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Chapter

Very Compact Linear Colliders
Comprising Seamless Multistage
Laser-Plasma Accelerators
Kazuhisa Nakajima, Min Chen and Zhengming Sheng

Abstract

A multistage laser-plasma accelerator (LPA) driven by two mixing
electromagnetic hybrid modes of a gas-filled capillary waveguide is presented.
Plasma wakefields generated by a laser pulse comprising two mixing modes coupled
to a metallic or dielectric capillary filled with gas provide us with an efficient
accelerating structure of electrons in a substantially long distance beyond a
dephasing length under the matching between a capillary radius and plasma den-
sity. For a seamless multistage structure of the capillary waveguide, the numerical
model of the transverse and longitudinal beam dynamics of an electron bunch
considering the radiation reaction and multiple Coulomb scattering effects reveals a
converging behavior of the bunch radius and normalized emittance down to �1 nm
level when the beam is accelerated up to 560 GeV in a 67 m length. This capability
allows us to conceive a compact electron-positron linear collider providing with
high luminosity of 1034 cm�2 s�1 at 1 TeV center-of-mass (CM) energy.

Keywords: future colliders, lepton colliders, laser-plasma accelerators,
multistage coupling, CAN lasers

1. Introduction

In the long-standing quest for the fundamental building blocks of nature, the so-
called StandardModel of particle physics, energy frontier colliders have played a central
role in the forefront research formatter and interactions. For future high-energy parti-
cle colliders to explore physics beyond the StandardModel, a proton-proton circular
collider at energy of 100 TeV in a 100 km circumference or electron-positron linear
collider with energy of the order of 1 TeV in a 30 km length is being considered around
theworld, exploiting theconventional technologies such as superconductingmagnets or
RF systems [1]. In contrast to proton colliders that create clouds of debris, electron-
positron colliders enable cleaner andmore precision experiments of fundamental parti-
cle collisions. Nowadays, a diversity of electron-positron linear colliders is proposed as a
potential application of advanced accelerator concepts [2], such as two beam accelera-
tors, dielectric wakefield accelerators, beam-driven plasmawakefield accelerators, and
laser-driven plasmawakefield accelerators [3], promisingwithmuch higher accelerat-
ing gradients than that of a conventional RF accelerator.

Laser-plasma accelerators (LPAs) [4, 5] can support a wide range of
potential applications requiring high-energy and high-quality electron-positron
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beams. In particular, field gradients, energy conversion efficiency, and repetition
rates are essential factors for practical applications such as compact free electron
lasers [6, 7] and high-energy frontier colliders [8, 9]. Although LPAs provide
enormous accelerating gradients, as high as 100 GV/m at the plasma density of
1018 cm�3, dephasing of relativistic electrons with respect to a correct acceleration
phase of the plasma wakefield with the phase velocity that is smaller than the speed
of light in vacuum, and energy depletion of the laser pulse limit the electron energy
gain in a single stage. A straightforward solution to overcome the dephasing and
pump depletion effects is to build a multistage accelerator comprising consecutive
LPA stages [3] such that a final energy gain reaches the requirement of the beam
energy without loss of the beam charge and qualities through a coupling segment
where a fresh laser pulse is fed to continuously accelerate the particle beam from the
previous stage. The propagation of laser pulses in plasmas is described by refractive
guiding, in which the refractive index can be modified from the linear free space
value mainly by relativistic self-focusing, ponderomotive channeling, and a
preformed plasma channel [10]. The self-guided LPA [11–14] relies only on intrin-
sic effects of relativistic laser-plasma interactions such as relativistic self-focusing
and ponderomotive channeling. On the other hand, the channel-guided LPA
exploits a plasma waveguide with a preformed density channel [15–17] or a gas-
filled capillary waveguide made of metallic or dielectric materials [18]. The plasma
waveguide is likely to propagate a single-mode laser pulse through a radially para-
bolic distribution of the refractive index and generates plasma waves inside the
density channel, the properties of which are largely affected by a plasma density
profile and laser power [19]. In contrast with plasma waveguides, the capillary
waveguide can guide the laser due to Fresnel reflection on the inner capillary wall,
and plasma waves are generated in an initially homogeneous plasma, relying on
neither laser power nor plasma density. The presence of the modal structure
imposed by the boundary conditions at the capillary wall affects the propagation of
a laser pulse through the capillary and thus the excitation of plasma waves inside the
capillary. This characteristic allows us to control acceleration of electrons through
the modal structure of the propagation of the laser pulse as long as the laser
intensity on the capillary wall is kept below the material breakdown [20, 21].

In this paper, we present a novel scheme of a gas-filled capillary accelerator
driven by a laser pulse formed from two-mode mixing of the capillary eigenmodes,
so-called electromagnetic hybrid modes [20]. Two coupled eigenmodes with a close
longitudinal wave number can generate beating wakefields in the capillary. When
the beating period is equal to the dephasing distance, the electrons experience the
rectified accelerating field; thereby their energy gain can increase over many accel-
erating phases exceeding the linear dephasing limit and reach the saturation due to
the energy depletion of a drive laser pulse in the single-stage LPA. For efficient
acceleration of the electron-positron beam up to an extremely high energy such as
TeV energies, the multistage accelerator comprising a series of plasma-filled capil-
lary waveguides is a sound approach, in which the particle beam is injected into the
initial stage at the right phase of the wakefield from the external injector and
accelerated cumulatively in the consecutive accelerating phase of successive stages.
For applications of extreme high-energy particle beams to TeV center-of-mass
(CM) energy electron-positron linear colliders, minimizing the transverse normal-
ized emittance of the beam particles is of essential importance to meet the require-
ment of the luminosity of the order of 1034 cm�2 s�1 at 1 TeV CM energy for the
particle physics experiments [22]. The numerical model on the bunched beam
dynamics in laser wakefields, based on the exact solution of single particle betatron
motion taking into account the radiation reaction and multiple Coulomb scattering,
reveals that the transverse normalized emittance and beam radius can be
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consecutively reduced during continuous acceleration in the presence of optimally
phased recurrence of longitudinal and transverse wakefields [19]. The final proper-
ties of the particle beams reached to the objective energy meet the requirements of
the luminosity without resort to an additional focusing system.

The remaining part of this paper is organized as follows. In Section 2, the
complete description on the longitudinal and transverse laser wakefields generated
by two electromagnetic hybrid modes with moderate intensities coupled to a gas-
filled capillary waveguide is provided. In Section 3, the particle beam dynamics on
energy gain, beam loading, and betatron motion in a single stage of the two-mode
mixing LPA is investigated, taking into account radiation reaction and multiple
Coulomb scattering with plasma ions. In Section 4, a multistage coupling with a
variable curvature plasma channel is presented. For the multistage comprising two-
mode mixing LPAs, the results of numerical studies on the transverse beam
dynamics of a particle bunch are shown. Analytical consideration on the evolution
of the normalized emittance of the particle beam in the presence of radiation
reaction and the multiple Coulomb scattering is given. In Section 5, the perfor-
mance of a 1-TeV CM energy electron-positron collider comprising the multistage
two-mode mixing LPAs is discussed on the luminosity and beam-beam interaction.
In Section 6, we conclude our investigation on the proposed laser-plasma linear
collider with a summary.

2. Laser pulse propagation in a gas-filled capillary tube

For a large-scale accelerator complex such as the energy frontier particle beam
colliders, it is axiomatically useful in assembling a long-range multistage structure
for the use of long-term experimental operation at a high-precision and high-
repetition rate that each electromagnetic waveguide consists of a simple monolithic
structure, as referred to the design of the future electron-positron linear colliders
based on radio-frequency technologies [22]. Despite the long-standing research on
plasma waveguides comprising density channels generated in plasmas with laser-
induced hydrodynamic expansion [23, 24] and pulsed discharges of an ablative
capillary [25, 26] or a gas-filled capillary [27, 28], a length of such a plasma channel
has been limited to about 10 cm. The pulsed discharge capillaries relying on colli-
sional plasma processes have some difficulties in plasma densities less than
1017 cm�3 and the temporal and spatial stabilities of the density channel properties
for the operation at a high repletion rate such as 10 kHz [5, 29]. In contrast to pulsed
discharge plasma waveguides, metallic or dielectric capillary waveguides filled with
gas [18, 30] will be revisited for a large-scale laser-plasma accelerator operated at a
practically higher-repetition rate than 10 kHz, because of the passive optical guid-
ing of laser pulses, the propagating electromagnetic fields of which are simply
determined the boundary conditions on a static solid wall of the waveguide unless
the laser intensity is high enough to cause the material breakdown on a capillary
wall [20, 21]. Furthermore, the modal nature of electromagnetic fields arising from
the boundary conditions on a solid wall allows us to conceive a novel scheme that
can overcome a drawback of LPAs, referred to as dephasing of accelerated electron
beams from a correct acceleration phase in laser wakefields.

2.1 Laser-driven wakefields generated by two capillary modes

Considering the electromagnetic hybrid modes EH1n [20] to which the most
efficient coupling of a linearly polarized laser pulse in vacuum occurs, the normal-
ized vector potential for the eigenmode of the n-th order is written by [31].
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an ¼ an0J0 unr=Rcð Þ exp �klnz�
z� vg,nt
� �2

2c2τ2

" #

cos ω0t� kznzð Þ, (1)

where an0 is the amplitude of the normalized vector potential defined as
an0 � eAn0=mec2 for the EH1n mode with the vector potential An0, the electron
charge e, electron mass me, and the speed of light in vacuum c; J0 the zero-order
Bessel function of the first kind; un the n-th zero of J0; r the radial coordinate of the
capillary in cylindrical symmetry; Rc the capillary radius; z the longitudinal coordi-
nate; τ the pulse duration; and ω0 the laser frequency. The longitudinal wave

number kzn, the damping coefficient kln, and the group velocity of the n-th mode vg,n
are given by [20].

kzn ¼ k20 �
u2n
R2
c

 !1=2

, kln ¼
u2n 1þ εrð Þ

2k2znR
3
c εr � 1ð Þ1=2

, vg,n ≃ c 1� un2

k20Rc
2

 !1=2

, (2)

where k0 ¼ ω0=c ¼ 2π=λ0 is the laser wavenumber with the laser wavelength λ0

and εr is the relative dielectric constant. In the quasi-linear wakefield regime ∣a∣ ¼
e∣A∣= mec

2ð Þ � 1, the ponderomotive force exerted on plasma electrons by two
coupled capillary laser fields anm ¼ an þ am can be written by Fp ¼ �mec2βg∇a

2
nm=2,

where a2nm is defined by averaging the nonlinear force over the laser period 2π=ω0,

i.e., assuming that vg,n � vg,m � vg in the propagation distance z≤ zmix ≈ 8π2 Rc=λ0ð Þ2
cτ= um2 � un2ð Þ, where zmix is the mode mixing length over which two hybrid modes
EH1n and EH1m overlap to cause the beatings of the normalized vector potential,
e.g., zmix � 56 cm for the EH11 - EH12 mode mixing of a laser pulse with τ ¼ 25 fs
and λ0 ¼ 1 μm in a capillary tube with Rc ¼ 152:6 μm

anm
2 r, tð Þ ¼ 1

2
an0

2J0
2 unr

Rc

� �

exp �2klnz�
z� vgt
� �2

c2τ2

" #

þ 1

2
am0

2J0
2 umr

Rc

� �

exp �2klmz�
z� vgt
� �2

c2τ2

" #

þan0am0J0
unr

Rc

� �

J0
umr

Rc

� �

exp � kln þ klm

� �

z� z� vgt
� �2

c2τ2

" #

cos kzm � kznð Þz:

(3)

The electrostatic potential Φ r, tð Þ defined by F r, tð Þ ¼ �e∇Φ r, tð Þ is obtained
from Eq. (5).

∂
2

∂t2
þ ω2

p

� �

Φ r, tð Þ ¼
ω2
pmec2βg

2e
a2nm r, tð Þ (4)

where ωp ¼ 4πe2ne=með Þ1=2 is the plasma frequency. The solution of Eq. (4) is

Φ r, tð Þ ¼
ffiffiffi

π
p

8

mec2

e

� �

βgkpcτe
� kpcτ

2

� �2

an0
2J0

2 unr

Rc

� �

e�2klnz þ am0
2J0

2 umr

RC

� �

e�2klmz

	

þ2an0am0J0
unr

Rc

� �

J0
umr

Rc

� �

e� klnþklmð Þz cosΔkznmz



S zð Þ cos kp z� vgt
� �

þ C zð Þ sin kp z� vgt
� �� �

,

(5)

where kp ¼ ωp=vg is the plasma wavenumber in the capillary, βg ¼ vg=c,

Δkznm ¼ kzn � kzm the mode beating wavenumber and
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C zð Þ ¼ ℜerf
z� vgt

cτ
þ i

kpcτ

2

� �

� 1, S zð Þ ¼ Jerf
z� vgt

cτ
þ i

kpcτ

2

� �

, (6)

with the real (ℜ) and imaginary (J) part of the error function erf zð Þ ¼
2=

ffiffiffi

π
pð Þ

Ð z
0e

�s2ds [5]. For kln, klm ≪ kp and Δkznm ≪ kp, the longitudinal electric field
generated by the laser pulse can be obtained from EzL ¼ �∂Φ=∂z as

EzL r, z, tð Þ ¼
ffiffiffi

π
p

8

mecωp

e

� �

kpcτe
� kpcτ

2

� �2

a2n0J0
unr

Rc

� �

e�2klnz þ a2m0J0
umr

Rc

� �

e�2klmz

	

þ2an0am0J0
unr

Rc

� �

J0
umr

Rc

� �

e� klnþklmð Þz cosΔkznmz



S zð Þ sin kp z� vgt
� �

� C zð Þ cos kp z� vgt
� �� �

:

(7)

The transverse focusing force is obtained from FrL ¼ e Er � Bφ

� �

¼ �∂Φ=∂r as

FrL r, z, tð Þ ¼
ffiffiffi

π
p

4

mecωp

e

� � cτ

Rc
e�

kpcτ

2

� �2

an0
2unJ0

unr

Rc

� �

J1
unr

Rc

� �

e�2klnz þ am0
2umJ0

umr

Rc

� �

J1
umr

Rc

� �

e�2klmz

	

þan0am0 unJ0
umr

Rc

� �

J1
unr

Rc

� �

þ umJ0
unr

Rc

� �

J1
umr

Rc

� �� �

e� klnþklmð Þz cosΔkznmz



� C zð Þ sin kp z� vgt
� �

þ S zð Þ cos kp z� vgt
� �� �

,

(8)

where J1 zð Þ ¼ �J00 zð Þ is the Bessel function of the first order.
The proposed scheme restricts the laser intensity such that the plasma response is

within the quasi-linear regime, i.e., a0 � 1, for two reasons. The one is avoidance of
the nonlinear plasma response such as in the bubble regime, where symmetric
wakefields for the electron and positron beams cannot be obtained for the applica-
tion to electron-positron colliders [8, 9] and the degradation of the beam quality due
to the self-injection of dark currents from the background plasma electrons. The
other is an inherent demand that the laser intensity guided in a capillary tube should
be lower enough than the threshold of material damage on the capillary wall [19].

2.2 Coupling control for generating two capillary modes

The coupling efficiency Cn defined by an input laser energy with a spot radius r0
and amplitude a0 coupled to the E1n mode in the capillary with the radius Rc, i.e.,
a2n0 ¼ Cna20 is calculated for a linearly polarized Airy beam,

Cn ¼
4

J21 unð Þ

ð1

0
J1

ν1Rcx

r0

� �

J0 unxð Þdx
	 
2

, (9)

and for a Gaussian beam,

Cn ¼ 8
Rc

r0J1 unð Þ

� �2 ð1

0
x exp � x2R2

c

r20

� �

J0 unxð Þdx
	 
2

, (10)

where ν1 ¼ 3:8317 is the first root of the equation of J1 xð Þ ¼ 0 [20], as shown in
Figure 1a and b, respectively, as a function of Rc=r0. In Eq. (5), the beating term can

be maximized by setting Rc=r0 at which CnCmð Þ1=2 has the maximum value and the
minimum fraction of higher-order modes. As shown in Figure 1, the Airy beam

generates the maximum EH11-EH12 mode mixing with C1C2ð Þ1=2 ¼ 0:45 and a
fraction of higher-order modes with �0.5% at Rc=r0 ¼ 1:67, where the coupling
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efficiencies are C1 ¼ 0:4022, C2 ¼ 0:4986, C3 ¼ 0:002366, C4 ¼ 0:001219, and
C5 ¼ 0:000701. The Gaussian beam can generate the EH11-EH12 mode mixing with

C1C2ð Þ1=2 ¼ 0:46 and a fraction of higher-order modes with �5.1% at Rc=r0 ¼ 3:0,
where the coupling efficiencies are in the order of C1 ¼ 0:5980, C2 ¼ 0:3531,
C3 ¼ 0:04706, C4 ¼ 0:001815, and C5 ¼ 0:000022.

The radial intensity profiles for the EH11, EH12 monomode and EH11-EH12

mixing mode for the Airy beam case are illustrated in Figure 1c–e, respectively. As
shown in Figure 1e, a high-intensity region of the mixing mode is confined within a
half radius of the capillary, compared to the monomode intensity profiles, which
have a widespread robe toward the capillary wall. A centrally concentrated intensity
profile of the mixing mode considerably decreases the energy flux traversing on the
capillary wall. The normalized flux for EH1n mode at the capillary wall depends on

the azimuthal angle θ as Fn
w ¼ unJ1 unð Þ=k0Rc½ �2 cos 2θ þ εr sin

2θ
� �

= εr � 1ð Þ1=2,
defined by the ratio of the radial component of the Poynting vector at r ¼ Rc to the
longitudinal component of the on-axis Poynting vector [20]. For the Airy beam
with λ0 ¼ 1 μm coupled to the capillary with εr ¼ 2:25 and Rc ¼ 152:6 μm, the
maximum normalized fluxes for the EH11, EH12 mono- and EH11-EH12 mixing

modes at θ ¼ π=2 or 3π=2 are 1:37 � 10�6, 3:85� 10�6, and 6:26� 10�7, respec-
tively. The energy fluence traversing the capillary wall can be estimated by Fwall �
Fn
wILτL for the peak intensity IL ¼ 1:37 � 1018 W=cm2 (a20 ¼ 1) and the pulse dura-

tion τL ¼ 25 fs, providing the maximum fluences 19, 66, and 19 mJ/cm2 for the
corresponding modes, as shown in Figure 1f. The experimental study of laser-
induced breakdown in fused silica (SiO2) [32] suggests that the fluence breakdown
threshold is scaled to be F th � 120� 160 J=cm2 for τL ¼ 25 fs. According to a more
detailed study of laser propagation in dielectric capillaries under non-ideal

Figure 1.
(a and b) coupling efficiency Cn for an airy beam and a Gaussian beam with a spot radius r0, respectively,
coupled to the electromagnetic hybrid mode EH1n in a capillary tube with a radius Rc. (c, d, and e) radial
intensity profiles for the EH11, EH12 monomode, and EH11-EH12 mixing mode for the airy beam case. (f)
Energy fluence traversing the capillary wall on Rc ¼ 152:6 μm for the peak intensity IL ¼ 1:37� 1018 W=cm2

(a20 ¼ 1) and the pulse duration τL ¼ 25 fs.
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coupling conditions [33], the threshold intensity for wall ionization is obtained as

Ith � 2:3� 1018W=cm2 (a0 ≃ 1:3) at the wavelength λ0 ¼ 1μm for the capillary
radius Rc ¼ 152:6 μm.

The coupling efficiency of an incident laser pulse to a capillary tube filled with
plasma can be improved by the use of a cone-shape entrance of the capillary [34],
suppressing self-focusing effects and increasing the accelerating wakefield
excited in the capillary. For the propagation of a laser beam with an approximately

Gaussian intensity profile aj j2 � a20 r20=r
2
s

� �

exp �2r2=r2s
� �

, the evolution of a

normalized spot radius R ¼ rs=r0 can be obtained from the equation d2R=dz2 ¼
1= Z2

RR
3

� �

1� P=Pcð Þ [35], where ZR ¼ k0r20=2 is the vacuum Rayleigh length, P the

laser power, and Pc the critical power for relativistic self-focusing with P=Pc ¼
k2pr

2
0a

2
0=32. For the coupling of an Airy beam (or a Gaussian beam) with the radius

r0 ¼ Rc=1:67 (Rc=3) to the capillary tube filled with plasma at the electron density of

ne ¼ 1� 1018 cm�3, the cone with the opening radius of ri ¼ r0 P=Pcð Þ1=2 � 3r0

(1:7r0) and length zc ¼ ZR=2ð Þ P=Pc � 1ð Þ1=2 � 1:43ZR (� 0:68ZR) can effectively
guide and collect the incident laser energy. The effect of the relativistic self-
focusing is estimated by considering the modulation of the refractive index for the

EH1n mode, i.e., ηn ¼ 1� ω2
p= 2ω2

0

� �

1� δϕþ Δnð Þ � u2n= 2k20R
2
c

� �

[31], where δϕ ¼
eΦ=mec2 ≃ a2=4� δn=n0 [36] and Δn � 3C2

n=32� 5C3
n=128. The maximum modula-

tion due to the relativistic self-focusing effect is at most 0.5% for the propagation of
the EH11-EH12 mixing modes in a capillary.

3. Beam dynamics in a single-stage two-mode mixing LPA

3.1 Electron acceleration

In the linear wakefields excited by two coupled modes EH11 and EH12 in the
capillary waveguide, the longitudinal motion of an electron traveling along the
capillary axis at a normalized velocity βz ¼ vz=c≈ 1 is described as [5].

dγ=dz ¼ �kpEz0=E0, dΨ=dz≈ kp 1� βg

� �

≈ kp= 2γ2g

� �

, (11)

where mec2γ is the electron energy, Ez0 ¼ EzL 0, z, tð Þ the accelerating field at

r ¼ 0, E0 ¼ mecωp=e the nonrelativistic wave-breaking field, Ψ≃ kp z� vg
Ð z
0dz=vz

� �

the particle phase with respect to the plasma wave, and γg ¼ 1� β2g

� ��1=2
≫ 1. Here,

the phase-matching condition is determined such that the beating wavelength is
equal to the dephasing length, i.e., Ldp ¼ λpγ

2
g=2 ¼ π= 2Δkz12ð Þ

Δkz12 ¼ kz1 � kz2 ≈ u22 � u21
� �

= 2k0R
2
c

� �

¼ kp= 2γ2g

� �

: (12)

Taking into account C zð Þ ! �2 and S zð Þ ! 0 for z� vgt≪ � cτ and setting the
pulse duration of a drive laser pulsewith aGaussian temporal profile to be the optimum

length kpcτ ¼
ffiffiffi

2
p

, the on-axis accelerating field near thematching condition is given by

Ez0=E0 ¼ �
ffiffiffiffiffiffiffiffi

π=8
p

a0
2e� 1þ4αda

2
0Ψð Þ=2 C1 þ C2 þ 2

ffiffiffiffiffiffiffiffiffiffiffi

C1C2

p

cos Ψþ δð Þ
h i

cosΨ, (13)
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where δ ¼ Δkz12 � kp=2γ2g

� �

Ldp � π u22 � u21
� �

γ3g= k0
2R2

c

� �

� 1
h i

=2 is a phase

mismatching.
While propagating through plasma and generating wakefields, the laser pulse

loses its energy as ∂EL=∂z � �EL=Lpd [37] where Lpd is the characteristic scale

length of laser energy deposition into plasma wave excitation, referred to as the
pump depletion length. In the linear wakefield regime where a laser pulse duration
is assumed to be fixed, the laser energy evolution in the capillary can be written as

EL zð Þ∝ a20 C1 þ C2ð Þe�z=Lpd�2 kl1þkl2ð Þz, taking into account the energy attenuation of

two coupled hybrid modes. In the quasi-linear wakefield regime, i.e., a20 ≤ 1, the

scaled pump depletion length is given by kpLpd ¼ γ2g= αda
2
0

� �

with

αd ≃ C1 þ C2ð Þ=17:4 for a Gaussian laser pulse [9, 37], while the scaled coupled mode

attenuation length yields kp=2 kl1 þ kl2

� �

� 0:35γg
7=2u2 ≫ kpLpd with the matching

condition given by Eq. (12), i.e., kpRc ¼ γ
1=2
g u22 � u21
� �1=2

for u2 > u1 and the glass
with the relative dielectric constant εr ¼ 2:25. Hence, the damping of wakefields
during the laser pulse propagation is dominated by the energy depletion of the laser
pulse as given in Eq. (13). Thus, integrating the equations of motion in Eq. (11) over
Ψ0 ≤Ψ≤Ψmix, the energy mec2γ and phase of the electron can be obtained as

γ Ψð Þ ¼ γ0 þG Ψð Þ �G Ψ0ð Þ,Ψ zð Þ ¼ Ψ0 þ kpz= 2γ2g

� �

, (14)

where mec2γ0 is the initial electron energy, Ψ0 the initial electron phase with

respect to the wakefield, Ψmix ¼ Ψ zmixð Þ ¼ Ψ0 þ
ffiffiffi

2
p

γg the maximum electron phase

in the wakefield for the matching condition in Eq. (12) and the laser pulse length

kpcτ ¼
ffiffiffi

2
p

, and

G Ψð Þ ¼ γ2g

ffiffiffi

π

2

r

a0
2 C1 þ C2ð Þe� 1þ4αda

2
0Ψð Þ=2 sinΨ� 2αda

2
0 cosΨ

1þ 4α2da
4
0

	

�
ffiffiffiffiffiffiffiffiffiffiffi

C1C2

p

2 C1 þ C2ð Þ
cos δ

αda20
� sin 2Ψþ δð Þ � αda

2
0 cos 2Ψþ δð Þ

1þ α2da
4
0

� �


:

(15)

The maximum energy gain to be attainable at Ψ ! ∞ is obtained as

Δγmax δð Þ ¼ γmax � γ0 ¼ G ∞ð Þ � G 0ð Þ

¼ γ2g

ffiffiffi

π

2

r

a0
2 C1 þ C2ð Þe�1=2 2αda

2
0

1þ 4α2da
4
0

þ
ffiffiffiffiffiffiffiffiffiffiffi

C1C2

p

2 C1 þ C2ð Þ
cos δ

αda20
� sin δ� αda

2
0 cos δ

1þ α2da
4
0

� �	 


:

(16)

Considering the mixing of two lowest order hybrid modes EH11 and EH12 with
the coupling efficiencies C1 ¼ 0:4022 and C2 ¼ 0:4986, the evolution of the energy
gain with respect to γ2g is shown in Figure 2a for various detuning phases δ in

comparison with that of the EH11 monomode with C1 ¼ 1 and C2 ¼ 0. The effect of
phase mismatching on the maximum attainable energy gain is shown in Figure 2b
for various normalized laser intensities a20 in the quasi-linear regime. One can see
that the growth of energy gain occurs in the relatively wide range of the phase
mismatching over �π=2≤ δ≤ π=2 and that the maximum attainable energy gain
does not strongly depend on the normalized vector potential a0 in the quasi-linear
regime. While the single-mode LPA driven by the normalized intensity a20 ¼ 1

reaches the maximum energy gain Δγmax ¼ 0:71γ2g over the accelerating phase
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0≤Ψ≤ π=2, the two-mode mixing LPA with the phase matching, i.e., δ ¼ 0, is
attainable to the maximum energy gain Δγmax ¼ 3:2γ2g over the accelerating phase

region ΔΨ ¼ 10π, as shown in Figure 2. It is noted that significant enhancement of
the energy gain is attributed to a large energy transfer efficiency from the laser
pulse to the wakefield, i.e., ηlaser!wake � 96% over the accelerating phase region
ΔΨ ¼ 10π, while the energy transfer efficiency for the single-mode LPA is
ηlaser!wake � 17% over the accelerating phase region ΔΨ ¼ π=2.

The average energy gain of electrons contained in the bunch with the root-mean-
square (rms) bunch length kpσz and longitudinal Gaussian density distribution

ρ∥ Ψ0ð Þ ¼ e�Ψ02=2k2pσ
2
z=

ffiffiffiffiffi

2π
p

kpσz
� �

can be estimated as Δγh i ¼ G Ψð Þh i � G Ψ0ð Þh i, where

G Ψð Þh i ¼
ð

∞

�∞
ρ∥ Ψ0 � Ψð ÞG Ψ0ð ÞdΨ0 ≈

ffiffiffi

π

2

r

a0
2γ2g C1 þ C2ð Þe� 1þ4αda

2
0Ψð Þ=2

� e�k2pσ
2
z=2 sinΨ� 2αda

2
0 cosΨ

� �

1þ 4α2da
4
0

�
ffiffiffiffiffiffiffiffiffiffiffi

C1C2

p

2 C1 þ C2ð Þ
1

αda20
� e�2k2pσ

2
z sin 2Ψ� αda

2
0 cos 2Ψ

� �

1þ α2da
4
0

 !" #

:

(17)

Figure 3 shows the evolution of the energy gain and the maximum attainable
energy gain averaged over electrons in a Gaussian bunch with various rms lengths.
It is noted that the maximum attainable energy gain at Ψ ! ∞ exhibits weak
dependence on the initial bunch phase Ψ0 for a long bunch and that the minimum
energy spread occurs at Ψ0 � 0 for different bunch lengths.

3.2 Beam loading

In the linear regime, a solution of the Green’s function for the beam-driven
wakefield excited by a charge bunch with bi-Gaussian density distribution ρb ¼
ρ∥ ξð Þρ⊥ rð Þ, i.e., ρ∥ ξð Þ ¼ qnb exp �ξ2=2σ2z

� �

and ρ⊥ rð Þ ¼ exp �r2=2σ2r
� �

for the rms

bunch length σz, rms bunch radius σr, and particle charge q (þe for a positron beam
and �e for an electron beam), is written as Ezb r, ξð Þ ¼ Z ξð ÞR rð Þ, where ξ ¼ z� ct is
the coordinate in the co-moving frame of a relativistic electron beam with vz ≃ c and r
is the radial, transverse coordinate of an electron beam having a cylindrical symmetry
[38]. Here, the longitudinal and transverse plasma responses are obtained as

Figure 2.
(a) The evolution of the energy gain normalized to γ2g of the mode mixing LPA comprising two hybrid modes

EH11 and EH12 coupled to the airy beam intensity of a20 ¼ 1 with the coupling efficiency C1 ¼ 0:4022 and
C2 ¼ 0:4986, respectively, as a parameter of the mismatching phase δ. The black curve shows that for the
single-mode LPA with C1 ¼ 1 and C2 ¼ 0. (b) The maximum attainable energy gain of the two-mode mixing
LPA for various normalized intensities a20 as a function of the phase mismatching.
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Z ξð Þ ¼ �4π

ð

∞

ξ

dξ0ρ∥ ξ0ð Þ cos kp ξ� ξ0ð Þ ¼ � 2πð Þ3=2qnbσze�k2pσ
2
z=2

� cos kpξ 1�ℜerf
ξ=σz þ ikpσz

ffiffiffi

2
p

� �

þ sin kpξℑerf
ξ=σz þ ikpσz

ffiffiffi

2
p

	 


,

(18)

and inside the bunch (r< r0)

R rð Þ ¼ k2p=2π
� �

ð2π

0
dθ

ð

∞

0
r0dr0ρ⊥ r0ð ÞK0 kp r

! � r0
!

















� �

¼ k2pσ
2
r=2

� �

ek
2
pσ

2
r=2Γ 0, k2pσ

2
r=2

� �

J0 kpr
� �

, (19)

where K0 is the modified Bessel function of the second kind and Γ α, xð Þ ¼
Ð

∞

x e�ttα�1dt is the incomplete Gamma function of the second kind. Combining the
longitudinal and transverse solutions, the wakefield excited by a bi-Gaussian-
shaped bunch is obtained as

Ezb r, ξð Þ=E0 ¼ � q=eð ÞkpreNbΘG σr, σzð ÞJ0 kpr
� �

� cos kpξ 1�ℜerf
ξ=σz þ ikpσz

ffiffiffi

2
p

� �

þ sin kpξℑerf
ξ=σz þ ikpσz

ffiffiffi

2
p

	 


,
(20)

where re ¼ e2=mec2 is the electron classical radius, Nb ¼ 2πð Þ3=2σ2rσznb the num-

ber of particles in a bunch, and ΘG σr, σzð Þ � e�k2pσ
2
z=2ek

2
pσ

2
r=2Γ 0, k2pσ

2
r=2

� �

. If we con-

sider a laser-driven wakefield EzL excited by two mixing hybrid modes accelerating
the electron beam in a gas-filled capillary, the net longitudinal electric field, i.e., the
beam loading field, experienced by the electron beam is given by EzBL ¼ EzL þ Ezb.
From Eqs. (13) and (20), the beam loading field at r ¼ 0 consisting of the laser- and
beam-driven wake, where the electron bunch is located at Ψ ¼ Ψb in the laser
co-moving frame, i.e., kpξ≈Ψ� Ψb, yields

EzBL 0,Ψð Þ=E0 ¼ ÊzL Ψð Þ cosΨþ kpreNbΘG σr, σzð Þ

� cos Ψ�Ψbð Þℜerfc
Ψ�Ψb
ffiffiffi

2
p

kpσz
þ i

kpσz
ffiffiffi

2
p

 !

þ sin Ψ�Ψbð ÞJerf Ψ�Ψb
ffiffiffi

2
p

kpσz
þ i

kpσz
ffiffiffi

2
p

 !" #

,

(21)

Figure 3.
(a) The evolution of the energy gain Δγ=γ2g of the mode mixing LPA driven by two hybrid modes EH11 and EH12

with the same parameters as those of Figure 2a for various rms bunch lengths kpσz. (b) The maximum
attainable energy gain of two-mode mixing LPA for various rms bunch lengths as a function of the initial phase
of the bunch center with respect to the maximum accelerating field.
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where ÊzL Ψð Þ ¼ �
ffiffiffiffiffiffiffiffi

π=8
p

a02e
� 1þ4αda

2
0Ψð Þ=2 C1 þ C2 þ

ffiffiffiffiffiffiffiffiffiffiffi

C1C2

p
cosΨ

� �

. A loss of
the energy gain due to the beam wakefield Ezb ¼ kpreNbΘG σr, σzð Þ at the
bunch center is

ΔγBL ¼ � 2γ2g=E0

� �

ðΨ

Ψ0

Ezb Ψ0ð ÞdΨ0 ¼ �2γ2gΘG σr, σzð Þ Ψ� Ψ0ð Þ, (22)

and the rms energy spread due to the beam loading is estimated as

σΔγBL ≈ 21=4γ2gkpreNbe
k2pσ

2
r=2Γ 0, k2pσ

2
r=2

� �

S kpσz
� �

Ψ� Ψ0ð Þ, (23)

where S kpσz
� �

¼ 2=πð Þ1=2 � kpσze
�k2pσ

2
z=2erf kpσz=

ffiffiffi

2
p� �

















 has the minimum

S ¼ 0:35 at kpσz ¼ 1:26.

3.3 Betatron motion

In the wakefield, an electron moving along the z-axis undergoes a transverse

focusing force FB
⊥ ¼ �mec2Frx=r at the transverse displacement x and exhibits the

betatron motion. Taking into account Fr ≈ ∂Fr=∂rð Þr near the z-axis r≈0, the

focusing force is written by FB
⊥=mec2 ¼ � ∂Fr=∂rð Þx ¼ �K2x, where K ¼ ∂Fr=∂rð Þ1=2

is the focusing constant. For the optimum pulse length of kpcτ ¼
ffiffiffi

2
p

and

Ψ ¼ kpz= 2γ2g

� �

≫ kpcτ= 2γ2g

� �

¼ 1=
ffiffiffi

2
p

γ2g

� �

in Eq. (8), transverse laser wakefield in

the matching condition Δkz12 ≈ u22 � u21
� �

= k0R
2
c

� �

¼ kp=γ2g is given by

FrL

E0
¼

ffiffiffi

π

2

r

a20e
�1=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γg u22 � u21
� �

q C1u1 J0
u1r

Rc

� �

J1
u1r

Rc

� �

þ C2u2J0
u2r

Rc

� �

J1
u2r

Rc

� �� �

sinΨ

	

þ
ffiffiffiffiffiffiffiffiffiffiffi

C1C2

p

2
u1J0

u2r

Rc

� �

J1
u1r

Rc

� �

þ u2J0
u1r

Rc

� �

J1
u2r

Rc

� �� �

sin 2Ψ




:

(24)

Transverse wakefield excited by the electron bunch is obtained from Eq. (20)
according to the Panofsky-Wenzel theorem [39], ∂Ez=∂r ¼ ∂ Er � Bθð Þ=∂ξ, leading to
the beam focusing force [40].

Frb r, ξð Þ=E0 ¼ Er � Bθð Þ=E0 ¼ q=eð ÞkpreNbΘG σr, σzð ÞJ1 kpr
� �

� sin kpξ 1�ℜerf
ξ=σz þ ikpσz

ffiffiffi

2
p

� �

� cos kpξJerf
ξ=σz þ ikpσz

ffiffiffi

2
p

	 


:
(25)

At the bunch center ξ ¼ 0, the on-axis beam focusing strength at r ¼ 0

∂Frb

E0kp∂r
¼ kpreNb

ffiffiffi

π
p ek

2
pσ

2
r=2Γ 0,

k2pσ
2
r

2

 !

F
kpσz
ffiffiffi

2
p

� �

, (26)

where erf ikpσz=
ffiffiffi

2
p� �

¼ 2i=
ffiffiffi

π
pð Þ

Ð kpσz=
ffiffi

2
p

0 ez
2
dz ¼ 2i=

ffiffiffi

π
pð Þe

kp2σ2z
2 F kpσz=

ffiffiffi

2
p� �

and

F xð Þ ¼ e�x2
Ð x
0 e

z2dz is Dawson’s integral. Near-axis electrons experience the

normalized accelerating and focusing gradients at r ¼ 0, as obtained from Eqs. (21),
(24), and (26)
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EzBL

E0
¼ � 1

2

ffiffiffi

π

2

r

a20e
� 1þ4αa20Ψð Þ=2 C1 þ C2ð Þ cosΨþ

ffiffiffiffiffiffiffiffiffiffiffi

C1C2

p

C1 þ C2
1þ cos 2Ψð Þ

	 


þ kpreNbΘG σr, σzð Þ, (27)

and

∂FrBL

E0kp∂r
¼ � 1

2

ffiffiffi

π

2

r

a20e
� 1þ4αa20Ψð Þ=2 u21C1 þ u22C2

γg u22 � u21
� � sinΨþ u21 þ u22

� � ffiffiffiffiffiffiffiffiffiffiffi

C1C2

p

2 u21C1 þ u22C2

� � sin 2Ψ

" #

þ kpreNb
ffiffiffi

π
p ΘF σr, σzð Þ,

(28)

where ΘF σr, σzð Þ � ek
2
pσ

2
r=2Γ 0, k2pσ

2
r=2

� �

F kpσz=
ffiffiffi

2
p� �

is the bunch form factor for a

bi-Gaussian profile with the rms bunch radius σr and length σz.
The equations of motion of an electron propagating in the wakefield behind the

laser pulse is written as [41].

d2x

dt2
� Ez

γ

dx

dt
þ K

2

γ
x ¼ 0,

dγ

dt
¼ �Ez, (29)

where x ¼ kpx and t ¼ ωpt are the normalized variables of x and t, respectively.

Here the longitudinal wakefield and focusing constant at r ¼ 0 are defined as Ez �
EzBL=E0 and K

2 � 1=E0kp
� �

∂FrBL=∂rð Þ, respectively. If one can assume that Ez and K

are constant along the particle trajectory, introducing a new variable s ¼

4γK
2
=E

2
z

� �1=2
to obtain the differential equation s d2x=ds2

� �

þ dx=dsð Þ þ sx ¼ 0,

general solutions of which are the Bessel functions of the first kind J0 sð Þ and the
second kind Y0 sð Þ, the solutions of the coupled equations are given by Eqs. (14) and
(15) for γ, and the transverse position and velocity [41].

x sð Þ
βx sð Þ

� �

¼ M s s0jð Þ x0 s0ð Þ
βx0 s0ð Þ

� �

, (30)

where βx ¼ βg dx=dtð Þ, subscripts “0” denote the initial values, and

M s s0jð Þ ¼

π

2
s0 J1 s0ð ÞY0 sð Þ � Y1 s0ð ÞJ0 sð Þ½ � πγ0

Ez0
J0 sð ÞY0 s0ð Þ � Y0 sð ÞJ0 s0ð Þ½ �

� πEzs0s

4γ
J1 sð ÞY1 s0ð Þ � Y1 sð ÞJ1 s0ð Þ½ � πEz

2Ez0

γ0

γ
s J1 sð ÞY0 s0ð Þ � Y1 sð ÞJ0 s0ð Þ½ �

0

B

B

@

1

C

C

A

:

(31)

While the electron stays in the focusing region of the wakefield, i.e., ∂Fr=∂r>0,

the electron exhibits betatron oscillation at the frequency given by ωβ ¼ ds=dt ¼
ωpK=γ1=2. Contrarily, when the electron moves to the defocusing region where
∂Fr=∂r<0 and s becomes imaginary, the amplitude of the electron trajectory
increases monotonically as a result of the Bessel functions being transformed to the
modified Bessel functions, leading to ejection of the electron from the wakefield

[41]. Hence, the requirement of betatron oscillation in the focusing region K
2
>0
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demands that the minimum number of electrons contained in a bunch should be
injected into the plasma as given by

Nb ≥

ffiffiffi

π
p

kpreΘF σr, σzð Þ
∂FrL Ψð Þ
E0kp∂r

























max

, (32)

for a bi-Gaussian bunch with the rms radius σr and length σz. Figure 4 shows a
map of the bunch form factor ΘF σr, σzð Þ and the minimum number of electrons
contained in a bunch requisite for the beam self-focusing strength larger than the
defocusing strength in the laser-driven wakefield for the EH11-EH12 mode mixing
LPA. It is noted that the minimum value of the requisite electron number occurs at

the bunch length kpσz ¼ 1:31 for various bunch radii, e.g., Nb ≥ 3:63� 107 for

kpσr ¼ 1 and Nb ≥ 7:05� 106 for kpσr ¼ 0:1, as shown in Figure 4.
In the bunch containing the requisite number of particles, an electron undergoes

betatron motion throughout the whole accelerating phase, as shown in Figure 5,
where the trajectory and momentum of the electron in the bunch with the number

of electrons Nb ¼ 1� 108 and length kpσz ¼ 1:3 are calculated from Eq. (30) in 105

segments of the laser wakefield phase excited in the plasma with density ne ¼
1� 1018 cm�3. Note that the betatron oscillation exhibits beats with the amplitude
modulation due to the accelerating wakefield.

3.4 Effects of radiation reaction and multiple Coulomb scattering

A beam electron propagating in the wakefield undergoes betatron motion that
induces synchrotron (betatron) radiation at high energies. The synchrotron radia-
tion causes the radiation damping of particles and affects the energy spread and
transverse emittance via the radiation reaction force. Furthermore, a notable dif-
ference of plasma-based accelerators from vacuum-based accelerators is the pres-
ence of the multiple Coulomb scattering between beam electrons and plasma ions,
which counteracts the beam focusing due to the transverse wakefield and radiation
damping due to betatron radiation. The comprehensive motion of an electron trav-
eling along the z-axis is described as

Figure 4.
(a) A map of the bunch form factor ΘF σr, σzð Þ for the beam self-focusing strength of a bi-Gaussian bunch as a
function of the dimensionless rms bunch radius kpσr and length kpσz. (b) The minimum number of electrons
contained in a Gaussian bunch requisite for the beam self-focusing strength larger than the defocusing strength
from the laser-driven wakefield in the EH11-EH12 mode mixing LPA.
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dux
cdt

¼ FB
⊥

mec2
þ FR

x

mec2
þ duSx

cdt
,
duz
cdt

¼ �kp
Ez

E0
þ FR

z

mec2
, (33)

where u ¼ p=mec is the normalized electron momentum, FR the radiation reac-

tion force, and uSx ≈ γθx the transverse kick in momentum projected onto the x-plane
due to multiple Coulomb scattering through small deflection angles θ.

Figure 5.
(a) Normalized accelerating wakefield Ez=E0 and focusing strength γgK

2=k2p ¼ γg 1=E0kp
� �

∂FrL=∂rð Þ in the

EH11-EH12 mode mixing LPA with the same parameters as those of Figure 2a as a function of the accelerating
phase Ψ . (b and c) normalized trajectory kpx and transverse momentum γβx of the electron with the initial values

mec
2γ0 ¼ 100MeV, kpx0 ¼ 1, and γβx0 ¼ 0 in the bunch with the number of electrons Nb ¼ 1� 108 and

length kpσz ¼ 1:3 for betatron motion in the laser wakefields (a) with electron density ne ¼ 1� 1018 cm�3.
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For the classical expression of the radiation reaction force given by [42].

FR

mecτR
¼ d

dt
γ
du

dt

� �

þ γu
dγ

dt

� �2

� du

dt

� �2
" #

, (34)

where γ ¼ 1þ u2ð Þ is the relativistic Lorentz factor of the electron and τR ¼
2re=3c ≃ 6:26� 10�24s, assuming uz ≫ ux and dx=dt ¼ cux=γ ≃ cux=uz, the radiation
reaction force Eq. (34) is approximately read as [43].

FR
x= mec

2
� �

≃ � cτRK
2ux 1þ K2γx2
� �

, FR
z = mec

2
� �

≃ � cτRK
4γ2x2: (35)

Since the scale length of the radiation reaction, i.e., cτR ¼ 2re=3≃ 1:9 fm, is much
smaller than that of the betatron motion, i.e., � λp

ffiffiffi

γ
p

, the radiation reaction force is
considered as a perturbation in the betatron motion.

A beam electron of the incident momentum p ¼ γmev, passing a nucleus of

charge Ze at impact parameter b in the plasma, suffers an angular deflection θ ¼
Δp=p≃ 2e2Z= pbvð Þ due to Coulomb scattering [44]. The successive collisions of the
relativistic beam electrons with v � c while traversing the plasma of ion density
ni ¼ ne=Z results in an increase of the mean square deflection angle at a rate [8, 44].

d θ2
� �

cdt
¼ 8πniZ

2r2e
γ2

ln
bmax

bmin

� �

¼
2k2preZ

γ2
ln

λD

RN

� �

, (36)

where bmax ¼ λD ¼ Te=4πnee2ð Þ1=2 is the plasma Debye length at the temperature

Te and RN ≈ 1:4A1=3 fm is the effective Coulomb radius of the nucleus with the mass
number A. Here, the logarithm ln bmax=bminð Þ is approximated as

ln λD=RNð Þ≈ 24:7 1þ 0:047 log neTeA
2=3

� �h i

for ne 1016 cm�3
� �

and Te eV½ � [45].
The multiple-scattering distribution for the projected angle θx is approximately
Gaussian for small deflection angles, given by the probability distribution

function P θxð Þ ¼ 1= π θ2
� �� �1=2

exp �θ2x= θ2
� �� �

. Thus, the transverse momentum

uSx ≈ γθx is obtained from using the normal distribution with the standard deviation

θ2
� �

=2
� �1=2

around the mean angle 0 at the successive time step along the particle

trajectory.
The electron orbit and energy are obtained from the solutions of the coupled

equations in Eq. (33) describing the single particle motion in the segmented phase,

where Ez and K are assumed to be constant over the phase advance ΔΨ. Provided
the initial values of x0 and βx0 are specified from the energy γ0, relative energy
spread Δγ=γ0, and normalized emittance εn0 of the injected beam, γ sð Þ, x sð Þ, and
βx sð Þ are first calculated from Eqs. (14) and (30) using s Ψð Þ, where Ψ ¼ Ψ0 þ ΔΨ is
the phase at next step. Thus, the effects of the radiation reaction and multiple
Coulomb scattering are obtained as follows:

βx sð Þ ¼ βBx sð Þ þ ΔβRx s0ð Þ þ ΔβSx s0ð Þ, γ Ψð Þ ¼ γA Ψð Þ þ ΔγR Ψ0ð Þ, (37)

where βBx sð Þ and γA Ψð Þ are the solutions obtained from Eqs. (30) and (14),

respectively; ΔβRx s0ð Þ and ΔγR Ψ0ð Þ are correction terms for the effect of the radia-
tion reaction force, given by

ΔβRx ¼ �2CRγgβx0K
2
0 1þ γ0K

2
0x

2
0

� �

ΔΨ, ΔγR Ψ0ð Þ ¼ �2CRγgγ
2
0K

2
0x

2
0ΔΨ, (38)
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with CR ¼ kpcτRγg ¼ 2=3ð Þkpreγg ¼ 11:8� 10�9 μm½ �=λ0 and K
2
0 ¼ K

2
Ψ0ð Þ; and

ΔβSx s0ð Þ ¼ θx is a projected angle due to multiple Coulomb scattering, the standard
deviation of which is obtained from Eq. (36) for λ0 ¼ 1 μm as

σθx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

θ2
� �

=2
q

≈ 2:66� 10�4 γgΔΨ ln λD=RNð Þ
h i1=2

=γ0: (39)

The radiated power of the electron in the classical limit is given by [42, 43].

Prad ¼ 2e2γ2

3c

du

dt

� �2

� dγ

dt

� �2
" #

¼ 2e2γ2

3m2
e c

3
Fextj j2 � Fext � u=γj j2
h i

: (40)

where Fext is the external force and mecdγ=dt ¼ Fext � u=γ is used. For a relativis-
tic electron with u2x ≪ γ2 and uz � γ, taking into account Fext ¼ F⊥ex þ F∥ez with

F⊥ ¼ �mec2K
2x and F∥ ¼ �eEz, the radiated power can be written as Prad ¼

2e2γ2F⊥
2= 3m2c3ð Þ ¼ mc4τRγ2K

4x2, which means the radiative damping rate νR ¼
Prad= γmec

2ð Þ ¼ τRc
2γK4x2. Thus, a total radiation energy loss along the particle orbit

is estimated as

Δγrad ¼ 1

mec2

ðt

t0

dtPrad tð Þ ¼
X

ΔγR Ψ0ð Þ










: (41)

3.5 Numerical studies of the single-particle dynamics in a single stage

Numerical calculations of the single-particle dynamics can be carried out
throughout the segments in phase Ψ for a set of test particles under the initial
conditions, and then the underlying beam parameters can be obtained as an ensem-
ble average over test particles: for instance, the mean energy is calculated as γh i ¼
P

iγi=Np, where γi is the energy of the i-th particle and Np the number of test

particles, and the energy spread is defined as σγ ¼ γ2
� �

� γh i2
� �1=2

. The normalized

transverse emittance is obtained from

εn ¼ x� xh ið Þ2
D E

ux � uxh ið Þ2
D E

� x� xh ið Þ ux � uxh ið Þh i2
h i1=2

, (42)

where ux ¼ γβx is the dimensionless transverse momentum.
The particle orbit and energy can be numerically tracked by using the solutions

of the single particle motion (Eqs. (30) and (14)) associated with the perturbation
arising from the effects of the radiation reaction and multiple Coulomb scattering,
as given by Eqs. (38) and (39), respectively. The simulation of particle tracking can
be carried out by using an ensemble of 104 test particles, for which the initial values
at the injection and the deflection angles due to the multiple Coulomb scattering at
each segment in a phase step ΔΨ=400, where ΔΨ ¼ 10π is the phase advance in the
single stage, are obtained from the random number generator for the normal distri-
bution, assuming that the particle beam with the rms bunch length σz ¼ 16 μm

(kpσz ¼ 3) containing Nb ¼ 1� 108 electrons (16 pC) is injected into the capillary

accelerator operated at the plasma density of ne ¼ 1� 1018 cm�3 from the external
injector at the injection energy Einj ¼ mec2γ0 and the initial normalized transverse
emittance εn0 in the condition initially matched to laser wakefields, namely, the

initial bunch radius x0 ¼ kpσ0 ¼ kpεn0
� �1=2

= γ0K
2

� �1=4
and momentum
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γ0β0 ¼ γ0K
2

� �1=4
kpεn0
� �1=2

with the focusing strength K
2
, given by Eq. (28).

Figure 6a and b show the results of simulations for the evolution of transverse
normalized emittance εnx from various initial values εn0 at the initial phase Ψ0 ¼ 0
and that of the relative energy spread σγ=γ from the initial spread of σγ=γ0 ¼ 0:1 for
various initial energies due to the effect of the radiation reaction, respectively. The
effect of the multiple Coulomb scattering is shown in Figure 6c, indicating a
significant growth of the normalized emittance in the latter half of the stage. In this

Figure 6.
Numerical results of the beam dynamics study on the two-mode mixing single-stage LPA (Figure 1a) at the
plasma density ne ¼ 1� 1018 cm�3 and number of electrons Nb ¼ 1� 108 in a bunch with length kpσz ¼ 3.
(a) Evolution of transverse normalized emittance εnx from various initial values for the initial energy Einj ¼
mec

2γ0 ¼ 1 GeV and relative energy spread σγ=γ0 ¼ 0:1 without radiation and multiple Coulomb scattering.
(b) Evolution of relative energy spread σγ=γ from the initial value of 0.1 for various initial energies Einj due to
radiation reaction without multiple Coulomb scattering. (c) Evolution of transverse normalized emittance from
the initial value εn0 ¼ 0:01 μm for various cases with and without the radiation reaction and multiple
Coulomb scattering.
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simulation, the multiple Coulomb scattering has been considered for a helium
plasma with A ¼ 4, Z ¼ 2, and Te ¼ 100 eV. Since the normalized emittance,
defined by Eq. (42), is approximately calculated as εnx � δxj j δ γβxð Þj j, where δx and
δ γβxð Þ are the amplitudes of the transverse displacement and dimensionless
momentum, the evolution of the normalized emittance traces the envelope of the
betatron oscillation of the single particle, as seen in Figures 5 and 6. Note that the
electron motion of coupled equation in Eq. (29) includes the nonlinear damping

term � Ez=γ
� �

dx=dtð Þ, which induces the amplitude decrease in the electron accel-
eration phase, while the betatron motion of the electron undergoing only a linear

focusing force with a constant K is described by a simple harmonic oscillator at a

constant energy mec2γ, i.e., no acceleration field Ez ¼ 0, forming the constant

envelope of the betatron amplitude for the matched condition of bunch size σ2x ¼
εnx= γK

� �1=2
, for which the normalized emittance is conserved.

4. Beam dynamics in multistage two-mode mixing LPAs

4.1 Seamless stage coupling with a variable curvature plasma channel

A gas-filled capillary waveguide made of metallic or dielectric materials can
make it possible to comprise a seamless staging without the coupling section, where
a fresh laser pulse and accelerated particle beam from the previous stage are injected
so as to minimize coupling loss in both laser and particle beams and the emittance
growth of particle beams due to the mismatch between the injected beam and
plasma wakefield. For dephasing limited laser wakefield accelerators, the total linac
length will be minimized by choosing the coupling distance to be equal to a half of
the dephasing length [9]. A side coupling of laser pulse through a curved capillary
waveguide [46–48] diminishes the beam-matching section consisting of a vacuum
drift space and focusing magnet beamline [9]. Furthermore, the proposed scheme
comprising seamless capillary waveguides can provide us with suppression of syn-
chrotron radiation from high-energy electron (positron) beams generated by beta-
tron oscillation in plasma-focusing channels and delivery of remarkably small
normalized emittance from the linac to the beam collision section in electron-
positron linear colliders.

Since the electron beam size with a finite beam emittance causes a rapid growth
in a vacuum drift space outside plasma [41], the coupling segment must be used for
spatial matching of the electron beam with the transverse wakefield as well as
temporal phase matching with the accelerating wakefield in a subsequent stage.
A proof-of-principle experiment on two LPA stages powered by two synchronized
laser pulses through the plasma lens and mirror coupling has been reported,
showing that an 120 MeV electron beam from a gas jet (the first stage) driven by
a 28 TW, 45 fs laser pulse was focused by a first discharge capillary as an active
plasma lens to a second capillary plasma channel (the second stage), where the
wakefield excited by a 12 TW, 45 fs separate laser pulse reflected by a tape-based
plasma mirror with a laser-energy throughput of 80% further increased an energy
gain of 100 MeV [49]. In this experiment, a trapping fraction of the electron
charge coupled to the second stage was as low as 3.5% [3]. Such a poor coupling
efficiency could be attributed to the plasma mirror inserted at a vacuum drift
space. To avoid a rapid growth in the vacuum drift space and improve coupling
efficiency, a multistage coupling using a variable curvature plasma channel [48]
enables off-axial injection of a fresh laser pulse into the LPA stage without a
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vacuum gap in the coupling segment; thereby an electron bunch is continuously
accelerated through the plasma-focusing channel over the consecutive stages only
if the temporal phase-matching between the laser and electron beams can be
optimized [3].

In the propagation of a laser pulse through a curved plasma channel, the radial
equilibrium position of the laser pulse is shifted away from the channel axis due to
the balance between the refractive index gradient bending the light rays inward and
the centrifugal force pulling them outward. As a result, the minimum of the effec-
tive plasma density, which is proportional to a guiding potential, is located outward
from the channel axis [47]. Thus, a direct guiding of a laser pulse from the curved
channel with a constant curvature to the straight channel causes large centroid
oscillations in the straight channel even though the laser pulse is injected to the
equilibrium position, leading to loss of the laser energy and electron beam
transported from the previous stage as a result of off-axis interaction with plasma
wakefields [48]. To diminish the mismatching at the transition from a curved
channel to a straight one [3], a variable curvature plasma channel has been devised
such that the equilibrium position guides the laser centroid gradually along the
channel axis from the initial equilibrium position to the channel center, where the
straight channel axis merges together, as shown in Figure 7a. A seamless accelera-
tion in two-stage LPA coupled with a variable curvature plasma channel has been
successfully demonstrated for the guided laser intensity of 8.55 � 1018 W/cm2

(normalized vector potential a0 = 2) by the three-dimensional particle-in-cell
simulations, as shown in Figure 7b–f, indicating that the injection trapping
efficiency increases with the initial beam energy and approaches 100% at energies
higher than 2 GeV.

4.2 Betatron motion of the particle beam in the seamless multistage

For s≫ 1, the asymptotic form of betatron motion in Eq. (30) yields

x sð Þ � x0
2 þ 2γ0βx0

s0Ez0

� �2
" #1=2 ffiffiffiffi

s0
s

r

cos s� s0 þ δ0ð Þ, (43)

βx sð Þ � Ez

2γ
x0

2 þ 2γ0βx0
s0Ez0

� �2
" #1=2

ffiffiffiffiffiffi

ss0
p

sin s� s0 � δ0ð Þ, (44)

where tan δ0 ¼ 2γ0βx0= s0x0Ez0

� �

. The variation of the betatron amplitude with
respect to the initial amplitude in the k-th stage is given by

x Ψð Þ
x Ψkið Þ

























�
ffiffiffiffiffi

ski
s

r

¼ γki

γ

� �1=4 Ez Ψð ÞK Ψkið Þ
Ez Ψkið ÞK Ψð Þ

























1=2

� γki

γ

� �1=4 Ez Ψð Þ
Ez Ψkið Þ

























1=2

, (45)

where Ψki ≤Ψ≤Ψ kþ1ð Þi (k ¼ 1, 2,⋯) is the particle phase Ψ with respect to the

plasma wave, Ψki is the initial phase, and γki is corresponding to the initial energy of
the particle in the k-th stage, respectively, assuming an approximately constant

focusing strength K Ψð Þ � K Ψkið Þ over the stage. As expected, the betatron ampli-

tude is simply proportional to γki=γð Þ1=4 for the constant accelerating field Ez Ψð Þ
during the stage. In the two-mode mixing LPA system comprising the periodic

accelerating structure, i.e., Ez Ψki þ ΔΨð Þ ¼ Ez Ψli þ ΔΨð Þ for a phase advance ΔΨ in
the k-th and l-th stages, the ratio of the accelerating field amplitude is given by
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Ez Ψð Þ
Ez Ψkið Þ

























¼ e�2αda
2
0 Ψ�Ψkið Þ Ω Ψð Þ

Ω Ψkið Þ

























, (46)

where Ω Ψð Þ ¼ cosΨþ
ffiffiffiffiffiffiffiffiffiffiffi

C1C2

p
1þ cos 2Ψð Þ= C1 þ C2ð Þ. In the accelerator system

consisting of Ns stages, the final betatron amplitude yields

x Ψf

� �









 � x0j j γ0=γf

� �1=4
RNs=2 exp �αda

2
0 Ψf �Ψ0

� �� �

, (47)

where Ψf , mec2γf are the final phase and energy of the particle at the Ns-th stage,

respectively, and R ¼ Ω Ψf

� �

=Ω Ψið Þ










 is the ratio of the amplitude Ω Ψð Þ between the

final and initial phases in the single stage. If this ratio is chosen so as to be
R< exp 2αda

2
0ΔΨ

� �

, the betatron amplitude will decrease as the electron propagates

the accelerator stages.
Here we consider the evolution of transverse normalized emittance for the

particle beam acceleration in the multistage capillary accelerator. The definition of

transverse normalized emittance given by Eq. (42) is expressed as εnx2 ¼
δx2
� �

δux2
� �

� δxδuxh i2, where δx ¼ x� xh i and δux ¼ ux � uxh i are the deviation
from the mean transverse displacement xh i and normalized momentum uxh i ¼ γβxh i,
respectively. The particle orbit undergoing betatron motion is written for s≫ 1 from

Eqs. (43) and (44) as x ¼ xm
ffiffiffiffiffiffiffiffi

s0=s
p

cosφ and ux ¼ γβx ¼ xm Ez
ffiffiffiffiffiffi

ss0
p

=2
� �

sinφ, where

Figure 7.
(a) Geometry of the coupling segment, which is composed of a variable-curvature plasma channel with a
gradually varying channel radius along the channel axis (dashed line) from the entrance radius R0 = 10 mm in
the first stage to that of a straight channel R ! ∞ in the second stage, and the centroid trajectories for a first-
stage laser (yellow), a second-stage laser (red), and an electron beam (green). When the second laser is injected
at the curved channel entrance with an incidence angle of 5.7° and an off-axis deviation of 6.3 μm, its centroid
trajectory and an electron bunch (red points) are seamlessly coupled to the straight plasma channel, as shown in
the three-dimensional particle-in-cell (3D PIC) simulation results before (b) and after (c) the electron bunch is
trapped in the second straight channel [3]. (d) Energy and transverse momentum, initial (black points) and
final (blue points) (e) longitudinal and (f) transverse momentum distributions, and their Gaussian fitting
curves (red) of the electron beam obtained from the simulation results.
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φ ¼ ωβt is the betatron phase and xm ¼ x0
2 þ 2γ0βx0=s0Ez0

� �2
h i1=2

. Thus, the ensem-

ble averaged quantities δx2
� �

, δux
2

� �

, and δxδuxh i2 can be obtained: e.g., δx2
� �

¼

s0=sh i xm
2

� �

1þ cos 2φh ið Þ=2� xmh i2 cosφh i2
h i

. Assuming that the energy distribu-

tion about the mean energy γh i, i.e., the δγ ¼ γ � γh i distribution, is Gaussian with a
width of σγ, the energy is approximated about its mean value to the first order in
δγ= γh i, i.e., γ ¼ γh i þ δγ, ωβ ≃ωβ0 1� δγ=2 γh ið Þ, and φ≃ωβ0t 1� δγ=2 γh ið Þ. The
ensemble averaged quantities can be calculated as averages over the distribution of

energy deviations as, e.g., cosφh i≃ 1=
ffiffiffiffiffi

2π
p

σγ
� �Ð

∞

�∞dδγ exp �δγ2=2σ2γ

� �

cos φ0 þ δφð Þ ¼
e�νε

2t2 cosφ0, cos 2φh i≃ e�4νε2t2 cos 2φ0, and s0=sh i≃ K0Ez=KEz0

� �

γ0h i= γh ið Þ1=2, where

δφ ¼ �φ0δγ= 2 γh ið Þ and νε ¼ ωβ0σγ=
ffiffiffi

8
p

γh i
� �

is the frequency corresponding to

decoherence time tdec ≃ π γh i= ωβσγ
� �

, defined as the time when the phase difference
between the low energy part of the beam and the high-energy part is
Δφ≃ωβ

Ð

dtσγ= γh i ¼ π [43]. Considering transverse emittance of the particle beam
with initial energy spread that dominates decoherence, the normalized emittance for
t≫ tdec is given by

εnx ¼
1

2

Ez

Ez0

























K0

ffiffiffiffiffiffiffiffiffi

γ0h i
p

xm0
2

� �

¼ 1

2

Ez

Ez0

























K0

ffiffiffiffiffiffiffiffiffi

γ0h i
p

x0
2

� �

þ u2x0
� �

K
2
0 γ0h i

 !

, (48)

where εnx ¼ kpεnx is the dimensionless normalized emittance. If the beam is

initially matched to the laser wakefield focusing channel, i.e., x0 ¼
2γ0βx0= s0Ez0

� �

¼ ux0= K0
ffiffiffiffiffi

γ0
p� �

, such that in the absence of radiation the beam

radial envelope undergoes no betatron oscillation, the normalized emittance can be
expressed as

εnx ¼
Ez

Ez0

























K0

ffiffiffiffiffiffiffiffiffi

γ0h i
p

x0
2

� �

¼ Ez

Ez0

























εnx0: (49)

This indicates that in the absence of radiation and multiple Coulomb scattering,
the transverse normalized emittance of an initially matched beam is conserved in
the laser wakefield acceleration when the amplitude of accelerating field has no

variation, i.e., Ez











 ¼ Ez0











. Note that the decreasing accelerating field at the final

phase results in a decrease of the normalized emittance of the injected beam
matched to the laser wakefield at the initial phase in the single stage. For the
multistage laser wakefield acceleration without a vacuum drift space in the coupling
section, properly choosing the injection and extraction phases enables continuous
reduction of the normalized emittance in the absence of synchrotron radiation and
multiple Coulomb scattering with plasma ions. Since the initial values of the
displacement xh i and normalized momentum uxh i at the next stage are expressed
as h�x21i≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hγ0i=hγ1i
p

h�x2mi0�Ez1
�K0=ð2 �Ez0

�K1Þ and hu2x1i≃ �K0
�K1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hγ0ihγ1i
p

h�x2mi0
�Ez1=ð2�Ez0Þ[19],

the initial amplitude of betatron oscillation at the next stage is

h�x2mi1 ¼ h�x21i þ hu2x1i=ð�K1hγ1iÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hγ0i=hγ1i
p

h�x2mi0�Ez1
�K0=ð�Ez0

�K1Þ:

Accordingly, the emittance at the k-th stage is calculated as
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�εknx ¼ ð1=2Þ�KðΨf Þ
ffiffiffiffiffiffiffiffiffi

hγi0
q

h�x2mi0

� j�EzðΨf Þ=�EzðΨiÞjkj�KðΨiÞ=�KðΨf Þjk:

Assuming K Ψf

� �

≈K Ψið Þ ¼ K0, the dimensionless normalized emittance at the

k-th stage yields

εknx ≃
1

2

Ez Ψf

� �

Ez Ψið Þ































k

K0

ffiffiffiffiffiffiffiffiffi

γh i0
q

x2m
� �

0
¼ 1

2
Rke�2αa20kΔΨK0

ffiffiffiffiffiffiffiffiffi

γh i0
q

x2m
� �

0
¼ Rke�2αa20kΔΨεn0,

(50)

where Ez Ψf

� �

=Ez Ψið Þ










 ¼ Re �2αa20ΔΨ is the ratio of the accelerating field ampli-

tude at the final phase Ψf to that at the initial phase Ψi with R ¼ Ω Ψf

� �

=Ω Ψið Þ










 and

ΔΨ ¼ Ψf � Ψi. Setting K0 γ0h i1=2 x2m
� �

¼ 2εn0, the normalized emittance increases or

decreases monotonically, depending on R> e2αa
2
0ΔΨ or R< e2αa

2
0ΔΨ as the particles

move along the stage in the absence of radiation and multiple Coulomb scattering.
For an application of laser-plasma accelerators to electron-positron colliders, it is

of most importance to achieve the smallest possible normalized emittance at the final
stage of the accelerator system, overwhelming the emittance growth due to the
multiple Coulomb scattering off plasma ions, being increased in proportion to the
square root of the beam energy. We consider the effect of multiple Coulomb scatter-
ing on the emittance growth and evaluate an achievable normalized emittance at the
end of the accelerator system comprisingNs stages. Using the growth rate of the mean
square deflection angle in Eq. (36) due to the multiple Coulomb scattering, the
growth rate of the transverse normalized emittance is estimated as [8, 44].

dεSCATn

dz
¼ 1

2

γ

kβ

d θ2
� �

dz
¼ kpreZ

K
ffiffiffi

γ
p ln

λD

RN

� �

, (51)

where kβ ¼ K=
ffiffiffi

γ
p

is the wave number of betatron oscillation. In the single stage,
the transverse normalized emittance of the particles undergoing the wakefields
evolves the growth in the same manner as the injected particle beam without the
multiple Coulomb scattering as

ε1nx ¼
Ez Ψ1ð Þ
Ez Ψ0ð Þ

























εn0 þ
kpreZ ln λD=RNð Þ

K0
�Ez Ψ0ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffi

γ1f

D E

r

�
ffiffiffiffiffiffiffiffiffi

γ1ih i
p

� �

: (52)

At the Ns-th stage, the normalized emittance can be obtained from

εNnx ¼
Ez Ψ1ð Þ
Ez Ψ0ð Þ

























N

εn0 þ
kpreZ ln λD=RNð Þ
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X
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N�k
ffiffiffiffiffi

γk
p

1�
ffiffiffiffiffiffiffiffiffi

γk�1

γk

r
� �

: (53)

Assuming that the beam energy at the k-th stage is approximately given by

γkh i≃ πC1C2=2ð Þ1=2a20γ2ge� 1þ4αa20Ψ0ð Þ=2kΔΨ for k≫ 1, Eq. (53) can be calculated as

εNnx ¼ εn0R
Nse�2Nsαda

2
0ΔΨ þ C1C2

2π

� �1=4 CSZ ln λD=RNð Þ
a0 C1 þ C2ð Þ

e 1þ4αa20Ψ0ð Þ=4RNse�2Nsαda
2
0ΔΨ

ffiffiffiffiffiffiffi

ΔΨ
p

K0 Ω Ψ0ð Þj j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lnR� 2αa20ΔΨ
p

� erf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ns lnR� 2αda20ΔΨ
� �

q

� erf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lnR� 2αda20ΔΨ
q

	 


,

(54)
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for R> e2αa
2
0ΔΨ, where CS ¼ kpreγg ¼ 17:7 � 10�9 μm½ �=λ0 and erf xð Þ ¼

2=
ffiffiffi

π
pð Þ

Ð x
0 e

�t2dt are the error function, and for R< e2αa
2
0ΔΨ,

εNnx ¼ εn0R
Nse�2Nsαa20ΔΨ þ 2

π

� �3=4 Cs C1C2ð Þ1=4Z ln λD=RNð Þ
a0 C1 þ C2ð Þ

e 1þ4αda
2
0Ψ0ð Þ=4 ffiffiffiffiffiffiffi

ΔΨ
p

K0 Ω Ψ0ð Þj j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2αda20ΔΨ� lnR
p ,

� F
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ns 2αda20ΔΨ� lnR
� �

q
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(55)

where F xð Þ ¼ e�x2
Ð x
0 e

t2dt is Dawson’s integral. For R ¼ e2αa
2
0ΔΨ, i.e.,

Ez Ψf

� �

=Ez Ψið Þ










 ¼ 1, the normalized emittance at the Ns-th stage is simply calcu-

lated as

εNnx ¼ εn
0 þ kpreZ ln λD=RNð Þ

K0 Ez Ψ0ð Þ












ffiffiffiffiffiffiffi
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p � ffiffiffiffiffi
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� εn
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2C1C2
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� �1=4 CSβgZ ln λD=RNð Þ
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NsΔΨ
p

K0 Ω Ψ0ð Þj j
:

(56)

As expected, the normalized emittance in the multistage accelerator operated
with the constant accelerating field is conserved to the initial normalized emittance
and then limited by an increasing growth due to multiple Coulomb scattering. For

R> e2αa
2
0ΔΨ, the initial emittance of the injected beam dominates an exponential

growth of the normalized emittance, while for R< e2αa
2
0ΔΨ, an exponential decrease

of the initial emittance is followed by a slow decrease of the normalized emittance
arising from the multiple Coulomb scattering [19].

4.3 Numerical studies of the single-particle dynamics in multistages

Numerical studies on transverse beam dynamics of an electron bunch acceler-
ated in the multistage mode mixing LPA have been carried out by calculating the
ensemble of trajectories of test particles throughout consecutive stages, using the
single-particle dynamics code based on the analytical solutions of the equations of
motion of an electron in laser wakefields with the presence of effects of the radia-
tion reaction and multiple Coulomb scattering, as described in Section 3. Figure 8a
shows examples of the phase space distribution of 104 test particles on the kpx� γβx
plane and evolution of the transverse normalized emittance for 400 stages, in each
of which the electron is accelerated between the initial wakefield phase Ψi ¼ 0 and
final phase Ψf ¼ 4:5π, in the presence of the radiation reaction and multiple

Coulomb scattering. Figure 8b is the result for 60 stages with the stage phase
0≤Ψ≤4π and Figure 8c for 50 stages with �0:45π ≤Ψ≤4π, taking into account
only the radiation effect. The cases shown in Figure 8a and b obviously correspond

to the exponential decrease of the normalized emittance with R< exp 2αa20ΔΨ
� �

,
while the case shown in Figure 8c corresponds to the exponential increase with
R> exp 2αa20ΔΨ

� �

. In Figure 8a, the exponential decrease of the normalized emit-

tance is limited, leading to the equilibrium with the growth due to the multiple
Coulomb scattering after several stages. In Figure 8c, the exponential increase can
be limited by the radiation effects, resulting in an excess of radiation energy loss
and the equilibrium with the radiation reaction after 20 stages. For the case shown
in Figure 8a, the beam energy is accelerated up to 558.92 GeV with the relative rms
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Figure 8.
Numerical results of the beam dynamics study on the two-mode mixing multistage LPA (Figure 1a). (a and d)
the phase space kpx� γβx and evolution of transverse normalized emittance kpεnx for 400 stages with each stage
phase 0≤Ψ ≤ 4:5π in the presence of radiation reaction and multiple coulomb scattering at the plasma density
ne ¼ 1� 1018 cm�3 and the initial normalized emittance εn0 ¼ 1 μm. (b and e) the phase space and evolution
of transverse normalized emittance (only shown for the initial 5 stages) for 60 stages with each stage phase
0≤Ψ ≤4π in the presence of the radiation reaction at ne ¼ 1:1� 1017 cm�3 and εn0 ¼ 100 μm. (c and f) the
phase space and evolution of transverse normalized emittance for 50 stages with each stage phase
�0:45π ≤Ψ ≤ 4π in the presence of the radiation reaction at ne ¼ 1:1� 1017 cm�3 and εn0 ¼ 100 μm.

Figure 9.
Numerical results of the beam dynamics study on the two-mode mixing multistage LPA at the plasma density
ne ¼ 1� 1018 cm�3 and number of electrons Nb ¼ 1� 108 in a bunch with a length of kpσz ¼ 3, the initial
energy mec

2γ0 ¼ 1 GeV, relative energy spread σγ=γ0 ¼ 0:1, and normalized emittance εn0 ¼ 1 μm. (a, d,
and g) evolution of rms bunch radius σr, radiation energy Δγrad, and transverse normalized emittance εnx for
400 stages with each stage phase 0≤Ψ ≤ 4:5π. (b, e, and h) evolution of the same electron beam parameters for
260 stages with each stage phase �0:45π ≤Ψ ≤ 4:7π. (c f, and i) evolution of the same electron beam
parameters for 50 stages with each stage phase �0:45π ≤Ψ ≤ 4:2345π. In (g), (h), and (i), the blue solid curve
shows a fit using the analytical emittance evolution formula in Eqs. (54) and (55).
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energy spread of 0.02% over the whole 400 LPA stages with the stage phase

0≤Ψ≤4:5π at the operating plasma density of ne ¼ 1� 1018 cm�3 in the accelerator
length of 67 m, assuming initially a 10% relative energy spread. From this result, the
beam-induced longitudinal (decelerating) wakefield becomes approximately

Ezb=E0 � 0:01 and focusing strength Kb=kp
� �2 � 0:12, as calculated from an

ensemble average of the radius of an electron bunch with 1� 108 electrons and
length of 16 μm, using Eqs. (20) and (26), respectively, at each step of the stage
consisting of 100 segments. It is noted that both beam-induced wakefields reach the
equilibrium after several stages in consistency with the evolution of the normalized
emittance.

The detailed study on the evolution of the transverse normalized emittance in
the multistage two-mode mixing LPA has been investigated for three cases with the
different stage phases, i.e., 0≤Ψ≤4:5π (case A), �0:45π ≤Ψ≤4:7π (case B), and
�0:45π ≤Ψ≤4:2345π (case C), the reduction coefficients 2αda

2
0ΔΨ� lnR for

which are 37.3, 1.37, and � 0.438, respectively. Figure 9 shows the evolution of the
bunch radius σr (a)–(c), radiation energy Δγrad (d)–(f), and transverse normalized
emittance εnx (g)–(i), respectively. In Figure 9 (g)–(i), the solid curve indicates the
normalized emittance predicted from the analytical formulae of Eqs. (54) and (55),

assuming that the average focusing constant is K0 � 0:004 for cases A–C and the
growth rate is �10% of the reduction coefficient for case C. It is noted that the
evolution of the normalized emittance is determined by the equilibrium between
the consecutive focusing and the defocusing due to the multiple Coulomb scattering
at a large number of stages Ns ≫ 1.

5. Considerations on electron-positron collider performance

Electron and positron beams being reached to the final energies in the multistage
two-mode mixing LPA are extracted at a phase corresponding to the minimum
transverse normalized emittance, followed by propagating a drift space in vacuum
and a final focusing system to the beam-beam collisions at the interaction point. In a
vacuum drift space outside plasma, the particle beam changes the spatial and
temporal dimensions of the bunch proportional to the propagation distance due to
the finite emittance and energy spread of the accelerated bunch. The evolution of
the rms bunch envelope σb in vacuum without the external focusing force is given

by σ2b ¼ σ20 1þ z� z0ð Þ2=Z2
b

h i

, where σ0 is an initial radius and Zb ¼ σ20γ=εn is the

characteristic distance of the bunch size growth [41]. The bunch radius after prop-
agation of the distance Lcol between the final LPA stage and interaction point is

estimated to be σb∗ ¼ σ2bf þ εnfLcol=γσbf

� �2
	 
1=2

, where σb∗ is the rms bunch radius

at the interaction point and σbf , εnf the rms bunch radius and normalized emittance

at the exit of the LPA, respectively. In collisions between high-energy electron and
positron bunches from the LPAs, the beam particles emit synchrotron radiation due
to the interaction, the so-called Beamstrahlung, with the electromagnetic fields
generated by the counterpropagating beam. The beamstrahlung effect leads to
substantial beam energy loss and degradation on energy resolution for the high-
energy experiments in electron-positron linear colliders [50]. Intensive research on
beamstrahlung radiation has been explored [50–52], being of relevance to the
design of e+e� linear colliders in the TeV center-of-mass (CM) energies, for which
two major effects must be taken into account, namely, the disruption effect bending
particle trajectories by the oncoming beam-generated electromagnetic fields and the

25

Very Compact Linear Colliders Comprising Seamless Multistage Laser-Plasma Accelerators
DOI: http://dx.doi.org/10.5772/intechopen.91633



beamstrahlung effect yielding radiation loss of the particle energies induced by
bending their trajectories due to the disruption [52]. The radiative energy loss due
to beamstrahlung for a Gaussian beam can be estimated in terms of the

beamstrahlung parameter ϒ ∗ ¼ 5re2γNb= 12ασ ∗
x σ

∗
z

� �

for a round beam with σx ∗ ¼
σy ∗ , where α ¼ e2=ℏc (≃ 1=137:036) is the fine-structure constant [50]. According
to the beamstrahlung simulations [50], the average number of emitted photon per

electron and average fractional energy loss are nγ ≈ 2:54Bγϒ ∗ = 1þ ϒ2=3
∗

� �1=3
and

δb ≈ 1:24Bγϒ
2
∗ = 1þ 3ϒ ∗ =2ð Þ2=3
h i2

, respectively, with Bγ ¼ α2σz ∗ = reγð Þ. Using
these parameters, the average CM energy loss can be calculated as ΔW= 2γmec2ð Þ≈
0:44þ 0:01 log 10ϒ ∗

� �

δb 1þ δb=nγ
� �

. In the quantum beamstrahlung regime, the
collider design must consider the CM energy loss such that their requirements can
be reached as well as that of the luminosity. The geometric luminosity is given by

L0 ¼ f cN
2
b= 4πσx ∗ σy ∗
� �

, where f c is the collision frequency. It is pointed out that an
appreciable disruption effect turns out to the luminosity enhancement through the
pinch effect arising from the attraction of the oppositely charged beams [51, 52].
For Gaussian beams, the disruption parameter for the round beam is D ¼ reσz ∗Nb=

γσ2x ∗

� �

, defined as the ratio of the bunch length to the focal length of a thin lens.

The luminosity enhancement factor being defined as the ratio of the effective
luminosity L induced by the disruption to the geometric luminosity in the absence

of disruption L0 is estimated from the empirical formula: HD � L=L0 ¼ 1þ
D1=4 D3=1þD3

� �

ln
ffiffiffiffi

D
p

þ 1
� �

þ 2 ln 0:8=Að Þ
� �

, where A ¼ εnD= reNð Þ is the inherent
divergence of the incoming beam [52]. This scenario allows us to transport both

Plasma density ne 1 � 108 cm�3

Plasma wavelength λp 33.4 μm

Capillary radius Rc 152.6 μm

Capillary stage length 16.75 cm

Laser wavelength λ 1 μm

Laser spot radius r0 91 μm (51 μm)

Laser pulse duration τ 25 fs

Normalized vector potential a0 1

Electromagnetic hybrid mode EH11 and EH12

Coupling efficiency for an Airy beam (a Gaussian beam) C1 = 0.4022 (0.5980)

C2 = 0.4986 (0.3531)

Bunch initial and final phase Ψi = 0, Ψf = 4.5π

Average accelerating gradient 8.3 GeV/m

Laser peak power PL 95 TW (18 TW)

Laser pulse energy UL 2.4 J (0.44 J)

Repetition frequency fc 50 kHz

Laser average power per stage 120 kW (22 kW)

Laser depletion ηpd 77%

The parameters in () correspond to the incident laser pulse with a Gaussian beam.

Table 1.
Parameters of the two-mode mixing laser-plasma accelerator stage.
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beams into the interaction point through no extra focusing devices, which often
induce the degradation of beam qualities prior to their interactions. In this scheme,
the vacuum drift region from the end of the LPA to the interaction point can be
used for control of the transverse beam size that strongly affect the luminosity and
CM energy through the beamstrahlung radiation and disruption. A typical design
example of the LPA stage using the gas-filled [19] two-mode mixing LPA operated
with EH11 and EH12 is shown in Table 1.

An embodiment of the LPA stage may be envisioned by exploiting a tens kW-
level high-average power laser such as a coherent amplification network of fiber
lasers [53]. Table 2 summarizes key parameters on the performance of 1 TeV CM
energy electron-positron linear collider.

6. Conclusions

The electron acceleration and beam dynamics of the two-mode mixing LPA
comprising a gas-filled metallic or dielectric capillary have been presented for the
performance of the single-stage and multistage configurations. As shown in
Table 1, when a laser pulse with an Airy beam (or a Gaussian beam) profile of the

CM energy 1.12 TeV

Beam energy 559 GeV

Injection beam energy 1 GeV

Particle per bunch Nb 1 � 108

Collision frequency fc 50 kHz

Total beam power 0.9 MW

Geometric luminosity L0 3.6 � 1032 cm�2 s�1

Effective luminosity L 1.76 � 1034 cm�2 s�1

Effective CM energy 1.09 TeV

rms CM energy spread 8.4%

rms bunch length σz 16 μm

Beam radius at IP σb* 3.3 nm

Beam aspect ratio R 1

Normalized emittance at IP εnf 3.7 pm-rad

Distance between LPA and IP Lcol 0.2 m

Beamstrahlung parameter ϒ* 0.94

Beamstrahlung photons nγ 0.52

Disruption parameter D 12

Luminosity enhancement HD 49

Number of stages per beam Ns 400

Linac length per beam 67 m

Power requirement for lasers 95 MW (18 MW)

The parameters in () correspond to the incident laser pulse with a Gaussian beam.

Table 2.
Parameters for 1 TeV laser-plasma e+e� linear collider.
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spot radius r0 ≃0:6Rc (r0 ¼ 0:33Rc) is coupled to a gas-filled capillary, two electro-
magnetic hybrid modes EH11 and EH12 are generated with the coupling efficiency
C1 ¼ 0:40 (C1 ¼ 0:60) and C2 ¼ 0:50 (C2 ¼ 0:35), respectively. Furthermore,
when the capillary radius is tuned to the matching condition given by Eq. (12), the
laser pulse comprising two beating hybrid modes EH11 and EH12 with a Gaussian
temporal profile can efficiently excite a rectified accelerating wakefield, where
relativistic electrons dominantly propagate in the accelerating phase and continu-
ously gain the energy until depletion of the laser pulse energy, whereby a nearly
100% of the laser energy can be transferred to wakefields in the single stage.

In the two-mode mixing LPA multistage coupled with a variable curvature
plasma channel, the transverse dynamics of the electron bunch is dominated by
seamless recurrence of the accelerating wakefield in the stages, where the cumula-
tive nature of the particle trajectories is determined by the amplitude ratio of the
accelerating field at the final phase Ψf to the initial phase Ψi in each stage, i.e.,

Ez Ψf

� �

=Ez Ψið Þ










. With the converging condition, i.e., Ez Ψf

� �

=Ez Ψið Þ










< 1, the bunch

radius and normalized emittance exhibit an exponential decrease initially and then
turn out to be in equilibrium with the growth due to the multiple Coulomb scatter-
ing after 20 stages, leading to the rms bunch radius of the order of �1 nm and the
transverse normalized emittance of the order of �0.1 nm-rad at the beam energy
559 GeV with the relative rms energy spread of 0.02% in the final 400 stage of the
accelerator length of 67 m, as shown for case A in Figure 9. This capability of
producing such high-energy and high-quality electron (or positron) beams allows
us to conceive a unique electron-positron linear collider with high luminosity of the
order of 1034 cm�2 s�1 at 1 TeV center-of-mass energy in a very compact size.

In conclusion, a novel scheme of 1 TeV electron-positron linear collider com-
prising properly phased multistage two-mode mixing LPAs using gas-filled capillary
waveguides can provide a unique approach in collider applications. This scheme
presented resorts two major mechanisms pertaining to laser wakefield acceleration,
that is, dephasing and strong focusing force as well as very high-gradient accelerat-
ing field. The multistage scheme using two-mode mixing capillary waveguides filled
with plasma may provide a robust approach leading to the supreme goal for LPAs.
The numerical model developed for study on beam dynamics in large-scale LPAs
will be useful for assessing effects of underlying physics and the optimum design for
future laser-plasma-based colliders. Although the present model has been devel-
oped to study the simplest two-dimensional phase-space model of electron beam
dynamics in laser wakefield acceleration, the analysis of higher multi-dimensional
phase-space model as well as the quantum plasma effect will be extensively pursued
in the future work.
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