two-soliton solutions have been given as two typical examples in illustra-
tion of the general formula of the N-soliton solution. It is found to be perfectly in
agreement with that gotten in the following section based on a pure Marchenko
formalism or Hirota’s Bilinear derivative transformation [24, 26, 27]. The demon-
stration of the revised IST considered anew for DNLS equation with VBC has also
been given by use of Liouville theorem [25].

The newly revised IST technique for DNLS equation with VBC supplies
substantial foundation for its direct perturbation theory.

3. A simple method to derive and solve Marchenko equation for DNLS
equation

Gel'fand-Levitan-Marchenko (GLM for brevity) equations can be viewed as
an integral-transformed version of IST for those integrable nonlinear equations
[21, 24, 28].

In this section, a simple method is used to derive and solve Marchenko equation
(or GLM equation) for DNLS E with VBC [28]. Firstly, starting from the first Lax
equation, we derive two conditions to be satisfied by the kernel matrix N(x,y) of
GLM by applying the Lax operator 0, — L upon the integral representation of Jost
function for DNLSE. Secondly, based on Lax equation, a strict demonstration has
been given for the validness of Marchenko formalism. At last, the Marchenko
formalism is determined by choosing a suitable F(x + y) and G(x + y), and their
relation (135) has been constructed. The one and multi-soliton solution in the
reflectionless case is attained based upon a pure Marchenko formalism by avoiding
direct use of inverse scattering data and verified by using direct substitution
method with Mathematica.
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3.1 The lax pair and its Jost functions of DNLS equation

DNLS equation is usual expressed as
ity + thy + i(|u|2u) =0 (108)
X

with vanishing boundary, |x| — oo, # — 0. Here the subscript denotes partial
derivative. Its Lax pair is given by

> 0 u
L=—ilo3+U,U = (109)

—u 0
M = —i2)*63 + 22°U — i2*U?o3 — A(—U? +iU,03) (110)

The first Lax equation is

Oxf (26, A) = L(2¢, A)f (%, 4) (111)
In the case of |x| — o0, u — 0, L — Ly = —il%03, the free Jost solution is
—il*xo TN i 0 i
E(x,1) =e 3, Eq(x,4) = 0 e s Eg(x, 1) = 1 e (112)

where 12 is a real squared parameter, E(x, 1) expresses two independent
solutions with two components. The Jost solutions of (4) are defined by their
asymptotic properties at x — oo,
W(x,4) = (@(x, 1), w(x,4)) — E(x,4), as x — oo (113)

D(x, 1) = (p(x,4), p(x, 1)) — E(x, 1), as x — —oo (114)

3.2 The integral representation of Jost function

As usual, we introduce the integral representation,

Y(x,1) = E(x, 1) + rdy{zzN‘i (x,9) + AN°(x,9) }E(y, 4) (115)

X

where the superscripts d and o mean the diagonal and off-diagonal elements,
respectively. According to the conventional operation in IST, the time variable is
suppressed temporarily. Here

N(x,y)14 0

N%(x,y) = ( . o N (x»y)12>

N(x,wzz)’No(x’y )= (N(x,wzl 0

Due to the symmetry of the first Lax operator 1*(—ic3),; = 4*(—i03),, and
AUy = —AU1y, the kernel matrix N(x,y) of the integral representation of Jost
function should have the same symmetry as follows:

/lsz<x’)’)11 = ﬂsz(xa)’)zzﬂNo (x,y)21 = —AN (x’y)12 (116)
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Substitute Eq. (115) into the first Lax Eq. (111). By simply partial integration, we
have the following terms:

{0y — LYE(x,2) = —(L — Lo)E(x, 2) = —AU(x)E(x, ) (117)
Oc [ dy{’N"(x,y) + AN°(x,y) }E(y, 4)
= — [N (x,x) + AN (x,x)]E(x, ) + [ dy[A2N%(x,y) + AN%(x,)|E(y, 2)
—(—i2*03) [ dy [22N?(x,y) + AN"(x, )]E(y 2) = —[.dyos [A*N*(x,y) + AN (x,y)]| 63E (v, 4)
= o3 [2N (3, x) + N (x, %) ] 03E(x, A) + [ dyos [AZN”Z( )+ ANS (x, y)}agE(y 2)

(118)

(119)
and
AU (x) [ dy{ 2N (x,y) }E(y, 2) = — [ dyAU (x)N“ (x,y)io3E (y, 1)
= iAU(%)N*(x,%)03E(x, 2) +i [, dyAU (x)Nj (x,y)03E(y, 2) (120)
Use is made of that —i’*63E(y, A) = E'(y, ), then
—ﬂU(x)JoodyN" (x,9) = —dele(x)N"(x, ) (121)

According to equation (dx — L)¥(x,4) = 0, adding up the Lh.s. and r.h.s,,
respectively, of Eq. (117)-(120), (121). We obtain two equations involving with
terms 4% and A outside of the integral [ dy--- as follows:

22 —N%(x,x) + 63N%(x,x)03 = 0 (122)
AL —U(x) — N°(x,x) + 63N° (x,x)03 + iU (x)N?(x, )03 = 0 (123)

Or
U12 = u(x) = — N12(X,9C> (124)

1 —+ iNll(X,X) ’
and the equations in the integral [ dy{S} = 0, where {S} is equal to

[2N%(x,y) + AN (x,9)] + o3 [zzNj (x,) + NS (x, y)} o3 — AU(x) [—iNj (x,9)03 -+ AN (x, y)} -
(125)

Therefore, Eq. (125) gives two conditions to be satisfied by the kernel matrix
N(x,y) in the integral representation of Jost solution

A* terms : A(x,y) = N%(x,y) + 63N;i(x,y)63 — U(x)N°(x,y) =0 (126)

At terms : B(x,y) = N°(x,y) + 03Ny (x,y)o3 + iU(x)Nj(x,y)ag =0 (127)
Since (122) is an identity, Eq. (123) or (124) gives the solution U(x) or #(x) in
terms of N(x,x), thus the first Lax equation gives two conditions (126) and (127)

which should be satisfied by the integral kernel N(x,y). Note that the time variable
of u(x) in (124) is suppressed temporarily.
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3.3 Marchenko equation for DNLSE and its demonstration

In Eq. (115), the N%(x, y) and N°(x, y) appear in different manner, we assume the
form of Marchenko equation for DNLSE with VBC is

N%(x,y) + dezN" (x,2)F(z+y)=0 (128)

X

N°(x,y) + F(x +y) + Joodsz(x,z)G(z +y)=0 (129)

X

where F(x + y) is only with off-diagonal terms. G(x + y) is considered as another
function with only off-diagonal terms. We notice that the Marchenko equation
needn’t involve obviously the function of spectral parameter A.

We now show the kernel N(x,y) determined by (128) and (129) indeed satisfy
the conditions (126) and (127) as long as we choose a suitable form of expression for
G(x +y).

Making partial derivation in (128) with respect to x and y, respectively,
we obtain

N%(x,y) — N°(x,)F(x 4+ y) + JoodszC(x,z)F(z +y)=0 (130)

X

Nf (x,9) + dezNo (x,2)F'(z+y)=0 (131)

X

By partial integrating, Eq. (131) becomes

Nj‘f (x,9) — N°(x,x)F(x +y) — dezNg(x,z)F(z +y)=0 (132)

X

Use is made of the fact that F'(z +y) = F,(z +y) = F;(z + ) in (131). Making a
weighing summation as follows:

{lLhs. of (20)} +o3{l.hs. of (22)}o3 —U(x) -{l.hs. of (19)} =0
We find

N¢(x,y) + 03N3 (x,9)03 — U(x)N°(x,y) — N°(x,%)F(x +y) — 03N (x,%)F(x + y)o3 — U(x)F(x +y)
+ [ dz{N;(x,Z)F(Z +79) — 03N (x,2)F(z +y)o3 — U(x)N%(x,2)G(z —|—y)} =0
(133)

Since F(x) is off-diagonal, F(x)o3 = —o3F(x). Thus the terms involving with
F(x +y) outside of integral are equal to —iU(x)N%(x,x)o3F (x +y) by use of
Eq. (123). Then (133) can be rewritten as

A(x,y) — iU(x)Nd(x,x)a3F(x +9)
+ [ de[B(x,2)F(z +7) — U ()N (x,2)03F(z +) — Ux)N(x,2)Glz +7)] = 0
(134)

If we choose

G(z +y) =iosF (z +y), (135)
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then

iU (x)N? (x,)03F (x +y) + rdz{iU(x)Nj (x,2)03F (2 +y) + U(x)N*(x,2)iosF (z +y)} = 0

(136)
Thus, Eq. (134) becomes
Alx,y) + dezB(x,z)F(z +9)=0 (137)
Now substituting (135) into (129), we find
N°(x,y) + F(x +y) + desz (x,2)io3F (z+y) =0 (138)

Making partial derivation with respect to x and y, respectively, on the Lh.s. of
Eq. (138), we have

(o]

N°(x,y) + F'(x +y) — N%(x,x)iosF (x +y) + J dzN%(x,2)ic3F (z +y) = 0

(139)

(o]

Nj(x,y) + F'(x +y) + J dzN* (x,2)ic3F"(z +y) = 0 (140)

X

or

Ny (x,y) + F'(x +y) — N%(x,x)io3F (x +y) — J dzN% (x,x)io3F' (z +9) = 0

X

(141)
Now we make a weighing summation as
{lhs. of (29)} +o3{l.hs. of (31)}o3 +iU(x){l.hs. of (21)}o3 =0
Hence, we have

N2(x,9) + 03N3 (x,9)03 + iU (x)N (x,y) o3

+F'(x +9) + 03F (x + )03 — N4 (x, %)io3F (x +y) — 03N (x, x)ic3F' (x + y)o3

+Jo°dz{Nf (x,2)io3F (z 4+ y) — 63N (x,2)io3F (2 + y)o3 + iU (x)N° (x,2)F' (z + y)o3} = 0
) (142)

Noticing F(x)o3 = —o3F(x), Eq. (142) becomes

(e o]

B(x,y) +J dzA(x,2)io3F (z+y) =0 (143)

X

We find that, as long as we choose a suitable form for G(x + y) as well as
F(x +y) according to Eq. (135), Eq. (128) and (129) will just satisfy the two
conditions (126) and (127) derived from the first Lax Eq. (111). On the other hand,
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owing to the symmetry properties of N°(x,y) and N“(x, y), the function f (x + y) in
(128) and (129) can only has off-diagonal elements, we write

(144)

Considering the dependence of the Jost solutions on the squared spectral
parameter )2, in the reflectionless case, we choose

N
fle+y) = Cu)eht) (145)
n=1
where C, (t) contains a time-dependent factor ¢/%*, which can be introduced
by a standard procedure [29], due to a fact of the Lax operator M — —i2%03
as x — d-oo,
As is well known, Lax equations are linear equation so that a constant factor can

be introduced in its solution, that is, C, = Prtiomgi4t Tt means that B, is related to
the center of soliton and a, expresses the initial phase up to a constant factor. Thus,
the time-independent part of C, is inessential and can be absorbed or normalized
only by redefinition of the soliton center and initial phase. On the other hand, notice
the terms generated by partial integral in (133)-(142), in order to ensure the

convergence of the partial integral, we must let lim ¢4* = 0, so we only consider

the N zero points of a(4) in the first quadrant of complex plane of 1 (also in the
upper half part of the complex plane of 4%), that is, the discrete spectrum for 11, 4y,
------ AN, although —4,, (n =12,---,N) in the third quadrant of the complex plane of
A are also the zero points of (1) due to symmetry of Lax operator and transition
matrix. Then Eq. (145) corresponds to the N-soliton solution in the reflectionless
case, and we have completed the derivation and manifestation of Marchenko equa-
tion (128) and (129), (144), and (145) for DNLSE with VBC.

3.4 A multi-soliton solution of the DNLS equation based upon pure Marchenko
formalism

When there are N simple poles 1, 43, --+, Ay in the first quadrant of the complex
plane of 1, the Marchenko equation will give a N-solition solution to the DNLS
equation with VBC in the reflectionless case. We can assume that

N
flx+y)=Falx+y)=> g, k() =Glx,)H@)" (146)

n=1

whereg (x,t) = C,(t)e ihx p, (y) = ¢y, n=1,2,,N,and

Gl 1) = (g1(6,0),2,(6,1), gy (36, 0)), HO)' = (11(9), h2(y), - ()" (147)

Here and hereafter the superscript T represents transposing of a matrix. On the
other hand, we assume that

Nu(x,y) = Nu(x)H®y)", Nn(x,y) = No(x)H(@y)" (148)
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Then

Fio(x +y) = —Fu(x +y) = —G(x)H@)", Fiy(x +y) = il2C,e )
- —G’(X)H(J/)T (149)

Substituting (146)—(149) into the Marchenko equation (128) and (129), we have

{Nn(x)H(J’)T + Nn(x) [;°dzH(z) G(z)H(y)" = 0
e (150)
Nu()HE)" - Gl HE)" — iNnu(x) [*deH(2) G (&) H) = 0
or

Nll(X) —|—N12(.X')A1(.X') = 0, (151)

le(x) — 1N11(x)A2(x) = @(x) (152)
here

Arlx) = rﬁ(z)TG(z)dz, As(x) = JWH(z)TG/(z)dz (153)

Both of them are N x N matrices and their matrix element are, respectively,
expressed as

Aq(x),, = Jje—@zcne"ﬂizdz = N (x) E_—l o g,(x) (154)
Ar(x), = J:e—ufnzén <—iE>e‘iEzdz = T () z ’1% Eg" (x) (155)

From (151) and (152), we immediately get
Ni(x) = —G(x)[1 4 iAq(x) Az (x)] " Aq(x) (156)
Np(x) = G(x)[1 +iA1(x) Ay (x)] (157)

from (148), (156), and (157), we have

Nui(x,y) = —G(x) [T+ i (x) Ay (x)] " A ()H ()" (158)
N1o(%,y) = G(x)[T +iAq (%) Ag(x)] TH(p)" (159)

then
N (x,x) = iTr{iAl(x)H(x)TG(x)[I + ml(x)Az(x)rl}

[ det [1 A (%) A (x) + iAl(x)H(x)Ta(x)}
= det[l 1 18, (x) Ay (%) -1

(160)

and

| det [1 + A (x)Ag(x) + ﬁT(x)G(x)}

Ni(x,x) = Tr{ﬁ(x)TG(x)[I + iAl(x)Az(x)}’l} = det[l + iA1(x)As(x)] -

(161)
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Substituting (160) and (161) into Eq. (124), we thus attain the N-soliton solution
as follows in a pure Marchenko formalism.

det (I LA, + HTG) — det(I+iM147) det (I — iA;A))
det (I — iZ1Z2 — zZlﬁTG> det(l + ZAlAZ)

un(x,t) = =2 — —2CD/D?

(162)

where
D = det(I +iAA,), C = det (1 FiAA, + HTG> ~det(I+iAhy),  (163)
and we will prove that in (136)
det<1 —iAA, - iZlﬁTG) = det(I +iAAy) =D (164)

By means of some linear algebraic techniques, especially the Binet-Cauchy for-
mula for some special matrices (see the Appendices 2-3 in Part2), the determinant
D and C can be expanded explicitly as a summation of all possible principal minors.
Firstly, we can prove identity (164) by means of Binet-Cauchy formula.

det(I - iBsA; — iAH G) = det|I + (~i) (B + H' G | =det(I + MiMy)

(165)
where
sz
(M), = (—iB1) =, . (Mp),,, = (B +H'G) = hmg iy
(166)

The complex constant factor ¢,o can be absorbed into the soliton center and
initial phase by redefining

2,(x,0)h,(x) = C, ()% = ¢ppenteiZa = ¢=0ngit (167)

here 4, = u, + iv,, and

On = 41,00 [x — X0 + 4(ps, — 02)t] = 4K, (X — X0 — V)5 Kn = 44 Un3 On

2
= —4(u —v2); ¢, =2(up —v3)x + [4(/45 —v2) - 16#,31)2}'1«‘ + G Cno
= ¢Mn¥mogito, g — 1 oo N (168)

det (I — iZ1Z2 - 1Z1HTG> =1+ i Z Z
r=1

1<m<my<-<n, <N 1<mi<my<--<m, <N

Mi(n1,n2, -, nps My, Mo, =M, )Mo (M1, Moy -+, My, N1, M2, -+, 1)

(169)
where M (n4, 1y, -+, n,; m1, My, ---m,) denotes a minor, which is the determinant
of a submatrix of My, consisting of elements belonging to not only (4, 7y, ..., 7,)
rows but also columns (m4, mo, ..., m,.).
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It T -2 (5 -7)

M (n1,na, -+, nps my, ma, ---m,) = =
n,m /1,1 - /1m n<n',m<m
(170)

&l T (Z-T)(2 - 2) a7

where n,n' € {n1,n3, ---,n,}, mym' € {my,ms, ---,m, }, then
Mi (11,19, =+, 1y M1, Mo, =My )My (M1, My, -+, M3 11, 1, -1y

— -1'T] X I (2-2)(#-2) (172)
n,m (,{5 — ﬂ;) n<n',m<m'

If we define matrices Q; = iA; and Q, = A,, then we can similarly attain

N
D = det(I +iA1A7) = det(I+ Q;Q,) =1+ ) > >
r=11<m<ny<-+-<n,<N1<mi<my<--<m, <N
Q1(n1,ma, -+, mpsmy, My, -y ) Qo (M1, My, -+ My3 M1, Moy o+ Ny
(173)
and

Q1<7’11,n2, Ny M, MY, "'mV)QZ(ml,mZJ s My3 N1, 75 000y nV)

Oy iy, p—On p—ip, 12 .
(_1)1’H6 e¥me e ln H (/13” _/13”/)2</13L _/13#)2

—\ 2
n,m (,13’1 _,13[> n<n',m<m

(174)

where n,n' € {n1,n2, -, n,}, m,m’ € {my,ms, ---,m,}. Comparing (172) and
(174), we find the following permutation symmetry between them

Ml(nb N2y *+*5y Ny M1, M), “'le)Mz(Wll,mz, s My 71572, 200, nr)

= Qq(m1,ma, -+, myp3n1, M2, 1) Qo (11, M2, =+, Mys M1, M, -+, My

Using above identity, comparing (169), (172), (173), and (174), we find that

identity (164) holds and complete the computation of D.
Secondly, we compute the most complicate determinant C in (163). In order to

calculate det <I +iMA, +H T@) , we introduce an N X (N + 1) matrix Q; and an

(N +1) x N matrix Q,

. A2
(Ql)nm = (lAl)nm’ ('Q‘l)nO = h” = > 5 2; ('Q‘z)mn = (Az)mn’
A —0
" 175
s (175)
(Qz)On :gn = 02 _ :{_2

withn,m =1, 2,..., N. We thus have
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det(I + ©:9Q,) =1+ Z

r=1 1<m <m<--<n,<NO<mi<my<--<m,<N (176)

Q1 (11,72, +++5 y3 M1, M, My ) Qo (M1, Mg, -+, My3 M1, Mg, + 5 Ty

The above summation obviously can be decomposed into two parts: one is
extended to m, = 0 and the other extended to m, > 1. Subtracted from (176), the
part that is extended to m; > 1, the remaining parts of (176) is just C in Eq. (163)
(with mq = 0, my >1). Due to (175), we have

C= det(I + Qlﬂz) = det(I + iAlAz)

N
= Z Z Z Q1(n1, M2, 5 1p3 0, M, ) Qo (0,17, -+, My M1, M2,y -0, 7y
r=11<m<ny<--<n, <N1<my<mz<--<m, <N
(177)
Ql(nla 72y =5 Ny 03 my, mr) - HEanm H (/12 22 ) (/1 — /12 )H_ 1
n m n<n',m<m ",Wllﬁ - lZn
(178)

QZ(Oa M)y =2+ My3 M1, 712, nr) - Hgthm H (g - l_z/) (lzrl' — H

n<n',m<m' nml _/12
m
(179)

which leads to

Ql(nla N2y *+*5 Ny O, my, "'mV)Q2(Os M2y =2y My3M15 72, nr)
. . 2
= (—1)’+1He_9"e_"/’" He_g’"e"”m H </13, - /lfl,> (22, — /13”)2 — H/I
n m n<n',m<m n,m <l _/12> m
(180)

here n,n' € (n1,n2, -+, n,), mym' € (ma, ---,m,) in (178)—(180). Finally, substitut-
ing (174) into (173), (180) into (177), and (173 and 177) into (162), we thus attain the
explicit N-soliton solution to the DNLS equation with VBC under the reflectionless
case, based on a pure Marchenko formalism and in no need of the concrete spectrum

expression of a(4). Obviously, the N-soliton solution permits uncertain complex
constants ¢,o (n = 1,2, -+, N) as well as an arbitrary global constant phase factor.

3.5 The special examples for one- and two-soliton solutions

In the case of one simple pole and one-soliton solution as N = 1, according to
(173), (177), (174), and (180), we have

Cl = Ql(n1 = 1;1’}’11 = O)Qz(ml = 0;1’11 = 1) 25151(—1)1+1 :glﬁl (181)

hig il 2
Dy = Qu(ms = Limy = )Qolmy = Limy = 1) =1 - SV _ g 1oy 2 A (182)

(1-7) (#-7)

From (167) and (168), we have (suppose 41 = p;e’* = y; + iv; and
c10 = e4’<1x106i0(10)

25




Nonlinear Optics - From Solitons to Similaritons

gh =C1 ()2 = cqgeiiteix — ¢~ 01gin (183)
01 = 4u01 [x —X10 + 4(;1% — v%)t]

) (184)
o1 =20 —od)x + [4(2 = 02) — 164202 -1 + ang

Then from (181) and (182), we attain the one-soliton solution

2

B 2 2
up(x,t) = —2 C]131231 =-2]|1- /141_2(3*291 eglei"’l/ 1- /141_26*291 (185)
1 (4 -4) (4-4)

By further redefinition of its soliton center and initial phase, the single soliton
solution can be further rewritten as usual standard form. It is easy to find, up to a
permitted well-known constant global phase factor, the one-soliton solution to
DNLS equation gotten in the pure Marchenko formalism is in perfectly agreement
with that gotten from other approaches [23, 24, 26, 27].

As N = 2 in the case of two-soliton solution corresponding to double simple
poles, we have

us(x,t) = —2C,D, /D3 (186)
C, = Z Q1(n1,0)Q,(0;71) + Z Q1(n1,m2; 0,m2)Q(0,m; n1,717)
n1=1,2 n1=1,n,=2
m1=0 m1=0,my=1,2

= Ql(nl = 1;WL1 = O)Qz(ml = 0;%1 = 1) =+ 91(711 = 2; mq = O)Qz(ml = O;n1 = 2)
+Qi(ny = 1L,ny =2;my = 0,my = 1)Qa(my = 0,my = Lymy = 1,my = 2)
+Q1(n1 =1,my = 25mq = 0,my = 2)Qy(my = 0,my = 25m1 = 1,my = 2)

(3-%)" 5
(x%—a?)i(a%—z‘%) (a%—E)z(j%—E)z
(B-3) &y, (A-B) 4

—\2 —\2 — 2 —\ 2
(5 -2) (2-5) (5-2) (3-5)

(5-3)" 4

:glﬁl +gzﬁ2 - \g117‘1|zé_’222 2 E2E2|2glﬁl

— ¢ i 4 e Prp7i02 _ e 20201 i1

(187)

2
DZ =1 + Z Z Z Ql(nl) N2y =25 Ny3 M1, M), ""mr)Qz(mla My, +++y My3 71,77, "';nr)

r=11<n;<ny; <21<mqi<my <2
=14+Q,(m=Lm =1)Q,(m1 =1,m1 =1) + Q,(n1 = L;m =2)Q,(m1 = 25m1 = 1)
+Q1(7l1 =2;m = 1)Q2(1’}’l1 =1,n = 2) + Ql(nl =2,m = 2)Q2(Wl1 =2%m = 2)
+Q1(7’L1 = 1,112 = 2; mq = 1, my = 2)Q2(m1 = 1, my = 2;711 = 1,712 = 2)
2 A . 2
SO e N G Y Jy—

(%) (3-%) (72

— T 2 (7 77)
2 heh 22 e Plops 2 M543 — 43) (’11_’12>
g8 _2+Lg11|Lg22| —] —2 —) 2
@ G G- (@) )
A e B e M o 0—02,i0-01)
—\2 —\ 2 — 2
(S R T A
_ — 2
= 2,2(92 _ 32 2( 2 2)
A o-01-02,i(01-02) 2122()‘1 '12) A=A 20140

) —2 —) 2 —)
(#-2) (2-2)(2-2)(3-2)(3-2)

(188)
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Up to a permitted constant global phase factor, the two-soliton solution gotten
above is actually equivalent to that gotten from both IST and Hirota’s method
[23, 24, 26, 27], verifying the validity of the algebraic techniques that is used and
our formula of the generalized multi-soliton solution. Because Marchenko equations
(128), (129), (144), and (145) had been strictly proved, the multi-soliton solution is
certainly right as long as we correctly use the algebraic techniques, especially Binet-
Cauchy formula for the principal minor expansion of some special matrices.

4. Soliton solution of the DNLS equation based on Hirota’s bilinear
derivative transform

Bilinear derivative operator D had been found and defined in the early 1970s by
Hirota R., a Japanese mathematical scientist [30-33]. Hirota’s bilinear-derivative
transform (HBDT for brevity) can be used to deal with some partial differential
equation and to find some special solutions, such as soliton solutions and rogue
wave solutions [26, 27, 32]. In this section, we use HBDT to solve DNLS equation
with VBC and search for its soliton solution. The DNLS equation with VBC, that is,

iut+—uxx—ki<hd2u> —0, (189)

X

is one of the typical integrable nonlinear models, which is of a different form
from the following equation:

iy + ey + 12)u*u = 0, (190)

which had been solved in Ref. [14] by using HBDT. We have paid special
attention to the following solution form in it [14]:

u=glf, (191)

where f, g are usually complex functions. Solution (191) is suitable for Eq. (190)
and NLS equation, and so on, but not suitable for the DNLS equation. Just due to
this fact, their work cannot deal with Eq. (189) at the same time. As is well known,
rightly selecting an appropriate solution form is an important and key step to apply
Hirota’s bilinear derivative transform to an integrable equation like Eq. (189). Refs.
[13, 16, 17, 23], etc., have proved the soliton solution of the DNLS equation must has
following standard form

w=gf/f’ (192)

here and henceforth a bar over a letter represents complex conjugation.

In view of the existing experiences of dealing with the DNLS equation, in the
present section, we attempt to use the solution form (192) and HBDT to solve the
DNLS equation. We demonstrate our solving approach step by step, and naturally
extend our conclusion to the #-soliton case in the end.

4.1 Fundamental concepts and general properties of bilinear derivative
transform

For two differentiable functions A(x,t), B(x,t) of two variables x and ¢, Hirota’s
bilinear derivative operator, D, is defined as
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prprap— (9 _0) (2 9 mA(x £)B(x', )| (193)
£ C\ot o) \ox ox ’ ==

which is different from the usual derivative, for example,

DA -B=AB — AB,
D?A -B = A,,B—2A,B, + AB,, (194)
where A(x,t), B(x,t) are two functions derivable for an arbitrary order, and the
dot - between them represents a kind of ordered product. Hirota’s bilinear deriva-
tive has many interesting properties. Some important properties to be used after-
wards are listed as follows:

®D!D"A -B = (-1)"""DI'DI"B - A (195)

for example, DyA -B= —D,B-A; D,A-A =0;D?A-B=D2B-A;D'A-1=
d'A;D'-A = (—1)"dA

@D}A-B=D}"D"A-B,(m<n) (196)
@ Suppose 1; = Q;t + Aix + ng;, i = 1,2, £;, A;, ny; are complex constants, then
DD} exp (17) - exp (1) = (€21 — 22)" (A1 — A2)" exp (i +11,) (197)

Especially, we have DD exp (1,) - exp (1,) = 0 as £; = £, or A; = A,. Some
other important properties are listed in the Appendix.

4.2 Bilinear derivative transform of DNLS equation
After a suitable solution form, for example, (192) has been selected, under the
Hirota’s bilinear derivative transform, a partial differential equation like (189) can
be generally changed into [20, 26, 27].
F1(D¢, Dy++)gy - 1+ Fa(Dy, Dx+)gy - f, = 0 (198)
where F;(D;, D), i = 1,2 are the polynomial functions of D;, D, ---; and g;, f;,
i = 1,2, are the differentiable functions of two variables x and ¢ . Using formulae in

the Appendix and properties ©-® of bilinear derivative transform numerated in the
last chapter, with respect to (192), we have

w=Dgf - f*/f* = | fTDg f ~gDf F | /f* (199)

u.=Dugf - f/f* = | ffDsg -f ~gfD.f -F|/f" (200)

we = [ DY f ~2Dig ) (Dof -F) +&fDY F)/f* ~ 2D FIf* 01
() = egDeg f £ @)/ o)

Substituting the above expressions (199)-(202) into Eq. (189), the latter can be
reduced to [26, 27].
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fF(D:+D)g f ~gf (D + DLf -f + £ °Duf*- g(2Df -f ~ig) | = 0 (203)

We can extract the needed bilinear derivative equations from Eq. (203) as
follows:

(iD; +Dy)g-f =0 (204)
(iD: + D2)f -f =0 (205)
D.f -f =igg/2 (206)

Functions g(x,t), f (x,t) can be expanded, respectively, as series of a small
parameter ¢

g= Ze’g(i) (207)
f=1+> &fY (208)

Substituting (207) and (208) into (204)—(206) and equating the sum of the
terms with the same orders of ¢ at two sides of (204)—(206), we attain

(io, + 02)g¥ = 0 (209)

(i +D2) (¥ 1+1:F") =0 (210)

D ( £ 1+1-f ):0 (211)

(iD: +D2) (¢ -1+ - fV) = 0 (212)

(iD; + D2) ( @141 7% 4 f“)) —0 (213)

D, ( @141 7% 40, f<1>> — i .50 /2 (214)

(iD; + D2) (ge) 1@ O 4 g f<z>> _ (215)

(iDt+D§)(f<3)-1+1-f(3)+f FUfm ) =0 (216)

D, ( 1119 4 p@ f e A ) i(g@)—(n n gu)—(z)) 2 (217)

(iD; + D2) <g<4) 14g® . O @O L) f<3>> —0 (218)

(D +D2) (f91+1-f Y 4 fO Y4 fO T f D) 0 (@9)
Do f@ 141-FY 450 7Y 4 0 794 0 f(2>)

— i<g(3>—<1) +o@5® 4 g<1>—(3>> 2 (220)

(iD; + D) <g(s> 1@ U g3 D ) f<3>> —0 (221)
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(iDt +D§) ( f(S) 141- j?(S) n f(4) ) ]?(1) 4 f(l) ) f(4) n f(3) ) f(z) i f(z) . J;(3)> _0
(222)

Dx(f(S) 141 _J?(S) +f(4) -f(l) +f(1) _f(4) +f(?,) ‘J?(Z) +f(z) ']?(3)>
_ i<g<4>g(1> +g®5® 4 gD50) 4 gmgm)) 2 (223)

The above equations, (209)—-(223), contain the whole information needed to
search for a soliton solution of the DNLS equation with VBC.

4.3 Soliton solution of the DNLS equation with VBC based on HBDT
4.3.1 One-soliton solution

For the one-soliton case, due to (209)-(211) and considering the transform
property ®, we can select gV and f @ respectively as
gV =em, g = it + Agx + 119, 21 = 1A2, (224)
Y=o (225)

From (212), one can select g(z) = 0. From (214), we can attain

@ i 1

= hth 226
2A+ A (226)

-7
where the vanishing boundary condition, # — 0 as |x| — oo, is used. Then

-2
—(2) 1A2 A =

a( @) ):__ 17 M 227

2 f f 24A1+A1e ( )

Substituting (226) and (227) into Eq. (213), we can attain

-2 i A A

i —y +1m (228)
(A + A’

N |

From (226) and (228), we can get an expression of

A

— et (229)
(A1 + A1)2

N[ =

f(2) _

Due to (224) and (229), we can also easily verify that
(iD; +DY)g™ - f* = 0 (230)
which immediately leads to
(io, + 2)g® =0 (231)

in Eq. (215). Then from (215), we can select g(3) = 0. For the same reason, from
(216)-(223), we can select f(g), g(4),g(5), ) f(4), f(S), ... all to be zero. Thus the
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series (207) and (208) have been successfully cut off to have limited terms as
follows:

i A .
=14+-———hth (233)
fl 2 (A1 + A1)2

where ¢ has been absorbed into the constant e by redefiniing 7. In the end,
we attain the one-soliton solution to the DNLS equation with VBC

ui(x,t) = g.f1/f1 (234)

which is characterized with two complex parameters A; and ;7 and shown in

Figure 1. If we redefine the parameter A; as Ay = —i2/_ﬁ and 4y = u4 + ivq, then

12 PPy - _ . - .
elZ)le+14/11t+n10 /2 =e G)lel(Dl; e'ho /2 = e4,uly1x10 el(xlo; @1

= 4u 01 [x —X10 + 4(/1% — v%)t} ; Dy

2
=2(3 — )+ [4(2 —02)" — 16t £ ane  (239)
Then
.2—2 L4 .

g, = eh = g1 A x—14A t+n 2ef®1efld)1

. A )
fl =1+ %71_2671‘*"11

(A1 +As) (236)

=2

=1- A e 2

2 —\ 2
1

f 2 . 2
u(x, 1) _&fy 2[1-— e e_gle_‘q’l/ 1-—1 e
(3-4) (

(237)

It is easy to find, up to a permitted constant global phase factor e = —1, the
one-soliton solution (234) or (237) gotten in this paper is in perfect agreement with
that gotten from other approaches [16]. By further redefining its soliton center,
initial phase and 1; = p;e”1, the one-soliton solution can be changed into the usual

typical form [16, 23, 26, 27].
ur(x,t) = 4)24|sin 28, (1 + e 2%1)e ®e /(1 + e_izﬂle_ml)2 (238)

On the other hand, just like in Ref. [13], we can rewrite g, and f, in a more
appropriate or “standard” form

2= ehte (239)

fr =14 elnte)+0hten)+0w (240)
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Here
e =1,e” = i/A;, el = iA1(—iK1)/2(A1 + Kl)z, (241)

which makes us easily extend the solution form to the case of #-soliton solution.

4.3.2 The two-soliton solution

For the two-soliton case, again from (209), we can select ggl) as
gV =en el p = Qit + Nix + 1y, 2 = iAD,i = 1,2, (242)

The similar procedures to that used in the one-soliton case can be used to deduce
g, and f,. From (210) and (211), we can select fgl) = 0, then from (212), we has to

select ggz) = 0. From (213) and (214), we can get the expressions of f’ gz) —f ;2) and
féz) +f ;2), then attain f gz) to be

féz) — iAl_ > et o 1/\—2_2 et o 1/\71_2 et
2(A1+ A1) 2(A + A7) 2(A1+ A7)
A )
2 et (243)
2(Ay + Ay)

Substituting (242) and (243) into (215), one can attain gf) to be

3) —i(/\l — A2)26”1+”2 Kleﬁl Kzeﬁz
& = E— —a —) — 2
2 (AM+A) (M +A1)" (A +A) (A +4A)

(244)

Substituting the expressions of ggl), ggz)’ gf), f gl), f gz) into (216) and (217), we
can select that f 53) = 0. Then from the expressions of ggl), ggz), g(23), f Q), f gz)’ f §3) and
(218), we can select gg4) = 0. From (219) and (220), we can get the expressions of

fg4) —f§4) and f§4) +f§4), then get f£4) to be

4
f(4) 41 A1A2|A1 T A2| e’h'*"?z"‘ﬁl""ﬁz (245)

g 4(A1+ A1) (Mg + M) (A1 + A0) (Mg + Ay

Due to (243) and (244), we can also easily verify that
(iD; +D2)gs” - £ =0 (246)

Then from (244), (245), (246), and (221), we can select g(zs) = 0. From (222)-
(223) and so on, we find that the series of (207) and (208) can be cut off by selecting

ggs)’ f §5); gf), f §6) .-+, all to be zero. We thus attain the last result of g,, f, to be

g = e + e
_ Meﬂlﬂho — /2\1 — eﬁl 4 — /2\2 — eﬁz
2 (A1+ A1) (A + Aq) (A2 + M) (M + Ay)
(247)
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fZ =14+ i/\412e’71+51 + 1/\722 et + 1/\712 ehtin + 1[\722 et
2(A1+ M) 2(A2+Ay) 2(A1+ A7) 2(A2 + Ay)
4
_ 5 A1A2|A; _ A2| 5 5 e'71+’72+ﬁ1+ﬁ2
4(A1 + A1) (Az + Az) (Al + Az) (Az + Al)
(248)
It can also be rewritten in a standard form as follows:
g2, = ehto + et + e('71+f/’1)+('12+</72)+(ﬁ1+¢1’)*912+911’+921/

(249)

+ e('h +01)+(12+92)+ (T2 +0y ) +012+01y +05y

f2 =1+ e(’71+<ﬂ1)+(ﬁ1+‘/’1’)+9n/ + e('11+<ﬂ1)+(ﬁ2+(/)2’)+'912’ + e(’lz+0’2)+(ﬁ1+(/’1’)+921’
+ e(’72+(ﬂ2)+(ﬁ2+(ﬂ2’)+922’ + e(7h+l/’1)+(’72+(ﬂ2)+(ﬁl+(ﬂ1’)+(ﬁ2+(/’2/)+912+911/+912’+921’ +050 +0y1y

(250)

where ¢;, 0; in (249) and (250) are defined afterwards in (256). We then attain
the two-soliton solution as

us(x,1) :ngz/fg (251)

which is characterized with four complex parameters A1, Ay, 779, and 7,9 and
shown in Figure 3. By redefining parameters 7;, and

A, = =205,k = 1,2, (252)

we can easily transform it to a two-soliton form given in Ref. [23], up to a
permitted constant global phase factor.

4.3.3 Extension to the N-soliton solution
Generally for the case of N-soliton solution, if we select g(l) in (209) to be

gl(\}) =eh feP ..+,

Ay . (253)
Ny = it + Aix +10;, 82 =1A;,1=1,2, -+, N

then using an induction method, we can write the N-soliton solution as

N = Z v €xp {Zi1kj (”J' T ¢f> * Z?\Slﬂkijkgjk} 4

Kj:0,1
(0) 2N 2N
fn= 201 exp {ijlk']’<l7j+§0j> —|—lej<kl<jl<k9jk} (255)
Kk j=0,

where 7y, =7; (j<N)
e?i =1,e i =e?/ = (—in)_l
% = 2(Aj — Ap)?JiA - iAg, €? 4 = &K = iA;(—iAy) /2(Aj + Ag)® (256)

e i — e i = 2(A; — Ay)?/ (—ih;) (i), (1<j <N, 1<k <N),
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therein ij:o 1(1) represents a summation over x; = 0, 1 under the condition

Z@":ﬂ‘j =1+ ij:ﬂ(]#N-

Here, we have some discussion in order. Because what concerns us only is the
soliton solutions, our soliton solution of DNLS equation with VBC is only a subset of
the whole solution set. Actually in the whole process of deriving the bilinear-form
equations and searching for the one and two-soliton solutions, some of the latter
results are only the sufficient but not the necessary conditions of the former equa-
tions. Thereby some possible modes might have been missing. For example, the
solutions of Egs. (209)-(211) are not as unique as in (224) and (225), some other
possibilities thus get lost here. This is also why we use a term “select” to determine a
solution of an equation. In another word, we have selected a soliton solution.
Meanwhile, we have demonstrated in Figures 2 and 3, the three-dimensional
evolution of the one- and two-soliton amplitude with time and space, respectively.
The elastic collision of two solitons in the two-soliton case has been demonstrated in
Figure 4(a-d) too. It can be found that each soliton keeps the same form and
characteristic after the collision as that before the collision. In this section, by
means of introducing HBDT and employing an appropriate solution form (192),

Figure 2.
The evolution of one-soliton solution with time and space under parameter A, = —1 + 0.2, 1,, = 1in (234).

Figure 3.
The evolution of two-soliton solution with time and space under parameter A, = 1+ 0.31, A, =1 —0.31,
Nio =M =1 in (251)-
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Figure 4.
The elastic collision between two solitons at 4 typical moments: (a) t = —10(normalized time); (b) t = —1;
(c)t=1;(d)t =10, from —10 before collision to 10 after collision.

we successfully solve the derivative nonlinear Schrédinger equation with VBC. The
one- and two-soliton solutions are derived and their equivalence to the existing
results is manifested. The N-soliton solution has been given by an induction
method. On the other hand, by using simple parameter transformations (e.g., (235)
and (252)), the soliton solutions attained here can be changed into or equivalent to
that gotten based on IST, up to a permitted global constant phase factor. This
section impresses us so greatly for a fact that, ranked with the extensively used IST
[23] and other methods, the HBDT is another effective and important tool to deal
with a partial differential equation. It is especially suitable for some integrable
nonlinear models.

Author details

Zhou Guo-Quan
Department of Physics, Wuhan University, Wuhan, P.R. China

*Address all correspondence to: zgqg@whu.edu.cn

IntechOpen

© 2020 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms
of the Creative Commons Attribution License (http://creativecommons.org/licenses/
by/3.0), which permits unrestricted use, distribution, and reproduction in any medium,

provided the original work is properly cited.

35



Nonlinear Optics - From Solitons to Similaritons

References

[1] Rogister A. Parallel propagation of
nonlinear low-frequency waves in high-
f plasma. Physics of Fluids. 1971;14:2733

[2] Ruderman MS. DNLS equation for
large-amplitude solitons propagating in
an arbitrary direction in a high-# hall
plasma. Journal of Plasma Physics. 2002;
67:271

[3] Hada T. In: Hada T, Matsumoto T,
editors. Nonlinear Waves and Chaos in
Space Plasmas. Tokyo: Terrapub; 1997.
p. 121

[4] Tzoar N, Jain M. Self-phase
modulation in long-geometry optical

waveguides. Physical Review A. 1981;23:
1266

[5] Anderson D, Lisak M. Nonlinear
asymmetric self-phase modulation and
self-steepening of pulses in long optical
waveguides. Physical Review A. 1983;27:
1393

[6] Govind PA. Nonlinear Fiber Optics.
3rd ed. New York: Academic Press; 2001

[7] Nakata I. Weak nonlinear
electromagnetic waves in a ferromagnet
propagating parallel to an external
magnetic field. Journal of the Physical
Society of Japan. 1991;60(11):3976

[8] Nakata I, Ono H, Yosida M. Solitons
in a dielectric medium under an external
magnetic field. Progress in Theoretical

Physics. 1993;90(3):739

[9] Daniel M, Veerakumar V.
Propagation of electromagnetic soliton

in anti-ferromagnetic medium. Physics
Letters A. 2002;302:77-86

[10] Kaup DJ, Newell AC. Solitons as
particles, oscillators, and in slowly
changing media: A singular perturbation
theory. Proceedings of the Royal Society
of London, Series A. 1978;361:413

36

[11] Kaup DJ, Newell AC. An exact
solution for a derivative nonlinear

Schrédinger equation. Journal of
Mathematical Physics. 1978;19:798

[12] Kawata T, Inoue H. Exact solution of
derivative nonlinear Schrédinger
equation under nonvanishing
conditions. Journal of the Physical
Society of Japan. 1978;44:1968

[13] Steudel H. The hierarchy of multi-
soliton solutions of derivative nonlinear

Schrédinger equation. Journal of
Physics A. 2003;36:1931

[14] Nakamura A, Chen HH. Multi-
soliton solutions of derivative nonlinear
Schrédinger equation. Journal of the
Physical Society of Japan. 1980;49:813

[15] Huang NN, Chen ZY. Alfven
solitons. Journal of Physics A:
Mathematical and General. 1990;23:439

[16] Chen X], Yang JK, Lam WK. N-
soliton solution for the derivative
nonlinear Schrédinger equation with
nonvanishing boundary conditions.
Journal of Physics A: Mathematical and
General. 2006;39(13):3263

[17] Lashkin VM. N-soliton solutions and
perturbation theory for DNLS with
nonvanishing condition. Journal of
Physics A. 2007;40:6119-6132

[18] Ablowitz M]J. Solitons, Nonlinear
Evolution Equations and Inverse

Scattering. London: Cambridge
University Press; 1991. p. P1381

[19] Wadati M, Konno K, Ichikawa YH.
A generalization of inverse scattering

method. Journal of the Physical Society
of Japan. 1979;46:1965

[20] Chen HH, Lee YC, Liu CS.
Integrability of nonlinear Hamiltonian
systems by inverse scattering method.
Physica Scripta. 1979;20(3-4):490



Soliton and Rogue-Wave Solutions of Derivative Nonlinear Schrodinger Equation - Part 1

DOI: http://dx.doi.org/10.5772/intechopen.93438

[21] Huang N-N. Theory of Solitons and
Method of Perturbations. Shanghai:
Shanghai Scientific and Technological
Education Publishing House; 1996

[22] Huang N-N et al. Hamilton Theory
about Nonlinear Integrable Equations.
Beijing: Science Press; 2005. pp. P93-P95

[23] Zhou G-Q, Huang N-N. An N-
soliton solution to the DNLS equation
based on revised inverse scattering
transform. Journal of Physics A:
Mathematical and Theoretical. 2007;
40(45):13607

[24] Zhou G-Q. A multi-soliton solution
of the DNLS equation based on pure
Marchenko formalism. Wuhan
University. 2010;15(1):36-42

[25] Yang CN et al. Demonstration of
inverse scattering transform for DNLS
equation. Theoretical Physics. 2007;48:
299-303

[26] Zhou G-Q, Bi X-T. Soliton solution
of the DNLS equation based on Hirota’s
bilinear derivative transform. Wuhan
University. 2009;14(6):505-510

[27] Zhou G-Q. Hirota’s bilinear
derivative transform and soliton
solution of the DNLS equation. Physics
Bulletin. 2014;4:93-97

[28] Huang N-N. Marchenko equation
for the derivative nonlinear schrédinger
equation. Chinese Physics Letters. 2007;
24(4):894-897

[29] Chen X-] et al. An inverse scattering
transform for the derivative nonlinear
Schrédinger equation. Physical

Review E. 2004;69(6):066604

[30] Hirota R. Direct method of finding
exact solutions of nonlinear evolution
equations. In: Miura RM, editors.
Backlund Transformations, the Inverse
Scattering Method, Solitons, and Their
Applications. Lecture Notes in
Mathematics. Berlin, Heidelberg:
Springer; 1976. pp. 40-68

37

[31] Hirota R. The Direct Method in
Soliton Theory. Cambridge: Cambridge
University Press; 2004

[32] Zhou G-Q, Li X-]J. Space periodic
solutions and rogue wave solution of the
derivative nonlinear Schrédinger
equation. Wuhan University Journal of
Natural Sciences. 2017;22(5):9-15

[33] Hirota R. Exact solution of the
Korteweg-de Vries equation for multiple

collisions of solitons. Physical Review
Letters. 1971;27(18):1192



