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Chapter

Numerical Solutions to Some
Families of Fractional Order
Ditferential Equations by Laguerre
Polynomials

Adnan Khan, Kamal Shah and Danfeng Luo

Abstract

This article is devoted to compute numerical solutions of some classes and
families of fractional order differential equations (FODEs). For the required
numerical analysis, we utilize Laguerre polynomials and establish some operational
matrices regarding to fractional order derivatives and integrals without discretizing
the data. Further corresponding to boundary value problems (BVPs), we establish a
new operational matrix which is used to compute numerical solutions of boundary
value problems (BVPs) of FODEs. Based on these operational matrices (OMs), we
convert the proposed (FODEs) or their system to corresponding algebraic equation
of Sylvester type or system of Sylvester type. The resulting algebraic equations are
solved by MATLAB® using Gauss elimination method for the unknown coefficient
matrix. To demonstrate the suggested scheme for numerical solution, many suitable
examples are provided.

Keywords: FODEs, numerical solution, Laguerre polynomials, operational matrices

1. Introduction

The theory of integrals as well as derivatives of arbitrary order is known by the
special name “fractional calculus.” It has an old history just like classical calculus.
The chronicle of fractional calculus and encyclopedic book can be studied in [1, 2].
Researchers have now necessitated the use of fractional calculus due to its diverse
applications in different fields, specially in electrical networks, signal and image
processing and optics, etc. For conspicuous work on FODEs in the fields of dynam-
ical systems, electrochemistry, advanced techniques of microorganisms culturing,
weather forecasting, as well as statistics, we refer to peruse [3, 4]. Fractional deriv-
atives show valid results in most cases where ordinary derivatives do not. Also
annotating that fractional order derivatives as well as fractional integrals are global
operators, while ordinary derivatives are local operators. Fractional order derivative
provides greater degree of freedom. Therefore from different aspects, the aforesaid
areas were investigated. For instance, many researchers have provide understanding
to existence and uniqueness results about FODEs, for few results, we refer [5-7],
and many others have actualized the instinctive framework of fractional differential
equations in various problems [8-19] with many references included in them.
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Often it is very difficult to obtain the exact solution due to global nature of
fractional derivatives in differential equations. Contrarily approximate solutions are
obtained by numerical methods assorted in [20-22]. Various new numerical
methods have been developed, among them is one famous method called “spectral
method” which is used to solve problems in various realms [23]. In this method
operational matrices are obtained by using orthogonal polynomials [24]. Many
authors have successfully developed operational matrices by using Legender,
Jacobi, and various other polynomials [25, 26]. For delay differential and various
other related equations, Laguerre spectral methods have been used [27-32]. Bern-
stein polynomials and various classes of other polynomials were also used to obtain
operational matrices corresponding to fractional integrals and derivatives [33-40].
Apart from them, operational matrices were also developed with the collocation
method (see Refs. [41-43]). Since spectral methods are powerful tools to compute
numerical solutions of both ODEs and FODEs. Therefore, we bring out numerical
analysis via using Laguerre polynomials of some families and coupled systems of
FODEs under initial as well as boundary conditions. In this regard we investigate
the numerical solutions to the given families under initial conditions

{BDt”z(t) +z(t)=0, 0<y<1, 1)
z(0) =20, 20€ER,
and subject to boundary conditions
{thyz(t) +z(t) =0, 1<y <2, @)
z(0) =20,2(1) =21, 20,21 E€R.

By similar numerical techniques, we also investigate the numerical solutions to
the following systems with fractional order derivatives under initial and boundary
conditions as

{gD z(t) +az(t) + by(t) =f (),
oD y() +oy(t) +d=(t) = g(t), (3)
z(0) =20,9(0) =y,

for 0< y <1and

0D/ z(t)az(t) +by(t) =f(t),
oD/ y(t) +ey(t) +dz(t) =g(t), (4)
z(0) =20,9(0) =y5, 2(1) =21,5(1) =y,

for 1< y <2 wheref,g :[0,1] x R* — R and 2¢,,,21,; € R. We first obtain
OMs for fractional derivatives and integrals by using Laguerre polynomials. Also
corresponding to boundary conditions, we construct an operational matrix which is
needed in numerical analysis of BVPs. With the help of the OMs we convert the
considered problem of FODEs under initial/boundary conditions to Sylvester-type
algebraic equations. Solving the mentioned matrix equations by using MATLAB®,
we compute the numerical solutions of the considered problems.

2. Preliminaries

Here we recall some basic definition results that are needed in this work onward,
keeping in mind that throughout the paper we use fractional derivative in Caputo sense.
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Definition 1. The fractional integral of order y >0 of a functionz : (0, 0) — Ris
defined by

ol z(t) = Jt =(6) —-ds,

provided the integral converges at the right sides. Further a simple and impor-
tant property of oI/ is given by

FE+1) .

=117
T T TG+ +1)

Definition 2. Caputo fractional derivative is defined as
— 1 ' 1e(n)
D/ f(t) = J t—s)" T (s)ds,

where 7 is a positive integer with the property that# — 1< y <. For example, if
0 < y <1, then Caputo fractional derivative becomes

N aY4 _ 1 ' _s—}’—l/ss
DI = = | =97 7 G

Theorem 1. The FODE given by

thyf(t) =0
has a unique solution, such that
ft) =do+dit +dot* + ... +d, o™, n=1[y]+1

Lemma 1. Therefore in view of this result, if 2 € L"[0, T, then the unique
solution of nonhomogenous FODE

oD{f(t) =h(t), n—1<y <n
is written as
ft) =do +dit +dot* + ... +dy1t" ol h(2),

where d; fori = 0,1,2,3...n — 1 are real constants.
The above lemma is also stated as

Fey=olr () + 3 Ty

i=0

Definition 3. The famous Laguerre polynomials are represented by L/ (¢) and
defined as

i k .
Ly(t)zzr (-)T@E+ 7y +1)

£ Tk +1+ 7)0( —k+ )I(k+1)
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They are orthogonal on [0, o]. If L/ (¢) and Lj7 (t) are Laguerre polynomials, then
the orthogonality condition is given as

J L7 ()L @)W (t)dt = 5;;Uy,
0

where

W) =t'e™,
is the weight function and

1+ y +k) P
U= TA+k) > '/
0 i#].

Now let Z(¢) be any function, defined on the interval [0, co]. We express the
function in terms of Laguerre polynomials as

Z(t) = _Zn:ciLf (t).

=coL§ () +c1L] (¢) + ... +enLi(2)
L 0 ®

= [Co C1 .o CN]

L ()

n

We set the above two vectors into their inner product and represent the column
matrix by ¥(¢), so that

Again as

which is written as

zn: cirL[ (O)L] ()W (t)dt.

i=0 J0

We call /; to the general term of integration

JLZ(t)WV OL (0t =S s
i=0

0

Hence the coefficient ¢; is



Numerical Solutions to Some Families of Fractional Order Differential Equations by Laguerre...
DOI: http://dx.doi.org/10.5772/intechopen.9o 754

¢ = hliJOZ (OWT ()L} (t)dr.

In vector form we can write Eq. (5) as
Z(t) = chPum(t).

where M = m + 1, cp is the M terms coefficient vector and Wy (¢) is the M terms
function vector.

2.1 Representation of Laguerre polynomial with Caputo fractional order
derivative

If the Caputo fractional order derivative is applied to Laguerre polynomial, by
considering whole function constant except t*. We use the definition of Caputo
fractional order derivative for t* to obtain (6) as

d (=G + 7y +1)

oD/ L] (t) = ;(tk‘y)r(kJrlJr G —k+)I(1+k—7)

(6)

2.2 Error analysis

The proof of the following results can be found with details in [20].
Lemma 2. Let L/ (t) be given; then

WDIL)6)=0,  i=0,1,2[f ~1,7>0.

Theorem 2. For error analysis, we state the theorem such that, a be any integer
and 0 <s<a, and then

IPMaz — 2(2) 1AL, A <cM 7|2 (2)| A%, A, Vz(£)eA%(A),
where A? = { z/z is measurable on A and ||z]| A%, (A) < o } and

|Z|AZ(> (A) = ||alagz”wa+a,/\’

4 2
lzllAG, (A) = (Z |z|§1:;,(A)> :
k=0

Now let A = 0/0 < < oo with () be a weight function. Then
L;(A) = {k / k is measurable on A and |u|;2, A < co}.

with the following inner product and norm

(u,U)I,AZJAu(Q)U(Q)dQ, lollrs A = /(0] 5.

3. Operational matrices corresponding to fractional derivatives and
integrals

Here in this section, we provide the required OMs via Laguerre polynomials of
fractional derivatives and integrals.
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Lemma 3. Let Wj(¢) be a function vector; the fractional integral of order y for
the function Wj(t) can be generalized as

of{ Ym(t) = G, yPm(t),

where G, is the OM of integration of fractional order y and given by

14 Y 14 14 7
TOOkV _‘Olkr ~TO]k:r WOmkV
_‘{I,O,k,}" _‘{,i,k,r _‘{]kr _qlmkr
14 4 4 14 ’
7i,0,k,r 7i,1,k,r 71] k,r 7i,m,k,7‘
_7;/1,0,16,7 -‘7)};11“, _‘7];]]61’ ~-‘V};Mlnkr
where
ZZ (—)*" TG+ )G+ 7 + D0k + y +a+7r+1)
Tk = OVOF(]—V—I—l G—k+1)Ir+1)Ck+y +1)Ik+a+1)(y +7r+1)

Proof. We apply the fractional order integral of order y to the Laguerre
polynomials

cTrT VY _i F(i+7+1) Cy
ol L () = ;F(i —k+1(k+y + 1T (k + 1)01t . )

Since from (7), we have

Ik+1)
cry +v
ol Ir(1+4+k+a)
Therefore Eq. (7) implies that
BULZ(t)Zka” I'i+y+1) I'(k+1)

o Ii—k+1)k+y +1)Ik+1)T1+k+a)’

which is equal to

. Nk Fi+y+1) ,
ol Li (t) —;(_1) Ti—k+1Tk+ 7 +DI(1+k— y>tk+ . (8)

We approximate t*7 in (8) with Laguerre polynomials, i.e.

n
AR Z H;L! (t)
=0

By using the relation of orthogonality, we can find coefficients

zf: X FrG+1)C(k+a+r+y +1)

H;, = .
7 Frl+j—-rIrA+rC1+r+y)

r=
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So Eq. (8) implies

e Lk rG+y+1)
o L (t)_k:O( 1 Fi—k+1)Ik+y+1)I'1+k—7)

J . r(]+1) (k+a+r+y+1)
sz G—r+1I'(r+1)I(r+y +1).

OIyLzy()
i 2’: Jotr TG+DG+ 7y + )Tk +a+r+y +1) |
=0 =0 l—k—i—z) (]— 4 +1)F(7/ +1)F(k—|— V4 —i—l)F(k—i—oH—l)F(}/ —i—V—i—l)

which is the desired result.

Lemma 4. Let Wj(t) be a function vector; then the fractional derivative of order
y for Wp(t) is generalized as

oD P (t) » Wi, Pm (1),

where W/, _,, is the OM of derivative of order y, defined as in (9)

0 0 0 o -0 T
Y Y Y 14
Wy — 6[7]’0’k’a 6"7])1’]6’“ 6[7—‘]]6“ 6(71’71)]6’(1 (9)
Mo ®i}:O,k,a ®i]:1,k,(x ®ly] k,a ®i]:n,k,a ’
L ®£L/Oka G)Zzllka ®Z]ka ®1)1/,n,k,a
where
G)zy] kyr
ZZ (—)" ™G+ )i+ a+ 100k +a—r+y +1)
— =T —r+1 i—k+1)Cr+1)lk+a+1)T(k—y + )l (a+y +1)

Proof. Leaving the proof as it is very similar to the proof of the above lemma.
Lemma 5. We consider a function Z(¢) defined on [0, oo] and y(t) = KpPL,(t); then

Z(0)[ol/ ()] = KnuQupp ¥ma (),

where Q/, ., is the operational matrix, given b
MxM P g y

[Coo, Co1 -+ Coj - Com]
Cio Ci1 - Cij - Cyp
bl
Cz 0 Cz 1 Cz,] Cz m
L Cm 0 Cm 1 Cm,j Cm m




Nonlinear Systems - Theoretical Aspects and Recent Applications

where

1 1
Cij= —J A, pZ(t)L] (¢)dt,
o hi)o T /

with

i: (—1)"' TG +1+7)
Tlk+y +1I1—k+iC(k+y)

w; =

Proof. By considering the general term of W (t)

oI Li(t) = ﬁj (1= )7Ly (s)ds.

0
1 ()T +1+ )
ILi(t) = — )7t ds.
ofy Li(t) F(y)J Z (k+1+i)0(k+1+ 7)I(1+k) "
i ~1)' T +1+y) r 10k
I'Li(t) = ( 1—y5)7 ds.
ol Li(t) ZT(7)(—k + 11Tk +1+ 7)[(L+k) [T 6)ds
(10)
Using the famous Laplace transform, we have from (10)
O SOl
£(| @=s)" Ykds =L~ )
(a9 r(y +8)
L) = Z (-1)* TG +1+ 7) L(y)T(k+1)
N LT(y)0(—k+1+i)T(k+1+ y)L(1+k) L(y +k) °
d (-1 T +1+y) A
. = i,y k-
= T(—k+1+i)0(k+ 7y +1I(1+k) !
Now using Laguerre polynomials, we have
Ai,y,kz(t) = Z C,'J‘Li(t),
=0
where C;; is calculated by using orthogonality as
1 1
Gy = JOAi,y,kz(t)Ljy (t)dt. (1)

To get the desired result, we evaluate the above (11) relation fori = 0,1, ..., m
andj =0,1, ...,m

4. Main result

In this section, we discuss some cases of FODEs with initial condition as well as
boundary conditions. The approximate solution obtained through desired
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method is compared with the exact solution. Similarly we investigate numerical
solutions to various coupled systems under some initial conditions
as well as boundary conditions.

4.1 Treatment of FODEs under initial and boundary conditions

Here we discuss different cases.
Case 1. In the first case, we consider the fractional order differential equation

{ SD/z(t) £2(t) = 0, 0<y<1, (12)

z(0) = 2o, 20 ER

we see that

D} 2(t) = Earyr (1)
and applying oI/ by the Lemma 1, on (12) we write
z(t) = eo + of! [Eamypy(1)],

Using the initial condition to get eg = 2 and approximate zg as zo ~Fy wi,(¢),
Eq. (12) implies

En wig(t) + £ Gl wi(t) + Fa yy(£) = 0.
Finally the Sylvester-type algebraic equation is obtained as
Ev +Enm Gl W) + Fu = 0.

Solving the Sylvester matrix for Ly, we get the numerical value for z(t).
Example 1.
{“ODZz(t) +z()=0, 0<y<1,
z (O) =1, 20 €ER.

Since the exact solution is given by
z(t) = E, (7)),

where E, is the Mittag-Leffler representation, and at y =1, 2(t) =e".

Approximating the solution through the proposed method and plotting the exact
as well as numerical solution by using scale M = 8 corresponding to y = 11in
Figure 1, we see that the proposed method works very well.

Case 2.
{ oD/ z(t) +z(t) = 0, 1< y<L2, (13)
z(0) =20, 2(1) =21, 20, 21€R.
We take
¢D/z(t) = Knyiy(2). (14)
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h —— Numerical Solution at M = 8| | 5 ~— Absolute error at M =8

\ == Exact solution
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Figure 1.
Plots of both approximate and exact solution for the Example 1 for Case 1.

Applying Lemma 1 to Eq. (14), we get
2(t) = e +e1(t) ol Ky (t). (15)
Using the conditions by putting ¢ = 0 and t = 1 to get eg = 2o and
e1 =21 — 20 — Kmol{ W]Y\;[(t)/t:y
Equation (15) implies
2(t) = 2o + (21 — 20)t — thKnol wi(t)/,_q+ol! Kaqw iy (£),

where 2 + (21 — 20)t is the smooth function of # and constants; we approximate
it as

20 + (21 — 20)t X Gl (£)
and
tKmol{ wig (1) ¥ KnQpnna ()-
Hence
2(t) = Glpm¥m®) — KuQipa¥aa (t) + KnaGigpgwpa ()
So Eq. (13) implies
Ky (t) + Gl (t) — KnuQipnawiag (8) + KmGppwiag(t) = 0

which is further solved for Ky to get the required numerical solution.
For Case 2, we give the following example.

Example 2.
{thyz(t) +z(t) =0, 0<y <2, (16)
z(0) =-1, 2(1) =1.
At y =2, we get the exact solution as of (16) as given by (17)
z(t) = 114.58 sin (x) — cos (x) (17)

10
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Figure 2.
The plot of exact and approximate solution for Example 2 for Case 2.

Upon using the suggested method, we see from the subplot at the left of Figure 2
that exact and numerical solutions are very close to each other for very low scale
level. Also, the absolute error is given in subplot at the right of Figure 2.

4.2 Coupled systems of linear FODEs under initial and boundary conditions

In this subsection, we consider different forms of coupled systems of FODEs
with the initials as well as boundary conditions.
Case 1. First we take the coupled system of FODEs as

{BDZz(t) + az(t) + by(t) = (2 .
oD y(t) +cy(t) + da(t) = g(t),
with the conditions
2(0) = zo, (0) =9¢>%0,9, €ER. (19)
Let
oD} 2(t) = Earyy(t), D7 y(t) = Ky (o). (20)
Applying Lemma 1 to Eq. (20), we get
3(0) = ¢0 + EvGla s 0), on
y(t) = do + KnuGppw iy (t)-
Using the initial conditions given in Eq. (19), from Eq. (21), we get
2(t) = Fawig () + EmGilranvig ®), 2)
Y(8) = yo * Fxwig(t) + KmGipwin (0)-

We take approximation as

20~ F}Wl//;\;[(t),

and

11
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Yo~ Frwi (1),
while source functions are approximated as
ORI SHOR

and

() #Fy Py (2).

Therefore the consider system on using (19)-(22), (18) becomes

{ by, + “( W) + EMGl i (2))
+b(F 12\/1V/M (t) + Km GK/[xM‘//M( )=F 13\/[‘l/M (t).
{ Kuyiy + ¢ (Fiwis () + KmGip i (t))

+d (le\/[‘//M (£) + EmG iy (t) = Frwiy(t).

On further rearrangement we have

Eyv + a(Fy + Gl ) +b(Fa + KuGlag = Fay
Ku +c(Fry + KmGlpom) +d(Fy + EnuGlpon = Fare

which further can be written as

Ent (Insm + aGlppp) + K (bGlpap) + (aFyy + bFay — Fay) = 0
Kt (s + ¢Gipong) + Ena (dGlpng) + (cFoy + dFy — Fiy) = 0.

In matrix form we write as

Ivxm + aGip 0 0 dGyr,m

kv Ky
bGIJ\//IxM 0

[LM Ky

0 Intxmr + €Gipor
aFl, 4+ bFy, — F3, .
cF%, +dF}, — F% '

We solve this system of matrix equation for [Ey; Ky by using Gaussian’s elim-
ination method. The considered system is in the form of XA+XB+C=0,.

_ Intsxm + aGl 0
where X = [y Ky| A = [ MM MxM , ],
0 IMXM+CGMXM
_ 0 e _ | aF., +bF}, —F3
B, anac— |4

Upon computation of matrices £y, Ky by using MATLAB®, we put these
matrices in Eq. (22) to find 24y and y,,,,, respectively.

Example 3. We now provide its example by considering the system of FODEs:

0D z(t) +=2(t) +y(t) =f(t)
oD y(t) +y(t) +2(t) = g(t),
z(0) =2, y(0) =1

12
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By taking y =1, the exact solution is obtained as
z(t) = cos(t) +¢, y=sin(t)+e”,

where the external source functions are given by f () = cos (£) + e * + 2¢' and
g(t) =e " + sin(t) + 2 cos (t). The exact solution 2,7, can be computed by any
method of ODEs. Approximating the problem by the considered method, we see
that the computed numerical and exact solutions have close agreement at very
small-scale level. The corresponding accuracy has been recorded in Table 1. Further
the comparison between exact and numerical solution and the results about abso-
lute error have been demonstrated in Figures 3 and 4, respectively. In Figure 3
we are given the comparison between exact solution and approximate solutions
by using proposed method. Similarly the absolute errors have been described in
Figure 4.

By comparing the exact and numerical solution through the proposed method,
we observe that our numerical solution does not show any disagreement with the
exact solution as can be seen in Figure 3. The absolute errors ||z, — 2|l and
||yapp —9,. |l plotted at the scale M = 5 are very low as given in Figure 4, which

describes the efficiency of the proposed method.
Case 2. Similarly for the coupled system of FODEs with boundary conditions,
we consider

oD/ 2(t) + az(t) + by(t) =f(2),

oD y (1) + ey (t) +dz(t) = g(2), (23)
2(0) =20,9(0) = y9,2(1) = 21,9(1) = ;.

t CPU time (s)  Absolute error ||z, — 2|l  Absolute error y,p =yl CPU time (s)
0 30.5 0.00003 0.000006 32.5
0.15 32.7 0.000016 0.000034 333
0.35 35.8 0.000013 0.00003 339
0.65 33.6 0.000012 0.00003 35.6
0.87 34.8 0.000018 0.000036 36.5
1 359 0.00003 0.000006 36.8
Table 1.

Absolute error at M =5, y = 0.9, for different values of t in Example 3.

(a) (b)

e Numerieal Solution y at M =5
| == Exact solution y

= = Exact solution »

39} e Numerical solution z at M = 5‘

115
28+

26+

24+

105
22t

Figure 3.
Plots of exact and approximate solution of Example 3.

13
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— _ - :
=S = H
o 15 W H
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& & C
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2 -
. N
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Figure 4.

Plots of absolute error of Example 3.

Let us assume

5D/ 3(t) = BTy 1) s
0D/ y(t) = Ky (1)
Applying Lemma 1 to Eq. (24), we get
z(t) = eo +ex(t) + EmGLp 0 Par(t) (25)
y(t) = do +di(t) + KnGrfpyPar (£)s

where dy,d1, €9, e1 €R. Using the initial conditions in Eq. (25), we have ¢y = 2o,
do = y,. On using boundary conditions, we have from Eq. (25)

2(1) = 20 + e1 + EmGip ¥ (0)],_y»
Z(l) — 20 — LMGI}\//IXMTIP\F/I(ZL)Lzl = e1.

Similarly

y(1) =y +d1 + KuGyf ¥y (1),
y(1) —yy — I<MGIT/IJ;<M\PI’1\;I(t)‘t:1 = da.

Equation (25) implies that

{z(t) = 20 + £(21 — 20) — (LM Gy Prr()],_,) + LuGlpp Py (t) (26)
() =yy + t0’1 _)’0) (I<MGM><M (t)‘ ) +KMG1T4];MTT( t).
Let 20 + £(z1 — 20) ® F3, Y3 (t) and y, +t(y, —y,) # Frwi(t), with
buGy. eV (0 = Qi ¥ 0 -
tKmGafd®ar(6) = KmQi 2 i (0).-
Hence Eq. (26) implies
_ 1l @wT &4 T 7 T
z(t) = Fp¥p () — LmQuppt¥a (@) + LGy ¥ (1) (28)
y(t) = Fy ¥ (t) — KmQ2 Wi (6) + KnGhfl p Wiy (2).
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approximating f(¢) and g(¢) such that

{f(t)z%%(t) 29)

£(t) R Fy Py (1)

On using (24)-(29), system (23) can be written as

LWy (t) + a(Fa Wi (t) — LuQ i ¥a () + LGl ¥as(t))
+b (F ¥ (t) — KnQiran P () + KnaGipn ¥ (t)) — Fa ¥ () = 0
Kn¥y(t) + ¢ (F () — KnaQppns¥ar(8) + KnuGipn P (t))
+d (Fy ¥ () — Em QP (t) + EnGirn P (®)) — Fa¥u(®) = 0.

On rearrangement of terms, the above equations give
Em (IMXM —aQiy + aGI}\,/[xM) + Ky (IMXM - bQICI’Jx’M + bGI]‘//IxM)
+aFy, +bFy, — F3, =0
Kt (I = cQufons + €Giipna) + Em (It — AQ5 +dGiy )
+cF2 +dFy, — Fy = 0.

In matrix form, we can write

o 1 D
0 Imxm — €Qpfonm + €Gppom
0 Inxm — AQ[f5p +AGry
+LuKy] 7y v
Ivxm — bQpfpg + DGy 0

aFl, 4 bFy, — F3, .
cF%, +dF}, — F% '

We convert the system to algebraic equation by considering

T [ Invr — aQfin + aGipon 0
I 0 Inxmt — €Qfn + €Gin
T [ 0 Ivxm — dQjin + dGlrm
| Imsem = bQufon + P Gipm 0

and N =

aF}, 4 bFy, — F3,
cF%, +dF, —F&]'
so that the system is of the form
XL+XM+N =0,
and solving the given equation for the unknown matrix X = [Ly K|, we get the

required solution.

Example 4. As an example, we consider the Caputo fractional differential equa-
tion for the coupled system with the boundary conditions as

15
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6D/ z(t) +2=(t) —2(t) — f(t) = O,
6D y(t) — 3y(t) +2=(t) —g(t) = O,
z(0) =4 z(1) = -4,
y(0) =2, y(1)=-2

At y =2, the exact solutions are

2(t) =t + +t* — 3+t 41,
yt) =t/ -t +P +t* +3 -2 —t+ 1.

where the source functions are given by

ft) = —2t7 + 4¢% + 30t* + 16¢3 +12t> — 2t +2
g(t) = —3t7 +12¢° 4 3565 — 27t* — 1963 + 20t + 9t — 4.

We approximate the solution at the considered method by taking scale level
M = 5. One can see that numerical plot and exact solution plot coincide very well as
shown in Figure 5. Similarly the absolute error has been plotted at the given scale
M = 5in Figure 6, which is very low. The lowest value of absolute error |24y, — Zex|l
and |ly,,,, — ¥, indicates efficiency of the proposed method. The table shows the

(a) ‘ ‘ (b)

167 —— Numerical Solution y at M =5
== Exact solution y

26 —— Numerical Solution z at M = 5
== Exact solution M =5

08 09 1

0 0.1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07
t t
Figure 5.
Plots of exact and approximate solution for Case 4, boundary value problem.
210”0 (c) <1073 (d)
H - H H
10 E [' == Absolute error at M = 5|3) 915 ‘-- == Absolute error at M =5 H
: : :
H : 82 :
: : : :
: : :
gtm Hi 54 " H
. : : Ju
H o1 6 HEEA
=§ 6 H -“- . - ;: : . . i
: : . i
I s, R - B R St F o u
O L N T - P15 A R Y A T 5
I . N OIS R I - H " : PO
= - y . » ) . . 3-a = . K : . 2 EH
e - > . . . [ .. . 5 N . =
B - - - i H T ! v Yol i
2| is P s s o 20 i T L § P i
L1 = . & - uy " L CO - I
- . . . ny L C ’ . =
- - . -w - o 1 e e . . - t 4
: £ v H H = u i i H
ol ® . . [ ] 0 e E : L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
t t
Figure 6.

Plots of absolute ervor for Case 4, boundary value problem.
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t Absolute error ||z, — 2| CPU time (s)  Absolute error ||yapp — 94l CPU time (s)
0 0.011 49.4 0.010 50.0
0.15 0.0062 50.3 0.0052 52.5
0.35 0.0058 51.2 0.0047 54.6
0.65 0.006 51.5 0.005 55.5
0.85 0.0075 52.6 0.007 56.4
1 0.011 53.8 0.010 56.2
Table 2.

Absolute error at different values of t for Example 4.

comparison of errors for exact and approximate solutions for fixed scale level M = 5
and order y = 1.9. Further the absolute error has been recorded at different values
of space variable in Table 2 which provides the information about efficiency of the

proposed method.

5. Conclusion

We have successfully used the class of orthogonal polynomials of Laguerre
polynomials to establish a numerical method to compute the numerical solution of
FODEs and their coupled systems under some initial and boundary conditions. By
using these polynomials, we have obtained some operational matrices
corresponding to fractional order derivatives and integration. Also we have com-
puted a new matrix corresponding to boundary conditions for boundary value
problems of FODEs. Using the aforementioned matrices, we have converted the
considered problem of FODEs to Sylvester-type algebraic equations. To obtain the
numerical solution, we easily solved the desired algebraic equations by taking help
from MATLAB®. Corresponding to the established procedure, we have provided
numbers of examples to demonstrate our results. Also some error analyses have
been provided along with graphical representations. By increasing the scale level,
the accuracy is increased and vice versa. On the other hand, when the fractional
order is approaching to integer value, the solutions tend to the exact solutions of the
considered FODE. Therefore in each example, we have compared the exact and
approximate solution and found that both the solutions were in closure contact with
each other. Hence the established method can be very helpful in solving many
classes and systems of FODEs under both initial and boundary conditions. In future
the shifted Laguerre polynomials can be used to compute numerical solutions of
partial differential equations of fractional order.

Author contribution

All authors equally contributed this paper and approved the final version.

Competing interests

We declare that no competing interests exist regarding this manuscript.

17



Nonlinear Systems - Theoretical Aspects and Recent Applications

Author details
Adnan Khan?!, Kamal Shah®?* and Danfeng Luo®

1 Department of Mathematics, University of Malakand, Dir(L),
Khyber Pakhtunkhwa, Pakistan

2 Department of Mathematics and General Sciences, Prince Sultan University,
Riyadh, Saudi Arabia

3 Key Laboratory of Computing and Stochastic Mathematics (Ministry of
Education), School of Mathematics and Statistics, Hunan Normal University,

Changsha, Hunan, P.R. China

*Address all correspondence to: kamalshah408@gmail.com

IntechOpen

© 2020 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms
of the Creative Commons Attribution License (http://creativecommons.org/licenses/
by/3.0), which permits unrestricted use, distribution, and reproduction in any medium,

provided the original work is properly cited.

18



Numerical Solutions to Some Families of Fractional Order Differential Equations by Laguerre...

DOI: http://dx.doi.org/10.5772/intechopen.9o 754

References

[1] Butzer PL, Westphal U. An
Introduction to Fractional

Calculus. Singapore: World Scientific;
2000

[2] Samko SG, Kilbas AA, Marichev OI.
Fractional Integrals and Derivatives.
Switzerland: Gordon and Breach; 1993

[3] Scalas E, Raberto M, Mainardi F.
Fractional calculus and continous time
finance. Physica A: Statistical
Mechanics and its Applications. 2000;
284:376-384

[4] Hilfer R. Applications of Fractional
Calculus in Physics. Singapore: World
Scientific; 2000

[5] Amairi M, Aoun M, Najar S,
Abdelkrim MN. A constant enclosure
method for validating existence and
uniqueness of the solution of an initial
value problem for a fractional
differential equation. Applied
Mathematics and Computation. 2010;
217(5):2162-2168

[6] Deng J, Ma L. Existence and
uniqueness of solutions of initial value
problems for nonlinear fractional
differential equations. Applied
Mathematics Letters. 2000;23:676-680

[7] Girejko E, Mozyrska D, Wyrwas M.
A sufficient condition of viability for

fractional differential equations with the

Caputo derivative. Journal of
Mathematical Analysis and
Applications. 2011;38:146-154

[8] Baleanu D, Diethelm K, Scalas E,
Trujillo JJ. Fractional Calculus Models
and Numerical Methods. Singapore:
World Scientific; 2009

[9] Guy J. Modeling fractional stochastic
systems as non-random fractional
dynamics driven by Brownian motions.
Applied Mathematical Modelling. 2008;
32:836-859

19

[10] Sabatier JATM]J, Agrawal OP,
Machado JT. Advances in Fractional
Calculus. Dordrecht: Springer; 2007

[11] Kilbas AA, Srivastava HM,
Trujillo JJ. Theory and Applications of
Fractional Differential Equations.
Amsterdam: Elsevier; 2006

[12] Lakshmikantham I, Leela S. Theory
of Fractional Dynamical Systems.
Cambridge, UK: Cambridge Scientific
Publishing; 2009

[13] Li CP, Deng WH. Remarks on
fractional derivatives. Applied
Mathematics and Computation. 2007;
187:777-784

[14] Li CP, Dao XH, Guo P. Fractional
derivatives in complex planes.
Nonlinear Analysis: Theory Methods &
Applications. 2009;71:5-6

[15] Li C, Gong Z, Qian D, Chen Y. On
the bound of the Lyapunov exponents
for the fractional differential systems.

Chaos: An Interdisciplinary Journal of
Nonlinear Science. 2010;20(1):013127

[16] Oldham KB, Spanier J. The
Fractional Calculus. New York: Acad.
Press; 1974

[17] Ortigueira MD. Comments on
modeling fractional stochastic systems
as non-random fractional dynamics
driven Brownian motions. Applied
Mathematical Modelling. 2009;33:
2534-2537

[18] Qian DL, Li CP, Agarwal RP,

Wong PJY. Stability analysis of
fractional differential system with
Riemann-Liouville derivative.
Mathematical and Computer Modelling.
2010;52:862-874

[19] West BJ, Bologna M, Grigolini P.
Physics of Fractional Operators. New
York: Springer; 2003



Nonlinear Systems - Theoretical Aspects and Recent Applications

[20] Yang S, Xiao A, Su H. Convergence
of the variational iteration method for
solving multi-order fractional
differential equations. Computers &
Mathematics with Applications. 2010;
60:2871-2879

[21] Ray SS, Bera RK. Solution of an
extraordinary differential equation by
adomian decomposition method.
Journal of Applied Mathematics. 2004;
4:331338

[22] Hashim I, Abdulaziz O, Momani S.
Homotopy analysis method for
fractional IVPs. Communications in

Nonlinear Science and Numerical
Simulation. 2009;14:674-684

[23] Bengochea G. Operational solution
of fractional differential equations.
Applied Mathematics Letters. 2014;32:
48-52

[24] Khalil H, Khan RA. The use of Jacobi
polynomials in the numerical solution of
coupled system of fractional differential
equations. International Journal of
Computer Mathematics. 2015;92(7):
1452-1472

[25] Doha EH, Bhrawy AH, Ezz-Eldien
SS. Efficient Chebyshev spectral
methods for solving multi-term
fractional orders differential equations.
Applied Mathematical Modelling. 2011;
35:5662-5672

[26] Esmaeili S, Shamsi M, Luchko Y.
Numerical solution of fractional
differential equations with a
collocation method based on Muntz
polynomials. Computers &
Mathematics with Applications. 2011;
62:918-929

[27] Odibat Z, Momani S, Erturk VS.
Generalized differential transform
method an application to differential
equations of fractional order. Applied
Mathematics and Computation. 2008;

197:467-477

20

[28] Baleanu D, Mustafa OG,

Agarwal RP. An existence result for a
superlinear fractional differential
equation. Applied Mathematics Letters.
2010;23:1129-1132

[29] Baleanu D, Mustafa OG,

Agarwal RP. On the solution set for a
class of sequential fractional differential
equations. Journal of Physics A. 2010;
43:385-209

[30] Doha EH, Abd-Elhameed WM.
Efficient solutions of multidimensional
sixth-order boundary F value problems
using symmetric generalized Jacobi-
Galerkin method. Abstract and Applied
Analysis. 2012;2012:12

[31] Bhrawy AH, Al-Shomrani MM. A
Jacobi dual-Petrov Galerkin-Jacobi
collocation method for solving

Korteweg-de Vries equations. Abstract
and Applied Analysis. 2012;2012:14

[32] Singh AK, Singh VK, Singh VK. The
Bernstein operational matrix of
integration. Applied Mathematical
Sciences. 2009;3:2427-2436

[33] Bhrawy AH, Alofi AS, Ezz-Eldien
SS. A quadrature tau method for
fractional differential equations with

variable coefficients. Applied
Mathematics Letters. 2011;24:2146-2152

[34] Bhrawy AH, Mohammed MA. A
shifted Legendre spectral method for
fractional-order multi-point boundary

value problems. Advances in Difference
Equations. 2012;2012:8

[35] Khalil H, Khan RA. New operational
matrix of integration and coupled
system of Fredholm integral equations.
Chinese Journal of Mathematics. 2014;
16:12

[36] Khan RA, Khalil H. A new method
based on Legendre polynomials for
solution of system of fractional order
partial differential equations.



Numerical Solutions to Some Families of Fractional Order Differential Equations by Laguerre...
DOI: http://dx.doi.org/10.5772/intechopen.9o 754

International Journal of Computer
Mathematics. 2014;91(12):2554-2567

[37] Khalil H, Khan RA. A new method
based on Legendre polynomials for
solutions of the fractional two-
dimensional heat conduction equation.
Computers & Mathematics with
Applications. 2014;67:1938-1953

[38] Guo BY, Wang LL. Modified
Laguerre pseudospectral method refined
by multidomain Legendre
pseudospectral approximation. Journal
of Computational and Applied
Mathematics. 2006;190:304-324

[39] Gulsu M, Gurbuz B, Ozturk Y,
Sezer M. Laguerre polynomial approach
for solving linear delay difference
equations. Applied Mathematics and
Computation. 2011;217:6765-6776

[40] Bhrawy AH, Taha TM,
Machado JAT. A review of operational
matrices and spectral techniques for

fractional calculus. Nonlinear
Dynamics. 2015;81(3):1023-1052

[41] Diethelm K, Ford NJ. Numerical
solution of the Bagley Torvik equation.
BIT Numerical Mathematics. 2002;
42(1):490-500

[42] Akyuz-Dascioglu A, Isler N.
Bernstein collocation method for solving
nonlinear differential equations.
Mathematical and Computational
Applications. 2013;18:293-300

[43] Shah K. Using a numerical method
by omitting discretization of data to
study numerical solutions for boundary
value problems of fractional order
differential equations. Mathematical
Methods in the Applied Sciences. 2019;
42:6944-6959. DOI: 10.1002/mma.5800

21



