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Chapter

Thermal Stability Criteria of a
Generic Quantum Black Hole
Aloke Kumar Sinha

Abstract

Thermodynamics of black holes were studied by Hawking, Bekenstein et al.,
considering black holes as classical spacetimes possessing a singular region hidden
behind an event horizon. In this chapter, in contrast, we treat black hole from the
perspective of a generic theory of quantum gravity, using certain assumptions
which are consistent with loop quantum gravity (LQG). Using these assumptions
and basic tenets of equilibrium statistical mechanics, we have derived criteria for
thermal stability of black holes in any spacetime dimension with arbitrary number
of charges (‘hairs’), irrespective of whether classical or quantum. The derivation of
these thermal stability criteria makes no explicit use of classical spacetime geometry
at all. The only assumption is that the mass of the black hole is a function of its
horizon area and all the ‘hairs’ (i.e. charge, angular momentum, any other types of
hairs). We get a series of inequalities between derivatives of the mass function with
respect to the area and other ‘hairs’ as the thermal stability criteria. These criteria
are then tested in detail against various types of black holes in various dimensions.
This permits us to predict the region of the parameter space of a given black hole in
which it may be stable under Hawking radiation.

Keywords: black hole thermodynamics, thermal stability, saddle-point
approximation, quantum gravity, multicharged black hole
PAC numbers: 04.70.-s, 04.70.Dy

1. Introduction

Semiclassical analysis has made the claim that non-extremal, asymptotically flat
black holes are thermally unstable due to decay under Hawking radiation. Their
instability is allegedly due to negativity of their specific heat [1, 2], as deduced from
semiclassical mnemonics based on the classical metric. These black holes become
hotter and hotter as they lose mass. This is a complete thermal runaway process.
Note, however, that semiclassical analysis depends explicitly on the classical black
hole metric and, as such, is inherently a ‘case-by-case’ analysis. This limitation
implies that general results about thermal stability of black holes under Hawking
decay cannot be obtained from such an analysis. For some asymptotically flat
general relativistic black holes, semiclassical analysis has yielded the understanding
that their specific heat, defined semiclassically from their metric, is negative, and
hence the black holes must be thermally unstable under Hawking decay. However,
there is little to glean from this approach which holds in general.
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This interesting fact has motivated the study of thermal stability of black holes,
from a perspective that is inspired by a definite proposal for quantum spacetime
(like loop quantum gravity (LQG) [3, 4]) rather than on semiclassical assumptions.
In the vicinity of a black hole horizon, gravity is very strong. So, a nonperturbative
quantum theory of gravity is required to describe black holes from a quantum
perspective. LQG is one of the promising candidates having this feature. A consis-
tent understanding of the issue of quantum black hole entropy has been obtained
through LQG [5, 6], where not only has the Bekenstein-Hawking area law been
retrieved for macroscopic (astrophysical) black holes, but a whole slew of correc-
tions to it, due to quantum spacetime fluctuations that have been derived as well
[7, 8], with the leading correction being logarithmic in area with the coefficient
�3=2. LQG plays only a motivational role in our work. Many of the assumptions,
actually are made independently of LQG, are justified on the ground that LQG
might provide situations where these assumptions are valid.

The implications of this quantum perspective on the thermal stability of black
holes from decay due to Hawking radiation have therefore been an important aspect
of black hole thermodynamics beyond semiclassical analysis and also somewhat
beyond the strict equilibrium configurations that isolated horizons represent. Clas-
sically a black hole in general relativity is characterized by its mass (M), charge (Q)
and angular momentum (J). Intuitively, therefore, we expect that thermal behav-
iour of black holes will depend on all of these parameters. For a given classical
metric characterizing a black hole, the mass can be derived explicitly to be a
function of the charge and angular momentum. However, the quantum spacetime
perspective frees us from having to use classical formulae for this functional
dependence of the mass. Instead, the assumption is simply this: the mass is a
function of the horizon area, along with the charge and angular momentum.

The simplest case of vanishing charge and angular momentum has been investi-
gated longer than a decade ago [9–11]. The obtained condition for thermal stability
exactly matches with the condition, derived from semiclassical analysis. That con-
dition has been derived from positivity of specific heat. This exact matching hap-
pens as the black holes have neither rotation nor charge. We are going to establish in
this chapter that even if a black hole has at least one of those, the conditions for
thermal stability are more elaborate. This is already obvious when one considers
charged black holes ([12]). Therefore the conditions start to differ from classical
ones. This is due to the fact that black holes are treated quantum mechanically. The
earlier work has been generalized, via the idea of thermal holography ([13, 14]) and
the saddle-point approximation to evaluate the canonical partition function
corresponding to the horizon, retaining Gaussian thermal fluctuations. The conse-
quence is a general criterion of thermal stability as an inequality connecting area
derivatives of the mass and the microcanonical entropy. This inequality is nontrivial
when the microcanonical entropy has corrections (of a particular algebraic sign)
beyond the area law, as is the case for the loop quantum gravity calculation of the
microcanonical entropy [15]. The generalized stability criterion indeed ‘predicts’
the thermal instability of asymptotically flat Reissner-Nordstrom black holes
contrasted with the thermal stability of anti-de Sitter Reissner-Nordstrom black
holes (for a range of cosmological constants).

In this chapter, this approach is generalized to quantum black holes carrying
both charge and angular momentum. The inclusion of rotation poses challenges in
the LQG formulation [16–19] of isolated horizons. However, the general under-
standing of nonradiant rotating isolated horizons has parallels in these assays. We
do not review this body of work, but realize that the thermal stability behaviour of
rotating radiant black holes may be qualitatively different from that of the
nonrotating ones.
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We have calculated the partition function for rotating charged black hole.
Thereafter we have got several inequalities as criteria for thermal stability of such
black hole. We interpret these criteria and show how they are related to various
thermodynamical quantities. We also show how the stability criteria for
nonrotating and neutral black holes can be derived from these seven conditions in
appropriate limit.

Beyond the standard general relativity theory corresponding to 3þ 1ð Þ dimen-
sional spacetime, higher-dimensional theories of gravity are currently under exten-
sive scrutiny. Consequently black hole solutions are also being considered in those
theories [20]. Such black holes have additional charges (hairs) beyond the tradi-
tional hairs—electric charge and angular momentum1. A black hole can be
completely designated by its charge (Q), mass or area (A) and angular momentum
(J). Quantum mechanically, a black hole can have many extra hairs, i.e. many
charges, which contribute to its mass [22–28]. Higher-dimensional black holes too
have many new charges which contribute to its mass [29]. We also consider all such
hairs of black holes, together. We generalize the analysis of thermal stability of
3þ 1ð Þ dimensional charged rotating black holes, for black holes with arbitrary
number of hairs in any spacetime dimension. We find that the process of generali-
zation is reasonably straightforward, except for calculational complications.

2. Quantum algebra and black hole spectrum

Like for all quantum systems, an operator algebra of fundamental observables is
required to have a proper quantum description of black holes. Classically, generic
black holes are represented by four parameters M,Q, J,Að Þ, with three of them
being independent. So, this naturally raises the question of the choice of the triva-
lent subset of classical variables that are promoted to quantum operators. Hence
that three will be the fundamental observables of the quantum theory of black hole,
and the remaining variable would correspond to a secondary observable.

Now, it is not possible to have a rotating, charged black hole without any mass,
i.e. M ¼ 0 with Q, J 6¼ 0. In fact an uncharged, nonrotating black hole does have
mass, i.e. M 6¼ 0 with Q ¼ J ¼ 0. Therefore, charge and angular momentum are
additional structures that can be imposed on a black hole. Hence they are preferably
fundamental observables in a quantum theory of black hole.

We can choose any one between area (A) and mass (M) as the third fundamen-
tal observable. We choose area Að Þ as the third fundamental observable. So, mass
(M) becomes the secondary observable, i.e. M ¼ M A,Q, Jð Þ. So, the algebraic

approach of black hole quantization gives bQ,bJ, bA as quantum operators of funda-

mental observables and cM bHb

� �
as quantum operator of secondary observable. All

these correspond to the isolated horizon of a black hole.
It is physically obvious that both area and charge should be invariant under SO

(3) rotations and area should also be invariant under U(1) gauge transformation.
Now, angular momentum is the generator for rotation (SO 3ð Þ Group), and charge is
the generator of the U(1) global gauge group. These give

bA,bJ
h i

¼ bA, Q
h i

¼ bQ,bJ
h i

¼ 0 (1)

1
‘No hair’ theorem [21–29] for black holes states that black hole cannot have any hair classically
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Since cM bHb

� �
is a quantum operator of secondary observable (M A, J,Qð Þ),

Eq. (1) can be extended as

bA,bJ
h i

¼ bA, bQ
h i

¼ bA,cM
h i

¼ bQ,bJ
h i

¼ cM, bQ
h i

¼ bJ,cM
h i

¼ 0 (2)

Hence, bA,bJ, bQ can have simultaneous eigenstate. This implies the fact that a
black hole can have definite values of charge, area and angular momentum up to

thermodynamical and quantum fluctuation. In fact these eigenvalues of bA,bJ, bQ are
precisely the values that are used in the classical metric of a black hole to express
mass (M) as a function of them.

3. Thermal holography

Quantum black holes associated with an ambient thermal reservoir have been
considered in the past [9–11, 13, 30]. In this approach key results of LQG like the
discrete spectrum of the area operator [3, 4] have been used, and the main assump-
tion was that the thermal equilibrium configuration is indeed an isolated horizon
(IH) whose microcanonical entropy, including quantum spacetime fluctuations, has
already been computed via LQG. The idea was to study the interplay between
thermal and quantum fluctuations, and a criterion for thermal stability of such
horizons has been obtained [11, 13, 14], using a ‘thermal holographic’ description
involving a canonical ensemble and incorporating Gaussian thermal fluctuations.
The generalization to horizons carrying charge has also been attempted, using a
grand canonical ensemble, even though a somewhat ad hoc mass spectrum has been
assumed [10].

Here, we attempt to generalize the thermal holography for nonrotating electri-
cally charged quantum radiant horizons discussed in [12], to the situation when the
horizon has both charge and angular momentum, without any ad hoc assumptions
on the mass spectrum. Such a generalization completes the task set out in [9, 13] to
include charge and angular momentum simultaneously in consideration of thermal
stability of the horizon under Hawking radiation. A comparison with semiclassical
thermal stability analysis of black holes [31] is made wherever possible.

3.1 Mass associated with horizon

Black holes at equilibrium are represented by isolated horizons, which are inter-
nal boundaries of spacetime. Hamiltonian evolution of this spacetime gives the first
law associated with isolated horizon (b), assumed to be a null hypersurface with the
properties of a ‘one-way membrane’ [16, 32]. The law is given as

δEt
h ¼

κt

8π
δAh þΦ

tδQh þ Ω
tδJh (3)

where Et
h is the energy function associated with the horizon; κt, Φt and Ω

t are,
respectively, the surface gravity, electric potential and angular velocity of the hori-
zon; and Qh,Ah and Jh are, respectively, the charge, area and angular momentum of
the horizon. The label ‘t’ denotes the particular time evolution field (tμ) associated
with the spatial hypersurface chosen. κt, Φt and Ω

t are defined for this particular
choice of time evolution vector field tμ. The family of time evolution vector fields
tμ½ � satisfying such first laws on the horizon are the permissible time evolution
vector fields. These evolution vector fields also need to satisfy other boundary
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conditions. Each of these time evolution vector fields associates an energy function
with the horizon which is a function of area, charge and angular momentum, i.e. Et

h

is a function of Ah, Qh and Jh.
The advantage of the isolated (and also the radiant or dynamical) horizon

description is that one can associate with it a massMt
h, related to the ADM energy of

the spacetime through the relation

E t
ADM ¼ Mt

h þHt
rad (4)

where Ht
rad is the Hamiltonian associated with spacetime between the horizon

and asymptopia. It is the Hamiltonian of the covariant phase space, which is the
space of various classes of solutions of the Einstein equations admitting internal
boundaries. For stationary spacetimes the global time-like Killing field ξμð Þ is the
time evolution vector field. There is nothing between the internal boundary and

asymptopia for stationary spacetimes; hence Hξ

rad ¼ 0. Actually, Hξ

rad generates

evolution along ξμ. So, for the stationary black hole, Hξ

rad must vanish as a first-class

constraint on the phase space [16, 33]. This gives Mξ

h ¼ Eξ
ADM. This implies that for

stationary black hole spacetimes, the ADMmass equals the energy of the black hole.

Hence it is legitimate to identify Eξ

h with the horizon massMh in the stationary case.

The difference for an arbitrary nonstationary case is that Ht
rad 6¼ 0. Thus it can be

called as the mass associated with the isolated horizon. So, an isolated horizon does
not require stationarity, and therefore admits Ht

rad 6¼ 0, and hence admits a mass
defined locally on the horizon, since the theory is topological and insensitive to
small metric deformations.

Clearly, the horizon mass is not affected by boundary conditions at asymptopia.
It is defined locally on the horizon without knowing the asymptotic structure at all.
The asymptotic conditions only modify the energy associated with asymptopia and
the bulk equation of motion (Einstein equations) [16, 34]. This Hamiltonian frame-
work above is also applicable for both asymptotically flat and AdS spacetimes.

3.2 Quantum geometry

The boundary conditions of a classical spacetime with boundary determine the
boundary degrees of freedom and their dynamics. For a quantum spacetime, fluc-
tuations of the boundary degrees of freedom have a ‘life’ of their own [5, 6].
Therefore the Hilbert space of a quantum spacetime with boundary has the tensor
product structure H ¼ Hb ⊗Hv, where the subscript b vð Þ denotes the boundary
(bulk) component.

Thus, a generic quantum state (∣Ψi) can be expanded as

∣Ψi ¼
X

b, v

Cb,v∣χbi⊗ ∣ψvi (5)

where ∣χbi is the boundary part of the full quantum state and ∣ψvi denotes the
bulk component of the full quantum state.

The total Hamiltonian operator ( bH) acting on the generic state (∣Ψi) is given as

bH∣Ψi ¼ cHb ⊗ Iv þ Ib ⊗ cHv

� �
∣Ψi (6)

where, respectively, Ib Ivð Þ is the identity operator on Hb Hvð Þ and cHb
cHv

� �
is the

Hamiltonian operator on Hb Hvð Þ.
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In the presence of electric charge and rotation, ∣ψvi will be the composite bulk
state. Hence, these bulk states are annihilated by the full bulk Hamiltonian, i.e.

cHv∣ψvi ¼ 0 (7)

This is the quantum version of the classical Hamiltonian constraint [4].

The charge operator ( bQ) for a black hole is defined as

bQ ∣Ψi ¼ bQ b ⊗
bIv þ bIb ⊗ bQ v

� �
∣Ψi (8)

where, respectively, bQb and bQv are corresponding charge operators for the
boundary states (∣χbi) and the bulk states (∣ψvi).

Classically, the charge of a black hole is defined on the horizon, i.e. the internal
boundary of the spacetime (e.g. one can see how charge can be properly defined for
spacetimes admitting internal boundaries in Einstein-Maxwell or Einstein-Yang-
Mills theories in [32]). There is no charge associated with the bulk black hole
spacetime, i.e. Qv≈0, which is basically the Gauss law constraint for
electrodynamics. Hence, its quantum version is of the form:

bQ v∣ψvi ¼ 0 (9)

Like the charge operator, angular momentum operator (bJ) of a black hole can be
defined as

bJ∣Ψi ¼ bJb ⊗bIv þ bIb ⊗bJv
� �

∣Ψi (10)

where, respectively, bJb and bJv are corresponding angular momentum operators
for the boundary states (∣χbi) and the bulk states (∣ψvi).

A generic quantum bulk Hilbert space is invariant under local spacetime rota-
tions, as a part of local Lorentz invariance. Angular momentum is the generator of
spacetime rotation. Therefore it implies that bulk states are annihilated by angular
momentum operator, i.e.

bJv∣ψvi ¼ 0 (11)

Hence Eqs. (7), (9) and (11) together give

cHv � βΦcQv � βΩ bJv
h i

∣ψvi ¼ 0 (12)

where β,Φ and Ω can be any function. But we will see that those will correspond
to inverse temperature, electric potential and angular velocity, respectively, in
afterwards.

3.3 Grand canonical partition function

We now consider a grand canonical ensemble of quantum spacetimes with
horizons as boundaries, in contact with a heat bath, at some (inverse) temperature
β. We will assume that this grand canonical ensemble of massive rotating charged
black holes can exchange energy, angular momentum and charge with the heat
bath. Therefore the grand canonical partition function is then given as
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ZG ¼ Tr exp �β bH þ βΦ bQ þ βΩbJ
� �� �

(13)

over all states. bQ is the charge operator for the black hole and Φ is the

corresponding electrostatic potential. Similarly bJ is the angular momentum operator
for the black hole, and Ω is the corresponding angular velocity.

The above definition, together with Eqs. (5), (6), (8), (10) and (12), yields

ZG ¼
X

b, v

Cb,vj j2 ψvj⊗ χbjexp �β bH þ βΦ bQ þ βΩbJ
� �

jχb

D E
⊗ jψv

D E

¼
X

b, v

Cb,vj j2 ψvjexp �β bHv þ βΦ bQv þ βΩbJv
� �

jψv

D E
χbjexp �β bHb þ βΦ bQb þ βΩbJb

� �
jχb

D E

¼
X

b, v

Cb,vj j2 ψvjψvh i χbjexp �β bHb þ βΦ bQb þ βΩbJb
� �

jχb

D E

¼
X

b

X

v

Cb,vj j2 ψvjψvh i

 !
hχb∣expð�β bHb þ βΦ bQb þ βΩbJb∣χbi

¼
X

b

Cbj j2 χbjexp �β bHb þ βΦ bQb þ βΩbJb
� �

jχb

D E

(14)

assuming that the boundary states can be normalized through the squared normP
v cvbj j2 ψvjψvh i ¼ Cbj j2. This is analogous to the canonical ensemble scenario

described in [13].
The partition function thus turns out to be completely determined by the

boundary states (ZGb), i.e.

ZG ¼ ZGb ¼ Trbexp �βcHb þ βΦcQb þ βΩ bJb
� �

(15)

In LQG, quantum black holes are represented by spin network, collection of
graphs with links and vertices. For black holes with large area, the major contribu-
tion to the entropy comes from the lowermost spins. Hence, only spin 1=2 contri-
bution for all punctures is taken into account which yields A � N for a total of
N,N≫ 1 punctures on the horizon. This leads to the equispaced area spectrum as an
approximation. Of course the higher spins contribute, but their contribution is
exponentially suppressed.

So, spectrum of the boundary Hamiltonian is a function of the discrete area
spectrum. But the complete spectrum of the boundary Hamiltonian operator is still
unknown in LQG. So, we will assume that the spectrum of the boundary Hamilto-
nian operator is also a function of the discrete charge spectrum and the discrete
angular momentum spectrum associated with the horizon, respectively.2 Quantum
mechanically, the total charge of a black hole has to be proportional to some
fundamental charge, i.e. the black hole is made of such charge particle. Hence the
charge spectrum is taken to be equispaced due to quantization [17–19, 35, 36]. In
fact angular momentum spectrum can also be considered as equispaced in the
macroscopic spectrum limit of the black hole [37], in which we are ultimately
interested.

It has already been shown in Subsection (II) that area, charge and angular
momentum operators of a black hole commute among them. This implies that they

2 Actually this second assumption follows from the discussion in Subsection (III.A) [16, 32] for

spacetimes admitting weakly isolated horizons where there exists a mass function determined by the area

and charge associated with the horizon. This is an extension of that assumption to the quantum domain.
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are simultaneously diagonalizable. Therefore working in a basis in which area,
charge and angular momentum operators are simultaneously diagonal, the partition
function (15) can be written as

ZG ¼
X

k, l,m

g k, l,mð Þ exp �β E Ak,Q l, Jmð Þ �ΦQ l � ΩJmð Þð Þ (16)

where g k, l,mð Þ is the degeneracy corresponding to the area eigenvalue Ak, the
charge eigenvalue Q l and the angular momentum eigenvalue Jm. k, l,m are the
quantum numbers corresponding to eigenvalues of area, charge and angular
momentum, respectively. In the macroscopic spectra limit of quantum isolated
horizons, i.e. regime of the large area, charge and angular momentum eigenvalues
k≫ 1, l≫ 1,m≫ 1ð Þ, application of the Poisson resummation formula (9) gives

ZG ¼

ð
dxdydzg A xð Þ,Q yð Þ, J zð Þð Þexp �β E A xð Þ,Q yð Þ, J zð Þð Þ �ΦQ yð Þ �ΩJ zð Þð Þð Þ

(17)

where x, y, z are, respectively, the continuum limit of k, l,m, respectively.
Now, A, Q and J are, respectively, functions of x, y and z alone. Therefore

we have

dx ¼
dA

Ax
, dy ¼

dQ

Q y

, dz ¼
dJ

Jz

where Ax �
dA
dx and so on.

So, the partition function, in terms of area, charge and angular momentum as
free variables, can be written as follows:

ZG ¼

ð
dA dQ dJ exp S Að Þ � β E A,Q, Jð Þ �ΦQ � ΩJð Þ½ �, (18)

where, following [38], the microcanonical entropy of the horizon is defined by

expS Að Þ �
g A xð Þ,Q yð Þ, J zð Þð Þ

dA
dx

dQ
dy

dJ
dz

and is a function of horizon area (A) alone, as has been

established within LQG [5, 6, 15] .

4. Stability against Gaussian fluctuations

4.1 Saddle-point approximation

The equilibrium configuration of a black hole is given by the saddle point

(A,Q, J) in the three-dimensional space of integration over area, charge and angular
momentum. The idea now is to examine the grand canonical partition function for

fluctuations a ¼ A� A
� �

, q ¼ Q �Q
� �

, j ¼ J � J
� �

around the saddle point, in
order to determine the stability of the equilibrium isolated horizon under Hawking
radiation. We restrict our attention to Gaussian fluctuations, as per common prac-
tice in equilibrium statistical mechanics, with the motivation towards extremizing
the free energy for the most probable configuration. Taylor expanding Eq. (18)
about the saddle point yields
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ZG ¼ exp S A
� �

� βM A,Q, J
� �

þ βΦQ þ βΩJ
� �

�

ð
da dq dj expf�

β

2
½ MAA �

SAA
β

� 	
a2 þ MQQ

� �
q2 þ 2MAQ

� �
aq

þ MJJ

� �
j2 þ 2MAJ

� �
ajþ 2MQJ

� �
qj�g,

(19)

where M A,Q, J
� �

is the mass of equilibrium isolated horizon. Here

MAQ � ∂
2M

∂A∂Q





A,Q,Jð Þ

, etc.

We assume, just like in LQG, observables used here are self-adjoint operators
over the boundary Hilbert space, and hence their eigenvalues are real [3]. It
suffices therefore to restrict integrations over the spectra of these operators to the
real axes.

Now, in the saddle-point approximation, the coefficients of terms linear in a, q, j
vanish by definition of the saddle point. These imply that

β ¼
SA
MA

,Φ ¼ MQ ,Ω ¼ MJ (20)

Of course these derivatives are calculated at the saddle point.

4.2 Quantum correction of black hole entropy

Note that in the stability criteria derived in the last section, first- and second-
order derivatives of the microcanonical entropy of the horizon at equilibrium play a
crucial role, in making some of the criteria nontrivial. Thus, corrections to the
microcanonical entropy beyond the Bekenstein-Hawking area law, arising due to
quantum spacetime fluctuations, might play a role of some significance. It has been
shown that [15] the microcanonical entropy for macroscopic isolated horizons has
the form:

S ¼ SBH �
3

2
logSBH þO S�1

BH

� �
(21)

SBH ¼
A

4AP
,AP � Planck area,A � black hole area (22)

In Ref. [15] the above formula was derived for nonrotating, uncharged black
holes in (3 + 1) spacetime dimension. But it has already been shown that the above
formula equally holds in the case of black holes with charge [33]. Actually black hole
entropy depends on the degrees of freedom on its horizon. It is purely a geometrical
property of the isolated horizon. Adding charge to the black hole does not alter this
geometry at all. In fact it is also shown that results from analysis for isolated
horizons with charge is similar to that with angular momentum, except for certain
technical issues [33, 35, 39]. Therefore the above formula will be taken to be valid
for charged, rotating black holes as well.

4.3 Stability criteria

Convergence of the integral (19) implies that the Hessian matrix (H) has to be
positive definite, where
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H ¼

βMAA A,Q, J
� �

� SAA A
� �

βMAQ A,Q, J
� �

βMAJ A,Q, J
� �

:1in

βMAQ A,Q, J
� �

βMQQ A,Q, J
� �

βMJQ A,Q, J
� �

:1in

βMAJ A,Q, J
� �

βMJQ A,Q, J
� �

βMJJ A,Q, J
� �

0
BBBB@

1
CCCCA

(23)

The necessary and sufficient conditions for a real symmetric square matrix to be
positive definite are that determinants of all principal square submatrices and the
determinant of the full matrix are positive [40–42]. This condition leads to the
following ‘stability criteria:

MAA A,Q, J
� �

�
SAA A

� �

β
> 0 (24)

MQQ A,Q, J
� �

> 0 (25)

MJJ A,Q, J
� �

> 0 (26)

MQQ A,Q, J
� �

MJJ A,Q, J
� �

� MJQ A,Q, J
� �� �2

> 0 (27)

MJJ A,Q, J
� �

MAA A,Q, J
� �

�
SAA A

� �

β

 !
� MAJ A,Q, J

� �� �2
> 0 (28)

MQQ A,Q, J
� �

MAA A,Q, J
� �

�
SAA A

� �

β

 !
� MAQ A,Q, J

� �� �2
> 0 (29)

"
MAA A,Q, J

� �
�
SAA A

� �

β

 !
MQQ A,Q, J

� �
MJJ A,Q, J
� �

� MJQ A,Q , J
� �� �2� �

�MAQ A,Q, J
� �

MAQ A,Q , J
� �

MJJ A,Q, J
� �

�MJQ A,Q , J
� �

MAJ A,Q, J
� �� �

þMAJ A,Q, J
� �

MAQ A,Q, J
� �

MJQ A,Q , J
� �

�MQQ A,Q, J
� �

MAJ A,Q, J
� �� �

#
> 0

(30)

Of course, (inverse) temperature β is assumed to be positive for a stable
configuration.

Now, the temperature is defined as T � 1
β
¼ MA

SA
(from Eq. (20)).

Eqs. (21) and (22) together yield

SA ¼
1

4AP
�

3

2A
(31)

This is positive for macroscopic black holes (A > > AP). So, positivity of MA

implies the positivity of β for macroscopic black holes. The relation T ¼ MA

SA

implies that

dT

dA
¼

βMA

SAð Þ2
MAA �

SAA
β

� 	
(32)

So, the positivity of the quantity MAA � SAA
β

� �
, which is a stability criteria (24),

means the positivity of dT
dA. In words, a stable black hole becomes hotter as it grows
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in size. If this is violated, as, for example, in the case of the standard Schwarzschild
black hole ([9]), thermal instability is inevitable.

Eq. (20) implies that MQQ ¼ dΦ
dQ. So, positivity of MQQ is an artefact of the fact

that accumulation of charge increases the electric potential of the black hole. This is
a feature of a stable black hole (25).

Similarly, Eq. (20) shows that MJJ ¼
dΩ
dJ . So, positivity of MJJ implies that the

gathering of angular momentum helps the black hole to rotate faster. Hence this is
the case with stable black holes (26).

The convexity property of the entropy follows from the condition of conver-
gence of partition function under Gaussian fluctuations [9, 31, 38]. The thermal
stability is related to the convexity property of entropy. Hence, the above condi-
tions are correctly the conditions for thermal stability. For chargeless, nonrotating
horizons, Eq. (24) reproduces the thermal stability criterion and condition of posi-
tive specific heat (i.e. variation of black hole mass with temperature) given in
([13]), as expected. Actually for a chargeless, nonrotating black hole, both the mass
and the temperature are functions of the horizon area (A) only. So, the specific heat
(C) of the black hole is given as

C �
dM

dT
¼

SAð Þ2

βMAA � SAAð Þ
(33)

For charged, nonrotating black holes, Eqs. (24), (25) and (29) describe the
stability, in perfect agreement with [12], while (24), (26) and (28) describe the
thermal stability criteria for uncharged rotating radiant horizons. The new feature
for black holes with both charge and angular momentum is that not only does the
specific heat have to be positive for stability, but the charge and the angular
momentum play important roles as well.

5. Thermal stability of higher-dimensional black holes with arbitrary
hairs

5.1 Thermal holography

In this section, we present a generalization of thermal holography for rotating
electrically charged quantum radiant horizons discussed in [43], to the situation
when the horizon has arbitrary number of hairs [44]. This section of the chapter
will of course have substantial overlap with some of the appropriate previous
sections of this chapter, so for brevity we focus on the novel aspects here.

5.1.1 Mass associated with horizon

Isolated horizons (b) represent black holes at equilibrium. These isolated hori-
zons are the internal boundaries of spacetime. The first law associated with isolated
horizon (b) comes from the Hamiltonian evolution of this spacetime. The law is
given as

δEt
h ¼

κt

8π
δAh þ Pt

iδC
i
h (34)

Here, Einstein summation convention is used, i.e. summation over repeated
indices i from 1 to n (=total number of hairs) is implied. Et

h is the energy function
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associated with the horizon. κt and Pt
i are, respectively, the surface gravity associ-

ated with the area of horizon (Ah) and the potential corresponding to the charge

(hair) Ci
h. For example, if Ci

h is the angular momentum (Jh), then Pt
i will be the

angular velocity (Ωt). The label ‘t’ denotes the particular time evolution field (tμ)
associated with the spatial hypersurface chosen. Et

h is assumed here to be a function

of Ah and all Ci
h.

The advantage of the isolated (and also the radiant or dynamical) horizon
description is that one can associate with it a massMt

h, related to the ADM energy of
the spacetime through the relation

Et
ADM ¼ Mt

h þ Et
rad (35)

where Et
rad is the energy associated with spacetime between the horizon and

asymptopia. An isolated horizon admits Et
rad 6¼ 0, and hence a mass is defined locally

on the horizon.

5.1.2 Quantum algebra and quantum geometry

We consider a quantum black hole with n charges (hairs) C1, … ,Cn. These
charges are independent of each other. Therefore, respectively, the corresponding

operators cC1, … , cCn are also independent of each other, i.e.

cCi, cC j
h i

¼ 0, for i 6¼ j (36)

These charges are intrinsic to the black holes and independent of the horizon
area (A) of the black hole, if we choose the mass (M) of the black hole to be a
dependent variable which depends on the horizon area and the charges. This
implies

bA,cCi
h i

¼ 0, ∀i ¼ 1 1ð Þn (37)

where bA is the area operator of the black hole.
Choosing mass (M) to be the dependent variable implies that mass (M) is a

function of area (A) and all the charges (C1, … ,Cn), i.e.M ¼ M A,C1, … ,Cn
� �

. This
gives

cM,cCi
h i

¼ 0, cM, bA
h i

¼ 0 ∀i ¼ 1 1ð Þn (38)

where cM is the mass operator of the black hole. Eqs. (36)–(38) together imply
that a black hole with a given mass can simultaneously be an eigenstate of its area

operator ( bA) and all the charge operators (cC1, … , cCn). So, we can consider that a

black hole of given mass M has specified area A and specified charges C1, … ,Cn.
The Hilbert space of a generic quantum spacetime is given as H ¼ Hb ⊗Hv,

where b vð Þ denotes the boundary (bulk) space. A generic quantum state is thus
given as

∣Ψi ¼
X

b, v

Cb,v∣χbi⊗ ∣ψvi (39)
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Now, the full Hamiltonian operator ( bH), operating on H, is given by

bH∣Ψi ¼ cHb ⊗ Iv þ Ib ⊗ cHv

� �
∣Ψi (40)

where, respectively, Ib Ivð Þ is the identity operator on Hb Hvð Þ and cHb
cHv

� �
is the

Hamiltonian operator on Hb Hvð Þ.
Now, the bulk Hamiltonian operator annihilates bulk physical states:

cHv∣ψvi ¼ 0 (41)

The charge operators cCis are each an infinitesimal generator of a continuous

transformation on the bulk Hilbert space. For example, electric charge operator ( bQ)

is the generator of local U 1ð Þ transformation, and angular momentum operator (bJ)
is the generator of local spatial rotation. So, the assumption that bulk quantum
spacetime is invariant under all these transformations implies that bulk spacetime is
free of any charge (hair). This gives

cCi
v∣ψvi ¼ 0 (42)

where cCi
v is the bulk charge operator corresponding to the charge Ci.

So Eqs. (41) and (42) together produce

cHv � βPi
cCi
v

h i
∣ψvi ¼ 0: (43)

where β can be any function, but we treat it as inverse temperature of the black
hole afterwards.

5.2 Grand canonical partition function

We now consider the black hole with the contact of a heat bath, at some
(inverse) temperature β, with which it can exchange energy, charge, angular
momentum and all quantum hairs. The grand canonical partition function of the
black hole is given as

ZG ¼ Tr exp �β bH þ βPi
cCi

� �� �
(44)

where the trace is taken over all states. This definition, together with Eqs. (39)
and (43) yield

ZG ¼
X

b, v

Cb,vj j2 ψvjψvh i χbjexp �βcHb þ βPi
cCi

� �
jχb

D E

¼
X

b

Cbj j2 χbjexp �βcHb þ βPi
cCi

� �
jχb

D E
,

(45)

assuming that the boundary states are normalized. The partition function thus
turns out to be completely determined by the boundary states (ZGb), i.e.
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Z ¼ ZGb ¼ Trbexp �β bH þ βPi
cCi

� �

¼
X

l, k1, … , kn

g l, k1, … , knð Þ exp �β E Al,C
1
k1
, … ,Cn

kn

� �
�
Xn

i¼1

PiC
i
ki

 ! !
:

(46)

where g l, k1, … , knð Þ is the degeneracy corresponding to energy

E Al,C
1
k1
, … ,Cn

kn

� �
and l, ki are the quantum numbers corresponding to area and

charge Ci, respectively. Here, the spectrum of the boundary Hamiltonian operator is
assumed to be a function of area and all other charges of the boundary, considered
here to be the horizon. Following [12], it is further assumed that these ‘hairs’ have a
discrete spectrum. In the macroscopic limit of the black hole, they all have large
eigenvalues, i.e. (l, ki > > 1), so that application of the Poisson resummation for-
mula (9) gives

ZG ¼

ð
dx

Yn

i¼1

ð
dyiÞgðA xð Þ,C1 y1

� �
, … ,Cn yn

� �
 !

exp �β EðA xð Þ,C1 y1
� �

, … ,Cn yn
� �

Þ
�� �

�
Xn

i¼1

PiC
i yi
� �

!!
:

(47)

where x, yi are, respectively, the continuum limits of l, ki, respectively.
Following [12], we now assume that the macroscopic spectrum of the area and

all charges are linear in their arguments, so that a change of variables gives, with
constant Jacobian, the result

ZG ¼

ð
dA

Yn

i¼1

ð
dCi

 !
exp S Að Þð

�β E A,C1, … ,Cn
� �

� PiC
i

� ��
,

(48)

where, following [38], the microcanonical entropy of the horizon is defined by

expS Að Þ �
g A xð Þ,C y1

� �
, … ,C yn

� �� �

dA
dx

dC1

dy1
… dCn

dyn

(49)

5.3 Saddle-point approximation

The equilibrium configuration of black hole is given by the saddle point

(A,C
1
, ,C

n
) in the nþ 1ð Þ dimensional space of integration over area and n charges.

This configuration is identified with an isolated horizon, as already mentioned. The

idea now is to examine the grand canonical partition function for fluctuations a ¼

A� A
� �

and ci ¼ Ci � C
i

� �
around the saddle point, in order to determine the

stability of the equilibrium isolated horizon under Hawking radiation. We restrict
our attention to Gaussian fluctuations. Taylor expanding Eq. (48) about the saddle
point yields
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ZG ¼ exp S A
� �

� βM A,C
1
, … ,C

n
� �

þ βPiC
i

h i

�

ð
dA

Yn

i¼1

ð
dCi

 !
expf�

1

2
½ βMAA � SAAð Þa2 þ 2

Xn

i¼1

βMACiaci

þ
Xn

i¼1

Xn

j¼1

βMCiC jcic j�g,

(50)

where M A,C
1
, … ,C

n
� �

is the mass of equilibrium isolated horizon.

Here MACi � ∂
2M=∂A∂Ci




A,C

1
,… ,C

n
� �, etc.

Now, in the saddle-point approximation, the coefficients of terms linear in a, ci

vanish by definition of the saddle point. These imply that

β ¼
SA
MA

, Pi ¼ MCi (51)

Of course these are evaluated at the saddle point.

5.4 Stability criteria

Convergence of the integral (50) implies that the Hessian matrix (H) has to be
positive definite, where

H ¼

βMAA � SAA βMAC1 βMAC2 … … … βMACn

βMAC1 βMC1C1 βMC1C2 … … … βMC1Cn

βMAC2 βMC2C1 βMC2C2 … … … βMC2Cn

:… … :… … … … … … … :… …

βMACn βMCnC1 βMCnC2 … … … βMCnCn

0
BBBBBB@

1
CCCCCCA

(52)

Here, all the derivatives are calculated at the saddle point. Hence the stability
criteria, i.e. the criteria for positive definiteness of Hessian matrix, are given as

D1 > 0,D2 > 0, :… ,Dnþ1 > 0 (53)

where

D1 ¼ βMAA � SAA, D2 ¼
βMAA � SAA βMAC1

βMAC1 βMC1C1













,

D3 ¼

βMAA � SAA βMAC1 βMAC2

βMAC1 βMC1C1 βMC1C2

βMAC2 βMC2C1 βMC2C2




















, ::… ,Dnþ1 ¼ Hj j

(54)

where ∣H∣ ¼ determinant of the Hessian matrix H.
Of course, (inverse) temperature β is assumed to be positive for a stable config-

uration. We again find that temperature must increase with horizon area, inherent
in the positivity of the quantity (βMAA � SAA).
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The convexity property of the entropy follows from the condition of conver-
gence of partition function under Gaussian fluctuations [9, 31, 38]. The thermal
stability is related to the convexity property of entropy. Hence, the above condi-
tions are correctly the conditions for thermal stability. For rotating charged hori-
zons, Eqs. (53) and (54) reproduce the thermal stability criterion with n ¼ 2, i.e.

D1 > 0,D2 > 0,D3 > 0 with the identification that charge of the black hole (Q)=C1

and angular momentum of the black hole (J)=C2. It can be easily checked that these
three conditions correctly reproduce the earlier ([43]) seven conditions of thermal
stability of charged rotating black holes. Eqs. (53) and (54) necessarily tell us that
thermal stability of black hole is a consequence of the interplay among all the
charges of the black hole.

Now, we are going to show that Eqs. (53) and (54) correctly produce the criteria
of stability for charged rotating black holes (24)–(30), taking n ¼ 2.

Consider the following integral,

I ¼

ð ð ð
dxdydzexp � ax2 þ by2 þ cz2 þ 2dxyþ 2eyzþ 2fzx

� �� �

Define U � ax2 þ by2 þ cz2 þ 2dxyþ 2eyzþ 2fzx
� �

Now, we can rewrite the argument of the exponential (U) part as

U ¼ a xþ
d

a
yþ

f

a
z

� 	2

þ
ab� d2
� �

a
yþ

e� df=a

ab� d2
� �

=a
� � z

 !2

þ
ac� f 2

a
�

e� df=að Þ2

ab� d2
� �

=a
� �

 !
z2

(55)

Considering the notations, given in Eqs. (53) and (54), we can write

U ¼ D1 xþ
d

a
yþ

f

a
z

� 	2

þ
D2

D1
yþ

e� df=a

ab� d2
� �

=a
� � z

 !2

þ
D3

D2
z2 (56)

where

D1 ¼ a

D2 ¼ ab� d2� �

D3

D2
¼

abc� cd2 � bf2 � ae2 þ 2dfe
� �

ab� d2� �

¼
ac� f2

a
�

e� df=að Þ2

ab� d2� �
=a

� �

(57)

So, we have

I ¼

ð ð ð
dxdydzexp � D1 xþ

d

a
yþ

f

a
z

� 	2

þ
D2

D1
yþ

e� df=a

ab� d2
� �

=a
� � z

 !2

þ
D3

D2
z2

0
@

1
A

0
@

1
A

(58)
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Consider the following change of variables:

x

y

z

0
B@

1
CA ¼

1
d

a

f

a

0 1
e� df=a

ab� d2
� �

=a
� �

0 0 1

0
BBBBB@

1
CCCCCA

x

y

z

0
B@

1
CA (59)

Therefore Eqs. (58) and (59) together give

I ¼

ð ð ð
dxd ydz A � exp � D1x

2 þ
D2

D1
y2 þ

D3

D2
z2

� 	� 	
(60)

where A is the Jacobian of the transformation matrix, i.e.

A ¼

1
d

a

f

a

0 1
e� df=a

ab� d2
� �

=a
� �

0 0 1




























¼ 1

(61)

I ¼

ð ð ð
dxd ydz exp � D1x

2 þ
D2

D1
y2 þ

D3

D2
z2

� 	� 	
(62)

This expression explicitly shows that I will be converging if and only if
D1 > 0,D2 > 0,D3 > 0. This is what we have claimed in this section as the condition
for thermal stability of rotating charged black holes.

From the expression (57), we get:

1) If D1 > 0,D2 > 0, then b > 0.

2) If D1 > 0,D2 > 0,D3 > 0, then ac� f 2
� �

> 0. Consequently, c > 0.

3) The expression of D3 can be rearranged as

D3 ¼ abc� cd2 � bf 2 � ae2 þ 2dfe
� �

¼ ab2c� bcd2 � b2 f 2 � abe2 þ 2bdfe
� �

=b

¼ ab� d2
� �

bc� e2
� �

� bf � edð Þ2
� �

=b

(63)

So, the positivity of b, D2 ¼ ab� d2
� �

and D3 implies that bc� e2ð Þ > 0.

Therefore these conditions for thermal stability described by
D1 > 0,D2 > 0,D3 > 0 are same as those described by inequalities (24–30) for
rotating charged black holes.

For an n dimensional matrix, the total number of submatrices including the
whole matrix Nsð Þ is given as

Ns ¼ nC1 þ nC2 þ :… … þ nCn

¼ 2n � 1
(64)
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Now, any generic quadratic expression of n variables can be rearranged by
redefining variables as an quadratic expression without any cross term, i.e. of the

form
Pn

i¼1
aix

2
i .

Thus if we consider the positivity of determinants of the all submatrices of

Hessian (including itself), then we have to check 2nþ1 � 1
� �

conditions for testing

thermal stability of a black hole with n charges. On the other hand, if we follow the
different procedure set in this chapter, then nþ 1ð Þ conditions have to be checked

for testing thermal stability of a black hole with n charges. Obviously 2nþ1 � 1
� �

is

greater than nþ 1ð Þ for n≥ 1, i.e. black hole with at least one charge. But there are
certain advantages of checking these additional criteria, i.e. positivity of
submatrices of Hessian matrix. This is very useful for studying ‘Quasi Stable’ black
holes, especially for studying the fluctuations of charges for such black holes [45].
But this is beyond the scope of this chapter. In fact the issue of thermal fluctuations
for stable black holes is also interesting [46]. A stable black hole has to satisfy all the
stability criteria. So, a simple inequality, i.e. determinant of a submatrix of Hessian
matrix, may be negative. This can be easily checked, and the corresponding black
hole is concluded to be unstable under Hawking radiation.

6. Discussions

The novelty of our approach is that it is purely based on quantum aspects of
spacetime. Classical metric has not been used anywhere in the analysis. The con-
struction of the partition function is based on LQG, e.g. the use of Chern-Simons
states, the splitting up of the total Hilbert space, etc. and also on the Hamiltonian
formulation of spacetimes admitting weakly isolated horizons. The entropy correc-
tion also follows from the quantum theory.

In this analysis of thermal stability of black holes, two physically reasonable
assumptions are made. In classical Hamiltonian GR, total Hamiltonian vanishes. So,
it is considered that the total quantum Hamiltonian operator annihilates the bulk
states of quantum matter coupled spacetime. A similar argument follows for the
assumption of the quantum constraint on the volume charge operator. These two
assumptions may be considered to be one due to their fundamental similarity, and
they ultimately give rise to a single quantum constraint.

In Section (III.C), a second assumption is made regarding the eigenvalue spec-
trum of the energy of the black hole. The classical mass associated with the horizon
is a function of horizon area, charge and angular momentum. These horizon area,
charge and angular momentum are the functions of the local fields on the horizon.
So, quantization of the classical horizon area, charge and angular momentum will
definitely lead to a well-defined boundary Hamiltonian operator. The existence of a
quantum boundary Hamiltonian operator, acting on the boundary Hilbert space of
the black hole, is an assumption as the exact form of such a Hamiltonian operator is
still unknown. But the fact that its eigenvalue spectrum is a function of eigenvalue
spectra of the area, charge and angular momentum operators are an obvious
assumption, as it is bound to happen if such a boundary Hamiltonian operator
exists. It follows from the classical analogue—the mass associated with the horizon
must be a function of the horizon area, charge and angular momentum for a
consistent Hamiltonian evolution.

In this chapter, we have derived the criteria for thermal stability of charged
rotating black holes, for horizon areas that are largely relative to the Planck area (in
these dimensions). We also generalize it for black holes with arbitrary hairs in any
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spacetime dimension. Like earlier, results of LQG and equilibrium statistical
mechanics of the grand canonical ensemble are sufficient for our analysis. The only
assumption is that the mass of the black hole is a function of its horizon area and all
the hairs. The obtained stability criteria can be applied to check the thermal stability
of any black hole whose mass is given as function of its charges, and in fact this has
been done [43] for various black holes as well.
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