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Chapter

Very Compact Linear Colliders
Comprising Seamless Multistage
Laser-Plasma Accelerators

Kazuhisa Nakajima, Min Chen and Zhengming Sheng

Abstract

A multistage laser-plasma accelerator (LPA) driven by two mixing
electromagnetic hybrid modes of a gas-filled capillary waveguide is presented.
Plasma wakefields generated by a laser pulse comprising two mixing modes coupled
to a metallic or dielectric capillary filled with gas provide us with an efficient
accelerating structure of electrons in a substantially long distance beyond a
dephasing length under the matching between a capillary radius and plasma den-
sity. For a seamless multistage structure of the capillary waveguide, the numerical
model of the transverse and longitudinal beam dynamics of an electron bunch
considering the radiation reaction and multiple Coulomb scattering effects reveals a
converging behavior of the bunch radius and normalized emittance down to ~1 nm
level when the beam is accelerated up to 560 GeV in a 67 m length. This capability
allows us to conceive a compact electron-positron linear collider providing with
high luminosity of 10** cm ™% s~ " at 1 TeV center-of-mass (CM) energy.

Keywords: future colliders, lepton colliders, laser-plasma accelerators,
multistage coupling, CAN lasers

1. Introduction

In the long-standing quest for the fundamental building blocks of nature, the so-
called Standard Model of particle physics, energy frontier colliders have played a central
role in the forefront research for matter and interactions. For future high-energy parti-
cle colliders to explore physics beyond the Standard Model, a proton-proton circular
collider at energy of 100 TeV in a 100 km circumference or electron-positron linear
collider with energy of the order of 1 TeV in a 30 km length is being considered around
the world, exploiting the conventional technologies such as superconducting magnets or
RF systems [1]. In contrast to proton colliders that create clouds of debris, electron-
positron colliders enable cleaner and more precision experiments of fundamental parti-
cle collisions. Nowadays, a diversity of electron-positron linear colliders is proposed as a
potential application of advanced accelerator concepts [2], such as two beam accelera-
tors, dielectric wakefield accelerators, beam-driven plasma wakefield accelerators, and
laser-driven plasma wakefield accelerators [3], promising with much higher accelerat-
ing gradients than that of a conventional RF accelerator.

Laser-plasma accelerators (LPAs) [4, 5] can support a wide range of
potential applications requiring high-energy and high-quality electron-positron
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beams. In particular, field gradients, energy conversion efficiency, and repetition
rates are essential factors for practical applications such as compact free electron
lasers [6, 7] and high-energy frontier colliders [8, 9]. Although LPAs provide
enormous accelerating gradients, as high as 100 GV/m at the plasma density of
10"® cm 2, dephasing of relativistic electrons with respect to a correct acceleration
phase of the plasma wakefield with the phase velocity that is smaller than the speed
of light in vacuum, and energy depletion of the laser pulse limit the electron energy
gain in a single stage. A straightforward solution to overcome the dephasing and
pump depletion effects is to build a multistage accelerator comprising consecutive
LPA stages [3] such that a final energy gain reaches the requirement of the beam
energy without loss of the beam charge and qualities through a coupling segment
where a fresh laser pulse is fed to continuously accelerate the particle beam from the
previous stage. The propagation of laser pulses in plasmas is described by refractive
guiding, in which the refractive index can be modified from the linear free space
value mainly by relativistic self-focusing, ponderomotive channeling, and a
preformed plasma channel [10]. The self-guided LPA [11-14] relies only on intrin-
sic effects of relativistic laser-plasma interactions such as relativistic self-focusing
and ponderomotive channeling. On the other hand, the channel-guided LPA
exploits a plasma waveguide with a preformed density channel [15-17] or a gas-
filled capillary waveguide made of metallic or dielectric materials [18]. The plasma
waveguide is likely to propagate a single-mode laser pulse through a radially para-
bolic distribution of the refractive index and generates plasma waves inside the
density channel, the properties of which are largely affected by a plasma density
profile and laser power [19]. In contrast with plasma waveguides, the capillary
waveguide can guide the laser due to Fresnel reflection on the inner capillary wall,
and plasma waves are generated in an initially homogeneous plasma, relying on
neither laser power nor plasma density. The presence of the modal structure
imposed by the boundary conditions at the capillary wall affects the propagation of
a laser pulse through the capillary and thus the excitation of plasma waves inside the
capillary. This characteristic allows us to control acceleration of electrons through
the modal structure of the propagation of the laser pulse as long as the laser
intensity on the capillary wall is kept below the material breakdown [20, 21].

In this paper, we present a novel scheme of a gas-filled capillary accelerator
driven by a laser pulse formed from two-mode mixing of the capillary eigenmodes,
so-called electromagnetic hybrid modes [20]. Two coupled eigenmodes with a close
longitudinal wave number can generate beating wakefields in the capillary. When
the beating period is equal to the dephasing distance, the electrons experience the
rectified accelerating field; thereby their energy gain can increase over many accel-
erating phases exceeding the linear dephasing limit and reach the saturation due to
the energy depletion of a drive laser pulse in the single-stage LPA. For efficient
acceleration of the electron-positron beam up to an extremely high energy such as
TeV energies, the multistage accelerator comprising a series of plasma-filled capil-
lary waveguides is a sound approach, in which the particle beam is injected into the
initial stage at the right phase of the wakefield from the external injector and
accelerated cumulatively in the consecutive accelerating phase of successive stages.
For applications of extreme high-energy particle beams to TeV center-of-mass
(CM) energy electron-positron linear colliders, minimizing the transverse normal-
ized emittance of the beam particles is of essential importance to meet the require-
ment of the luminosity of the order of 10°* cm™?s™ ' at 1 TeV CM energy for the
particle physics experiments [22]. The numerical model on the bunched beam
dynamics in laser wakefields, based on the exact solution of single particle betatron
motion taking into account the radiation reaction and multiple Coulomb scattering,
reveals that the transverse normalized emittance and beam radius can be
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consecutively reduced during continuous acceleration in the presence of optimally

phased recurrence of longitudinal and transverse wakefields [19]. The final proper-
ties of the particle beams reached to the objective energy meet the requirements of
the luminosity without resort to an additional focusing system.

The remaining part of this paper is organized as follows. In Section 2, the
complete description on the longitudinal and transverse laser wakefields generated
by two electromagnetic hybrid modes with moderate intensities coupled to a gas-
filled capillary waveguide is provided. In Section 3, the particle beam dynamics on
energy gain, beam loading, and betatron motion in a single stage of the two-mode
mixing LPA is investigated, taking into account radiation reaction and multiple
Coulomb scattering with plasma ions. In Section 4, a multistage coupling with a
variable curvature plasma channel is presented. For the multistage comprising two-
mode mixing LPAs, the results of numerical studies on the transverse beam
dynamics of a particle bunch are shown. Analytical consideration on the evolution
of the normalized emittance of the particle beam in the presence of radiation
reaction and the multiple Coulomb scattering is given. In Section 5, the perfor-
mance of a 1-TeV CM energy electron-positron collider comprising the multistage
two-mode mixing LPAs is discussed on the luminosity and beam-beam interaction.
In Section 6, we conclude our investigation on the proposed laser-plasma linear
collider with a summary.

2. Laser pulse propagation in a gas-filled capillary tube

For a large-scale accelerator complex such as the energy frontier particle beam
colliders, it is axiomatically useful in assembling a long-range multistage structure
for the use of long-term experimental operation at a high-precision and high-
repetition rate that each electromagnetic waveguide consists of a simple monolithic
structure, as referred to the design of the future electron-positron linear colliders
based on radio-frequency technologies [22]. Despite the long-standing research on
plasma waveguides comprising density channels generated in plasmas with laser-
induced hydrodynamic expansion [23, 24] and pulsed discharges of an ablative
capillary [25, 26] or a gas-filled capillary [27, 28], a length of such a plasma channel
has been limited to about 10 cm. The pulsed discharge capillaries relying on colli-
sional plasma processes have some difficulties in plasma densities less than
10" cm ™ and the temporal and spatial stabilities of the density channel properties
for the operation at a high repletion rate such as 10 kHz [5, 29]. In contrast to pulsed
discharge plasma waveguides, metallic or dielectric capillary waveguides filled with
gas [18, 30] will be revisited for a large-scale laser-plasma accelerator operated at a
practically higher-repetition rate than 10 kHz, because of the passive optical guid-
ing of laser pulses, the propagating electromagnetic fields of which are simply
determined the boundary conditions on a static solid wall of the waveguide unless
the laser intensity is high enough to cause the material breakdown on a capillary
wall [20, 21]. Furthermore, the modal nature of electromagnetic fields arising from
the boundary conditions on a solid wall allows us to conceive a novel scheme that
can overcome a drawback of LPAs, referred to as dephasing of accelerated electron
beams from a correct acceleration phase in laser wakefields.

2.1 Laser-driven wakefields generated by two capillary modes
Considering the electromagnetic hybrid modes EH;,, [20] to which the most

efficient coupling of a linearly polarized laser pulse in vacuum occurs, the normal-
ized vector potential for the eigenmode of the z-th order is written by [31].
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2
an = anofo(Unr/R;) exp [—kiz — %} cos (wot — kzy2), (1)

where a,, is the amplitude of the normalized vector potential defined as
a,0 = €A, /mec? for the EH;,, mode with the vector potential A,, the electron
charge e, electron mass m,, and the speed of light in vacuum c; J, the zero-order
Bessel function of the first kind; «, the n-th zero of J; » the radial coordinate of the
capillary in cylindrical symmetry; R, the capillary radius; 2z the longitudinal coordi-
nate; 7 the pulse duration; and g the laser frequency. The longitudinal wave
number k,, the damping coefficient ki, and the group velocity of the #n-th mode v,
are given by [20].

) 1/2 2 1/2
2 n l (1 + €V) Uy
k - (k - I?) ’kn = 2k2 R3( . 1)1/2 ’vg’” (1 - kz ) > (2)

zn--c

where kg = wo/c = 2n /) is the laser wavenumber with the laser wavelength 4o
and ¢, is the relative dielectric constant. In the quasi-linear wakefield regime |a| =
e|A|/(m.c*) ~ 1, the ponderomotive force exerted on plasma electrons by two
coupled capillary laser fields a,,, = a, + a,, can be written by F,, = —meczﬁgVaﬁm /2,
where a2 is defined by averaging the nonlinear force over the laser period 27/,
i.e., assuming that v,, ~ vy, ~ v, in the propagation distance £ <zmix ~ 87*(R./ o)
ct/(um?® — u,?), where z iy is the mode mixing length over which two hybrid modes
EH,, and EHy,, overlap to cause the beatings of the normalized vector potential,

e.g., Zmix ~ 56 cm for the EH;; - EH;, mode mixing of a laser pulse with = 25 fs
and A9 = 1 pym in a capillary tube with R, = 152.6 ym

2 2
1 oy . Z — Vgt 1 U %! Z U
Gum” (15) = 5 no ]&(é)eXP[ 2’%2—% +§“m°2]02<1€>e"1’ [_ mz_( czrzg)]

2
+an0amof g (unr>]0 (umr> exp l— (ki + ki,,)z - (Z;%t)] oS (kg — kon)z.
(3)

The electrostatic potential ®(r,¢) defined by F(r,t) = —eV®(r,t) is obtained
from Eq. (5).

2 2
(aatz+“’ )CD(V,t) %ﬁcﬂ%z (r,) 4)

where 0, = (4re’n,/ me)l/ % is the plasma frequency. The solution of Eq. (4) is

VT (mc? e\ IS (U 27 2 (U -
(I)(V,t) :? p ﬂg pCTE (2) au0 ]0 R_C 4 "z+0lm0 ]0 —C m®

oo ( > 7, (“"”> ()2 cog Akznmz} [S(z) cosky (& — vgt) + C(e) sinky (= — 0,1)]
(5)

where k;, = @, /vy is the plasma wavenumber in the capillary, f, = v, /c,
ARzym = kzn — ke the mode beating wavenumber and
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—ot  k —v,t  k
Clz) = ERerf(Z e P") —1, S(z) = Jerf (Z 8 i 1”">, (6)
cT 2 cT 2

with the real (R) and imaginary (J) part of the error function erf(z) =

2/v7) [y e ds [5]. For k., k! « k, and Ak, <k,, the longitudinal electric field
generated by the laser pulse can be obtained from E;; = —0®/0z as

MC kpee W\ s N
+2a,0am0/ o (%) Jo (ug:’) e (Kitk,)z o Akzan} [S(z) sink,, (z — vgt) — C(z) cosk, (z — vt)].
(7)

The transverse focusing force is obtained from F,; = e(EV — B(p) — —0D/or as
Fr(nz,t) = \/TI_T <@) }%167 (ka)z {“ﬂozunfo (M)]l <un ) s 4 A0 U] o (umr)]l (umr) ~2kj,z

oo (5 (5) o () s O

x [C(z) sink, (z — v,t) + S(z) cosky, (z — vt)],

where J;(z) = —J;(2) is the Bessel function of the first order.

The proposed scheme restricts the laser intensity such that the plasma response is
within the quasi-linear regime, i.e., a9 ~ 1, for two reasons. The one is avoidance of
the nonlinear plasma response such as in the bubble regime, where symmetric
wakefields for the electron and positron beams cannot be obtained for the applica-
tion to electron-positron colliders [8, 9] and the degradation of the beam quality due
to the self-injection of dark currents from the background plasma electrons. The
other is an inherent demand that the laser intensity guided in a capillary tube should
be lower enough than the threshold of material damage on the capillary wall [19].

2.2 Coupling control for generating two capillary modes

The coupling efficiency C, defined by an input laser energy with a spot radius g

and amplitude a¢ coupled to the E;,, mode in the capillary with the radius R, i.e.,

a%, = C,aj is calculated for a linearly polarized Airy beam,

2
4 Z/1RC.X'
C, = ax)dx| 9
7 Uh( : )]o(” x) x] )
and for a Gaussian beam,

2

RC 2 2R2
S T

where 11 = 3.8317 is the first root of the equation of J;(x) = 0 [20], as shown in
Figure 1a and b, respectively, as a function of R, /7. In Eq. (5), the beating term can

be maximized by setting R./r¢ at which (C, Cm)l/ ? has the maximum value and the
minimum fraction of higher-order modes. As shown in Figure 1, the Airy beam

generates the maximum EH;;-EH;; mode mixing with (C1C2)1/ 2-0.45and a
fraction of higher-order modes with ~0.5% at R, /ro = 1.67, where the coupling
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Figure 1.

(a and b) coupling efficiency C, for an airy beam and a Gaussian beam with a spot radius r,, vespectively,
coupled to the electromagnetic hybrid mode EH,,, in a capillary tube with a radius R,. (c, d, and e) radial
intensity profiles for the EH,,, EH,, monomode, and EH,,-EH,, mixing mode for the airy beam case. (f)
Energy fluence traversing the capillary wall on R, = 152.6 um for the peak intensity I;, = 1.37 x 10*% W /em?
(a2 = 1) and the pulse duration 7, = 25 fs.

efficiencies are C; = 0.4022, C; = 0.4986, C3 = 0.002366, C4 = 0.001219, and
Cs = 0.000701. The Gaussian beam can generate the EH;;-EH;, mode mixing with

(C1C2)1/ 2 — 0.46 and a fraction of higher-order modes with ~5.1% at R /ro = 3.0,
where the coupling efficiencies are in the order of C; = 0.5980, C, = 0.3531,
C; = 0.04706, C4 = 0.001815, and Cs = 0.000022.

The radial intensity profiles for the EH;;, EH;; monomode and EH;;-EH;5,
mixing mode for the Airy beam case are illustrated in Figure 1c-e, respectively. As
shown in Figure 1e, a high-intensity region of the mixing mode is confined within a
half radius of the capillary, compared to the monomode intensity profiles, which
have a widespread robe toward the capillary wall. A centrally concentrated intensity
profile of the mixing mode considerably decreases the energy flux traversing on the
capillary wall. The normalized flux for EH;,, mode at the capillary wall depends on
the azimuthal angle 6 as F”, = [u,J; (u,) /koR.]* (cos 20 + &, sin20) / (e, — 1)'/?,
defined by the ratio of the radial component of the Poynting vector at » = R, to the
longitudinal component of the on-axis Poynting vector [20]. For the Airy beam
with 1o = 1 pm coupled to the capillary with ¢, = 2.25 and R, = 152.6 um, the
maximum normalized fluxes for the EHy;, EH;; mono- and EH;;-EH;; mixing
modes at @ = /2 or 37/2 are 1.37 X 107°,3.85 x 10°°, and 6.26 x 1077, respec-
tively. The energy fluence traversing the capillary wall can be estimated by F,.; ~
F" I7;, for the peak intensity I, = 1.37 x 10" W/cm? (a3 = 1) and the pulse dura-
tion 7, = 25 fs, providing the maximum fluences 19, 66, and 19 mJ/ cm? for the
corresponding modes, as shown in Figure 1f. The experimental study of laser-
induced breakdown in fused silica (SiO,) [32] suggests that the fluence breakdown
threshold is scaled to be Fy, ~ 120 — 160 J/cm? for 7;, = 25 fs. According to a more
detailed study of laser propagation in dielectric capillaries under non-ideal
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coupling conditions [33], the threshold intensity for wall ionization is obtained as
Iy ~ 2.3 x 108 W/cm? (a9 ~1.3) at the wavelength 19 = 1um for the capillary
radius R, = 152.6 uym.

The coupling efficiency of an incident laser pulse to a capillary tube filled with
plasma can be improved by the use of a cone-shape entrance of the capillary [34],
suppressing self-focusing effects and increasing the accelerating wakefield
excited in the capillary. For the propagation of a laser beam with an approximately

Gaussian intensity profile |a|* ~ a2 (r§/r?) exp (—2r%/7?), the evolution of a
normalized spot radius R = 7, /ro can be obtained from the equation d’R /dz* =
1/(ZxR%)(1— P/P.) [35], where Zg = kor3 /2 is the vacuum Rayleigh length, P the
laser power, and P, the critical power for relativistic self-focusing with P/P, =
k;;r%a% /32. For the coupling of an Airy beam (or a Gaussian beam) with the radius
ro = R;/1.67 (R./3) to the capillary tube filled with plasma at the electron density of
n, = 1 x 10® cm—3, the cone with the opening radius of ; = 7 (P/Pc)l/2 ~ 3ro

(1.7r¢) and length 2. = (Zx/2)(P/P, — 1)1/2 ~ 1.43Zp (~ 0.68Z) can effectively
guide and collect the incident laser energy. The effect of the relativistic self-
focusing is estimated by considering the modulation of the refractive index for the

EH;, mode, ie.,n, =1— w;/(Zw%) (1—-6¢+A,) — uﬁ/(%%R?) [31], where 6¢p =

e®/m,c* ~a?/4 — én/ng [36] and A, ~ 3C2/32 — 5C3 /128. The maximum modula-
tion due to the relativistic self-focusing effect is at most 0.5% for the propagation of
the EHy;-EH;, mixing modes in a capillary.

3. Beam dynamics in a single-stage two-mode mixing LPA
3.1 Electron acceleration

In the linear wakefields excited by two coupled modes EH;; and EHy; in the
capillary waveguide, the longitudinal motion of an electron traveling along the
capillary axis at a normalized velocity g, = v;/c~1is described as [5].

dy/dz = —kyEqo/Eo, d¥ jdz~k, (1 - ﬁg> ~ky/ (2@), (11)

where m,c?y is the electron energy, E;o = E;1(0,2,¢) the accelerating field at
r = 0, Eg = m.cw, /e the nonrelativistic wave-breaking field, ¥ ~k, (z — vgfgdz / vz)

-1/2
the particle phase with respect to the plasma wave, and y, = (1 — ﬂ;) > 1. Here,

the phase-matching condition is determined such that the beating wavelength is
equal to the dephasing length, i.e., Ly, = ﬂpyé /2 = n/(20kz1)

Akzlz = kzl — kzz ~ (u% — u%)/(ZkoRf) = kp/ (2}’?) . (12)

Taking into account C(z) — —2and S(z) — 0 forz — v,z < — c7 and setting the
pulse duration of a drive laser pulse with a Gaussian temporal profile to be the optimum
length kpcr = /2, the on-axis accelerating field near the matching condition is given by

E.o/Eq = — /ﬂ/Saoze_(lH“d“é‘P)/z [Cl + Cy 4+ 24/C1C; cos (¥ + 5)] cos¥, (13)
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where § = (Akzm - kp/2y§>Ldp ~ 7 [(u% - u%)yz/(kozRZ) - 1} /2 is a phase
mismatching.

While propagating through plasma and generating wakefields, the laser pulse
loses its energy as 01 /dz ~ —EL/Lpq [37] where Lyq is the characteristic scale
length of laser energy deposition into plasma wave excitation, referred to as the
pump depletion length. In the linear wakefield regime where a laser pulse duration
is assumed to be fixed, the laser energy evolution in the capillary can be written as
EL(z) a%(Cl + Cz)efz/ Lpa=2(k1+h2)2 , taking into account the energy attenuation of
two coupled hybrid modes. In the quasi-linear wakefield regime, i.e., a3 <1, the
scaled pump depletion length is given by k,Lya = 15/ (asaj) with
ay =~ (C1 + C;)/17.4 for a Gaussian laser pulse [9, 37], while the scaled coupled mode
attenuation length yields k, /2 <kll - ké) ~ 0.35y,7/%uy > kyLq with the matching

condition given by Eq. (12), i.e., k,R; = y;/ 2 (u3 — u%)l/ ® for #, > uy and the glass

with the relative dielectric constant &, = 2.25. Hence, the damping of wakefields
during the laser pulse propagation is dominated by the energy depletion of the laser
pulse as given in Eq. (13). Thus, integrating the equations of motion in Eq. (11) over
Vo <¥ < Wnix, the energy mec?y and phase of the electron can be obtained as

1) = 7o + G(¥) — G(¥0), ¥(z) = Yo +kyz/ (217), (14)

where m,c?y, is the initial electron energy, ¥, the initial electron phase with
respect to the wakefield, Wnix = ¥(2mix) = Yo + \/iyg the maximum electron phase
in the wakefield for the matching condition in Eq. (12) and the laser pulse length
kpcr =+/2, and

T ~(1+da,a? sin ¥ — 2a,a3 cos ¥
G(¥) =7 \/;aoz(Cl + Gy (1H4aaai) 2 — 40{5;3

v C1Cy cosd sin (2¥ + 8) — aza cos Q¥ + 6
_ 0
Z(Cl + Cz) adﬂ% 1+ aﬁ&lg '

(15)

The maximum energy gain to be attainable at ¥ — oo is obtained as

Aymax(é) = Vmax — Yo — G(oo) - G(O)
200 Cc,C 0 ind — 2 1)
iy o o] 200 WO (e _sni— mchcons)|

1+4ad%ad  2(Ci+ Cy) \ auad 1+ alad

(16)

Considering the mixing of two lowest order hybrid modes EHy; and EH;, with
the coupling efficiencies C; = 0.4022 and C, = 0.4986, the evolution of the energy
gain with respect to yé is shown in Figure 2a for various detuning phases  in
comparison with that of the EH;; monomode with C; = 1 and C, = 0. The effect of
phase mismatching on the maximum attainable energy gain is shown in Figure 2b
for various normalized laser intensities a3 in the quasi-linear regime. One can see
that the growth of energy gain occurs in the relatively wide range of the phase
mismatching over —z/2 < <x/2 and that the maximum attainable energy gain
does not strongly depend on the normalized vector potential a¢ in the quasi-linear
regime. While the single-mode LPA driven by the normalized intensity a§ = 1
reaches the maximum energy gain Ay, = 0.71y§ over the accelerating phase
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(a) The evolution of the energy gain normalized to yg of the mode mixing LPA comprising two hybrid modes

EH,, and EH,, coupled to the airy beam intensity of a’ = 1 with the coupling efficiency C, = 0.4022 and

C, = 0.4986, respectively, as a parameter of the mismatching phase 6. The black curve shows that for the
single-mode LPA with C, = 1 and C, = o. (b) The maximum attainable energy gain of the two-mode mixing
LPA for various novmalized intensities a> as a function of the phase mismatching.

0 <Y¥ <7/2, the two-mode mixing LPA with the phase matching, i.e., § = 0, is
attainable to the maximum energy gain Ay, ., = 3.2}/; over the accelerating phase
region AY = 10z, as shown in Figure 2. It is noted that significant enhancement of
the energy gain is attributed to a large energy transfer efficiency from the laser
pulse to the wakefield, i.e., 7 5er . wake ~ 96% over the accelerating phase region
AY = 10z, while the energy transfer efficiency for the single-mode LPA is
Naser—swake ~ 17% over the accelerating phase region AY = z/2.

The average energy gain of electrons contained in the bunch with the root-mean-
square (rms) bunch length k, 0, and longitudinal Gaussian density distribution

py(¥) = e_lP/Z/Zk;"g/(\/ﬂkpaZ) can be estimated as (Ay) = (G(¥)) — (G(W¥o)), where

(G(?P)) = J_wp” (¥ — P)G(V)dY ~ \/;ﬂoz}";(cl 4 Cye (1+4a,a2¥) /2
« eikégg/z ( sin¥ — Z“d“%) CoS T) Y C1G, 1 B 67216;6g ( sin2¥ — ada% cos 2‘}‘)
1+ 4“310[?) Z(Cl + Cz) adol% 1+ aglﬂg

(17)

Figure 3 shows the evolution of the energy gain and the maximum attainable
energy gain averaged over electrons in a Gaussian bunch with various rms lengths.
It is noted that the maximum attainable energy gain at ¥ — oo exhibits weak
dependence on the initial bunch phase ¥y for a long bunch and that the minimum
energy spread occurs at ¥y ~ O for different bunch lengths.

3.2 Beam loading

In the linear regime, a solution of the Green’s function for the beam-driven
wakefield excited by a charge bunch with bi-Gaussian density distribution p, =
py(E)pL(r), ie., py (&) = gqn, exp (=& /26%) and p, (r) = exp (—7*/20?) for the rms
bunch length o, rms bunch radius o,, and particle charge g (+e¢ for a positron beam
and —e for an electron beam), is written as E;, (1, &) = Z(&)R(r), where £ =z — ct is
the coordinate in the co-moving frame of a relativistic electron beam with v, ~c and r
is the radial, transverse coordinate of an electron beam having a cylindrical symmetry
[38]. Here, the longitudinal and transverse plasma responses are obtained as
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(a) The evolution of the energy gain Ay / yg of the mode mixing LPA driven by two hybrid modes EH,, and EH, ,
with the same parameters as those of Figure 2a for various rms bunch lengths ky6.. (b) The maximum
attainable energy gain of two-mode mixing LPA for various rms bunch lengths as a function of the initial phase
of the bunch center with respect to the maximum accelerating field.

Z(&) = —477de§/ﬂ||(§/) cosk, (& — &) = —(22)* *qn,0.¢ k22
¢

. . (18)
X [coskpé’(l — merfw%) + sinkpfa‘?erfg/aL\/ilkIﬁz} ,
and inside the bunch (r <7’)
2 00 s
_ (B2 /g0 / =
R(r) = (kp /2;:) JO dQJO Fdr'p, (YKo (kpjr r D
= (k22/2) 4720 (0, K202 /2) o (ky), (19)

where K is the modified Bessel function of the second kind and I'(a, x) =
Ji e 't*1dt is the incomplete Gamma function of the second kind. Combining the
longitudinal and transverse solutions, the wakefield excited by a bi-Gaussian-
shaped bunch is obtained as

zlo(V: )/EO = (q/e)kprerG)G(G”’GZ) O(kPV>

4 ‘k zZ .
X {cos key& (1 — Rerf M) + sink,&Jerf

by (2O
\/i )

V2

where r, = ¢2/m,c? is the electron classical radius, N, = (27)**6%6,n;, the num-
ber of particles in a bunch, and O¢(s,,0,) =e —ky02/2k,0 /2 (0, k;03/2>. If we con-

sider a laser-driven wakefield E,; excited by two mixing hybrid modes accelerating
the electron beam in a gas-filled capillary, the net longitudinal electric field, i.e., the
beam loading field, experienced by the electron beam is given by E.p, = E;; + E.,,.
From Egs. (13) and (20), the beam loading field at » = O consisting of the laser- and
beam-driven wake, where the electron bunch is located at ¥ = ¥, in the laser
co-moving frame, i.e., k,é x'¥ — ¥}, yields

E.p1(0,¥)/Eg = E.1.(¥) cos ¥ + k7N, 0¢ (0, 6)

B k z k 'z
cos (¥ — W) Rerfc (3@6:;2 +1 \/(;> + sin (¥ — ¥, )Jerf <\/—kq;i +1 f};)] )

(21)

X
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where E, (W) = —y /n/8a026_(1+4“d“élp)/2 (C1+ Cy 4+ /CiCycos V). Aloss of
the energy gain due to the beam wakefield E;, = k,7.N,@¢(o;, 0;) at the
bunch center is

b4

AypL = — (ZJ’;/Eo)L Ey,(¥)dY = ~2y;0c(0r, 05) (¥ — ¥o), (22)

and the rms energy spread due to the beam loading is estimated as

Oagn 22/ Py N, /2F(O B2 /2>S(kpoz)(‘P—‘P0), (23)

where S(k,0;) = ’(2/7[)1/2 — kyo.e” K Z/zerf(kpaz/\/i)‘ has the minimum
S = 0.35 at kyo, = 1.26.

3.3 Betatron motion

In the wakefield, an electron moving along the z-axis undergoes a transverse
focusing force F® = —m,c?F,x/r at the transverse displacement x and exhibits the
betatron motion. Taking into account F, x (dF,/dr)r near the z-axis =~ 0, the

focusing force is written by F® /m.c?> = —(dF,/dr)x = —K?x, where K = (dF,/ 67)1/ 2
is the focusing constant. For the optimum pulse length of k,cz = v/2 and

Y =kyz/ (2)/;) > kyct/ (2}/;) =1/ (\/_ y;) in Eq. (8), transverse laser wakefield in
the matching condition Ak ~ (u3 — u3)/(koR?) = ky /7> 7, is given by

e i fomnn() omn () ()
G o 32 o () ]

Transverse wakefield excited by the electron bunch is obtained from Eq. (20)
according to the Panofsky-Wenzel theorem [39], 0E;/or = 0(E, — By)/9¢, leading to
the beam focusing force [40].

(24)

Fy(r,&)/Eo = (E, — Bg)/Eo = (q/e)kyr.NyOc(0y, 02)]1 (kyr)
. . 5
y {Sin ,%e(l _ merfw) ~ cos kpmerfwl_ (25)

V2 V2
At the bunch center ¢ = 0, the on-axis beam focusing strength at » = 0
2 2
O _ kel oo (o koo p (ke (26)
Eok, o NG 2 V2

where erf(zk 6:/V2) = (2i/\/7) j(])e 000/ V243 o (2i/\/7_z)ele%F(kpaz/\/§) and
F(x) =e™ foez dz is Dawson’s integral. Near-axis electrons experience the

normalized accelerating and focusing gradients at » = 0, as obtained from Egs. (21),
(24), and (26)

11
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E, 1 e Y/
EBL =-5 \/ga(z)e (1+4““o‘1’)/2(c1 +C)) [cos ¥4 Gi6) (1+ cos 2‘1‘)}
0

+ kaer®G (GV) 62)3 (27)

and

2 2 2 2
OF g1, _ _1\/%0[%6—(1%—40(%%‘}‘)/2% sinW + (“1 j“z) Vv SlCZ sin 2%
Eokyor 2\ 2 v, (u3 —u?) 2(uiCy +u3Cy)
k,r.IN
%ﬂ_b F(O-V) 62:))

(28)

where Or(6,,0,) = oot/ 21“(0, k;af / 2> F(ky0./v/2) is the bunch form factor for a

bi-Gaussian profile with the rms bunch radius o, and length o,.
The equations of motion of an electron propagating in the wakefield behind the
laser pulse is written as [41].

&x Edx K _dy

where X = k,x and f = w,t are the normalized variables of x and ¢, respectively.
Here the longitudinal wakefield and focusing constant at » = 0 are defined as E, =
E.p1./Ep and K = (1 /Eokp) (0F,pL/0r), respectively. If one can assume that E, and K

are constant along the particle trajectory, introducing a new variable s =

12
(4}/[( ? /Ei) to obtain the differential equation s(dzo_c /dsz) + (dx/ds) +sx = 0,

general solutions of which are the Bessel functions of the first kind J,(s) and the
second kind Y (s), the solutions of the coupled equations are given by Egs. (14) and
(15) for y, and the transverse position and velocity [41].

(;<<)> ) = M) (Zoo(fsoo)> ) 30

where f, = f3,(dx/dt), subscripts “0” denote the initial values, and

Zs0lJ1(50)¥o(s) = Yalolo(s)] T2 1o(®)¥ols0) = Yo(s)o(so)]
20
M(s|so) = rE.50s

[J1(s)Y1(s0) — Y1(s)J1(s0)] ;E]ii) J/705[]1(5)570(50) — Y1(s)Jo(50)]
(31)

4y

While the electron stays in the focusing region of the wakefield, i.e., dF,/dr> 0,
the electron exhibits betatron oscillation at the frequency given by wy = ds/dt =
w,K/ y'/2. Contrarily, when the electron moves to the defocusing region where
OF,/or < 0 and s becomes imaginary, the amplitude of the electron trajectory
increases monotonically as a result of the Bessel functions being transformed to the
modified Bessel functions, leading to ejection of the electron from the wakefield

[41]. Hence, the requirement of betatron oscillation in the focusing region K ’50

12
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demands that the minimum number of electrons contained in a bunch should be
injected into the plasma as given by

Nb> \/J_T

h kae®F(ara 62')

OF, ()

Eokyor |’ (32)

max

for a bi-Gaussian bunch with the rms radius o, and length . Figure 4 shows a
map of the bunch form factor ®¢(o,, 6;) and the minimum number of electrons
contained in a bunch requisite for the beam self-focusing strength larger than the
defocusing strength in the laser-driven wakefield for the EH;1-EH;, mode mixing
LPA. It is noted that the minimum value of the requisite electron number occurs at
the bunch length k,6, = 1.31 for various bunch radii, e.g., Nj, > 3.63 x 107 for
ky6, =1and N}, >7.05 x 10° for ky6, = 0.1, as shown in Figure 4.

In the bunch containing the requisite number of particles, an electron undergoes
betatron motion throughout the whole accelerating phase, as shown in Figure 5,
where the trajectory and momentum of the electron in the bunch with the number
of electrons Nj, = 1 x 10% and length k,0, = 1.3 are calculated from Eq. (30) in 10°
segments of the laser wakefield phase excited in the plasma with density n, =
1 x 10" cm~3. Note that the betatron oscillation exhibits beats with the amplitude
modulation due to the accelerating wakefield.

3.4 Effects of radiation reaction and multiple Coulomb scattering

A beam electron propagating in the wakefield undergoes betatron motion that
induces synchrotron (betatron) radiation at high energies. The synchrotron radia-
tion causes the radiation damping of particles and affects the energy spread and
transverse emittance via the radiation reaction force. Furthermore, a notable dif-
ference of plasma-based accelerators from vacuum-based accelerators is the pres-
ence of the multiple Coulomb scattering between beam electrons and plasma ions,
which counteracts the beam focusing due to the transverse wakefield and radiation
damping due to betatron radiation. The comprehensive motion of an electron trav-
eling along the z-axis is described as

(a) | (b)

0 109 102 100 1 10' 102 10°

Figure 4.

(a) A map of the bunch form factor O (o, o;) for the beam self-focusing strength of a bi-Gaussian bunch as a
Sfunction of the dimensionless yms bunch radius k, o, and length kyo,. (b) The minimum number of electrons
contained in a Gaussian bunch requisite for the beam self-focusing strength lavger than the defocusing strength
from the laser-driven wakefield in the EH, ,-EH, , mode mixing LPA.
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Figure 5.

(a) Normalized accelerating wakefield E, |E, and focusing strength ngz / k; =7, (1 /E,,kp) (0F,/0r) in the
EH,,-EH,, mode mixing LPA with the same parameters as those of Figure 2a as a function of the accelerating
phase ¥. (b and c) normalized trajectory kyx and transverse momentum yp,. of the electron with the initial values
Mmecy, = 100MeV, kyxo = 1, and yp,, = 0 in the bunch with the number of electrons Nj, = 1 x 10® and

length ko, = 1.3 for betatron motion in the laser wakefields (a) with electron density n, = 1 x 108 cm 3,

du,  F} R dud du, E, F%} (33)
cdt  mu2 myc? cdt’cdt  PEy me?’

where u = p/m,c is the normalized electron momentum, FR the radiation reac-
tion force, and u> ~ y0, the transverse kick in momentum projected onto the x-plane
due to multiple Coulomb scattering through small deflection angles 6.

14



Very Compact Linear Colliders Comprising Seamless Multistage Laser-Plasma Accelerators
DOI: http://dx.doi.org/10.5772/intechopen.91633

For the classical expression of the radiation reaction force given by [42].

R d/ du dy du\?
@@ e

where y = (1 + u?) is the relativistic Lorentz factor of the electron and 7z =
2r,/3c ~6.26 x 10~**s, assuming u, > u, and dx/dt = cu, |y ~cu, /u., the radiation
reaction force Eq. (34) is approximately read as [43].

FR/( MeC ) ~ — ctpKPu, (1 + K?yx? ),F?/ (mecz) ~ — ctpK4y 2. (35)

Since the scale length of the radiation reaction, i.e., ctg = 27,/3~1.9 fm, is much
smaller than that of the betatron motion, i.e., ~ 4,,/7, the radiation reaction force is
considered as a perturbation in the betatron motion.

A beam electron of the incident momentum p = ym,v, passing a nucleus of
charge Ze at impact parameter b in the plasma, suffers an angular deflection 6 =
Ap/p ~2¢*Z/(pbv) due to Coulomb scattering [44]. The successive collisions of the
relativistic beam electrons with v ~ ¢ while traversing the plasma of ion density
n; = n,/Z results in an increase of the mean square deflection angle at a rate [8, 44].

A 2,2 22,7
) _ 8P (Pmax) 277 (), (36)
Cdt }/ brnin }’2 RN

where by = Ap = (T,/ 471'7’166‘2)1/ % is the plasma Debye length at the temperature
T, and Ry ~ 1.4A"3 fm is the effective Coulomb radius of the nucleus with the mass
number A. Here, the logarithm In (bmax/bmin) is approximated as
In (Ap/Rn) ~24.7 [1 + 0.047 log (neTgA2/3>] for n, [1016 cm_3] and T, [eV] [45].

The multiple-scattering distribution for the projected angle 6, is approximately
Gaussian for small deflection angles, given by the probability distribution

function P(6,) = 1/ (= <92>)1/ ? exp (—6%/(6*)). Thus, the transverse momentum

u’ ~y0, is obtained from using the normal distribution with the standard deviation

((6%)/2) "2 around the mean angle 0 at the successive time step along the particle
trajectory.

The electron orbit and energy are obtained from the solutions of the coupled
equations in Eq. (33) describing the single particle motion in the segmented phase,
where E, and K are assumed to be constant over the phase advance AY. Provided
the initial values of X and S, are specified from the energy y,, relative energy
spread Ay/y,, and normalized emittance ¢, of the injected beam, y(s), X(s), and
p,(s) are first calculated from Egs. (14) and (30) using s(¥), where ¥ = ¥ + AV is
the phase at next step. Thus, the effects of the radiation reaction and multiple
Coulomb scattering are obtained as follows:

Pr(s) = B2(5) + BB (s0) + ABx(s0), 7(¥) = r*(¥) + Ar"(Wo), (37)
where 82(s) and y* () are the solutions obtained from Egs. (30) and (14),

respectively; ABN(so) and AyR(Wy) are correction terms for the effect of the radia-
tion reaction force, given by

-2 2 _
AR = ~2Ck1,BoKo (1+ 1oKow3 | AY, Ay (Wo) = ~2Ckr,rAKoF5AY,  (38)
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with Cg = kyctry, = (2/3)kyrer, = 11.8 X 10~°[um] /¢ and I?g = Fz(‘l’o); and
Aﬂgsc (s0) = Oy is a projected angle due to multiple Coulomb scattering, the standard
deviation of which is obtained from Eq. (36) for 4o =1 ym as

oo, = \/{60?)/2~2.66 x 107* [ygA‘P In (/ID/RN)T/Z/yo- (39)

The radiated power of the electron in the classical limit is given by [42, 43].

20272 | (du)\* dy\? 2e%y? ) )
Prad —] 3(,‘ [(%) - (E) i 31’}’1—36‘3 [|Fext| | |Fext ' 11/]/| :| (40)

where Fey; is the external force and m.cdy /dt = Fey - u/y is used. For a relativis-
tic electron with ufc <y?and u, ~ 7, taking into account Fexy = F, e, + Fe; with

F, = —m,c?K?x and F | = —eE,, the radiated power can be written as Py,q =

2¢2y%F 2 /(3m?c?) = mc*try*K*x?, which means the radiative damping rate vz =
Pra/(ymec?) = trc?yK*x?. Thus, a total radiation energy loss along the particle orbit
is estimated as

1 T
Mraa = s [ diPaa(®) = Y| (w0)] (4)

Lo
3.5 Numerical studies of the single-particle dynamics in a single stage

Numerical calculations of the single-particle dynamics can be carried out
throughout the segments in phase W for a set of test particles under the initial
conditions, and then the underlying beam parameters can be obtained as an ensem-
ble average over test particles: for instance, the mean energy is calculated as (y) =
> i7i/Np, where y; is the energy of the i-th particle and N, the number of test

1/2
particles, and the energy spread is defined as ¢, = <<y2> — (y)z) . The normalized

transverse emittance is obtained from

e = [{e = ) (e — ) — (6 — Do — )] > 4D)

where u, = yp, is the dimensionless transverse momentum.

The particle orbit and energy can be numerically tracked by using the solutions
of the single particle motion (Egs. (30) and (14)) associated with the perturbation
arising from the effects of the radiation reaction and multiple Coulomb scattering,
as given by Egs. (38) and (39), respectively. The simulation of particle tracking can
be carried out by using an ensemble of 10* test particles, for which the initial values
at the injection and the deflection angles due to the multiple Coulomb scattering at
each segment in a phase step A¥/400, where AY = 10z is the phase advance in the
single stage, are obtained from the random number generator for the normal distri-
bution, assuming that the particle beam with the rms bunch length ¢, = 16 ym
(kyo, = 3) containing N; = 1 x 108 electrons (16 pC) is injected into the capillary
accelerator operated at the plasma density of 7, = 1 x 10 ¢cm3 from the external
injector at the injection energy Eiy; = mec?y, and the initial normalized transverse
emittance ¢, in the condition initially matched to laser wakefields, namely, the

_ 9\ 1/4
initial bunch radius Xo = k,00 = (kpeno)l/ 2 / (yoKz) and momentum
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Figure 6.
Numerical vesults of the beam dynamics study on the two-mode mixing single-stage LPA (Figure 1a) at the

plasma density n, = 1 x 10*® cm™=3 and number of electrons N, = 1 x 10% in a bunch with length kyo, = 3.
(a) Evolution of transverse normalized emittance &,y from various initial values for the initial energy E;,j =
mec*y, = 1 GeV and relative energy spread o, [y, = 0.1 without radiation and multiple Coulomb scattering.
(b) Evolution of relative energy spread c, [y from the initial value of 0.1 for various initial energies E;y; due to
radiation reaction without multiple Coulomb scattering. (c) Evolution of transverse normalized emittance from
the initial value €,0 = 0.01 um for various cases with and without the radiation reaction and multiple

Coulomb scattering.

YobPo = (yofz> v (kpeno)l/ > with the focusing strength I_(z, given by Eq. (28).
Figure 6a and b show the results of simulations for the evolution of transverse
normalized emittance &,, from various initial values ¢, at the initial phase ¥y = 0
and that of the relative energy spread o, /y from the initial spread of ¢, /y, = 0.1 for
various initial energies due to the effect of the radiation reaction, respectively. The
effect of the multiple Coulomb scattering is shown in Figure 6c, indicating a
significant growth of the normalized emittance in the latter half of the stage. In this
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simulation, the multiple Coulomb scattering has been considered for a helium
plasma with A =4,Z =2, and T, = 100 eV. Since the normalized emittance,
defined by Eq. (42), is approximately calculated as &, ~ |6x||6(yp,)|, where dx and
5(yp,) are the amplitudes of the transverse displacement and dimensionless
momentum, the evolution of the normalized emittance traces the envelope of the
betatron oscillation of the single particle, as seen in Figures 5 and 6. Note that the
electron motion of coupled equation in Eq. (29) includes the nonlinear damping
term — (E, /y)(dx /dt), which induces the amplitude decrease in the electron accel-
eration phase, while the betatron motion of the electron undergoing only a linear
focusing force with a constant K is described by a simple harmonic oscillator at a
constant energy mec?y, i.e., no acceleration field E, = 0, forming the constant

envelope of the betatron amplitude for the matched condition of bunch size 62 =

Enx/ (yI? ) v 2, for which the normalized emittance is conserved.

4. Beam dynamics in multistage two-mode mixing LPAs
4.1 Seamless stage coupling with a variable curvature plasma channel

A gas-filled capillary waveguide made of metallic or dielectric materials can
make it possible to comprise a seamless staging without the coupling section, where
a fresh laser pulse and accelerated particle beam from the previous stage are injected
so as to minimize coupling loss in both laser and particle beams and the emittance
growth of particle beams due to the mismatch between the injected beam and
plasma wakefield. For dephasing limited laser wakefield accelerators, the total linac
length will be minimized by choosing the coupling distance to be equal to a half of
the dephasing length [9]. A side coupling of laser pulse through a curved capillary
waveguide [46-48] diminishes the beam-matching section consisting of a vacuum
drift space and focusing magnet beamline [9]. Furthermore, the proposed scheme
comprising seamless capillary waveguides can provide us with suppression of syn-
chrotron radiation from high-energy electron (positron) beams generated by beta-
tron oscillation in plasma-focusing channels and delivery of remarkably small
normalized emittance from the linac to the beam collision section in electron-
positron linear colliders.

Since the electron beam size with a finite beam emittance causes a rapid growth
in a vacuum drift space outside plasma [41], the coupling segment must be used for
spatial matching of the electron beam with the transverse wakefield as well as
temporal phase matching with the accelerating wakefield in a subsequent stage.

A proof-of-principle experiment on two LPA stages powered by two synchronized
laser pulses through the plasma lens and mirror coupling has been reported,
showing that an 120 MeV electron beam from a gas jet (the first stage) driven by
a 28 TW, 45 fs laser pulse was focused by a first discharge capillary as an active
plasma lens to a second capillary plasma channel (the second stage), where the
wakefield excited by a 12 TW, 45 fs separate laser pulse reflected by a tape-based
plasma mirror with a laser-energy throughput of 80% further increased an energy
gain of 100 MeV [49]. In this experiment, a trapping fraction of the electron
charge coupled to the second stage was as low as 3.5% [3]. Such a poor coupling
efficiency could be attributed to the plasma mirror inserted at a vacuum drift
space. To avoid a rapid growth in the vacuum drift space and improve coupling
efficiency, a multistage coupling using a variable curvature plasma channel [48]
enables off-axial injection of a fresh laser pulse into the LPA stage without a
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vacuum gap in the coupling segment; thereby an electron bunch is continuously
accelerated through the plasma-focusing channel over the consecutive stages only
if the temporal phase-matching between the laser and electron beams can be
optimized [3].

In the propagation of a laser pulse through a curved plasma channel, the radial
equilibrium position of the laser pulse is shifted away from the channel axis due to
the balance between the refractive index gradient bending the light rays inward and
the centrifugal force pulling them outward. As a result, the minimum of the effec-
tive plasma density, which is proportional to a guiding potential, is located outward
from the channel axis [47]. Thus, a direct guiding of a laser pulse from the curved
channel with a constant curvature to the straight channel causes large centroid
oscillations in the straight channel even though the laser pulse is injected to the
equilibrium position, leading to loss of the laser energy and electron beam
transported from the previous stage as a result of off-axis interaction with plasma
wakefields [48]. To diminish the mismatching at the transition from a curved
channel to a straight one [3], a variable curvature plasma channel has been devised
such that the equilibrium position guides the laser centroid gradually along the
channel axis from the initial equilibrium position to the channel center, where the
straight channel axis merges together, as shown in Figure 7a. A seamless accelera-
tion in two-stage LPA coupled with a variable curvature plasma channel has been
successfully demonstrated for the guided laser intensity of 8.55 x 10'® W/cm®
(normalized vector potential a = 2) by the three-dimensional particle-in-cell
simulations, as shown in Figure 7b-f, indicating that the injection trapping
efficiency increases with the initial beam energy and approaches 100% at energies
higher than 2 GeV.

4.2 Betatron motion of the particle beam in the seamless multistage

For s> 1, the asymptotic form of betatron motion in Eq. (30) yields

, 7172
x(s) ~ |Xo2 + (L’on) ] \/szcos (s —s0 +80)s (43)
soEzo §
-~ 12
E, 2 2
B.(s) ~ == |xo? + (Lﬂx()) 550 sin (s — sg — 95 (44)
2y soEzo

where tan o = 20,0/ (SoXoEz0). The variation of the betatron amplitude with
respect to the initial amplitude in the k-th stage is given by

1/2 = 1/2
s /4

Y E;(Whi)
where Wy <W <11y (B =1, 2, ) is the particle phase ¥ with respect to the
plasma wave, ¥}, is the initial phase, and y,; is corresponding to the initial energy of
the particle in the k-th stage, respectively, assuming an approximately constant
focusing strength K(¥) ~ K(¥};) over the stage. As expected, the betatron ampli-

x(¥)
X(Wri)

E;(¥)K(Ps:)
E2<Tki)l?<qj)

tude is simply proportional to (y;/ y)Y* for the constant accelerating field E, (¥)
during the stage. In the two-mode mixing LPA system comprising the periodic

accelerating structure, i.e., E,(¥}; + AY) = E.(¥); + AY) for a phase advance AY in
the k-th and [-th stages, the ratio of the accelerating field amplitude is given by
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Q(¥)

— e—Zada% (T—Tk,’)
Q(Yr)

; (46)

where Q(¥) = cos¥ + /C1Cy(1+ cos2¥)/(Cy + C;). In the accelerator system
consisting of N; stages, the final betatron amplitude yields

/
(%) ~ ol (ro/r) R¥/ exp [~aua) (¥ — ¥o)], (47)

where ¥y, meczyf are the final phase and energy of the particle at the N,-th stage,
respectively, and R = |Q(¥y) /Q(¥;)| is the ratio of the amplitude Q(¥) between the
final and initial phases in the single stage. If this ratio is chosen so as to be
R < exp (2a,4a3AY), the betatron amplitude will decrease as the electron propagates
the accelerator stages.

Here we consider the evolution of transverse normalized emittance for the
particle beam acceleration in the multistage capillary accelerator. The definition of
transverse normalized emittance given by Eq. (42) is expressed as e,,> =
(6% ) (Suy*) — (5%6u,)?, where 6% = X — (%) and duy = u, — (u,) are the deviation
from the mean transverse displacement (x) and normalized momentum (u,) = (yf,),
respectively. The particle orbit undergoing betatron motion is written for s > 1 from

Egs. (43) and (44) as X = X, 1/So/s cos @ and uy = yf, = X (Ez+/550/2) sin ¢, where

(a) (b) (c)
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Figure 7.

(a) Geometry of the coupling segment, which is composed of a variable-curvature plasma channel with a
gradually varying channel radius along the channel axis (dashed line) from the entrance radius R, = 10 mm in
the first stage to that of a straight channel R — oo in the second stage, and the centroid trajectovies for a first-
stage laser (yellow), a second-stage laser (ved), and an electron beam (green). When the second laser is injected
at the curved channel entrance with an incidence angle of 5.7° and an off-axis deviation of 6.3 um, its centroid
trajectory and an electron bunch (red points) are seamlessly coupled to the straight plasma channel, as shown in
the three-dimensional particle-in-cell (3D PIC) simulation vesults before (b) and after (c) the electron bunch is
trapped in the second straight channel [3]. (d) Energy and transverse momentum, initial (black points) and
final (blue points) (e) longitudinal and (f) transverse momentum distributions, and their Gaussian fitting
curves (ved) of the electron beam obtained from the simulation results.
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_ _ 12
@ = gt is the betatron phase and X,,, = [9_602 + (Zyoﬁxo /soEzo)z} . Thus, the ensem-
ble averaged quantities (5%2), (5u,?), and (6Xu,)” can be obtained: e.g., (&%) =

(s0/$) [<xm Y1+ (cos2¢))/2 — (x X, )2 ( cos 40)2] . Assuming that the energy distribu-

tion about the mean energy (y), i.e., the 6y = y — (y) distribution, is Gaussian with a
width of ¢,, the energy is approximated about its mean value to the first order in
8y/(y), e,y = (y) + 6y, wp~wpo(1 — 6y/2(y)), and ¢ ~ wpot(1 — 6y/2(y)). The
ensemble averaged quantities can be calculated as averages over the distribution of

energy deviations as, e.g., (cos ) ~ (1/\/2x0,) [7, dSy exp (—5}/2 / 20?) cos (¢ + 8p) =
e " cos g, ( cos 2p) e " cos 2p, and (s /s) = (KoEz /KEz0) ((ro)/ (7)), where
8¢ = —ody/(2(y)) and v, = wpoo,/ (v/8(y)) is the frequency corresponding to
decoherence time tgec 2 71(y)/ (w40, ), defined as the time when the phase difference
between the low energy part of the beam and the high-energy part is

A ~wy [dte,/(y) = n [43]. Considering transverse emittance of the particle beam

with initial energy spread that dominates decoherence, the normalized emittance for
t>>t4ec is given by

KO V7o) (Zmo?) =

Enx —_

%2 <”92co>
KO' v °><< ’ >+I?§<yo>>’ e

where &,, = kyé&,, is the dimensionless normalized emittance. If the beam is
initially matched to the laser wakefield focusing channel, i.e., X¢ =

270Bxo/ (50E=0) = uxo/(Ko+/70)> such that in the absence of radiation the beam
radial envelope undergoes no betatron oscillation, the normalized emittance can be
expressed as

KO\/ Yo)(x0 >— €nx0 (49)

gnx -

This indicates that in the absence of radiation and multiple Coulomb scattering,
the transverse normalized emittance of an initially matched beam is conserved in
the laser wakefield acceleration when the amplitude of accelerating field has no
variation, i.e., |E;| = }Ezo } Note that the decreasing accelerating field at the final
phase results in a decrease of the normalized emittance of the injected beam
matched to the laser wakefield at the initial phase in the single stage. For the
multistage laser wakefield acceleration without a vacuum drift space in the coupling
section, properly choosing the injection and extraction phases enables continuous
reduction of the normalized emittance in the absence of synchrotron radiation and
multiple Coulomb scattering with plasma ions. Since the initial values of the
displacement (X) and normalized momentum (u,) at the next stage are expressed

as (x7) = /(o) / {r1) (%3,) o Ex1K o/ (2Ez0K1) and (ug;) = KoK/ (1) (r1)(%3)

Ezl/(zEZO) [19]>
the initial amplitude of betatron oscillation at the next stage is

<‘9_C3n>1 = <9_C%> + <”92c1>/(1_<1<71>)
=V r0)/{r1)&s,) oEx1Ko / (Ez0Ky).

Accordingly, the emittance at the k-th stage is calculated as
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& = (LR (P ()0 (%2,
L (W) /B (W) [F IR (W:) /R (W) [

Assuming K (W) ~K(¥;) = Ko, the dimensionless normalized emittance at the
k-th stage yields

Ro /( > <x > ;Rk —2aa2kA‘PK / <x >0 —20a? kAlPEnO’

(50)

where |E; (¥f) /E;(¥;)| = Re —20a54Y i the ratio of the accelerating field ampli-
tude at the final phase ¥, to that at the initial phase ¥; with R = |Q(%¥f) /Q(¥;)| and

AY = ¥ — ;. Setting K (ro)"? (x2) = 2,0, the normalized emittance increases or

decreases monotonically, depending on R > ¢2“AY or R <¢%AY as the particles
move along the stage in the absence of radiation and multiple Coulomb scattering.

For an application of laser-plasma accelerators to electron-positron colliders, it is
of most importance to achieve the smallest possible normalized emittance at the final
stage of the accelerator system, overwhelming the emittance growth due to the
multiple Coulomb scattering off plasma ions, being increased in proportion to the
square root of the beam energy. We consider the effect of multiple Coulomb scatter-
ing on the emittance growth and evaluate an achievable normalized emittance at the
end of the accelerator system comprising NN, stages. Using the growth rate of the mean
square deflection angle in Eq. (36) due to the multiple Coulomb scattering, the
growth rate of the transverse normalized emittance is estimated as [8, 44].

AT 1y d(0Y) _kyrZ (2
ds  2ks dz K7 \Rw)’

(51)

where k; = K/, /7 is the wave number of betatron oscillation. In the single stage,
the transverse normalized emittance of the particles undergoing the wakefields
evolves the growth in the same manner as the injected particle beam without the
multiple Coulomb scattering as

kyvZIn (Ap/R
€0 + lin/Ry ( }’1f —V }’11) (52)

KoE,(¥o)

Ez (Tl)

EZ(‘PO)

-1
Enx =

At the N,-th stage, the normalized emittance can be obtained from

\/ﬁ(l — /@). (53)
Yk

Assuming that the beam energy at the k-th stage is approximately given by
(1) = (2C1C2/2)*d3 vge (1+4aaf¥0) 20 AW for o> 1, Eq. (53) can be calculated as

E(¥) [N
Z(TO)

N kyr.Z In (Ap/Rn) i
KoE. (%)

_— E.(¥
€, —
0 Ey(

=1 Z

c1c2> V4 CsZ In (Ap /Ryy) (14940 %0 ) 4 RN - 2Niauay A% | /AP
27 ao(C1+C)  Ko|Q(Wo)|/InR — 2043 AY (54)
X [erf \/Ns(lnR — 20403 AY) — erf \/lnR - 2ada%A‘P} ,

— — _ 2
gNnx _ enoRN’e 2N;agag AY + <
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for R > ¢2@2Y  where Cg = kprey, = 17.7 x 1077 [um] /29 and erf (x) =
2/v7) [y ¢ dr are the error function, and for R < e2AY¥

3/4 1/4 o
&= EnoRN’e_ZN‘““%A‘P " <g> / Cs(C1Cy) 47 1n (Ap/Rn) €(1+4 d“o‘PO)/4\/ﬁ

™ ao(C1+ Cy) Ko|Q(¥o)|\/224a3A¥ — InR’
X {F [\/N (22443 AY — In R)] — RN 12N Daag AV {\/ 20,a3AY — In R] }
(55)
where F(x) = e’xzfg ¢ dt is Dawson’s integral. For R = ¢2¢AY je.,

|E; (W) /E;(¥;)| = 1, the normalized emittance at the N;-th stage is simply calcu-
lated as

_ __0 kaeZ 11‘1 (ZD/RN) B

(56)

e04a (zc1c2> Y4 Csp,ZIn (Ap /Ry) e(1+4f%%>/4 N.AY
T ﬂo(cl + CZ) I<0|Q(\P0)|

As expected, the normalized emittance in the multistage accelerator operated
with the constant accelerating field is conserved to the initial normalized emittance
and then limited by an increasing growth due to multiple Coulomb scattering. For
R > ¢2AY | the initial emittance of the injected beam dominates an exponential
growth of the normalized emittance, while for R <¢*A¥ an exponential decrease
of the initial emittance is followed by a slow decrease of the normalized emittance
arising from the multiple Coulomb scattering [19].

4.3 Numerical studies of the single-particle dynamics in multistages

Numerical studies on transverse beam dynamics of an electron bunch acceler-
ated in the multistage mode mixing LPA have been carried out by calculating the
ensemble of trajectories of test particles throughout consecutive stages, using the
single-particle dynamics code based on the analytical solutions of the equations of
motion of an electron in laser wakefields with the presence of effects of the radia-
tion reaction and multiple Coulomb scattering, as described in Section 3. Figure 8a
shows examples of the phase space distribution of 10* test particles on the k,x — 75,
plane and evolution of the transverse normalized emittance for 400 stages, in each
of which the electron is accelerated between the initial wakefield phase ¥; = 0 and
final phase ¥y = 4.5, in the presence of the radiation reaction and multiple
Coulomb scattering. Figure 8b is the result for 60 stages with the stage phase
0 <W¥ <4z and Figure 8c for 50 stages with —0.45z <'¥ < 4z, taking into account
only the radiation effect. The cases shown in Figure 8a and b obviously correspond
to the exponential decrease of the normalized emittance with R < exp (2aajA¥),
while the case shown in Figure 8c corresponds to the exponential increase with
R> exp (Zaa(z)A‘P). In Figure 8a, the exponential decrease of the normalized emit-
tance is limited, leading to the equilibrium with the growth due to the multiple
Coulomb scattering after several stages. In Figure 8c, the exponential increase can
be limited by the radiation effects, resulting in an excess of radiation energy loss
and the equilibrium with the radiation reaction after 20 stages. For the case shown
in Figure 8a, the beam energy is accelerated up to 558.92 GeV with the relative rms
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Figure 8.

Numerical vesults of the beam dynamics study on the two-mode mixing multistage LPA (Figure 1a). (a and d)
the phase space kyx — yp, and evolution of transverse normalized emittance ky e, for 400 stages with each stage
phase 0 <Y < 4.57 in the presence of radiation veaction and multiple coulomb scattering at the plasma density
ne =1 x 10*® cm =3 and the initial normalized emittance e,, = 1 pm. (b and ) the phase space and evolution
of transverse normalized emittance (only shown for the initial 5 stages) for 60 stages with each stage phase

0 < ¥ <4 in the presence of the radiation reaction at n, = 1.1 X 10*7 cm™3 and &,, = 100 um. (c and f) the
phase space and evolution of transverse normalized emittance for 50 stages with each stage phase

—0.457 <V <47 in the presence of the radiation reaction at n, = 1.1 X 107 c¢m ™3 and &,, = 100 pm.
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Figure 9.

Numerical vesults of the beam dynamics study on the two-mode mixing multistage LPA at the plasma density
ne =1 x 108 cm™3 and number of electrons Ny = 1 x 10° in a bunch with a length of k,0, = 3, the initial
energy mec’y, = 1 GeV, relative energy spread o,/y, = 0.1, and normaliged emittance e,, = 1 pym. (a, d,
and g) evolution of rms bunch radius o,, radiation energy Ay,,,, and transverse normalized emittance e,y for
400 stages with each stage phase 0 <¥ < 4.57. (b, e, and h) evolution of the same electron beam parameters for
260 stages with each stage phase —0.451 <V <4.77. (cf, and i) evolution of the same electron beam
parameters for 50 stages with each stage phase —0.451 <¥ <4.2345x. In (g), (h), and (i), the blue solid curve
shows a fit using the analytical emittance evolution formula in Egs. (54) and (55).
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energy spread of 0.02% over the whole 400 LPA stages with the stage phase
0 < < 4.5z at the operating plasma density of 7, = 1 x 10 cm™3 in the accelerator
length of 67 m, assuming initially a 10% relative energy spread. From this result, the
beam-induced longitudinal (decelerating) wakefield becomes approximately

E.;/Eo ~ 0.01 and focusing strength (K b /k)p)2 ~ 0.12, as calculated from an

ensemble average of the radius of an electron bunch with 1 x 10® electrons and
length of 16 pm, using Egs. (20) and (26), respectively, at each step of the stage
consisting of 100 segments. It is noted that both beam-induced wakefields reach the
equilibrium after several stages in consistency with the evolution of the normalized
emittance.

The detailed study on the evolution of the transverse normalized emittance in
the multistage two-mode mixing LPA has been investigated for three cases with the
different stage phases, i.e., 0 <W¥ < 4.5z (case A), —0.457 <¥ < 4.7z (case B), and
—0.457 <¥ < 4.23457 (case C), the reduction coefficients 2a;a3A¥Y — InR for
which are 37.3, 1.37, and — 0.438, respectively. Figure 9 shows the evolution of the
bunch radius o, (a)-(c), radiation energy Ay,.q (d)-(f), and transverse normalized
emittance &, (g)—(i), respectively. In Figure 9 (g)-(i), the solid curve indicates the
normalized emittance predicted from the analytical formulae of Egs. (54) and (55),
assuming that the average focusing constant is Ko ~ 0.004 for cases A-C and the
growth rate is ~10% of the reduction coefficient for case C. It is noted that the
evolution of the normalized emittance is determined by the equilibrium between
the consecutive focusing and the defocusing due to the multiple Coulomb scattering
at a large number of stages N, > 1.

5. Considerations on electron-positron collider performance

Electron and positron beams being reached to the final energies in the multistage
two-mode mixing LPA are extracted at a phase corresponding to the minimum
transverse normalized emittance, followed by propagating a drift space in vacuum
and a final focusing system to the beam-beam collisions at the interaction point. Ina
vacuum drift space outside plasma, the particle beam changes the spatial and
temporal dimensions of the bunch proportional to the propagation distance due to
the finite emittance and energy spread of the accelerated bunch. The evolution of
the rms bunch envelope 6;, in vacuum without the external focusing force is given

by o} = o} [1 + (2 — zo)z/lei] , where 6 is an initial radius and Z), = 6}y/e, is the

characteristic distance of the bunch size growth [41]. The bunch radius after prop-
agation of the distance L, between the final LPA stage and interaction point is

,11/2
estimated to be ¢, = {Gif + <€nchol / yabf) } , where 6,+ is the rms bunch radius

at the interaction point and oy, &,r the rms bunch radius and normalized emittance
at the exit of the LPA, respectively. In collisions between high-energy electron and
positron bunches from the LPAs, the beam particles emit synchrotron radiation due
to the interaction, the so-called Beamstrahlung, with the electromagnetic fields
generated by the counterpropagating beam. The beamstrahlung effect leads to
substantial beam energy loss and degradation on energy resolution for the high-
energy experiments in electron-positron linear colliders [50]. Intensive research on
beamstrahlung radiation has been explored [50-52], being of relevance to the
design of e*e” linear colliders in the TeV center-of-mass (CM) energies, for which
two major effects must be taken into account, namely, the disruption effect bending
particle trajectories by the oncoming beam-generated electromagnetic fields and the
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beamstrahlung effect yielding radiation loss of the particle energies induced by
bending their trajectories due to the disruption [52]. The radiative energy loss due
to beamstrahlung for a Gaussian beam can be estimated in terms of the
beamstrahlung parameter Y. = 57.°yN,/(12ac; ¢} ) for a round beam with o, =
oy«, Where a = ¢*/hc (~1/137.036) is the fine-structure constant [50]. According
to the beamstrahlung simulations [50], the average number of emitted photon per

electron and average fractional energy loss are n, ~2.54B,Y . /(1 + Y% 3)1/3 and
2
8y ~1.24B, Y% / [1 + (37, /2)2/3] , respectively, with B, = a®c,- /(r.y). Using

these parameters, the average CM energy loss can be calculated as AW /(2ym,c?) ~
(0.44 + 0.01log , Y+ )3, (1 + 8, /n, ). In the quantum beamstrahlung regime, the
collider design must consider the CM energy loss such that their requirements can
be reached as well as that of the luminosity. The geometric luminosity is given by
Lo =f.Nj/(4noy-0,-), where f, is the collision frequency. It is pointed out that an
appreciable disruption effect turns out to the luminosity enhancement through the
pinch effect arising from the attraction of the oppositely charged beams [51, 52].
For Gaussian beams, the disruption parameter for the round beam is D = 7,05+ N}/
(yo2.), defined as the ratio of the bunch length to the focal length of a thin lens.
The luminosity enhancement factor being defined as the ratio of the effective
luminosity £ induced by the disruption to the geometric luminosity in the absence
of disruption £ is estimated from the empirical formula: Hp = £/Lo =1+

DY4 (D*/1+ D?)[In (VD +1) +21In(0.8/A)], where A = ¢,D/(r.N) is the inherent
divergence of the incoming beam [52]. This scenario allows us to transport both

Plasma density 7, 1x 10%cm >
Plasma wavelength 4, 33.4 ym
Capillary radius R, 152.6 pm
Capillary stage length 16.75 cm
Laser wavelength A 1pm

Laser spot radius 7

91 pm (51 pm)

Laser pulse duration 7

25fs

Normalized vector potential a,

1

Electromagnetic hybrid mode

EH11 and EH12

Coupling efficiency for an Airy beam (a Gaussian beam)

C; = 0.4022 (0.5980)
C, = 0.4986 (0.3531)

Bunch initial and final phase

W, = 0, W= 4.5

Average accelerating gradient

8.3 GeV/m

Laser peak power Py,

95 TW (18 TW)

Laser pulse energy U,

2.47(0.447))

Repetition frequency f,

50 kHz

Laser average power per stage

120 kW (22 kW)

Laser depletion 7,4

77%

The parameters in () correspond to the incident laser pulse with a Gaussian beam.

Table 1.

Parameters of the two-mode mixing laser-plasma accelerator stage.
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CM energy 1.12 TeV
Beam energy 559 GeV
Injection beam energy 1GeV

Particle per bunch N, 1x 10®
Collision frequency f, 50 kHz
Total beam power 0.9 MW

Geometric luminosity £

3.6 x 102 cm 2t

Effective luminosity £

1.76 x 103** cm 2571

Effective CM energy 1.09 TeV
rms CM energy spread 8.4%
rms bunch length o, 16 pm
Beam radius at IP o+ 3.3 nm
Beam aspect ratio R 1
Normalized emittance at IP &, 3.7 pm-rad
Distance between LPA and IP L 0.2m
Beamstrahlung parameter Y 0.94
Beamstrahlung photons 7, 0.52
Disruption parameter D 12
Luminosity enhancement Hp, 49
Number of stages per beam N 400
Linac length per beam 67 m

Power requirement for lasers

95 MW (18 MW)

The parameters in () correspond to the incident laser pulse with a Gaussian beam.

Table 2.
Parameters for 1 TeV laser-plasma e*e” linear collider.

beams into the interaction point through no extra focusing devices, which often
induce the degradation of beam qualities prior to their interactions. In this scheme,
the vacuum drift region from the end of the LPA to the interaction point can be
used for control of the transverse beam size that strongly affect the luminosity and
CM energy through the beamstrahlung radiation and disruption. A typical design
example of the LPA stage using the gas-filled [19] two-mode mixing LPA operated
with EH;; and EH;; is shown in Table 1.

An embodiment of the LPA stage may be envisioned by exploiting a tens kW-
level high-average power laser such as a coherent amplification network of fiber
lasers [53]. Table 2 summarizes key parameters on the performance of 1 TeV CM
energy electron-positron linear collider.

6. Conclusions
The electron acceleration and beam dynamics of the two-mode mixing LPA
comprising a gas-filled metallic or dielectric capillary have been presented for the

performance of the single-stage and multistage configurations. As shown in
Table 1, when a laser pulse with an Airy beam (or a Gaussian beam) profile of the
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spot radius 7o ~ 0.6R. (ro = 0.33R,) is coupled to a gas-filled capillary, two electro-
magnetic hybrid modes EHy; and EHj; are generated with the coupling efficiency
C1 = 0.40 (C; = 0.60) and C, = 0.50 (C, = 0.35), respectively. Furthermore,
when the capillary radius is tuned to the matching condition given by Eq. (12), the
laser pulse comprising two beating hybrid modes EH;; and EH;, with a Gaussian
temporal profile can efficiently excite a rectified accelerating wakefield, where
relativistic electrons dominantly propagate in the accelerating phase and continu-
ously gain the energy until depletion of the laser pulse energy, whereby a nearly
100% of the laser energy can be transferred to wakefields in the single stage.

In the two-mode mixing LPA multistage coupled with a variable curvature
plasma channel, the transverse dynamics of the electron bunch is dominated by
seamless recurrence of the accelerating wakefield in the stages, where the cumula-
tive nature of the particle trajectories is determined by the amplitude ratio of the
accelerating field at the final phase ¥ to the initial phase '¥; in each stage, i.e.,
|E; (¥f) /Ez(¥;)|. With the converging condition, i.e., |E; (W) /E;(¥;)| <1, the bunch
radius and normalized emittance exhibit an exponential decrease initially and then
turn out to be in equilibrium with the growth due to the multiple Coulomb scatter-
ing after 20 stages, leading to the rms bunch radius of the order of ~1 nm and the
transverse normalized emittance of the order of ~0.1 nm-rad at the beam energy
559 GeV with the relative rms energy spread of 0.02% in the final 400 stage of the
accelerator length of 67 m, as shown for case A in Figure 9. This capability of
producing such high-energy and high-quality electron (or positron) beams allows
us to conceive a unique electron-positron linear collider with high luminosity of the
order of 10** cm 2 s~ ' at 1 TeV center-of-mass energy in a very compact size.

In conclusion, a novel scheme of 1 TeV electron-positron linear collider com-
prising properly phased multistage two-mode mixing LPAs using gas-filled capillary
waveguides can provide a unique approach in collider applications. This scheme
presented resorts two major mechanisms pertaining to laser wakefield acceleration,
that is, dephasing and strong focusing force as well as very high-gradient accelerat-
ing field. The multistage scheme using two-mode mixing capillary waveguides filled
with plasma may provide a robust approach leading to the supreme goal for LPAs.
The numerical model developed for study on beam dynamics in large-scale LPAs
will be useful for assessing effects of underlying physics and the optimum design for
future laser-plasma-based colliders. Although the present model has been devel-
oped to study the simplest two-dimensional phase-space model of electron beam
dynamics in laser wakefield acceleration, the analysis of higher multi-dimensional
phase-space model as well as the quantum plasma effect will be extensively pursued
in the future work.
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