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Chapter

Approximate Solutions of Some
Boundary Value Problems by
Using Operational Matrices of
Bernstein Polynomials

Kamal Shah, Thabet Abdeljawad, Hammad Khalil
and Rahmat Ali Khan

Abstract

In this chapter, we develop an efficient numerical scheme for the solution of
boundary value problems of fractional order differential equations as well as their
coupled systems by using Bernstein polynomials. On using the mentioned polyno-
mial, we construct operational matrices for both fractional order derivatives and
integrations. Also we construct a new matrix for the boundary condition. Based on
the suggested method, we convert the considered problem to algebraic equation,
which can be easily solved by using Matlab. In the last section, numerical examples
are provided to illustrate our main results.

Keywords: Bernstein polynomials, coupled systems, fractional order differential
equations, operational matrices of integration, approximate solutions
2010 MSC: 34L05, 65L05, 65T99, 34G10

1. Introduction

Generalization of classical calculus is known as fractional calculus, which is one
of the fastest growing area of research, especially the theory of fractional order
differential equations because this area has wide range of applications in real-life
problems. Differential equations of fractional order provide an excellent tool for the
description of many physical biological phenomena. The said equations play
important roles for the description of hereditary characteristics of various materials
and genetical problems in biological models as compared with integer order differ-
ential equations in the form of mathematical models. Nowadays, most of its appli-
cations are found in bio-medical engineering as well as in other scientific and
engineering disciplines such as mechanics, chemistry, viscoelasticity, control the-
ory, signal and image processing phenomenon, economics, optimization theory,
etc.; for details, we refer the reader to study [1-9] and the references there in. Due
to these important applications of fractional order differential equations, mathema-
ticians are taking interest in the study of these equations because their models are
more realistic and practical. In the last decade, many researchers have studied the
existence and uniqueness of solutions to boundary value problems and their
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coupled systems for fractional order differential equations (see [10-17]). Hence the
area devoted to existence theory has been very well explored. However, every
fractional differential equation cannot be solved for its analytical solutions easily
due to the complex nature of fractional derivative; so, in such a situation, approxi-
mate solutions to such a problem is most efficient and helpful. Recently, many
methods such as finite difference method, Fourier series method, Adomian decom-
position method (ADM), inverse Laplace technique (ILT), variational iteration
methods (VIM), fractional transform method (FTM), differential transform
method (DTM), homotopy analysis method (HAM), method of radial base function
(MRBM), wavelet techniques (WT), spectral methods and many more (for more
details, see [9, 18-38]) have been developed for obtaining numerical solutions of
such differential equations. These methods have their own merits and demerits.
Some of them provide a very good approximation. However, in the last few years,
some operational matrices were constructed to achieve good approximation as in
[39]. After this, a variety of operational matrices were developed for different
wavelet methods. This method uses operational matrices, where every operation,
for example differentiation and integration, involved in these equations is
performed with the help of a matrix. A large variety of operational matrices are
available in the literature for different orthogonal polynomials like Legendre,
Laguerre, Jacobi and Bernstein polynomials [40-48]. Motivated by the above
applications and uses of fractional differential equations, in this chapter, we devel-
oped a numerical scheme based on operational matrices via Bernstein polynomials.
Our proof is more generalized and there is no need to convert the Bernstein poly-
nomial function vector to another basis like block pulse function or Legendre poly-
nomials. To the best of our knowledge, the method we consider provides a very
good approximation to the solution. By the use of these operational matrices, we
apply our scheme to a single fractional order differential equation with given
boundary conditions as

{D“y(t)+AD"y(t)+By(t) =f(), 1<a<2, O0<pu<l, 1)

y(0)=a, y(1)=b,

where f(¢) is the source term, A, B are any real numbers; then we extend our
method to solve a boundary value problem of coupled system of fractional order
differential equations of the form

D“x(t) + AlD”IX(t) + Blely(t) = Clx(t) + D1y<t) If(t), l<a<2, O0<pu,v1<1,
DPy(t) + AaD"x(t) + BoDy(t) + Cox(t) + Doy (t) = g(t), 1<p<2, 0<py,17<1,

y(0)=a, y(1) =b, y(0) =¢, y(1) =d,
(2)

where f (t),g(t) are source terms of the system, A;, B;, C;, D;(i = 1,2) are any real
constants. Also we compare our approximations to exact values and approximations
of other methods like Jacobi polynomial approximations and Haar wavelets
methods to evaluate the efficiency of the proposed method. We also provide some
examples for the illustration of our main results.

This chapter is designed in five sections. In the first section of the chapter, we
have cited some basic works related to the numerical and analytical solutions of
differential equations of arbitrary order by various methods. The necessary defini-
tions and results related to fractional calculus and Bernstein polynomials along with
the construction of some operational matrices are given in Section 2. In Section 3,
we have discussed the main theory for the numerical procedure. Section 4 contains
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some interesting practical examples and their images. Section 5 describes the
conclusion of the chapter.

2. Basic definitions and results

In this section, we recall some fundamental definitions and results from the
literature, which can be found in [10-16].

Definition 2.1. The fractional integral of order y € R of a function y € L*([0, 1], R)
is defined as

Ly = 175 | =y

Definition 2.2. The Caputo fractional order derivative of a function y on the interval
[0,1] is defined by

t

Dy y(t) = F(%—y) JO (t—7)"" Yy (e)dx,

where #n = [y] + 1 and [y] represents the integer part of y.
Lemma 2.1. The fractional differential equation of order y >0

D'y(t) =0,n —1<y<m,

has a unique solution of the form y(t) = dg + dit + dyt* + ... +d,_1t"", where
dp€Rand k =0,1,2,3,....,n — 1..
Lemma 2.2. The following result holds for fractional differential equations

I'D7y(t) = y(t) +do +c1t +dot> + ... +d, 1",

for arbitraryd, €R, k= 0,1,2, ...,n — 1.
Hence it follows that

I(k+1) tkﬂ/, 't = Mt’e” and D’ [constant] = O.

Dylk:r(k—yﬁtl) Te+y+1)

2.1 The Bernstein polynomials

The Bernstein polynomials B; () on [0, 1] can be defined as

Biw(t) = ( )ti(l —t)" " for i =0,1,2..m,
m | . . e . . .
where | | | = ﬁ , which on further simplification can be written in the
; il

most simplified form as

Bim(t) = ®(i,k,m)tk+i: 1=0,1,2...m, (3)
0

3
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where

oo (D))

Note that the sum of the Bernstein polynomials converges to 1.
Lemma 2.3. Convergence Analysis: Assume that the function g € C" 1[0, 1] that is
m + 1 times continuously differentiable function and let X = (Bo s, B1,m> - >Bm,m)- If

CT(x) is the best approximation of g out of X, then the error bound is presented as

\/— 2M 2m2+3

—CTy|, < I
lg b2 < o 2 vam 3

where M = maxxe[o,lﬂg(m“) (x)], S= max{1l—x0,x0}-
Proof. In view of Taylor polynomials, we have

(x —x0)2

— _ (1) ) W —20)
from which we know that
m—+1
N _ (m+1) (x - xo) .
lg —F(x)| =g (n)l—r(m 2 there exist 7€ (0,1).

Due the best approximation C"¥(x) of g, we have

lg — CT¥)|2< g — FII2

= 0(g(x) — F(x))’dx

2

dx

1

= [Ig(”‘“) ()

(x . xo)erl

I'(m+2)

0

M2 1
S 27J (x . x0)2m+2dx
r (Wl + 2) 0

21\4'282m+3
< .
T I (m+2)2m +3)

Hence we have

2m+3

V2MS ™2

L(m +2)/(2m +3)

Let H = L?[0, 1] be a Hilbert space, then the inner product can be defined as

lg — CTP(x)ll, <

[l

1

<f.g> = j0f<x>.g<x>dx

and
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Y = Span{BO,m,Bl,m: Bm,m}

is a finite dimensional and closed subspace. So if f € H is an arbitrary element
then its best approximation is unique in Y. This terminology can be achieved by
using y, € Y and for ally € Y, we have ||f — y,|l <||f — yll. Thus any function can be
approximated in terms of Bernstein polynomials as

f(t) = ZCiB(i,m): (4)

where coefficient ¢; can easily be calculated by multiplying (4) by
B(jm (), j=0,1,2,..mand integrating over [0, 1] by using inner product and

d; —jo (i) ) (2)dE, O fo (iym) €)B(jm) (t)dt, i,j = 0,1,2....m, we have

1
| F©B G 0 jzc, o (B O, = 0,1,2.0m,

1 m

which implies that J F(&)B(jm) (t)dt = Zc,-J By (t)-B(jm)()dt, j=0,1,2...m
0 0

=0

00,0 O - Gon o Bom
010 Oay - a0 Oam
which implies that [do d1 .... dn] =[co c1....Cm]
0000 Orn) = Oy o O
LOmo0) Omy) = Omy) - Omm) |
(5)
Let Xy =[do d1 ... dw], Cm =lco c1....c), where M = m + 1 where M is the
00,0 01 - Oorn o OBom]
01,0 Ou1 - Oan o Oam
scale level and @y = ' ' ' ' . ' , SO
0000 Oy = Opry o Opum)
_g(m,O) e(m,l) a(m,r) e(m,m)_

where ®,,, is called the dual matrix of the Bernstein polynomials. After
calculating ¢;, (4) can be written as

f(t) = CuBi,(t), Cu is coefficient matrix
where
Bum(t) = [B(om)>Bam)» - -+ Bongm)) - (7)

Lemma 2.4. Let BJ,(t) be the function vector defined in (3), then the fractional order
integration of B,(t) is given by
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T T
I“By(t) = Py, pmBu(2),
where Py, ,, is the fractional integration’s operational matrix defined as
_ -1
PX/[XM - PMXMq)MXM

and @, ,, is given in (3) and Py, is given by

Yo, Yoy 0 Yory 0 Yom]
Ya0 Yoy = Yan - Yam
IA);\I/IXM = : b
Yo P i) ¥ irm)
| Ym0 Pom) ¥ ) ¥ nm)
where
’””"]9 C(k+i+1)
- ke, Wy . . .
kﬂkol ™) fm(+7+k+l+a+nr@+z+a+n

Proof. Consider

3

Bim(t) = Oupmt""
0

B
|

taking fractional integration of both sides, we have

o Ik+i+a) .
I“Bim(t) = > O [0 = Z O Je,m) erita,
s I'(k+i+a+1)

bl

Now to approximate right-hand sides of above

e [(k+i+a) - ;
0 tk+z+a _ C(’)BT ¢
kzzo Gm Tl + i+ a+ 1) wBu(®)

where Cj(\i/l) can be approximated by using (3) as

CI(\Z/I) = Xl(\l/l) @XdlxM’

where entries of the vector Xl(\l/l) can be calculated in generalized form as

1 m—i
r'(k .
J Zelkm tiva) B ()t §=0,1,2....m

(8)

9)

(10)

(11)

(12)

(13)

(14)

0= Ik+i+a+1)
1 m—i m—j
() _ k+l+0‘ tita J+4j .
= Xy = Ofim) O mt T Tdt, §=0,1,2. ...
e ! I(k+i+a) 1

o) LGP e it a+1) (k+1+j+i+a+1)

il
o
~
o

j=0,1,2,..

..m

(15)
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evaluating this result for i = 0,1,2....m, we have

CI°Bou(t) ] [ X\ ®ptaBL(e) ]
1By (t) X 1(\}[) Dy By (t)
_ : (16)
_IaBm,m (t) - _XJ(\Zn)QIT/leMB],I\;[ (t)) -
turther writing
v m—i mj ) ) Ik +i+a) 1
ij = i legm) - il . ; ’
1= 2 2 Pk S T G 1) (k1) +i+a+ 1)
we get
I“Byy(t) =P X/Iqu)zT/leMB;/[(t)' (17)
Let us represent
PMxM‘DzT/leM = Py
thus
IBY;(¢) = Pign-Biy(¢): (18)
L]

Lemma 2.5. Let BL(t) be the function vector as defined in (3), then fractional ovder
derivative is defined as

DBy, (t) = Giy.p- By (t) (19)
where Gy, is the operational matrix of fractional order derivative given by
GK/IXM = GX/IXM(DIlexM’ (20)

where Opr, 15 the dual matrix given in (3) and

Yo, You = Yo = Fom
Ya0 Yoy - Yo - Yam
g | : : : : . on
Yooy Yo - Yo o Yom
Ym0 ¥imn) ¥ m,r) ¥ (m,m)
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where W ;) is defined for two different cases as
Casel: (i< [a])

e i 0, Ik+i—a) 1 (22)
k, 1, . —
PR (tf.m) ]m)F(k+z—a+1)(k+l+]+z—a—|—1)
CaseIl: (i > [a])
m—i Vﬂ*]‘ .
I'k+i—a) 1
Vi = Oiem) -0, - %7 . (23)
I L £ TETUI R i —a 1) (k+ 14 +i—at 1)
Proof. Consider the general element as
D°B;,,(t) = D” (Zal o) zkﬂ) = Z 0(i o)D" (24)
k=0

It is to be noted in the polynomial function B, ,, the power of the variable ¢’ is an
ascending order and the lowest power is %’ therefore the first [a — 1] terms becomes
zero when we take derivative of order a.

Case I (i < [a])By the use of definition of fractional derivative

" = Clk+i+1) 4.,
DBzm Z (i,k,m) k—|—l—(l—f—1)tk . (25)

Now approximating RHS of (25) as

m I(k+4i+1) via _ ol)gT
k;;] 9(1,k,m) F(k —l—l —a+ 1) tk - B ( ) (26)

turther implies that

| 1 m—i k . 1 .
ngf}:J Z%km Ll t+it1) B L ()dt, j=0,1,2....m

0 5] k+i—a+1)
m—i m—j .
() I'k+i+1) ]
:>X = 91' m 9 i,lom . " ; , 20,1,2._“
M b (i,k, )l:() (sl )F(k-l-l—a+1)(k-|—z-|-l-|—]—a-|-1) ] m
(27)
Case II: (i > [a]) if i <[a] then
m—i m—j .
() _ Lk +i+41) ‘
X Oiseim) 2 Otjilm) ~0,1,2...m.
M ; k. ZO: (jsds Ck+i—a+)(k+i+l+j—a+1)’ J m
(28)

After careful simplification, we get
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(DBon(®)] [ Xad adasBia(®) ]
D*Bim(?) X4 O3t Bl (¢)
= : : (29)
LD By ()] | X O3 Bl (2))
On further simplification, we have
m—i m—j .
Tk+i+1) 1 ,
Pij = Ofi em)-0(1, : - (i < [a])
J kz[a]; (ikm)-U(j M)F(k+l—a+1)(k+l+]—|—z—a+1)
m—i m—j .
I'(k 1 1
¥ij = Z O Jem)-0(j1.m) ( J.rl 1) —
== Ik+i—a+1)(k+1l+j+i—a+1)
we get DBy (t) = Gy, P B (0)-
(30)
Let
GMxM‘DK/leM = Ghrxm
SO
D*BL}(¢) = Gy B ()
which is the desired result. ]

Lemma 2.6. An operational matrix corresponding to the boundary condition by
taking B, (t) is function vector and K is coefficient vector by taking the approximation

A

u(t) = KB(t)

is given by
[ Q0,00 L0, Qo) Qo,m)
Qa0 Lu Q1) Q1,m)
b _ : : : : : : , (31)
MM Qo) Qa0 Qs o Q)
L Qin,0) Lim,1) Qi) Qinm) |
where

1
Qj = JOAi,m¢<t)Bj(t)dta i,j =0,1,2...m.

Proof. Let us take u(t) = KB(t), then
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[ ol{Bo(t) T
0[?31 (t)

o[*KB(t) = KoI’B(t) = K

L OI(me (t) i

Let us evaluate the general terms

1
I”B = — d.
0 aJ im (5)ds
. (32)
= e )¢k,
" Ta kz . J 0
Since by
1
([ (1 gias) <P
0
taking inverse Laplace of both sides, we get
! 1 b Tal(k+i+1)] Tal(k+i+1)
1 A 1‘ ki — L*l : —
J()( $)* s s { rk+ati } Tk+i+ta+tl)
now Eq. (32) implies that
iy C(k+i+1
olgBi (l’)dt = Z ®i,k,m ( et ) = Ai,m- (33)

ra Ck+it+atl)

Now using the approximation A;,,¢(t) = > 7" Ocl i(t) = C" B}, and using
Eq. (3) we get Cy; = K, @, 0Bas and using ¢; = Jo t)B;(t)

[ Domd(®) ] [ CuPrbnBu() |

Al,m¢(t) C}\4¢K41XMBIT4 (t)
d@)KIB(t) = K ' =K

L Am,m¢<t) _ L Cly\n/[q)IT/leMBIQ (t) . (34)
co of c; e | [ ParxmBu(®)
o ¢ cn | | PatcmBu ()

=K

o ¢ o

Lo of o] L PataBu(®) |

10
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On further simplification, we get

[ Q0,0 o1 = Lon o Lom ] [Bolt)]
Quo Lay = Qan = Qam || Bi)
SOKIBE) =K | s Sl (39)
Qroy ey - Loy - Qum) :
L Qn0) Lom) Q) Qipmy ] LBn(t) ]
So
b(1)oI5u(t) = KQul Bl (t),
and
1
QiJ:JOAi,mqﬁ(t)Bj(t)dt, ij=0,1,2....m. (36)
which is the required result. O

3. Applications of operational matrices

In this section, we are going to approximate a boundary value problem of
fractional order differential equation as well as a coupled system of fractional order
boundary value problem. The application of obtained operational matrices is shown
in the following procedure.

3.1 Fractional differential equations

Consider the following problem in generalized form of fractional order differ-
ential equation

D%(t) +AD"y(t) +By(t) =f(t), 1<a<2, 0<u<l,

37
subject to the boundary conditions y(0) =a, y(1) =b, (37)

where f(¢) is a source term; A, B are any real constants and y(¢) is an unknown
solution which we want to determine. To obtain a numerical solution of the above
problem in terms of Bernstein polynomials, we proceed as

Let D%(t) = KnBay(2). (38)
Applying fractional integral of order @ we have

y(t) = KmP3y, pBr () — co + et

using boundary conditions, we have

co=a, c1=b—a-— KMPK/IxMBIT/I(t)‘t:r

11
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Using the approximation and Lemma 2.2

1 Vo4 a,
a-+t(b—a) = FiBy(t),  tPapaBh(t)| = QiluBh(@).

Hence
y(t) = KuPy, By (t) +a +t(b — a) — tKnPiy, 1 Bhy (2)],
which gives y(t) = KuPy, Bl (t) + Fiy Biy(t) — Qiil By (®) (39)
= Kot (Pins — Qions ) BR () + o B ¢).

Now

D"y (t) = D* | Kt (Pirsaq — Qs ) Bia(8) + Fo By (¢)|

40
=Ky (PMXM QMXM) GhrnBu(®) + FI(\}I)G#MXMBITd(t) o
and
f() = Fyf Biy(o). (41)
Putting Egs. (38)-(41) in Eq. (37), we get
KnBly(¢) + ARt (Pigar — Qions ) Ghr.aa Bt () + AFSy Gl B (0 .

Bt (P — Qiflas ) Bir (1) + BES Bly(t) = Fi By ().
In simple form, we can write (42) as

KBy (¢) + ARna (Ppas — Qiioan ) GhtaaBir(€) + APy Gl ag B (0
+ BKut (Pl — Qs ) Bla(t) + BV BL(0) — FBL (1) =0 (43)

Kt + Kt (APyppyGhpns + BPhpaa ) + AFSy Gl + B — Fi7,

where
A A4 104 a’d)
PM><M - PM><M - QM><M‘

Eq. (43) is an algebraic equation of Lyapunov type, which can be easily solved
for the unknown coefficient vector Kj;. When we find Ky, then putting this in
Eq. (39), we get the required approximate solution of the problem.

3.2 Coupled system of boundary value problem of fractional order differential
equations

Consider a coupled system of a fractional order boundary value problem

D%x(t) + A1D"x(t) + BiD"y(t) + Cix(¢) + D1y (t) =f (), 1<a<2,0<pus,11 <1,
DPy(t) + AyD*2x(t) + BaD"y(t) + Cox(t) + Doy(t) = g(t), 1<f<2,0<py, 12 <1,
(44)

12
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subject to the boundary conditions

x(0)=a, x(1)=b y(0)=c, y(1)=d,

(45)

where A;, B;, C;, D;(i = 1,2) are any real constants, f (),g(t) are given source
terms. We approximate the solution of the above system in terms of Bernstein
polynomials such as

D% (t) = KmBL(t), DPy(t) = LuBi,(t)

x(t) = KmPyumBp(t) +co +eit,  y(t) = Lu (PﬁxlxMB;[(t) +do +dit

applying boundary conditions, we have
x(t) = Kn(Pyyp, pBag(t) + a +t(b — a) — tKyPyy, By (1) _y»

y(t) = K (Phy, 1Bl (2) + ¢ +t(d — ¢) — tKniPhy, 0B (t)

=1

let us approximate

a+t(b—a) = FLBL(t),c+t(d —c) = F3,BL(t)

i B )=t = Qg B (0)s PR Bl (1) = QihaeB ()

then
x(t) = KnPiy, By () + Fif Bl (£) — KnuQilh Bl (t)
9(t) = LuPly B (€) + Fi By () — LuQl Bl (¢)
Dax(t) = | KnaPiaBha(t) + Fi Biy(t) — KnQilas By ¢)
=Kum (on\t/fo M><M) Ghum + Fy )Gf\l/lfoBT (t)
D“y(t) = D* | LaaPyy,sBia(t) + Fiy By (1) — LuQapuBh (1)
LM( o = Qaias ) Glaa + Fi Ghar Bl 1)
D*x(t) = D | KPSy, By (£) + F\ BT (£) — KnyQo? BT (¢ )}
KM( MxM — M><M) Ghum + Fy )GK/ZIXMBT (t)
and

D*y(t) = D" | KnPhy, Bl (t) + Fig Biy(t) — Kna Qs By 0)

R v 2) v
=Lm <P1[i4><M - zﬁvlqiM> Gpxm + F1(v1) GI\EIXMB&(t)

f(&) =FPBy(t), g(t)=F"By().
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Thus system (44) implies that

KuB3y () + A (P — Qi ) Ghbas + ArFiy Gty By ¢)

+ BiLm (PIﬂVIxM M><M) G;/\}IXM + BlF( )G;/\}[XMBM( ) + ClI{MP;\X/IxMB;/I(t)
+ CiFyy Biy(t) — CiRu Qi B () + DiLaaPly, By (£) + D1Fyy By (¢)

— DiLmQy By () = FOBL ()

M xM
M><M> GﬁxM +A2F( )Gg/zfoBT( )

LuB3;(¢) + A2 (Ppns —
M><M> Gatoont + BoFy G By (£) + CoKnPy, 1By (2)

+ CoFyBL () — CoKnQi? iBYy (£) + DaLadPhy, 1iBiy(t) + DoF sy By ()

- D2LMQMxMBT( ) Ft* )BT( )
(46)

Rearranging the terms in the above system and using the following notation for

simplicity in Eq. (46)

M><M =B (P'IBWXM QMXM) G + D2

QM><M = A P MxM — M><M> GK/lIxM +Cq (PIO\(4><M - f\%iM)
A /j 141 >
Qumxm = Bl( MxM QMX >GM><M + Dl( MxM — ﬁdﬁM)
A AZ( MxM — M><M> GﬁxM + C2< e

)

— DyFY
Gy = AJF\) Gf\‘}fo + B,F) G,”éxM + CFY + D, FY — BV,

the above system (46) becomes

~a ~ B
KMBzT/I(t) + KMQMxMsz\;[(t) + LMQMXMBIT\;I(t) + FMBJ\T/I(t> =0

~a B
LMBITd(t) + I<MRM><MB;/I (t) + LMRMxMBJ\Td (t) + GMB]E(’/‘) =0

BL) 0 Qe 0 | [BL@®) 0
K LM][ +[Ky L] j [ ]
0 Byl®) o &Il o B
0 Ry |[Ble) 0 Bu(t) 0
+[Km  Lum] +[Fm  Gu] ]:0
Qv O 0 Byl 0 Byl

QZ/[XM fz;\l/IxM

(Kn Lu]+[Km Lul]| y +[Fy Gum]=0,
QM><M RM><M

(47)

which is an algebraic equation that can be easily solved by using Matlab
functional solver or Mathematica for unknown matrix [Ky; Lp]. Calculating the

coefficient matrix Ky, Ly and putting it in equations
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x(£) = KniPiy,aiBiy(t) + FAp BL (£) — KnQ 1B (2)

9(£) = LatPly, iBh () + Fiy Bhy(£) — LuQltl niBo (2),

we get the required approximate solution.

4. Applications of our method to some examples

Example 4.1. Consider
D%(t) +c1D*y(t) +coy(t) =f(t), 1<a<2 (48)

subject to the boundary conditions

Solution: We solve this problem under the following parameters sets defined as
Sl = {(l = 2,1/ = 1,6‘1 = 1,(32 = 1}, Sz = {a = 1.8,1/ = 0.8,61 = 10,6‘2 = 100},
S3 ={a=15v=0.5,c1 =1/10,c, = 1/100}, and select source term for Sy as

o) =1 — 1) +1°((72t — 168) + 126) — 30¢* +3:° (3t —2) (t — 1)°  (49)

_ 11147682583723703125¢% (175023 — 4200£> + 3255t — 806)

f>) 406548945561989414912
| 278692064593092578125¢ (52501° — 14350¢% + 12915¢ — 3813)

25002760152062349017088

+1002° (r — 1), (50)
) = 5081767996463981¢2 (134413 — 336012 + 2730t — 715)
A 264146673456906240
| 5081767996463981¢% (134413 — 3808t + 3570¢ — 1105) N 0 —1)°
22452467243837030400 100

(51)

The exact solution of the above problem is

y(t) =15t — 1%

We solve this problem with the proposed method under different sets of parameters as
defined in S1,S,, S3. The observation and simulation demonstrate that the solution
obtained with the proposed method is highly accurate. The comparison of exact solution
with approximate solution obtained using the parameters set Sy is displayed in Figure 1
subplot (a), while in Figure 1 subplot (b) we plot the absolute difference between the
exact and approximate solutions using different scale levels. One can easily observe that
the absolute error is much less than 10~ 2. The order of derivatives in this set is an integer.

By solving the problem under parameters set S, and S3, we observe the same
phenomena. The approximate solution matches very well with the exact solution. See
Figures 2 and 3 respectively.

Example 4.2. Consider

D%(t) —2D*?y(t) — 3y(t) = —4 cos (2t) — 7 sin (2¢) (52)
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x1073 (a) %1077 (b)

Figure 1.
(a) Comparison of exact and approximate solution of Example 4.1, under parameters set S,. (b) Absolute
ervor in the approximate solution of Example 4.1, under parameters set S,.

%107 (a) (b)

10—]1 - ' e |

& H

102

Figure 2.
(a) Comparison of exact and approximate solution of Example 4.1, under parameters set S,. (b) Absolute
ervor in the approximate solution of Example 4.1, under parameters set S,.

subject to the boundary conditions

y(0) =0, (1) = sin(2).

Solution: The exact solution of the above problem is y(t) = sin (2t), when a = 2.
However the exact solution at fractional order is not known. We use the well-known
property of FDEs that when a — 2, the approximate solution approaches the exact
solution for the evaluations of approximate solutions and check the accuracy by using
different scale levels. By increasing the scale level M, the accuracy is also increased. By the
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102
% . 107 J
10 M=5
10% M —M=6
ak —M=7
— M=% 10°¢
- M=8
45 F
- = :E’O" 1 M=9 3
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108k M=10 9
@ Ezxacty(t)
25 J
10°F
3k
.IO-‘IO =5 -
-35 + -
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0 02 04 06 08 1 0 0.2 04 0.6 0.8 1

Figure 3.
(a) Comparison of exact and approximate solution of Example 4.1, under parameters set S;. (b) Absolute
ervor in the approximate solution of Example 4.1, under parameters set S;.

proposed method, the graph of exact and approximate solutions for different values of M
and at a = 1.7 is shown in Figure 4. From the plot, we observe that the approximate
solution becomes equal to the exact solution at a = 2. We approximate the error of the
method at different scale levels and record that when scale level increases the absolute
ervor decreases as shown in Figure 4 subplot (b) and accuracy approaches 10°, which is
a highly acceptable figure. For convergence of our proposed method, we examined the

quantity fg Wexace — Yapprox At for different values of M and observed that the novm of error
decreases with a high speed with the increase of scale level M as shown in Figure 4b.

(@) (b)

09

08

0.7

0.6

> 05

04

03
M=3

0.2 M=4

0.1 —M=5

—M=6

Figure 4.
(a) Comparison of exact and approximate solution of Example 4.2. (b) Absolute error for different scale level
M of Example 4.2.
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Example 4.3. Consider the following coupled system of fractional differential
equations

D8x(t) + Dx(t) + 9D0'8y(t) +2x(t) —y(t) =f(¢)

D'%y(t) — 6D°%x(t) + Dy(t) — x(t) = g(0) &)

subject to the boundary conditions
x(0)=1, x(1)=2 and y(0)=2, y(1)=2.
Solution: The exact solution is
x(t)=1-1t), @) =t"(1—1).

We approximate the solution of this problem with this new method. The source
terms ave given by

4474 $ _
ft) =260 —1)—t*(t —1) +¢* (61— 5) — 2229536516744740625¢5 (10t — 7)

. 1008806316530991104
1337721910046844375¢5 (25t — 21)
1008806316530991104
(54)
11147682583723703125¢5 (15t — 13)
_ 43 —4) — S50+ .

g =Gt —4) - (=1 T 6557241057451442176

~ 89181460669789625¢* (25¢ — 16) (55)
144115188075855872 ‘
(a) (b)

0.07 T T T T T T T

M=3
el —M=4 1 oo - M =3 o
M =i
— M=8
® Exact =,
L xact @ 4 o007 | R
e ® Exacty

0.06
0.04 =1

0.05
0.03 o

0.04

0.03

001
0.02

0.01

-0.01 .

-0.02 1 L L 1 ( 1 L L
0 02 04 t 06 08 1 0 0.2 04 t 0.6 0.8 1

Figure 5.
Comparison of exact and approximate solution of Example 4.3 for different scale level M.
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In the given Figure 5, we have shown the comparison of exact x(t),y(t) and approx-
imate x(t),y(t) in subplot (a) and (b) respectively.

As expected, the method provides a very good approximation to the solution of the
problem. At first, we approximate the solutions of the problem at a = 2 because the exact
solution at a = 2is known. We observe that at very small scale levels, the method provides
a very good approximation to the solution. We approximate the absolute error by the
formula

Xerror = [Xexact — xappmxl-

and

Yerror = b}exact - approxl‘

We approximate the absolute ervor at different scale level of M, and observe that the

absolute ervor is much less than 1070 at scale level M = 7, see Figure 6. We also
approximate the solution at some fractional value of o and observe that as a — 2

the approximate solution approaches the exact solution, which guarantees the accuracy of
the solution at fractional value of a. Figure 6 shows this phenomenon. In Figure 6, the
subplot (a) represents the absolute ervor of x(t) and subplot (b) represents the absolute

error of y(t).
Example 4.4. Consider the following coupled system

D% (t) — x(t) + 3y(t) = £ (t)
(56)
D™%y(t) + 4x(r) — 2y(t) = g(t),

subject to the boundary conditions
x(0)=-1, x(1)=-1 and y(0)=-1, y(1)=-1

Solution: The exact solution for a = f =2 is

— M=3
M=4

c M=6
- M=7

1010
0

Figure 6.
Absolute error in approximate solutions at different scale level M = 3:7 for Example 4.3.
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x@t) =t —t*—1, and yit)=t*"-1 -2 (57)
The source terms ave given by

_ 445907303348948125¢>*(25t — 21)

34t 435 2,
f@) 3026418949592973312 A3
89181460669789625t>(5¢ — 4) 3 4 s
_ 4 5 9.
£() 14411518807585872 Fr6T -2 -2

Approximating the solution with the proposed method, we observe that our scheme gives
high accuracy of approximate solution. In Figure 7, we plot the exact solutions together
with the approximate solutions in Figure 7(a) and (b) for x(t) and y(t), vespectively. We
see from the subplots (a) and (b) that our approximations have close agreement to that of
exact solutions. This accuracy may be made better by increasing scale level. Further, one can
observe that absolute ervor is below 10~'° in Figure 8, which indicates better accuracy of
our proposed method for such types of practical problems of applied sciences.

(@) (b)

199 r

198

197

196

—M =3
s b |==M=T7

@ Exact x
194

<~/
193
091 L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 7.
Comparison of exact and approximate solution at scale level M = 3, 7 for Example 4.4.

(a) (b)

10710 L L L L 10710

Figure 8.
Absolute error for different scale level M = 3:7 for Example 4.4.
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0 0.2 04 ¢ 06 08 1 0 0.2 04 t 06 0.8 1

Figure 9.
(a) Comparison of exact and approximate solution at scale level M = 10,w = 3.5,a = 2,v = 1 for
Example 4.5. (b) Absolute error at M = 10.

) M a v I*app — Xex|| at BM [l*app — Xex|| at WM [l¢app — Xex|| at JM

0.5 10 2 1 7.000(—3) 2.966(—1) 1.500(—2)

15 15 16 09 6.091(—3) 4.918(-2) 1.623(—1)

2.0 20 18 08 1.237(-3) 2.108(-2) 2.723(-2)

35 25 19 07 1.008(—3) 5.795(—2) 1.813(-3)
Table 1.

Comparison of solution between Legendre wavelet method (LWM) [47], Jacobi polynomial method (JM) and
Bernstein polynomials method (BM) for Example 4.5.

In Figure 8, the subplot (a) represents absolute ervor for x(t) while subplot (b)
represents the same quantity for y(t). From the subplots, we see that maximum absolute
ervor for our proposed method for the given problem (4.4) is below 1070, This is very
small and justifies the efficiency of our constructed method.

Example 4.5. Consider the boundary value problem

D%(t) + (o)’ D*x(t) + x(t) = —wn(sin (wnt) + or)

x(0) =0, x(1)=-2. (58)

Taking a =2,v =1and o = 1,3,5, ..., the exact solution is given by

x(t) = cos (wnt) — 1.

We plot the comparison between exact and approximate solutions to the given exam-
ple at M = 10 and corresponding to w = 3.5, a = 2, f = 1. Further, we approximate the
solution through Legendre wavelet method (LWM) [47], Jacobi polynomial method
(JM) and Bernstein polynomials method (BM), as shown in Figure 9.

From Table 1, we see that Bernstein polynomials also provide excellent solutions
to fractional differential equations [48].

5. Conclusion and future work

The above analysis and discussion take us to the conclusion that the new method
is very efficient for the solution of boundary value problems as well as initial value
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problems including coupled systems of fractional differential equations. One can
easily extend the method for obtaining the solution of such types of problems with
other kinds of boundary and initial conditions. Bernstein polynomials also give best
approximate solutions to fractional order differential equations like Legendre
wavelet method (LWM), approximation by Jacobi polynomial method (JPM), etc.
The new operational matrices obtained in this method can easily be extended to
two-dimensional and higher dimensional cases, which will help in the solution of
fractional order partial differential equations. Also, we compare our result to that of
approximate methods for different scale levels. We observed that the proposed
method is also an accurate technique to handle numerical solutions.
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