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1. Introduction 

The control problems for delayed systems have attention over the last few decades since the 
time-delay is frequently a source of instability and encountered in various engineering 
systems. Extensive research has already been done in the conventional control to find the 
solutions [1][2]. However, for fuzzy control systems, there are few studies on the 
stabilization problem for especially systems with time-delay[3][4]. A linear controller like 
PID controllers has a short time-delay in calculating the output since its algorithm is so 
simple. However, in the case of a complex algorithm like fuzzy or neural networks, a 
considerable time-delay can occur because so many calculations are needed to get the 
output. Nevertheless, the most conventional discrete time fuzzy controllers are the ideal 
controllers in which the time-delay is not considered. Recently, to deal with the time-delay, 
the design methods of the fuzzy control systems with higher order have been proposed in 
[5]. However the structure of the control system is very complex because the design of 
higher order fuzzy rule-base is highly difficult. 
In this chapter, the digital fuzzy control system considering a time delay is developed and 
its stability analysis and design method are proposed. We use the discrete Takagi-
Sugeno(TS) fuzzy model and parallel distributed compensation(PDC) conception for the 
controller[6-9]. And we follow the linear matrix inequality(LMI) approach to formulate and 
solve the problem of stabilization for the fuzzy controlled systems with time-delay. The 
analysis and the design of the discrete time fuzzy control systems by LMI theory are 
considered in [10-12].  
If the system has a considerable time-delay the analysis and the design of the controller are 
very difficult since the time-delay makes the output of the controller not synchronized with 
the sampling time. We propose the PDC-type fuzzy feedback controller whose output is 
delayed with unit sampling period and predicted using current states and the control input 
to the plant at previous sampling time. The analysis and the design of the controller are very 
easy because the output of the proposed controller is synchronized with the sampling time. 
Therefore, the proposed control system can be designed using the conventional methods for 
stabilizing the discrete time fuzzy systems and the feedback gains of the controller can be 
obtained using the concept of the LMI feasibility problem. 
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www.intechopen.com



 Fuzzy Systems 

 

70 

The proposed DFC is applied to backing up control of a computer-simulated truck-trailer 
with time-delay to verify the validity and the effectiveness of the control scheme. Note that 
the term “Digital fuzzy control system” is used to emphasize the proposed aspect 
corresponding to the existing “Discrete time fuzzy system”. 

2. Discrete TS model based fuzzy control 

In the discrete time TS fuzzy systems without control input, the dynamic properties of each 
subspace can be expressed as the following fuzzy IF-THEN rules[6]. 
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where [ ] nT

n kxkxkxk ℜ∈= )()()()( 21 Ax  denotes the state vector of the fuzzy 

system, r is the number of the IF-THEN rules, and Mij is fuzzy set. 
If the state x(k) is given, the output of the fuzzy system expressed as the fuzzy rules of Eq. 
(1) can be inferred as follows. 
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A sufficient condition for ensuring the stability of the fuzzy system(2) is given in Theorem 1. 
Theorem 1: The equilibrium point for the discrete time fuzzy system (2) is asymptotically 
stable in the large if there exists a common positive definite matrix P satisfying the following 
inequalities. 

 0PPGG <−i
T

i  , ri  , ,2 ,1 A=   (3) 

Proof: The proof can be given in [7]. 
In the discrete time fuzzy system with control input to the plant, the dynamic properties of 
each subspace can be expressed as the following fuzzy IF-THEN rules. 

 
)()()1( THEN           

 is )( and   is )( If  : Rule n11

kkk
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ii
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uBxAx +=+
A

    ri  , ,2 ,1 A=  (4) 

where  

[ ] nT

n kxkxkxk ℜ∈= )()()()( 21 Ax  denotes the state vector of the fuzzy system. 

[ ] mT

m kukukuk ℜ∈= )()()()( 21 Au  denotes the input of the fuzzy system. 

  r  is the number of the fuzzy IF-THEN rules, and ijM  is the fuzzy set. 
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If the set of ))(),(( kk ux  is given the output of the fuzzy system (4) can be obtained as 

follows. 
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In PDC, the fuzzy controller is designed distributively according to the corresponding rule 

of the plant[9]. Therefore, the PDC for the plant (4) can be expressed as follows. 
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The fuzzy controller output of Eq. (6) can be inferred as follows. 
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where )(kh j  is the same function in Eq. (5). 

Substituting Eq. (7) into Eq. (5) gives the following closed loop discrete time fuzzy system. 
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Defining jiiij FBAG −=  , the following equation is obtained. 
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Applying Theorem 1 to analyze the stability of the discrete time fuzzy system (9), the 
stability condition of Theorem 2 can be obtained. 
Theorem 2 : The equilibrium point of the closed loop discrete time fuzzy system (9) is 

asymptotically stable in the large if there exists a common positive definite matrix P which 

satisfies the following inequalities for all i and j except the set ),( ji  satisfying 

0)()( =⋅ khkh ji . 
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 0PPGG <− ii
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Proof : The proof can be given in [7]. 

If rBBBB ==== A21  in the plant (5) is satisfied, the closed loop system (8) can be 

obtained as follows. 
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where iii BFAG −=  

Hence, Theorem 1 can be applied to the stability analysis of the closed loop system (11). 

3. LMI approach for fuzzy system design 

To prove the stability of the discrete time fuzzy control system by Theorem 1 and Theorem 

2, the common positive definite matrix P must be solved. LMI theory can be applied to 
solving P [13]. LMI theory is one of the numerical optimization techniques. Many of the 
control problems can be transformed into LMI problems and the recently developed 
Interior-point method can be applied to solving numerically the optimal solution of these 
LMI problems[14]. 
Definition 1: Linear matrix inequility can be defined as follows. 

 ∑
=

>+=
m

i

iix
1

0)( 0FFxF   (12) 

where [ ]T
m
xxx A21=x  is the parameter, the symmetric matrices 

minnT

ii ,,0 , A=ℜ∈= ×
FF  are given, and the inequality symol “ 0> ” means that )(xF  is 

the positive definite matrix. 
LMI of Eq. (12) means the convex constraints for x. Convex constraint problems for the 
various x can be expressed as LMI of Eq. (12). LMI feasibility problem can be described as 
follows. 

LMI feasibility problem: The problem of finding feasp
x  which satisfies 0xF >)( feasp  or 

proving the unfeasibility in the case that LMI 0xF >)(  is given. 

And the stability condition of Theorem 1 can be transformed into the LMI feasibility 
problem as follows. 
LMI feasibility problem about the stability condition of Theorem 1 : The problem of finding 

P  which satisfies the LMI’s, 0P >  and 0PPGG <−i
T

i , ri  , ,2 ,1 A=  or proving the 

unfeasibility in the case that nn

i

×ℜ∈A , ri  , ,2 ,1 A=  are given. 

If the design object of a controller is to guarantee the stability of the closed loop system (5), 
the design of the PDC fuzzy controller(7) is equivalent to solving the following LMI 
feasibility problem using Schur complements[13]. 
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LMI feasibility problem equivalent to the PDC design problem (Case I) : The problem of 

finding 0X >  and rMMM ,,, 21 A  which satisfy the following inequalities. 
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where 
1−= PX , XFM 11 = , XFM 22 = , A, and XFM rr = . 

The feedback gain matrices rFFF ,,, 21 A  and the common positive definite matrix P  can be 

given by the LMI solutions, X  and rMMM ,,, 21 A , as follows. 

1−= XP , 
1

11

−= XMF , 
1

22
−= XMF , A, and 

1−= XMF rr  

If  rBBBB ==== A21  is satisfied, the design of the PDC fuzzy controller(7) is 

equivalent to solving the following LMI feasibility problem. 
LMI feasibility problem equivalent to the PDC design problem (Case II) : The problem of 

finding 0X >  and rMMM ,,, 21 A  which satisfy the following equations. 
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where 1−= PX , XFM 11 = , XFM 22 = , A, and XFM rr = . 

The feedback gain matrices rFFF ,,, 21 A  and the common positive definite matrix P  can be 

given by the LMI solutions, X  and rMMM ,,, 21 A , as follows. 

1−= XP , 1

11

−= XMF , 1
22

−= XMF , A, and 1−= XMF rr  

4. Digital fuzzy control system considering time-delay 

In a real control system, a considerable time-delay can occur due to a sensor and a 
controller. Let τ  be defined as the sum of all this time-delay. In the case of the real system, 

the ideal fuzzy controller of Eq. (6) can be described as follows due to the time-delay. 

                  
)()( THEN           

 is )( and   is )( If  : Rule n11

kTkT

MkTxMkTxj

j

jnj

xFu −=+ τ

A
   rj  , ,2 ,1 A=   (13) 

Because the time-delay makes the output of controller not synchronized with the sampling 
time, Theorem 1 can not be applied to this system. Therefore the analysis and the design of 
the controller are very difficult. In this chapter, DFC which has the following fuzzy rules is 
proposed to consider the time-delay of the fuzzy plant (4). 
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  The output of DFC (14) is inferred as follows. 
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The general timing diagram of fuzzy control loop is shown in Fig. 1. T is the sampling 

period of the control loop, vτ  and cτ are the delay made by sensor system and fuzzy 

controller respectively. Therefore the output of the controller is applied to the plant after 

overall dealy τ = vτ + cτ . 

S en so r S ys tem

D e lay  τv

C ontro ller

D e lay  τ c

C ontro l L oop

O v erall D elay

τ=τv+τ c

C ontro l L oop

S am pling  P e riod  T

T im e

(k+1)TkT

 

Fig. 1. Timing Diagram of the Fuzzy Control Loop 

The output timing of a ideal controller, a delayed controller, and the proposed controller is 

shown in the Fig. 2. In the ideal controller, it is assumed that there is no time-delay. If this 

controller is implemented in real systems the time-delay τ  is added like Eq. (13). The 

analysis and the design of this system with delayed controller are very difficult since the 

output of controller is not syncronized with the sampling time.  

On the other hand, the analysis and the design of the proposed controller are very easy 
because the controller output is syncronized with the sampling time delayed with unit 
sampling period. Using this proposed controller, we can realize a control algorithm during 

the time interval vT τ−  in Fig. 1. In this time interval, a complex algorithm such as not only 

fuzzy algorithm but also nonlinear control algorithm can be sufficiently realized in real time.  
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time

kT (k+1)TkT+τ

Time Delay τ

Sampling  Time T

Ideal Controller Delayed Controller Proposed Controller

 

Fig. 2. Output Timing of the Controllers (three cases) 

Combining the fuzzy plant (5) with the DFC (15), the closed loop system is given as follows. 
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Defining the new state vector as ⎥
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Hence, the stability condition of the closed loop system (17) becomes the same as the 
sufficient condition of Theorem 1 and the stability can be determined by solving LMI 
feasibility problem about the stability condition of Theorem 1. Also, the design problem of 
the DFC guaranteeing the stability of the closed loop system can be transformed into LMI 
feasibility problem. To do this, the design problem of the DFC is transformed into the 
design problem of the PDC fuzzy controller. 
PDC design problem equivalent to DFC design problem:  

The problem of designing the PDC fuzzy controller )( )()(
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Therefore, using the same notation in section 3, the design problem of the DFC can be 
equivalent to the following LMI feasibility problem. 
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LMI feasibility problem equivalent to DFC design problem: 

The problem of finding 0X >  and rMMM ,,, 21 A  which satisfy following equation. 

0
XMBXA

MBXAX
>

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
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ii
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ii }{

, ri  , ,2 ,1 A=  

where 1−= PX , XFM 11 = , XFM 22 = , A, and XFM rr =  

The feedback gain matrices rFFF ,,, 21 A  and the common positive definite matrix P  can be 

given by the LMI solutions, X and rMMM ,,, 21 A , as follows. 

 1−= XP , 1

11

−= XMF , 1

22

−= XMF , 1 , −= XMF rrA  (18) 

Therefore, the control gain matrices rr EEDD ,,,,, 11 AA  of the proposed DFC can be 

obtained from the feedback gain matrices rFFF ,,, 21 A . 

5. Backing up control of computer-simulated truck-trailer 

We have shown an analysis technique of the proposed DFC under the condition that time-
delay exists in section 4. Some papers have reported that backing up control of a computer-
simulated truck-trailer could be realized by fuzzy control[9][11][15][16]. However, these 
studies have not analyzed the time-delay effect to the control system. In this section, we 
apply the controller to backing up control of a truck-trailer system with time-delay. 

5.1 Models of a truck-trailer 

M. Tokunaga derived the following model about the truck-trailer system [16]. Fig. 3 shows 
the schematic diagram of this system. 
 

                             )](tan[/)()1( 00 kulvTkxkx +=+  
 

                             )()()( 201 kxkxkx −=  
 

                             )](sin[/)()1( 122 kxLvTkxkx +=+  

]2/)}()1(sin[{)](cos[)()1( 22133 kxkxkxvTkxkx +++=+  

 ]2/)}()1(cos[{)](cos[)()1( 22144 kxkxkxvTkxkx +++=+   (19) 

where 

  )(0 kx : The angle of the truck referenced to the desired trajectory 

  )(1 kx : The angle difference between the truck and the trailer 

  )(2 kx : The angle of the trailer referenced to the desired trajectory 

  )(3 kx : The vertical position of the trailer tail end 

  )(4 kx : The horizontal position of the trailer tail end 
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  )(ku : The steering angle of the truck 

  l : The length of the truck,   L : The length of the trailer 

  T : Sampling time,   v : The constant backward speed 
 

][ +u

][ −u

][ 0 +x

][ 2 +x
][ 1 +x

][ 3 +x

][ 3 −x

][ 0 −x

][ 2 −x

][ 1 −x

 3x

 4x

L l

Desired Trajectory 0

 

Fig. 3. Truck Trailer Model and Its Coordinate System 

K. Tanaka defined the state vector as [ ]Tkxkxkxk )()()()( 321=x  in the truck-trailer 

model (19) and expressed the plant as two following fuzzy rules[9]. 
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Fig. 4 shows the membership function of the premise part in the fuzzy system (20). 

1.0

0
π- (rad) π

)(
2

)( 12 kx
L

vT
kx +

M2 M1 M1 M2

 
Fig. 4. Membership function 

5.2 Discrete time fuzzy controller applied to the system with no time-delay 

In this subsection, backing up control of a truck-trailer is simulated by the conventional 
discrete time fuzzy controller under the assumption that no time-delay exists. 
To solve the backward parking problem of Eq. (20), the PDC fuzzy controller can be 
designed as follows.  
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Ricatti equation for linear discrete systems was used to determine these feedback gains. The 
detailed derivation of these feedback gains was given in [9]. 
Substituting Eq. (21) into Eq. (20) yields the following closed loop system due to 

21 BBB == . 
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Since there exists the common positive matrix P which satisfies the stability sufficient 

condition (3), the closed loop system is asymptotically stable in the large. That is, the 

backward parking can be accomplished for all initial contitions. 

Common positive definite matrix : 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−

−
=

5503.0038.3540.2

038.37.11061.92

540.261.929.113

P  

Two initial conditions used for the simulations of the truck-trailer system are given in Table 1. 
 

CASE )[deg]0(1x  )[deg]0(2x  ]m)[0(3x  

CASE I 0 0 20 

CASE II -90 135 -10 

Table 1: The initial conditions of the truck-trailer system 

Fig. 5(a) and (b) show the simulation results for CASE I and CASE II. As can be seen in these 
Figures, the backing up control for each initial condition is accomplished effectively. 

5.3 Discrete time fuzzy controller applied to the system with time-delay 

In many cases, vision sensor is generally needed to measure the state )(kx  of the truck-

trailer system[17]. The time-delay can be made by the vision sensor in the transferring of 
image and the image processing. Also, it can be made by the digital hardware in the 
calculation of the fuzzy algorithm and by the actutor in adjusting the steering angle. Let τ  

be defined as the sum of all this time-delay. In the case of the real system, the ideal fuzzy 
controller of Eq. (21) can be described as follows due to the time-delay. 
 

 
 

Fig. 5. (a). Simulation result for CASE I  

www.intechopen.com



 Fuzzy Systems 

 

80 

 

Fig. 5. (b). Simulation result for CASE II 

)()( THEN           

 is )( }2/{)( If  :1 Rule

1

112

kTkTu

MkTxLvTkTx
T
xF=+
⋅+

τ  

                        
)()( THEN           

 is )( }2/{)( If  :2 Rule

2

212

kTkTu

MkTxLvTkTx
T
xF=+
⋅+

τ   (23) 

The simulation is executed in the case that the time-dealy τ  is a half of the sampling time 
(τ =1 [sec]). Fig. 6 (a) and (b) show that the truck-trailer system is oscillating and the fuzzy 
controller can not accomplish the backing up control effectively. 

5.4 Proposed digital fuzzy controller applied to the system with time-delay 

In this subsection, we design the DFC considering time-delay. Following the design 
technique of DFC in section 4, we can construct the DFC for the backing up control problem 
as follows. 

)()()1( THEN           

 is )( }2/{)( If  :1 Rule

11

112

kkuku

MkxLvTkx

xED +=+

⋅+
 

              
)()()1( THEN           

 is )( }2/{)( If  :2 Rule

22

212

kkuku

MkxLvTkx

xED +=+

⋅+
  (24) 

Combining Eq. (20) with Eq. (24), the augmented closed loop system is given as follows. 

 ∑
=

=+
2

1

)()()1(
i

ii kkhk wGw   (25) 
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Fig. 6. (a). Simulation result for CASE I ( 1=τ ) 

 

Fig. 6. (b). Simulation result for CASE II ( 1=τ ) 

where ⎥
⎦

⎤
⎢
⎣

⎡
=

11

11
1

DE

BA
G , ⎥

⎦

⎤
⎢
⎣

⎡
=

22

22
2

DE

BA
G  

To obtain the control gain matrices 2121 ,,, EEDD  guaranteeing the stability of the closed 

loop system (25), we solve the LMI feasibility problem equivalent to DFC design problem as 
follows.  

The problem of finding 0X >  and 21 , MM  which satisfy the following inequalities:  
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where ⎥
⎦

⎤
⎢
⎣

⎡
=

00

BA
A

ii
i  and ⎥

⎦

⎤
⎢
⎣

⎡
=

I

0
B  , 2 ,1=i  

The matrices X and 21 , MM  in LMI’s are determined using a convex optimization 

technique offered by [18]. 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−
−−

−

=

6866.4423866.24329.537727.220

3866.24416.4898423.696565.1

4329.538423.694822.509680.61

727.2206565.19680.610056.157

X ,  

[ ]8356.58056.411521.433672.961 −−−=M , 

[ ]9842.223065.10021.663143.1162 −−−=M  

The feedback gains and a common positive definite matrix, P are determined by the 
relationship (18) as follows. 
 

1−= XP

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−−
−−

−−
−−

=

0165.00050.00350.00370.0

0050.00049.00198.00149.0

0350.00198.01373.01036.0

0370.00149.01036.00995.0

, 

   1

11

−= XMF [ ] [ ]5869.13020.06765.29047.3    11 −−=−= DE , 

   1

22

−= XMF [ ] [ ]6123.13102.01564.28624.3   22 −−=−= DE  

Therefore, the closed loop system is asymptotically stable in the large and the control gain 
matrices are given as follows by PDC design problem equivalent to DFC design problem. 

5869.11 −=D , 6123.12 −=D ,  

   [ ]3020.06765.29047.31 −=E , [ ]3102.01564.28624.32 −=E  

Fig. 7 (a) and (b) show the simulation results of the designed DFC. As can be seen in these 

figures, the backward parking is accomplished successfully for CASE I and CASE II 

although the considerable time-delay( 1=τ [sec]) exists. 

6. Conclusions 

In this chapter, we have developed a DFC framework for a class of systems with time-delay. 
Because the proposed controller was syncronized with the sampling time delayed with unit 
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Fig. 7. (a). Simulation result by DFC for CASE I 

 

Fig. 7. (b). Simulation result by DFC for CASE II   

sampling period and predicted, the analysis and the design problem considering time-delay 
could be very easy. Convex optimization technique based on LMI has been utilized to solve 
the problem of finding stable feedback gains and a common Lyapunov function. Therefore 
the stability of the system was guaranteed in the existence of time-delay and the real-time 
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control processing could be possible. To show the effectiveness and feasibility of the 
proposed controller we have developed a digital fuzzy control system for backing up a 
computer-simulated truck-trailer with time-delay. Through the simulations, we have shown 
that the proposed DFC could achieve backing up control of a truck-trailer successfully 
although a considerable time-delay existed. 
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