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Chapter

Interactions of Positrons and
Electrons with Hydrogenic
Systems, Excitation, Resonances,
and Photoabsorption in
Two-Electron Systems
Anand K. Bhatia

Abstract

There are a number of approaches to study interactions of positrons and electrons
with hydrogenic targets. Among themost commonly used are themethod of polarized
orbital, the close-coupling approximation, and the R-matrix formulation. The last two
approaches take into account the short-range and long-range correlations. Themethod
of polarized orbital takes into account only long-range correlations but is not varia-
tionally correct. This method has recently been modified to take into account both
types of correlations and is variationally correct. It has been applied to calculate phase
shifts of scattering from hydrogenic systems like H, He+, and Li2+. The phase shifts
obtained using this method have lower bounds to the exact phase shifts and agree with
those obtained using other approaches. This approach has also been applied to calcu-
late resonance parameters in two-electron systems obtaining results which agree with
those obtained using the Feshbach projection-operator formalism. Furthermore this
method has been employed to calculate photodetachment and photoionization of two-
electron systems, obtaining very accurate cross sections which agree with the experi-
mental results. Photodetachment cross sections are particularly useful in the study of
the opacity of the sun. Recently, excitation of the atomic hydrogen by electron impact
and also by positron impact has been studied by this method.

Keywords: scattering, resonances, photoabsorption, excitation

1. Introduction

The discovery of an electron by J.J. Thomson in 1897 led to the development of
physics beyond the classical physics. Proton was discovered by Rutherford in 1909.
Niels Bohr proposed a model of the structure of hydrogen atoms in 1913. Neutron
was discovered by Chadwick in 1932. Other important discoveries were of X-rays
and radioactivity in 1896. In 1926, Erwin Schrödinger formulated an equation to
determine the wave function of quantum mechanical system. According to Max
Born, the wave function can be interpreted as a probability of finding a particle at a
specific point in space and time. Many processes could be studied due to such
developments in physics. For example, an incoming wave behaves like a particle in
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processes like Compton scattering and photoabsorption. Particularly, Geiger and
Bothe, using coincident counters, showed that the time between the arrival of the
incident wave and the motion of the electron is of the order of 10�7 second. If the
incident wave acted as a wave, the time would have been much longer. Also the
experiment of Compton and Simon showed that energy is conserved at every point
of the scattering process.

We discuss here scattering of electrons by hydrogenic systems since the wave
function of the target is known exactly, and therefore we can test various theories or
approximations. When the target consists of more than one electron, a reasonably
accurate wave function can only be written using various configurations of the
target (called configuration interaction approximation). Among the various
approximations for scattering are the exchange approximation [1], the Kohn varia-
tional method [2], and the method of polarized orbitals [3] which takes into account
the polarization of the target due to the incident electron. The incident electron
creates an electric field which results in a change of energy of the target given by
ΔE ¼ � 1

2 αE
2, where α is the polarizabilty of the target and is equal to 4.5 a30 in the

case of a hydrogen target. The polarization is possible only when the incident
electron is outside the target, according to the method of polarized orbitals [3].
However, this method includes only the long-range �1/r4 potential and not the
short-range correlations, and the method is not variationally correct. It is possible to
use the Feshbach formalism [4] to take into account the short-range correlations via
an optical potential. This method gives rigorous lower bonds on the phase shifts,
i.e., they are lower than the exact phase shifts. However, it is difficult to include the
long-range correlations at the same time. The close-coupling approach takes into
account both the long-range and short-range correlations [5] and is variationally
correct. However, a large number of target states must be included to obtain con-
verged results and the correct polarizability. A Feshbach resonance below the n = 2
threshold of hydrogen atom was first discovered in a close-coupling calculation. A
method which has been applied extensively to atomic, molecular, and nuclear
physics is the R-matrix method introduced by Wigner and Eisenbud in 1947. In this
method, configuration space is divided in such a way that all correlations are
described within a radius r = a, and outside this radius simple continuum functions
can be used while matching the inside and outside functions at the boundary r = a.
This method was introduced in atomic physics by Burke. A method called the
hybrid theory [6] has been introduced in which the short-range and long-range
correlations are taken into account at the same time and the polarization takes
place whether the incident electron is outside or inside the target. This method is
variationally correct. The equations for the scattering function are very detailed and
are given in [6].

2. Scattering function calculations

In the exchange approximation [1], we write the wave function of incident
electron and the target as

Ψ r
!
1, r

!
2

� �

¼ u r
!
1

� �

ϕ0 r
!
2

� �

� 1 $ 2ð Þ: (1)

In the above equation, the plus sign refers to the singlet state, and the minus sign

refers to the triplet state, u r
!
1

� �

is the scattering function, and

ϕ0 r
!
2

� �

¼ 2
ffiffiffiffiffi

Z3
p

e�Zr2Y00 r̂2ð Þ (2)
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is the target wave function. The scattering wave function of the incident electron
is obtained from

ð

ϕ0 r
!
2

� �

jH � EjΨ
h i

d r
!
2 ¼ 0 (3)

whereH is theHamiltonian andE is the energy of e-target system. InRydberg units,

H ¼ �∇2
1 � ∇2

2 �
2Z
r
� 2Z

r2
� 2
r12

, (4)

E ¼ k2 � Z2, (5)

where k2 is the kinetic energy of the incident electron and Z is the nuclear charge
of the target, assumed fixed. The scattering equation is

d2

dr21
� l lþ 1ð Þ

r21
þ 2e�2Zr1 1þ 1

r1

� �

þ k2
" #

ul r1ð Þ

� 4Z3e�Zr1 Z2 þ k2
� �

δl0r1

ð

∞

0

e�Zr2r2ul r2ð Þdr2 �
2

2lþ 1ð Þ yl ul,ϕ0ð Þ

2

4

3

5

¼ 0 (6)

where

yl ϕ0, ulð Þ ¼ 1
rlþ1

ð

r

0

rl2ϕ0 r2ð Þul r2ð Þdr2 þ rl
ð

∞

r

ϕ0 r2ð Þul r2ð Þ
rlþ1 dr2 (7)

Phase shift η (radians) of a partial wave l is calculated from the asymptotic value
of the scattering function.

lim
r!∞u rð Þ ¼ sin kr� l

π

2
þ η

� �

: (8)

In hybrid theory [6], we replace Eq. (1) by

ΨL r
!
1, r

!
2

� �

¼ uL r
!
1

� �

Φ
pol r

!
1, r

!
2

� �

� 1 $ 2ð Þ þΦL r
!
1, r

!
2

� �

, (9)

where the polarized target function is given in [7] and is defined as

Φ
pol r

!
1, r

!
2

� �

¼ ϕ0 r
!
2

� �

� χ r1ð Þ
r21

u1s!p r2ð Þ
r2

cos θ12ð Þ
ffiffiffiffiffiffi

πZ
p : (10)

The cutoff function, instead of ε r1, r2ð Þ = 1 for r1 > r2, is used in the electron-
hydrogen scattering calculation [7], and a cutoff function χ r1ð Þ given by Shertzer
and Temkin [8] of the form

χST r1ð Þ ¼ 1� e�2Zr1 Zr1ð Þ4
3

þ 4 Zr1ð Þ3
3

þ 2 Zr1ð Þ2 þ 2Zr1 þ 1

" #

(11)

is used in this calculation. It can also be of the form

χ r1ð Þ ¼ 1� e�βr1
� �n

, (12)
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where the exponent n≥ 3 and β, another parameter which is a function of k, can
be used to optimize the phase shifts. Both cutoffs (11) and (12) are used in calcula-
tions on scattering. ΦL r1, r2ð Þ is a short-range correlation function [6] which can be
written using the Euler angle decomposition [9] for all partial waves. This
formulism allows the separation of the angular parts and the radial parts consisting
of radial coordinates r1, r2, and r12. This facilitates writing the equation for radial
functions [9]. The function u1s!p r1ð Þ in Eq. (10) is given by

u1s!p r2ð Þ ¼ e�Zr2
Z

2
r32 þ r22

� �

(13)

A comparison of results for singlet and triplet phase shifts obtained using different
methods is given in Tables 1 and 2. Results from most methods agree. A comparison
of the singlet and triplet phase shifts obtained by the R-matrix and the hybrid theory
is given in Figure 1. The curves for the two methods cannot be distinguished,
showing that accurate result can be obtained using the hybrid theory [6].

The scattering length a is defined by.

lim
k!0

k cot η ¼ �1=a: (14)

The scattering length is calculated at a distance R, and there is a correction for
the long-range polarization [12].

a ¼ a Rð Þ � α
1
R
� α

R2 þ
α2

3R3

� �

, (15)

where a is the true scattering length and α is the polarizability of the hydrogen
atom. At R = 117.3088, 1S scattering length a(R) is 5.96554, obtained using χβ. The
corrected 1S scattering length is 5.96611. At R = 349.0831, the 3S scattering length is
1.781542, obtained using χβ, and it is 1.76815, after correction for the long-range
polarization given by [12]. The 1S and 3S scattering lengths are therefore 5.96611 and

k EAa POb Kohnc Close-couplingd R-matrixe Feshbach methodf Hybrid theoryg

0.1 2.396 2.583 2.553 2.491 2.550 2.55358 2.55372

0.2 1.870 2.144 2.673 1.9742 2.062 2.06678 2.06699

0.3 1.508 1.750 1.6964 1.519 1.691 1.09816 1.69853

0.4 1.239 1.469 1.4146 1.257 1.410 1.41540 1.41561

0.5 1.031 1.251 1.202 1.082 1.196 1.20094 1.20112

0.6 0.869 1.041 1.035 1.04083 1.04110

0.7 0.744 0.947 0.930 0.925 0.93111 0.93094

0.8 0.651 0.854 0.886 0.608 0.88718 0.88768
aRef. [1].
bRef. [7].
cRef. [2].
dRef. [5].
eRef. [10].
fRef. [11].
gRef. [6].

Table 1.
Comparison of 1

S phase shifts obtained in different methods.
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1.76815, which agree with those calculated by Schwartz [2], using the Kohn variational
method. In this method, scattering lengths have upper bounds, while phase shifts do
not have any bounds in this method (Kohn variational method). Similar calculations
for the phase shifts for e-He+ and e-Li2+ have been carried out in Ref. [13].

Resonance parameters in two-electron systems have been calculated using vari-
ous approaches. Among them are the stabilization method, the complex-rotation
method, the close-coupling method, and the Feshbach projection-operator formal-
ism. In the hybrid theory, phase shifts have been calculated in the resonance region
[13] and are fitted to the Breit-Wigner form

k EAa POb Kohnc Close-couplingd R-matrixe Feshbach methodf Hybrid theoryg

0.1 2.908 2.949 2.9388 2.9355 2.939 2.93853 2.93856

0.2 2.679 2.732 2.7171 2.715 2.717 2.71741 2.71751

0.3 2.461 2.519 2.4996 2.461 2.500 2.49975 2.49987

0.4 2.257 2.320 2.2938 2.2575 2.294 2.29408 2.29465

0.5 2.070 2.133 2.1046 2.0956 2.105 2.10454 2.10544

0.6 1.901 1.9329 1.933 1.93272 1.93322

0.7 1.749 1.815 1.7797 1.780 1.77950 1.77998

0.8 1.614 1.682 1.643 1.616 1.64379 1.64425
aRef. [1].
bRef. [7].
cRef. [2].
dRef. [5].
eRef. [10].
fRef. [11].
gRef. [6].

Table 2.
Comparison of 3

S phase shifts obtained in different methods.

Figure 1.
The upper represents singlet phase shifts obtained in the hybrid and R-matrix theories. The two curves cannot be
distinguished. Similarly, the lower curves represent triplet phase shifts obtained in the two theories.
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ηcalc: Eð Þ ¼ η0 þ AEþ tan �1 0:5Γ
ER � Eð Þ : (16)

In the above equation, E = k2 is the incident energy, ηcalc: are the calculated phase
shifts, and η0, A, Γ, and ER are the fitting parameters. ER and Γ represent the
resonance position and resonance width, respectively. We find that in the hybrid
theory, the He singlet resonance is at ER = 57.8481 eV with respect to the ground
state of He and Γ = 0.1233 eV. They agree well with ER = 57.8435 eV and Γ = 0.125 eV
obtained using the Feshbach projection-operator formalism [14]. A similar calcula-
tion [13] has been carried out for Li2+ resonance parameters. The resonance param-
eters agree with those obtained in [14].

P-wave phase shifts have been calculated for scattering of electrons from He+

and Li2+ in Ref. [15] and in Ref. [16], respectively. Singlet P and triplet P phase
shifts are shown in Table 3 for e + He+ and for e + Li2+ scattering. Phase shifts for
e + He+ agree well with those obtained by Oza [17] using the close-coupling
approximation. Phase shifts for e + Li2+ agree with those obtained by Gien [18]
using the Harris-Nesbet method.

3. Photoabsorption

Photodetachment and photoionization are required to calculate radiative-
attachment cross sections. The recombination rates are required to calculate the
ionization balance in astrophysical plasmas. Cross sections for bound-free transi-
tions of H� are required to account for the absorption in the solar atmosphere [19].
The opacity in the sun is due to photodetachment and free-free absorption of the
radiation:

hνþH� ! H þ e, (17)

k 1P 3P 1P 3P

e + He+ [15] e + Li2+ [16]

0.1 �0.038308 0.21516 �0.049083 0.16323

0.2 �0.038956 0.21683 �0.048990 0.16334

0.3 �0.039873 0.21945 �0.048934 0.16341

0.4 �0.040902 0.22283 �0.48823 0.16351

0.5 �0.041469 0.22662 �0.048565 0.16360

0.6 �0.041641 0.23088 �0.048306 0.16379

0.7 �0.041438 0.23417 �0.047972 0.16382

0.8 �0.039927 0.23753 �0.047547 0.16374

1.0 �0.037132 0.24205 �0.045966 0.16409

1.1 �0.035430 0.24323 �0.045029 0.16399

1.3 �0.026419 0.24370 �0.042670 0.16345

1.4 �0.020773 �0.041251 0.16299

1.6 �0.037973 0.16158

Table 3.
Phase shifts (radians) for e + He+ and e + Li2+ scattering.
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hνþ eþH ! eþH, (18)

In the first process, after absorption of the radiation by the bound electron, it
becomes a free electron in the final state, while in the free-free transition, the
electron is in the continuum state in the initial state as well as in the final state. It is
possible to have the following reactions which help molecular formation:

eþH ! H� þ hν

H� þH ! H2 þ e:
(19)

The photoabsorption cross section in length form and in units of a2o for the
transition from the initial states I to the final state f is given by

σ a20
� �

¼ 4παω∣<Ψ f ∣z1 þ z2 Φi >j j2: (20)

In the above equation, α is the fine-structure constant, k is the momentum of the
outgoing electron, ω = I þ k2 is the energy of the incident photon, and I is the
ionization potential of the system absorbing the photon. Photoabsorption cross
sections for H�, He, and Li+ are given in [16] and in Table 4. The correlated wave
functions for H�, He, and Li+ are of Hylleraas form having terms 364, 220, and 165,
respectively. A Hyllerraas wave function is given by

Ψ r1, r2, r12ð Þ ¼
X

Clmn e�γr1�δr2rl1r
m
2 r12 � 1 $ 2ð Þ

	 


: (21)

In Eq. (21), C’s are the linear parameters, while γ and δ are nonlinear
parameters, and r12 ¼ ∣ r

!
1 � r

!
2∣. Ohmura and Ohmura [20] have calculated the

photodetachment cross section of H�, using the effective range theory and the
loosely bound structure of hydrogen ion. These cross sections are shown in
Figure 2. It should be noticed that with the outgoing energy of the electron going to
zero, the cross section goes to zero when the remaining system is neutral and is
finite when the remaining system is an ion [16].

A comparison of the cross sections of the ground state of He with those obtained
in the R-matrix [21] is shown in Figure 3. The agreement is very good except at
k = 0.6 where the R-matrix result is slightly lower. It seems that the cross section has
not been calculated accurately at this k. The precision measurements of the cross
sections of photoionization of He by Samson et al. [22] are also shown in Figure 3,

k H� He Li+

0.1 15.3024 7.3300

0.2 38.5443 7.1544 2.5677

0.3 35.2318 6.8716 2.5231

0.4 24.4774 6.4951 2.4373

0.5 16.0858 6.0461 2.3870

0.6 10.7410 5.5925 2.2988

0.7 7.4862 5.0120 2.0005

0.8 5.6512 4.4740 2.0925

0.9 3.9296 1.9792

Table 4.
Photoabsorption cross (Mb) for the ground state of H�, He, and Li+.
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showing that the agreement with the cross sections obtained using the hybrid
theory is very good.

Similarly, cross sections have been calculated in [16] for the (1s2s) 1S and (1s2s)
3S metastable states of He and Li+. The number of Hylleraas terms used are 455 and
364 for He singlet and triplet states, respectively. For Li+, 120 and 220 terms are
used for the singlet and triplet states, respectively. These cross sections are compa-
rable to those obtained for the ground state. A comparison of photoionization cross

Figure 2.
Photodetachment of a hydrogen ion. The lowest curve is obtained when only the long-range correlations are
included; the middle curve is obtained when the short-range and long-range correlations are also included. The
top curve is obtained using Ohmura and Ohmura formulation.

Figure 3.
The upper curve represents photoionization cross sections (Mb) for the ground state of He in the hybrid theory,
while the lower represents cross sections obtained in R-matrix calculations. The curve starting at the top left
represents experimental results of Samson et al. [22].
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sections of the ground state, metastable states singlet S, and triplet S is shown in
Figure 4. The cross section for the singlet (1s2s) state is highest at k = 0.1, and then
the cross sections decrease rapidly.

4. Excitation

Excitation of the 1S state of atomic hydrogen to the 2S state has been calculated
using the hybrid theory in the distorted-wave approximation [23]. The total
excitation cross section is written in the form

Figure 4.
Photoionization cross section for the ground state (middle curve from the right), for the (1s2s) singlet S state
(top curve), and for the (1s2s) triplet S state (lower curve) of the He atom.

Figure 5.
Cross section (Mb) for exciting the 1S state to 2S state of atomic hydrogen by electron impact.
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σ ¼
k f

ki

ð

Tfi

�

�

�

�

2
dΩ: (22)

In the above equation, ki and kf are the incident and final momenta, and Tfi is the
matrix element for the excitation of the initial state i to the final state f and is given by

Tfi ¼ � 1=4πð Þ<Ψ f ∣V∣Ψi > : (23)

V ¼ � 2Z
r1

þ 2
r12

: (24)

Z is the nuclear charge, and r1 and r2 indicate the position of the incident and
target electron, respectively. The excitation cross sections at k(Ry) = 0.8–2 are
shown in Figure 5. There is a maximum at k = 0.907 and another at k = 1.50 (Table 5).

5. Recombination

Recombination rate coefficients for a process like that indicated in Eq. (17) have
been calculated in Ref. [16] for the ground states as well as for the metastable states.
The attachment cross section σa is given by

σa ¼
hν

cpe

� �2 g fð Þ
g ið Þ σ: (25)

The above relation between the photodetachment and photoionization follows
from the principle of detailed balance, where g(i) and g(f) are the weight factors for
the initial and final states, and pe = k is the electron momentum. The attachment
cross sections are in general smaller than the photoabsorption cross sections.
Recombination rate coefficients, averaged over the Maxwellian velocity distribu-
tion, are given in Table 6 for H�, He, and Li+ for a temperature range from 1000 to
40,000 K.

Elastic P-wave scattering from e- Be3+, C5+, and O7+ and photoionization in two-
electron systems have been carried out. Phase shifts and photoionization cross
sections are given in [24] for the ground as well as metastable states. In order to

k He Li+

(1s2s)1S (1s2s)3S (1s2s)1S (1s2s)3S

0.1 8.7724 5.2629 2.4335 2.9889

0.2 7.5894 5.0795 2.3742 2.8570

0.3 6.0523 4.2004 2.2287 2.6434

0.4 4.5403 3.4403 2.3733

0.5 3.2766 2.7189 2.0865

0.6 2.2123 2.1531 1.7962

0.7 1.6047 1.4564 1.5182

0.8 1.1230 1.3539 1.2627

Table 5.
Photoionization cross sections (Mb) for the metastable states of He and Li+ with the outgoing electron with
momentum k.
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calculate photoionization cross sections from P-state of an atom, both S-wave and
D-wave continuum functions are needed. We give a few phase shifts for 1D and 3D
in Table 7 for scattering from H, He+, and Li2+.

6. Laser fields

Scattering cross sections have also been calculated in the presence of laser fields
[25]. A strong suppression in the laser-assisted cross sections is noted when com-
pared to cross sections in the field-free situation. Further, scattering cross sections
have also been calculated in the presence of Debye potential [26], in addition to the
laser field.

T αR Tð Þ � 1015, H�
α Rð Þ Tð Þ � 1013, He αR Tð Þ � 1013, Liþ

1000 0.99 2.50 0.12

2000 1.28 2.39 1.04

5000 2.40 1.87 2.62

7000 2.82 1.66 2.92

10,000 3.20 1.45 3.03

12,000 3.37 1.35 3.02

15,000 3.56 1.23 2.95

17,000 3.65 1.17 2.89

20,000 3.75 1.10 2.79

22,000 3.79 1.05 2.73

25,000 3.83 0.99 2.63

30,000 3.83 0.92 2.49

35,000 3.77 0.87 2.36

40,000 3.63 0.82 2.25

Table 6.
Recombination rate coefficients (cm3/s) for (1s2) 1

S states of H�, He, and Li+.

k 1D, e-H 3D, e-H 1D, e-He+ 3D, e-He+ 1D, e-Li2+ 3D, e-Li2+

0.1 1.3193 (�3) 1.3217 (�3) 5.9268 (�3) 8.5133 (�3) 3.0363 (�3) 8.2703 (�3)

0.2 5.0217 (�3) 5.0835 (�3) 6.1299 (�3) 9.0331 (�3) 3.0585 (�3) 8.4642 (�3)

0.3 1.0531 (�2) 1.0898 (�2) 6.4446 (�3) 9.8834 (�3) 3.0508 (�3) 8.7011 (�3)

0.4 1.7250 (�2) 1.8401 (�2) 6.8511 (�3) 1.1044 (�2) 3.0776 (�3) 9.0700 (�2)

0.5 2.4675 (�2) 2.7204 (�2) 7.3028 (�3) 1.2473 (–2) 3.0782 (�3) 9.5041 (�2)

0.6 3.2495 (�2) 3.6934 (�2) 7.7904 (�3) 1.4152 (�2) 3.0608 (�3) 1.0009 (�2)

0.7 4.0544 (�2) 4.7286 (�2) 8.3087 (�3) 1.6066 (�2) 3.0831 (�3) 1.0622 (�2)

0.8 4.8620 (�2) 5.7990 (�2) 8.8420 (�3) 1.8172 (�2) 3.1396 (�3) 1.1380 (�2)

0.9 5.6532 (�2) 6.8791 (�2) 9.3860 (�3) 2.0439 (�2) 3.1537 (�3) 1.2151 (�2)

Table 7.
D-wave phase shifts (radians) for e-H, e-He+, and e-Li2+.
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7. Positron-hydrogen scattering

Dirac in 1928, combining the ideas of relativity and quantum mechanics, for-
mulated the well-known relativistic wave equation and predicted an antiparticle of
the electron of spin ħ/2. At that time only protons and electrons were known. He
thought that the antiparticle must be proton. Hermann Weyl showed from symme-
try considerations that the antiparticle must have the same mass as an electron.
There are many other examples where symmetry played an important role, e.g.,
Newton’s third law of motion (for every action there is an equal and opposite
reaction) and Faraday’s laws of electricity and magnetism (electric currents gener-
ate magnetic fields, and magnetic fields generate electric currents). Symmetry laws
have some profound implications as shown by Emmy Noether in 1918 that every
symmetry in the action is related to a conservation law [27].

Positrons, produced by cosmic rays in a cloud chamber, were detected by
Anderson [28] in 1932. Positrons can form positronium atoms which annihilate,
giving 511 KeV line with a width of 1.6 keV. This line has been observed from the
center of the galaxy. Positrons have become very useful to scan the human brain
(PET scans). They have been used to probe the Fermi surfaces, and the annihilation
of positronium atoms in metals has been used to detect defects in metals.

Calculations of positron-hydrogen scattering should be simpler than the
electron-hydrogen scattering because of the absence of the exchange between elec-
trons and positrons. However, the complications arise due to the possibility of
positronium atom formation. In electron-hydrogen system, the two electrons are on
either side of the proton because of the repulsion between two electrons. However,
because of the attraction between a positron and an electron, both the positron and
the bound electron tend to be on the same side of the proton. This configuration
shows that the correlations are more important in the case of a positron incident on
a hydrogen atom. In 1971, we [29] carried out calculations using the projection-
operator formulism of Feshbach [4] and using generalized Hylleraas-type functions:

Ψ r1, r2, r12ð Þ ¼ e�γr1�δr2�αr12
X

lmn

Clmnr
l
1r

m
2 r

n
12: (26)

Nonlinear parameters are γ, δ, and α and C’s are the linear coefficients. The
results obtained agree with those obtained by Schwartz [2]. However, the long-
range correlations could not be taken into account in [29] at the same time and had
to be added separately, with the result that the final phase shifts ceased to have any

k Hybrid theory

[30]

Bhatia et al.

[29]

Schwarz

[2]

Hybrid theory

[31]

Bhatia et al.

[32]

Armstrong

[33]

S-wave P-wave

0.1 0.14918 0.1483 0.151 0.008871 0.00876 0.008

0.2 0.18803 0.1877 0.188 0.032778 0.03251 0.032

0.3 0.16831 0.1677 0.168 0.06964 0.6556 0.064

0.4 0.12083 0.1201 0.120 0.10047 0.10005 0.099

0.5 0.06278 0.0624 0.062 0.13064 0.13027 0.130

0.6 0.00903 0.0039 0.007 0.15458 0.15410 0.153

0.7 0–0.04253 �0.0512 �0.54 0.17806 0.17742 0.175

Table 8.
Comparison of S-wave and P-wave phase shifts obtained in the hybrid theory with results obtained earlier.
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bounds. In the hybrid theory, as indicated earlier, both short-range and long-range
correlations can be taken into account at the same time. It should be noted that in
the case of positrons, the sign before the second term in Eq. (10) is plus instead of
minus, as in the case of electrons. The phase shifts obtained in two approaches are
given in Table 8. We used 84 terms in the Hylleraas wave function previously, and
improved results are obtained now with shorter expansions [30] as indicated in the
table. A comparison of the results obtained with different approaches is shown in
Figure 6. Using a fewer number of terms, higher phase shifts have been obtained in
the hybrid theory [30]. P-wave shifts have been calculated in the hybrid theory [31]
and are compared with those using the Feshbach projection-operator formalism
[32] and with those obtained by Armstrong [33].

8. Zeff

The incident positron can annihilate the atomic electron with the emission of
two gamma rays. The cross section for this process has been given by Ferrell [34]:

σa πa20
� �

¼ Zeffα
3k�1 (27)

where α is the fine-structure constant and

Zeff ¼
ð

d r
!
1d r

!
2 Ψ r

!
1, r

!
2

� �
�

�

�

�

�

�

2
δ r

!
1, r

!
2

� �

: (28)

Zeff for partial waves l = 0 and 1, obtained in [31, 32], is given in Table 9 along
with the contribution from l > 1. For higher partial waves, Zeff is given by

Zeff l> 1ð Þ ¼ k2

1þ k2
þ 6
k2

1
k2

ln 1þ k2
� �

� 1þ 0:5k2

1þ k2

" #

: (29)

Figure 6.
The upper curve represents phase shifts obtained using the hybrid theory, and the lower curve represents phase
shifts obtained using the Feshbach formalism.

13

Interactions of Positrons and Electrons with Hydrogenic Systems, Excitation, Resonances…
DOI: http://dx.doi.org/10.5772/intechopen.91763



9. Positronium formation

Positronium, the bound state of an electron and a positron, was predicted by
Mohorovicic [35] in connection with the spectra of nebulae. Positronium (Ps)
formation takes place when the incident positron captures the bound electron of the
hydrogen atom:

eþ þH 1sð Þ ! Psþ P: (30)

Cross sections for the positronium formation are given in Table 10 and are
compared with those obtained by Khan and Ghosh [36] and Humberston [37].

10. Photodetachment of positronium ion (Ps�)

Photodetachment has been discussed above already. Following the work of
Ohmura and Ohmura [20], Bhatia and Drachman [38] calculated cross sections (in
the length and velocity form) for photodetachment of Ps�. Their result in length
and velocity form is

k Zeff (l = 0) Zeff (l = 1) Zeff (l > 1) Total

0.1 7.363 0.022 <0.001 7.385

0.2 5.538 0.90 0.001 5.629

0.3 4.184 0.187 0.004 4.375

0.4 3.327 0.294 0.010 3.631

0.5 2.730 0.390 0.022 3.142

0.6 2.279 0.464 0.039 2.782

0.7 1.850 0.528 0.063 2.541

Table 9.
Zeff for positron-hydrogen scattering.

k2 Hybrid theory Khan and Ghosh [36] Humberston [37]

0.5041 0.0066228 0.009037 0.0041

0.5476 0.018783

0.5625 0.0.20249 0.024795 0.0044

0.64 0.022566 0.0248 0.0049

0.6724 0.022350

0.7225 0.21456 0.021164 0.0058

0.75 0.020835 0.019707

0.81 0.19256

0.9025 0.016760

1.00 0.014327

Table 10.
Cross sections πa2

0

� �

for positronium formation obtained in hybrid theory and in comparison with those
obtained by Khan and Ghosh [36] and Humberston [37].
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σ ¼ 1:32� 10�18cm2� � k3

k2 þ γ2
� �3 : (31)

The electron affinity is 3γ2
2 , where γ = 0.12651775 [39] and k is the momentum of

the outgoing electron. These cross sections are much larger than that for the
photodetachment of the negative hydrogen ion.

Lyman-α radiation (2P! 1S) at 1216 Å has been seen from astrophysical sources
and the sun. It has been observed from Voyager measurements [40]. Similarly,
Lyman-α radiation (2P ! 1S) at 2416 Å is expected when in the photodetachment
of Ps�, the remaining positronium is left in the 2P state. Following Ohmura and
Ohmura [20], photodetachment cross sections have been calculated when the
remaining atom is in 2p, 3p, 4p, 5p, 6p, and 7p states [41].

ο 2pð Þ ¼ 164:492C kð Þ
σ 3pð Þ ¼ 26:3782C kð Þ
σ 4pð Þ ¼ 9:1664C kð Þ
σ 5pð Þ ¼ 4:3038C kð Þ
σ 6pð Þ ¼ 2:3764C kð Þ
σ 7pð Þ ¼ 0:2675C kð Þ

(32)

These cross sections are given in Figure 7 for various photon energies.

11. Binding energies

Positrons do not bindwith hydrogen atoms. However, they do bindwith various
atomsashasbeen shownbyMitroyet al. [42].Thebindingenergies aregiven inTable 11.

Figure 7.
The upper most curve represents photodetachment cross sections for n = 2 on log10 scale. The curves below it are
for n = 3, 4, 5, 6, and 7.
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12. Resonances

Resonances formed in the scattering of electrons from atoms are very common.
However, they are not that common in positron-target systems. The first successful
prediction of S-wave Feshbach resonance in positron-hydrogen system is by Doolen
et al. [43], who, using the complex-rotation method, obtained the position
�0.2573741 and for width 0.0000677 Ry. In this method

r ! re�iθ,T ! Te�2iθ, and V ! Ve�iθ and H ¼ T þ V: (33)

Eigenvalues are complex now. The real part gives position of the resonance, and
the imaginary part gives its half width.

A number of Feshbach and shape resonances in Ps� have been calculated by
using the complex-rotation method. Parameters of a 1P shape resonance above n = 2
have been calculated by Bhatia and Ho [44]. They obtained �0.06217 and 0.000225
Ry for the position and width of the resonance. These results have been confirmed
experimentally by Michishio et al. [45].

13. Antihydrogen formation

Antihydrogen can be formed in the collision of Ps with antiproton

Psþ p ! H þ e: (34)

In the above equation, p represents antiproton and H represents antihydrogen.
According to the time reversal invariance, the above reaction is related to

Psþ p ! H þ eþ: (35)

From this reaction, the positronium formation cross sections are known from
positron-hydrogen scattering. This implies that the cross section for antihydrogen is
related to the cross section for Ps formation:

σH ¼ keþ

kPs

� �2

σPs: (36)

keþ and kPs are momenta of positron and positronium. Humberston et al.
[46] have calculated cross sections for the formation of antihydrogen in reaction

(34). It is possible to form antihydrogen by radiative recombination or three-body
recombination:

eþ þ p ! H þ hν: (37)

He (3S) Li Be Na Mg

0.0011848 0.004954 0.006294 0.000946 0.031224

Ca Sr Cu Au Cd

0.03300 0.0201 0.011194 0.011664 0.01220

Table 11.
Binding energies (Ry) of positrons with various atoms.
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eþ þ eþ þ p ! H þ eþ: (38)

If the antihydrogen is formed in the excited state, then it can decay to the lower
states. It would then be possible to verify if the quantum mechanics principles are
the same in the antimatter universe. It is thought that gravitational interactions
should be the same between matter and antimatter and between antimatter and
antimatter. However, there is no experimental confirmation up to now.

14. High-energy cross sections

At high energies, only static potential remains. Therefore, according to the first
Born approximation, total cross sections for e—-He and e+-He should be the same.
This fact has been verified experimentally by Kauppila et al. [47], and their results
are shown in Table 12. We see that as the incident energy increases, cross sections
tend to be equal.

15. Total positron-hydrogen cross sections

Total cross sections for positron scattering from hydrogen atoms have been
measured by Zhou et al. [48] and have been calculated by Walters [49] using the
close-coupling approximation and also by Gien [50] using the modified Glauber
approximation. Their results are given in Table 13. They are fairly close to the
experimental results.

Energy (eV) e—-He e+-He

50 1.27 1.97

100 1.16 1.26

150 0.967 0.987

200 0.796 0.812

300 0.614 0.612

500 0.437 0.434

600 0.371 0.381

Table 12.
Cross sections measured by Kauppila et al. [47] for e—-He and e+-He scattering.

E (eV) Ref. [49] Ref. [50]a

54.4 3.02 2.85

100 2.24 2.00

200 1.33 1.24

300 9.69 (�1) 8.73 (�1)
aCross sections have been interpolated from those given in Ref. [50].

Table 13.
Positron-hydrogen total cross sections.
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16. Threshold laws

When the incident electron or positron has just enough energy to ionize the
hydrogen atom, how do the cross sections behave? Wannier [51], using classical
methods and supposing the two electrons emerge opposite to each other, showed
that σ ∝E1:127, where E is the excess energy. As indicated earlier in the positron-
hydrogen scattering, positron and electron tend to be on the same side of the
nucleus. This shows the cross section at threshold cannot be the same for positrons
and electrons. The threshold behavior of the positron impact on hydrogen has been
analyzed by Klar [52]. He finds that at threshold, σ ∝E2:650.

Wigner [53] has emphasized the importance of long-range forces near the
threshold which have been included in these calculations (hybrid theory). At the
threshold, the cross section for exciting the 1S state of hydrogen atom to the 2S state
is proportional to ln k f

� ��2 [54].

17. Conclusions

In this chapter, we have discussed various interactions of electrons and positrons
with atoms, ions, and radiation fields. There are various approximations and theo-
ries to calculate scattering functions. Theories which provide variational bounds on
the calculated phase shifts are preferable because improved results can be obtained
when the number of functions in the closed channels is increased. Such theories are
the close-coupling, R-matrix, and hybrid theory. It should be possible to formulate
the hybrid theory for more complicated systems.

The continuum functions obtained using the hybrid theory have been used to
calculate photoabsorption cross sections, obtaining results which agree with defin-
itive results obtained using other methods and experiments. Such cross sections are
needed to study the opacity in the sun. The resonances play an important role when
they are included in the calculations of excitation cross sections, which are impor-
tant to infer temperatures and densities of solar and astrophysical plasmas.

When Feshbach projection-operator formalism [4] is used to calculate resonance
position, E ¼ εþ Δ, where Δ, the shift in the resonance position due to its coupling
with the continuum, has to be calculated separately [14]. However, in the hybrid
theory, the calculated position includes this correction. This is an advantage since
the calculation of the shift is nontrivial.

We have indicated that in addition to obtaining accurate phase shifts for
positron scattering from a hydrogen atom, we have described calculations of
annihilation, positronium, and antihydrogen formation. We have discussed reso-
nances in a positron-hydrogen system. We have discussed photodetachment of a
positronium ion and a possibility of observing Lyman-α radiation from a
positronium atom when the final state is the 2p state.
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