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Chapter

Characteristics of Radiation of a
round Waveguide through a Flat
Homogeneous Heat Shield

Viktor F. Mikhailov

Abstract

The problem of obtaining an analytical description of the radiation characteris-
tics of a circular waveguide closed by a flat homogeneous dielectric plate is solved.
The radiation characteristics include: the radiation field; the conductivity of the
aperture radiation; and the fields of surface, flowing, and side waves, as well as
energy characteristics. In such a statement, a strict solution of Maxwell’s equations
is required. The paper uses the method of integral transformations and the method
of eigenfunctions. In this case, the assumption is used that the electrical parameters
of the dielectric plate (thermal protection) and the geometric dimensions do not
depend on time. The relations describing the directional diagram of a circular
waveguide with dielectric thermal protection and taking into account the electrical
parameters of thermal protection and its thickness are obtained. Expressions are
also obtained for the fields of lateral, surface, and outflow waves, from which it is
possible to calculate the power taken away by these fields. Numerical calculations
were made for some of the obtained relations. The results showed that the power of
the side waves is zero. It also follows from the calculations that the radiation field of
surface and flowing waves is absent, that is, their contribution to the directional
diagram is not.

Keywords: circular waveguide, a flat, uniform thermal protection, the radiation
characteristics

1. Introduction

The onboard antennas of the returned spacecraft are subjected to intensive
aerodynamic heating when the spacecraft passes through the dense layers of the
atmosphere [1]. In these conditions, radio-transparent heat-resistant thermal pro-
tection is used to protect the antennas from external influences. The open ends of
the transmission lines are used as the emitter to obtain a wide directional pattern.
The most offer used radiation from the open end of the round waveguide. In the
first approximation, we consider a flat uniform thermal protection. Under the
conditions of aerodynamic heating, the electrical parameters of thermal protection
significantly change (relative permittivity € and tangent of the dielectric loss angle
tgd). These changes lead to a noticeable increase in absorption losses in the heat
shield, reflection from its boundaries, as well as to the appearance of surface and
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side waves. Together, all this leads to a change in the directional pattern and a
decrease in the efficiency of the onboard antenna.

Evaluation of these changes is absolutely necessary to determine the radio tech-
nical characteristics of the onboard radio equipment. The paper solves the problem
of determining the characteristics of the radiation of a circular waveguide through a
heat shield subjected to aerodynamic heating.

The problems of calculating the interaction of the onboard antenna with a heat-
shielding dielectric insert are very difficult and poorly developed. The development
of mathematical models of antenna windows is reduced to solving an external
problem of electrodynamics—electromagnetic excitation of bodies or diffraction of
radio waves. At the same time, we will use well-known analytical methods of
solution. The radio technical characteristics of the antenna window, for which we
obtain an analytical description, include a radiation pattern, radiation conductivity,
antenna temperature, and a number of other characteristics that describe more
subtle electrodynamic effects, as well as energy characteristics.

In theoretical terms, the electrodynamic problem in general can be formulated as
follows. There is a radiating, open antenna a, located on an infinite screen, in front
of which is a dielectric layer of thickness d with a complex permittivity-bridge
ea(x, v, z, t) (see Figure 1).

In this general formulation, the solution of the electrodynamic problem is asso-
ciated with significant mathematical difficulties, the main problem being the need
to solve the Maxwell equations for an arbitrary law of change in the parameters of
media in space and time. With some simplifying assumptions, the problem was
solved in the ray approximation. In [2], the wave front method is used to analyze
the radiation diagram of an antenna covered by a dielectric layer. In [3-5], the
method proposed in [6] is used to find the radiation diagram, according to which
the antenna radiation diagram in the presence of an infinite flat dielectric layer is
simply multiplied by the diagram in the free space by the flat wave transmission
coefficient for the flat layer, taking into account the corresponding angle of arrival
and the plane of polarization of the wave.

At their core, all these methods are close to each other and are essentially based
on the approximation of geometric optics, which is true in the quasi-optical domain.
In relation to the problem under consideration (the resonance region), a strict
solution of the Maxwell equations is required. From analytical methods of the
solution, it is possible to apply the method of integral transformations and the
method of eigenfunctions. Both of these methods will be used in the future. In this
case, we assume that the parameters of thermal protection do not depend on time,
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Figure 1.
Electrodynamic model of vadiation from a circular waveguide with thermal protection.
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that is, in fact, the slow-moving processes of heating of the dielectric thermal
protection are considered. This approach and methods of solution were used in a
number of works, for example [7].

2. Main part

The problem can be formulated as a boundary with respect to the tangent
magnetic field in the material, and with respect to the tangent electric field. The
second method is more convenient because of the simple form of boundary condi-
tions for z = 0 [8].

The magnetic component of the electromagnetic field H, at z > 0 must satisfy
the following wave equation in a Cartesian coordinate system x, y, z:

0°H, o¢°H, JH, ,
w2 o T +k*eH, = 0, (1)

where ¢= ¢, for 0 <z < d, ¢ = 1 for z > d, and k is the wave number.
We apply the Fourier transform for x and y coordinates to equation (Eq. (1)).
We get

’H 5
— 2t (K — k' — k) H, = 0, (2)

where is the direct Fourier transform,
I:Iy = J J H,(x,y,0) exp (—] (kxx + kyy))dxdy.

Solution of equation (Eq. (2)) satisfying the radiation conditions (for z >d) has
the form for area 1, that is, the area occupied by the dielectric plate (0 < z < d),

A

HJ(,l) = Dexp (—jkzlz) + Lexp (jkzlz>.

For region 2, that is, the region behind the plate (z > d), we get

r(2) .
H,” = Mexp (—jk.2),

where k., = | /k’e — ki — ki k. = \ [k — ki — k.

Reasoning in a similar way, with respect to the tangent magnetic component of
the field, we obtain the following equations for the spectral component:

H (1)x =Aexp (—jkzlz> + Bexp <jkzlz> ,
I:I(z)x = Cexp (—jk2).

Satisfying the equations arising from the Maxwell equation, we obtain expres-
sions for the spectral components of the electric field
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B %Zlgl (Dexp <_jk21z> — Lexp (jkzlz»;
EY = wk—;Mexp(—jkzZ);
EJ(,I) = %0181 (Aexp (—jk21Z> — Bexp (jkzlz> >;

~(2) ks .
B = ~= (Cexp(—k.5)).

WE(

Unknown functions A, B, C, D, L, and M are determined from the boundary
conditions for z = 0 and z = d. In this case, the boundary conditions for radiation
from a circular waveguide, when the field in the aperture is determined by Hy;
waves, have the form

—E(D—L) :Ex(); (3)
WENE7
LT (A—-B)=E,; (4)
WEQEL - e
D exp (—jkzld> — Lexp (jkzld) = SlikzMexp (—jk.d); (5)
A exp (—jkzld> — Bexp (jkzld) = S;kz Cexp (—jkzd); (6)

—kyk, (Dexp (—jkzld> + Lexp (jkzld» + (k] — k2) <Aexp ( —jk21d> + Bexp (]'kzd)) =
= e1((k — k) Cexp (—j.d) — leck,Mexp (~jk.d) );
@)

<k% — kj) <Dexp (—jkmd) + Lexp (jkzld)> — kyky (Aexp (—jkzld) + Bexp (jkzld)> =

= <<k2 — kj)Mexp(—jkzd) - kxkyCexp(—jkzd)>€1

(8)
where
Exo = ”Ex (x',y',0) exp (—j (kxx’ + kyy’ ))dx’dy' . 9)
il
B, = [[E .5 0y exp (ks +hy )y (10)
il

Here, I1 is the area of integration on the opening of the waveguide and x’,)’ are
the coordinates counted in the opening of the studied waveguide.

We present in full the expression of the coefficients included in the solution of
the wave equations of spectral components. In this case, we use the following
variable replacement:

ky = pcosa, ky, =psina,k, = \/k* — %, ki =\/k'er — .
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Since the coefficient expressions are very cumbersome, we use the following
notation to obtain a compact form of the record:

V> = =a, \[k*er—p>=b, ke —Pd=c,

: 2 2
[sin o cos a = e, k> — f?cos’a = f,k*e; — % cos 2o = g,

k* — p*sin’a = h, k’e, — BPsin’a =1, \/k*— p*d =p.

As aresult

weper exp (jc)

b
+Ey0 (52(61 +Db)(jb sinc + a cosc) + (bf + ag)(—jsinch nb coscla))];

A= [Exoeabkz(l —&1)(cosc —jsinc) +

(11)
B=A—E, “2% (12)
C:f—lexp [j(p +¢)] Eyo%_ % sinc exp (—jc) |3 (13)

D= %zpmﬁjxo [ez(a +Db)(jb sinc +a cosc) — (bh + al) x
X (jfb sinc + ag cosc) + Eyoaebkz(l —&1)( jsinc — cosc)]; (14)
L:D+Ex0$; (15)
M=~ expljip o)l | B 0 sine exp (o). (10

1

In the expressions (Egs. (11)-(16))

A= 2\/k251 — ﬂz\/kz — pk* lj\/kz — f*sin (\/k,zgl — ﬂ2d>+
+ \/k?er — B cos (\/kzgl — ﬁzd) -81\/162 — p?cos (\/kzel — ﬂzd)+
+j\/ k&1 — f*sin <\/k281 —ﬂd) .

Using the obtained expressions of the angular spectrum of plane waves and apply-
ing the inverse Fourier transform, taking into account (Egs. (9) and (10)), we write

B = ” F2 (x,y,2,x',y',0)Ex(x,y', 0)dx'dy’ +

I

(17)
+JJF§C12’2) (x,9,2,x",9', 0)Ey (', y', 0)dx’dy';
i
EJ(,1 2 = JFJ(,}’Z) (x,9,2,x",y', 0)Ex(x',y', 0)dx'dy' +
; (18)

+ FJ(,LZ) (%,9,2,x",y", 0)E, (', y', 0)dx'dy’;
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The functions Fy in these expressions are determined based on equations
(Egs. (11)-(16)). After a series of transformations, you can write

o 22 (12 sin \/k*er — d
Fg(c?:ij J {] 1=fh (lﬂ“sinza cosza<\/k2ﬁ2+
0

472 ) A

+\/k2€1 — ﬂ2> <j\/k2€1 —/32> sin (\/kzel —/i’zd) + \/k2 — [P cos <\/k2£1 —ﬂzdﬂ +
VR er — (k> — pPsin’a) +\/k> — p? (kzsl —ﬁzsin2a>1 []( — B cos’a)\/ RPer — 2

+

pl—
= roojoﬂ‘/’»(cz) exp (—jk,z) exp [—jB[(x" — x) cosa + (y' — y) sinal|pdp da;
(19)

1 2z J2 sin (\/kzel ﬂ2d>
xz _TJ J P sina cosa<\/k281 — %
0

[ ﬂzeXP<J\/k2 /ﬂd) exp [(ksz — (ks + ko)) x (20)

x exp [—jpl(x" —x) cosa + (y — y)sinal|f df da =
=-— J, Jo goya exp (—jk,z)[—jBl(x' — x) cosa + (y —y) sina]|pdp da;
| = e J2sin (\/kzel - ﬂ2d>
Fy(f) :Til'zj Jo A B sinta cosza<\/k2/)’2><
\/ 2k2 1— &) cos <\/k2€1 — ﬂ2d> —j sin (\/kzel — ﬁ2d> X 1)
x exp [—j((ke2) — (ky + kz1)d)] exp [—jp[(x" — x) cosa+
1 o 271
+( —y)sinal|p dp da = 4—”2‘[7 Jo f,(cz) exp (—]kzz) X
x exp [—jp[(x" — x) cosa + (y' — y) sinal|p df da;

() O 2 Sin( kzglﬂZd) 4 .2 2 2 2
Fy :4—7[2JWL - (l sin“a cos a(vk -+

e _ﬂz>] ij (Veu—pd)s

— p* (K& — [ cos 24 [—j\/m (k’er — p*sin’a)
X sin <\/mal> - \/Ifﬂz (K*e1 — p*sin’a) x
< cos (md)]) }exp[ lhaz — (s + k)]

x exp [—jp[(x" — x) cosa + (y' — y) sinal|f df da =
oo (27
N LJ Jo 53(’2) exp (—jk,z) exp [-jp[(x' — x) cosa+

472 )

+(y' —y)sinal|p dp da.

(22)
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The obtained expressions (Egs. (19)-(22)) together with (Egs. (17) and (18))
determine the radiation field of a circular waveguide with uniform thermal protection
through the tangent components of the electric field in the opening of the waveguide.

To calculate the integrals (Egs. (20) and (22)) by the saddle method, it should be
taken into account that, when the integration contour is deformed, it is necessary to
bypass the branch points of the integrand and that the saddle path intersects the
poles of the integrand. We determine which branch points and poles of the inte-
grands must be taken into account in the said approximation. Integrals (Egs. (20)
and (22)) can be written as

2z

I= T F(B) exp (—j(d —a)\Jk - /32) exp (~jp cos (a — go) )dpda =

0

[ee]

— 2 [ fpresp ( -2\ = 1 1ol

—00

where g = arctg(x’' —x)/(y' —y).p = \/ (& %) + (' —y)%
Jo(Pp) is the Bessel function.
We use the asymptotic expression of the Bessel function for large arguments

Topo) ~ %( exp (j(Bp — 7)) + exp (<i(Bp — ).

Then, passing to the plane of the complex angle © by replacing p = ksint, we obtain

I = J AF(B) exp (kL cos (¢ + @))dz (23)

where A = 2k 2—Zcos1exp (—jn/4),d —2 = L cos g, p = Lsin ¢.

Considering the obtained expression of the integral I, we find the analytical
expression of the saddle path from the following equation:

Jm( jcos(r £ ¢)) = const, sciliset ],,( jcos (7= ¢)) =j Means cos (r £ ¢) = 1.,
Because ther = 7, +jz;,

then cos (7, + ¢) = cos (7, + @)chrj —jsin (7, & @)shrj, cos (7, + ) = 57— =

J
schr i
Finally, we get the expression of the saddle path
7, = ¢ = arccos (schrj). (24)

Satisfying the radiation condition at infinity, we obtain regions on the complex
plane 7 in which the saddle path defined by (Eq. (24)) lies:

1.0<z,.<m,7; >0;
2.—7<1,<0,7;<0;
moreover, the second area of determination of the transit path in our case makes

sense, since from (Egs. (20) and (22)) it is clear that the lower limit of p is 0.
Denoting the coordinates of the branch points 7, and the pole t,,, we obtain from
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(Eq. (24)) the condition that determines the branch points and poles intersected
during deformation of the initial path of integration into the saddle,

Tz, T > arccos <sch1 J'B’J'p>'

In the general case, in accordance with the Cauchy theorem, the integrals for
functions can be represented in the following form:

R J Af+U(C )J dp+U(C )J...dﬂ , (25)

! I, I,

where U(C,, ,)is the only Heaviside function; C,, C, are values determined on
the basis of Eq. (24) as follows on the complex plane:

Cs, p = Re (arcsin ﬂgl’e p) + ¢ — arccos (sch T (arcsin %) ) , (26)

The first integrals over the circuit I are calculated by the saddle method. Finally,
by the saddle method, we get

. e e;?;if ¥ o l,]:: _ ,fy (27)
F2 1k exp Gkr) e;frg o) 2, l,]:; : ,l:;, , (28)
Fua =jke;% ) l:; _ :yx , (29)
F2,, =Ll e;‘,fyi" 47) et VZ ;’:j . (30)

In the expressions (Egs. (27)-(30))

k
K= =2, =y e

r

After a series of transformations for even E modes and odd H modes, we obtain

S L O )Jo 02 (P a)N (yna)days (6,)

= vi'(6) 1B = pE (31)
Fﬁi:{;éu( )gﬂwﬁ(ﬂ;l/zﬁi>(ﬂi,a)dﬂwl(ﬂi) o -
pg;:%l”l U(Cy) ly v2(Pina ()ﬂ i)(ﬁi,amwl(ﬁi) e 33
F 221—,, UG )§”¢§<ﬂ;/zﬂi><ﬁi,a)daua(ﬂi) . -
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In these expressions

N = —2\/]62 —p \/kz [Pk? exp ]kzz) X

x exp [—jp[(x" —x) cosa + (y — y) sina]|p;
wi(B) =j ctg(\/k281 — ﬂzd)kzen/kz — B — K2\ ke — B,

Cpi is calculated according to (Eq. (26)). The expressions for the H modes will be
characterized by equations similar to equations (Egs. (31)-(34)), in which y; () is
replaced by y, (B) and y; (B) by y, () and which will be calculated for the values
of p corresponding to the poles, and

W, () = \/ k> — p* — j\/k2k2.91 - ﬁzctg(\/kzsl — pd.

Expressions F), F), F gzs, F{Dare written similar to expressions with

replacement, ga,(i,) by go,gv), goy(i) by q)}(,l), {,‘gv) by égv), and éy(i) by f;f,l), respectively.

where
o) = ¢ [N) = Niy] =N (35)
o) =y [INC) = Niw s (36)
& =& [N = N s (37)

éﬁ) = 5»93 [Ny =N@)] =Ny, (38)

)
In expressions (Egs. (35)-(38)), the expression N (—) corresponds to the
expression N with the replacement of exp (—jk,z) by exp (—jk;z);
expression N (+) corresponds to expression N replacing exp (—jk,z) with exp

(_jklz) >

1 _ Xp (ic)[ (

P = a+b)(jbsinc + acosc) — (bh + al)(jb sinc + ag cosc)|;

W _ ) aebki(er—1),
P = ox) A ’

£ _ %P (je)

L= bf + ag)(jbsinc + al cosc) — I*(a + b)(jb sinc + a cosc)].
y(-) A g

The relation for functions includes expressions of spectral components.
Considering the main type of oscillations in the waveguide Hy;, we get

Bua = ropoHoa%kyky 0,1+ 6,5+ 10%% (3,4 + k2 + 7 ) +1,45-10%° (& + &) |
By = 0, 85mpoHoa?[1 — 1,250 (b + k2 + 0,5k; +3,125-102) x

4 2712 212 212 —4 67127127127,
a (0,33 k22 +0,33b%k2 + 0,5 ky) ~0,5-10 *a®b*k2k7);
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The second integral (Eq. (25)) is calculated along the contour 1,, which covers
the cut and is carried out so that the integrand is unique. From the form of the
integrands, it is obvious where the first-order branch points are located. From the
form of the integrands of the integrals (Eq. (25)) it is obvious that the first-order
branch points are located at , = +k and 8, = +k,/e1. From these branch points, it
is necessary to take f, =k and f§,, = k,/e1, in order to satisfy the radiation condi-
tions. A calculation according to (Eq. (26)) shows that C, > 0 for named branch
points and, with the exception of the case when €1 is complex and the losses are
sufficiently large (tand > 0.5). Thus, we find that the side wave can contribute to
the radiation field, and this should be taken into account. An analysis of the inte-
grands (Egs. (20) and (22)) showed that the developed and well-known methods
for the asymptotic estimation of integrals along the banks of a section covering
branch points that are valid for a saddle point turn out to be inapplicable in this
case. For this reason, the contribution of the side wave to the radiation diagram can
be determined only by numerical integration (Eq. (25)) along the contour 1,. More-
over, from the analysis of integrands, it follows that it is advisable to choose the
section so that it is a straight line parallel to the imaginary axis of the complex plane

B. Then the integral along the banks of the section | ...dJ will take the form
Ly

k Rek-joo
j o1 (B)dp + j 02(B)d,
Rek-+joo k

where v1(f) and v, (f) are sub-integral expressions with signs in front of y/k* — .

The conditions for the existence of surface and leaky waves are determined from
the location of the poles of the integrands (Egs. (20) and (22)), and the poles
correspond to the equality of the denominators of the marked expressions to zero.

By the Cauchy theorem, integral (Eq. (25)) along the contour lp is defined as
follows:

J...dﬂ = i Res(p;),

Ly

where f3; are the roots of the denominators (Eq. (25)).

In order to separate the singular points into poles corresponding to surface and
outgoing waves, it is advisable to again go from the complex plane f to the plane of
the complex angle t. Moreover, from the analysis of the exponent of expression
(23), it follows that the surface wave will take place at

7, =14,7;>0
and the outgoing wave corresponds to the following region of complex angles:
0 <t <m, (except for tr = n/.2), 7ji> 0.
Moreover, the region 0 < 1t <¢ determines the backward wave that does not
satisfy the conditions at infinity.
In the presence of losses in the dielectric plate k1 = kr-jkj, analysis of the

exponent (Eq. (23)) shows that the poles corresponding to the relations for the
complex angle t

10
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tgd 2tg25
T, = arccos _ 889 ,€— (1 — . —>—cht;<0
Sth sh? 7;

determine the surface wave field.

If
cos 7,shtj # —etgé,

then the poles that satisfy the last relation determine the field of the leaky wave.
The conductivity of the aperture is determined by the following expression:

Y, = J J E{ H{Vdx dy.

Applying the Parseval theorem, after a series of transformations, we obtain the
expression for the conductivity referred to as the conductivity of the open end of
the waveguide in the form

((eEy, + eEy eabk®(1 — e1) x

x(cosc —jsinc) — <€Ex0 — eEyo)ez(a +b)(jb sinc + a cosc)+

) (39)
+ eEx, (hb + la)(jfb sinc + ag cosc)—

2
JG(ﬂa)dﬂ da.
0

LA
2 exp (jc)

A G)EO T
—eEy o (bf +ag))dp da = >0 J
0

The contribution of surface and leaky waves to the conductivity of a circular
waveguide with thermal protection is determined using the Cauchy theorem. As a
result, we get

Y = ]wg ZJ AL (40)

=1

We will conduct a quantitative assessment of various loss mechanisms by means
of transmission coefficients y, attenuation v, and reflection p, which are defined as
follows:

Pmd Pmd Sur Pmd res Pmd sid

N=mn+n T3 +nN= P/ + P + P + P/ >
V=11 vy fus g = Pmd - Pmd.sw + Pmd - Pmd.res + Pmd - Pmd.sid , ( 4 1)
Py Py Py
1-Y
IRl = '1 "\
+Y,

These expressions take into account the orthogonality of surface, leaky, and side
waves and Py is the power incident (supplied to the emitter), P,,q-radiated power,

11
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Pradsur>s Pradress Prad.sia- Waves, respectively, Pgyy, Pres, and Pgq are the power of
surface, leaky, and side waves, respectively; v, is the attenuation coefficient of
radiated power, determined by losses in dielectric thermal protection.

v=1—n—vy—v3—v4—|R[

In expression (Eq. (41))

3. Conclusion

Expressions (Egs. (17), (18), (27)-(30), (39), and (40)) characterize the radia-
tion field of a circular waveguide with uniform thermal protection and its input
conductivity. The theoretical relations obtained, along with an estimate of the
apparent loss of radiated power due to absorption in and reflection from thermal
protection, allow us to estimate more subtle effects, such as losses on surface, leaky,
and side waves. It is also possible to assess the influence of these waves on the
radiation pattern.

Further development of the obtained theoretical relations should consist of
taking into account the probable inhomogeneity of the heat-shielding layer in the
direction of the z axis. For this, the method of approximate solution of the wave
equation can be applied—the WKB method (Wentzel, Kramer, Bruellen) [9]. If
we consider a round1 waveguide in the form of an onboard antenna of the
returned spacecraft, then due to aerodynamic heating, a melt layer appears on the
outer surface of the heat shield, which has electrical characteristics different from
the characteristics of the material in the solid phase. Then the radiation from the
waveguide should be considered through a two-layer dielectric thermal
protection [10].

Unfortunately, all the obtained relations turned out to be very cumbersome and
their use becomes only with numerical integration. For some of the obtained ratios,
numerical calculations were performed. The results showed that the power of the
side waves is zero. It also follows from the above calculations that the radiation field
of surface and leaky waves is absent, that is, their contribution to the radiation
pattern is not. Further research in this area should be directed to the development of
computer calculation programs for the basic radiation characteristics.
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