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Chapter

Fixed Point Theorems of a New
Generalized Nonexpansive
Mapping

Shi Jie

Abstract

This paper introduces a T' — (D, ) mapping that is weaker than the nonexpansive
mapping. It introduces several iterations for the fixed point of the T — (D,) map-
ping. It gives fixed point theorems and convergence theorems for the T — (D,)
mapping in Banach space, instead of uniformly convex Banach space. This paper
gives some basic properties on the T — (D, ) mapping and gives the example to show
the existence of T — (D, ) mapping. The results of this paper are obtained in general
Banach spaces. It considers some sufficient conditions for convergence of fixed
points of mappings in general Banach spaces under higher iterations.

Keywords: iteration, convergence theorems, nonexpansive mapping, fixed point
2010 MSC: 47H09, 47H10

1. Introduction

In this paper, E is a Banach space, C is a nonempty closed convex subset of E,
and Fix(T) =xe€C: Tx = x.
Definition 1. T is contraction mapping if there is 7 €[0, 1)

ITx — Ty|| < r|lx —yl|| forallx yeC.
Definition 2. T is nonexpansive mapping if
ITx — Tyl < |lx —y|| forallx yeC.

Definition 3. T is quasinonexpansive mapping if
|Tx — Ty|| < |lx —y|| forallxeC,y e F(T).

Definition4. T:C — Cisa T — (D,) mapping on a subset C, if there is
a€e (%,1), ITx — Ty|| < |lx —yl|l forallae|a,1],x€C,y e C(T,x,a), where
C(T,x,a) ={yeCly=1—-a)p+alp,peC,|Tp —pll < ITx —x||}.

In 2008 Suzuki [1] defined a mapping T in Banach space: % ITx — Ty|| < |lx —yll
implies || Tx — Ty|| < |lx — y||. And T is said to satisfy condition (C). Suzuki [1]
showed that the mapping satisfying condition (C) is weaker than nonexpansive
mapping and stronger than quasinonexpansive mapping.
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Functional Calculus

Suzuki [1] proved the theorem T is a mapping in Banach space, T satisfies
condition (C), and {x,} is the sequence defined by the iteration process:

{x1=xeC, D

Xn+1 = (1 - an)xn + a, Txy,

then {x,} converges to a fixed point of T.

Suzuki [1] gave this convergence theorem in an ordinary Banach space, and the
mapping satisfying condition (C) is weaker than nonexpansive mapping.

In 2016, Thakur [2] proved the theorem T is a mapping in uniformly convex
Banach space, T satisfies condition (C), and {x, } is the sequence defined by
iteration process:

(x1 =x€C,
Xnt1 = Tyn:

(2)
In = TZ”’

(2, = (1 — a)xy + a, Ty,

then {x,} converges to a fixed point of T.

Thakur [2] claimed that the rate of iteration is fastest of known iterations.
However, the disadvantage is that their results must be in uniformly convex Banach
space, instead of the ordinary Banach space.

The aim of this article is there exists a generalized nonexpansive mapping, which
makes the sequence generated by Thakur’ iteration converge to a fixed point in a
general Banach space.

The following propositions are obvious:

Proposition 1. If T is nonexpansive, then T satisfies condition (D,).

Proposition 2. If T is T — (D,) mapping, then T is quasinonexpansive.

Proposition 3. Suppose T : C — Cisa T — (D,) mapping. Then, for x,y € C:

(1) |IT?*x — Tx|| < ||Tx — x|| forallx € C.
@) 7% — Tyll < | Tx — yll or | T% — x|l < Ty — x|l for allx,y € C.

Proof:
(1) Since [|Tx — x|| < ||Tx — x|, Tx € C(T,x,1), we have || T?x — Tx|| < || Tx — x||.
(2) Forallx,yeC, || Tx — x| < [Ty —y|l or [Ty —y|l < [|Tx — x]||.

Then Tx e C(T,y,a) or Ty e C(T, x, ).
It follows that || T%x — Ty|| < ||Tx — y|| or ||T2y —Tx|| < Ty — x|l

Example 1
1.1 %)
) X1 = 3:
X3 X4

0 X?
B X1 % 39
L X3 X4

X1 X2
x = ( ),x1 €[0,3],x,€[0,0.01], x3€[0,0.01], x4 € [0, 0.01].
X3 X4

Tx =

where
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llxlly = max{fxcs| + a3, ea| + |eal}

Set
(o o)
x:
0 0
and
_(2.5 O>
Y=o o
We see that

ITx = Tylly = 11> lx = yll;-

Hence, T' is not a nonexpansive mapping.
To verify that T'isa T — (D,) mapping, consider the following cases:
Case 1:

then y, # 3. We have

0 — X7 — X1 — X2
||Ty—Tx||:||< & )nsn(yl 72 )uzny—xn

y3_x3 V4 — X4 y3—.’X‘3 V4 — X4

Case 2:

ac

11 1} X1 X2 3
—,1,x = ;%1 = 3.
19 N

y = (yl yz)eC(T,x,a),

Y3 JVa

then y, €[0,1.9]. We have

Y — X2

Y3 = X3 Y4 — X4

1Ty — Tl = ||( )n <111 <y — x|

Hence,T'isa T — (D,) mapping, and T is not nonexpansive.

2. Fixed point

In this section, we prove convergence theorems for fixed point of the T — (D,)
mapping in Banach space.
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Lemma 1. Let C be bounded convex subset of a Banach space B. Assume that
T:C— CisT — (D,) mapping and {x,}, {y, }, {zx} are sequences generated by
iteration:

x1 =x€C,
Xp1 = Tyn; (3)
yn = Tz”’

2y = (1— ay)xy + a,Txy,

where% <a < a, <b<1.Then
(1) 1Txn1 — Xnall < NTy,, =y, 1l < N Tz — 2nll < 1T — %]
(2) limy, o [| Ty — x4l = limy, oo I Ty, — ¥, |l = limy, .o | T2, — 2]l =72 0.

Proof: (1) From Proposition 3 and 2, = (1 — @, )x, + @, Tx,, we have

I Txns1 — Xnsall < T, — Ty,
< | Ty, =, = 1T, — Tzl
< 1Tz — zall
= Tzn — Ty + (1 = &) (T, — )|
< llzn = xull + (1 — @) Toxw — 4l

= ITx, — x4]l.

(2) From (1), we have 0 < ||Tx,11 — X1l < |Txn — x,]|. So limy, .o || T, —
x|l = r>0. Now, we have lim, . [|Tx, — x,|| = lim,_.o [Ty, —y,Il =
lim, . || T2, — 24|l =7>0.

Lemma 2. Assume that T: C — Cisa T — (D,) mapping and {x,}, {y, }, {za}
are sequences generated by iteration (3). % <a < a, <b<1. Let{u,} satisty
U3p—2 = Xp, U3p—1 = Zp, U3, =Y,,. Then, foralln>1,p>1

3n+p-3
14+ > B | ITusn2 — useall < [ Tuzy-24p — usaall
k=3n—2

p1 (4)
+< IE q) (1 Tuzn—2 — usn—2ll — 1 Tthzn—243p — Uzn—243p 1),

where

ﬂ_(an k=3n-2
FT\1 k#£3m-2

Proof: From Lemma 1, we have

1 Toxp11 — %nsall

< I Tzn — 24l

= IT2y — (1 — )% — 0, T, |

< (1= an)lITzy — 0l + u | T2y — Ty ||
< (1= an)lITzn — x4l + Aullzn — x|l

= (1 — an)ITzn — xall + 2Ty — x4l
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So,forp =1andalln>1

(1+ pp ) Tuzn— — uzn ||
- (1 + an)”Txn - xn”

< ”Txn _xn” + ( )(”Txn _xn” - ||Txn+1 _xn+1||)

1—aq,
= 1Tuzn—1 — uzn—|l + <1 p >(”Tu3n2 — uzn—ll = | Tuzni1 — uzpsall)
n
< N Tuzu—1 — uzp 2|l + (1 m )(llTu3n—2 —uzy2ll = 1Tt3n11 — Uznsall)-
- Un

(4) holds.
We make the inductive assumption that (4) holds for a givenp >1and allz >0
and obtain, upon replacing » with n + 1

3n+p
1+ > B | Tuzner — wznall < (Tusnerey — Usniall
k=3n+1

n—+ (5)
T2
+ ( 17) (N Tuzn 11 — usnrall = 1 Ttzn1113p — Usnrai3pll)-
k=n+1" Xk
And obviously
k>3n —2, |Tup1 — Turll < PrllTuzn—2 — uzn—2|| (6)
k>t (| Tu, — Tue|| < |luge — uell. )

Case 1: p = 3m, m > 1. From (6) and (7)

| Tusn+14+p — Usnall

= 1Txp+m+1 — Xn4ll

= [[Txn1m1 — Ty, |l

< lxngme1 =y,

= 1T — Tzall

< Wi — 2l

= 1 Tznsm — (1 — at)xn — ot Ty ||

< (1= a1 Tznim — Xnll + @l T2nim — Tl

< (1 - an)lszn+m |

+0tn (1 T2n4m — Txnimll + 1T sm — T,y all + - + 1Ty, — Taall + 1 T2, — Tx,]|)
3n—2+p

= (1= @) Tuzn-14p — tnall + @ > _ [ Tttges — Tty
k=3n—2
3n—2+p
< (L= ) Tuzsrip — uzn2ll + @ D Bl Tuze2 —usnall.
k=3n-2
It follows that
3n—2+p
I Tusns10p — tsniall < (1= )| Tuzn-14p — Usnall + @ > Bl Tzn2 — Uz 2|l
k=3n—2

(8)
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Using (5) and (8), we have

3n+p
<1+ > ﬁk> 1T304 — U3

k=3n+1
3n—2+4p
< (1= @) Tuzn 11y — wznall +an > Bell Tuzs 2 — uz, ||
k=3n—2

+ T—a (I Tuzns1 — tzniall — 1 T3n4143p — Usns1s3pll).-

k=n+1

3n+p n+p
From |14+ > A | < | Il & | and ITuzsi1 — usniall < 1Tuzn2 — uzs-all,

k=3n+1 k=n+1
we have
3n+p
1+ ) B |IITusy 2 — uz, ol
k=3n+1
3n—2+p
< (1= @) Tuzn-14p — tznall + aw Y Bl Tuzs 2 — uzsoall
k=3n-2
n—l—p 2
| T 7= ) (1Tus2 — wanall = 1Tz 1z — t3nsaepll)-
k=n+1
Then

3n+p 3n— 2+p
<1+2k 301 P = D 3y >

1 | Tw3,—2 — U3n—2l|

< ||Tu3n71+p - u3n72||

n—l—p 2
H T | (ITuzn-2 — usn2ll = | Tuzni143p — t3ni113pll).
en 1-— ay

It follows that

3n—2+p
(1 + Z ﬂk> | Tuzn—2 — uzn 2|l

k=3n—2
< ||Tu3n71+p - u3n72||

+ H— (ITt3n—2 — uzn—2ll — ITU3n4143p — Uzns113pll)-
k=n 1- Ok

Thus, for n, p + 1, (4) holds.
Case 2:p =3m +1,m >0. From (6) and (7), we have

”Tu3n+1+p — Uz 11|
= 1Tzn1m+1 — Xnyall
- ||TZn+m+1 - T)’,,H

< I2ngm+1 —)/n”
= ”(1 - am+n+1)xm+n+1 + Apin1TXminr1 — T3l
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< ( am+n+1)”xm+n+1 Tz, || + am+n+1”Txm+n+1 — Tz, ||
< ( am+n+1)||Tym+n Tzull + amns1llXmins1 — 2ull
<(1 am+n+1)(||Tym+n Tzminll + 1 T2man — Txnsm|l + -+ + [ TXp11 — T;V,,ll
+Ty, — Tzall) + OmrnsallXmini1 — Zall
3n—2+4p
= (1= tmins1) > NTues — Tl + Cminst| Ty — (1= @) — 0 Ty |
k=3n—1
3n—2+p
< (1= tmins1) Y Bl Tuzn—a — uznoall
k=3n—1
+am+n+1((1 T an)”Tym+n = xn” + anllTym+n I Txn”)
3n—2+p
< (A= tminr1) Y Bl Tuzn2 — usnall + amins1(1— an) I Ty,,,,, — %all
k=3n—-1
+am+n+1an(“Tym+n — Tzl + 1 Tzmsn — Tyl + - + ”Tyn — Tzl + | T2, — Txn”)
3n—2+p
== amini1) > BllTuse 2 — use 2l + tminia(1 = @)1y, — Xull
k=3n—1
3n—2+p
Ftminia@n ) I Tupsa — Tug|
k=3n—2
3n—2+p
< (A= tmins1) Y Bl Tuzn a2 = usnall + @mins1(1 = @) 1Ty, — %all
k=3n—1
3n—2+p
o ini1tn Y Bl T — ]
k=3n—-2
3n—2+p
= (1= amini1) > BellTuse s — sl + tmins1(1 — )| Tuzn-14p — s
k=3n-1
3n—2+p
T n10 Z ﬂk”Tuk — tg||
k=3n—2
3n—2+p
= (1= Opns1 + Onini1@) > Bl Tuza—2 — Uz
k=3n—2

_an(l — am+n+1)”Tu3n—2 — Uz 2|l + am+n+1(1 T an)”Tu3n—1+p — uzp2|l-
It follows that

||Tu3n+1+p — Uzp 1l
3n—2+p

< (1 — Opynt1 + am+n+1an) Z BrllTuz, 2 — uzn 2|l 9)
k=3n-2

— 0ty (1 — 1) | Tzn—2 — uzn 2l + tpini1(1 — ) | Tz, 11p — Uzn 2|l

Using (5) and (9), we have

3n+p
<1+ > ﬁk> I Tu3ns1 — sl

k=3n+1
3n—2+p
< (1= @minis + Onin1@) Y il Tuzy o —uz, o
k=3n—2
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—0y (1 — Amyn1) 1 Tt3n 2 — uzp 2|l + Cpiny1(1 — an)llTu3n71+p — Uzp—2||

n—+p 2
+ T 5= ) ITuzn11 — wswsall = 1Tusniaizp — wsnsaizll)-
k=n-+1 1- Xk

3n+p n+p
From |1+ > p | < | II 1—10% and || Tuzy 11 — uzn1ll < [ Tuzn—2 — uzn2|l,

k=3n+1 k=n+1
we have
3n+p
(1 + 1) ﬁk) I Tuzn—2 — Uzl
k=3n+1

3n—2+p

< (1 — Opynt1 + am+n+1an) Z Pl Tuzy 2 — uzy 2|
k=3n—-2

— 0y (1 = 1) 1 Tuzn 2 — uzn 2|l + Aminga(1 — an)”Tu3n71+p — U3y 2|

+ H ——— | (ITu3n—2 — uzn—all — 1 TUzn1113p — Usns143pll)-
k=n+1 1- P

Then

3 3n—2
(1 + Zki;f;q ﬁk + an(l - am+n+1) - (1 — Qpin+1 am+n+1an) an::;nt}; ﬂk)

am+n+1(1 - an)
I Tuzn—2 — uzn2ll < 1 TUzn-11p — Usn—2ll
n+p
+ H—ak (ITuzn—2 — uznall = 1 Tuzns143p — usniai3ll)-

k:nl_

It follows that

3n—2+p

14 Z Bre |1 Tuzn—2 — uzy2l|
k=3n—2

< N Tuzn-—11p — Uzn—2ll
n+p

H [T | (1Tuzn-2 — usn2ll — | Tuzns143p — tzns113pl).
el 1— oy

Thus, for n, p + 1, (4) holds.
Case 3: p = 3m +2,m > 0. From (6) and (7), we have

||Tu3n+1+p — Uzp 1l
= ”Tyn+m+1 - Tyn”

< ||yn+m+1 _yn”
= Tzn1m11 — Tzl

< llzn4m+1 — 2all

< Nzngma1 — (1 = @n)xn — @ T, |

< (1= an)llznimir — xull + aullZnimi1 — Tl

= (1= an)ll(1 = @nimi1)%nim+1 + Onmi1 T mr1 — Xl

+an||(1 - an+m+1)xn+m+1 + an+m+1Txn+m+1 — Tx, ”
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< (1= a)((X = @msns) 1%nrmr1 — Xull + mnsall Txnsmi1 — %nll)

0 (1 = s 1) 10 1mr1 — Tonll + Cmna | T mr1 — Txnll)

< (1= o) tmin i1l T imi1 — %l

+((1 = amint1) (1 — ) + tnins10) 1Xnrmr1 — Xl

+n(1 = tmins ) 1TV, 1 — Tall

< (1= o)W in i1l T ims1 — %]

H((1 = tmen1) (1 = ) + nsns18) (1T — Tonsmll + - + 1 T2n — Txull + 1T — xal)
a0 (1= 1) 1D s — Tonmeall + - + 1Ty, — Tzull + 1 Tzn — Txall)

< (1 r an)am+n+1”Txn+m+l — X ||

3n—3+p
(1= tmin1) (1 = ) + Bpns10n) ( > NTwess — Tuwgll + | Tuzy 2 — an)
k=3n—2

3n—3+p

+(1 = tpin1)an Y [ Tuteys — Tug
k=3n—2

< (1 - an)am+n+1||Txn+m+1 - xn”

3n—2+p
+((1 - am+n+1)(1 - an) + am+n+1an) Z ﬁk”Txn — Xl
k=3n-2
3n—3+p
(1= tgni)on Y Bell T — x|
k=3n-2

< (1= aw)amsni1ll Tuzn-11p — tzn2ll

3n—2+p
+ ((1 — Qmin+1 T anam+n+1) Z ﬁk - an(l - am+n+1)> | Twzp—2 — Uzn—2]|-
k=3n—-2

It follows that

”Tu3n+1+p — Uzn 1l

< (1= an)omniallTusy—14p — uzn 2|l
(10)

3n—2+4p
+ ((1 — Omynt+1 + anam+n+1) Z Pr — an (1 7 am+n+1)> | Tuz, 2 — uzn 2|l
k=3n—-2

Using (5) and (10), we have

3n+p
<1 + Z ﬂk> 1 T30 41 — Usnall

k=3n+1

<(1- an)am+n+1”Tu3n71+p — U3y 2|

3n—2+p
+ ((1 — Qpint1 + anaernJrl) Z Pr — ay (1 - am+n+1)> I T3, — tzn 2l
k=3n-2

n+p 2
+H T = | ITuzn1 — uznsall = 1Tuzns143p — Usnsaizpll).-
k=n-+1 1- Xk

3n+p n+p
From |1+ > p | < | II 1_20,k and || Tuz, 1 — uznsall < 1 Tuzn—2 — uzw2|l,

k=3n+1 k=n-+1
we have
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3n+p
(1 + Z ﬂk> | Tuz,—2 — uzn 2|l

k=3n+1
< (= ap)aminiall Tuzn-11p — uzn 2|l

3n—2+4p
+ ((1 — Opynt1 + anam—i-n—i-l) Z P — o (1 - am—i—n—i—l)) | Tuz, 2 — uzn 2|l
k=3n—2

n—+p 2
+ —— | (ITu3n—2 — usn—2ll — I TU3m1113p — Usni1+3pll)-
k=n+1 1- Xk

Then

3 3n—2+
(1 + Zk}:3_5+1 ﬂk - ((1 — Amn+1 T anam+n+1) Zki%}; ﬂk — Oy (1 _ am+n+1)

(1 - an)am+n+1

1 Tusz,—2 — uzn—2||

< ”Tu3n71+p - u3n72”

n+p 2
+ Hm (ITusn—2 — w32l = 1 Tuzni113p — w3ni1:3ll)-
k=n

It follows that

3n—2+p
(1 + Z ﬂk> | Tuzn—2 — uzn2ll

k=3n—2

< N Tuzn-11p — uzn2|l

n+p )
+{ [ ) (ITusn-2 — uznall = | Tusns1:3p — usnirspll).
ben 1-— ay,

Thus, for n, p + 1, (4) holds. This completes the induction.
Lemma3.T:C — CisaT — (D,) mapping, ||Tx —x|| < ||Ty — y||. Then

llx — Tyl < 3lTx — x| + [lx — yll.
Proof: Since ||Tx — x|| < ||Ty — yl|, we have Tx € C(T',y,a). Then
IT% — Tyl < I Tx — yll.
It follows that
lle — Tyll < llx — Txl| + 1 T% — Tx|| + [ T% — Ty|l.
From Proposition 3, we have
llx — Tyl < 2||Tx — x| + [ITx —yll < 2| Tx — x|l + ITx — x|l + llx — yll =3[ Tx — x|l + llx —yll.

Theorem 1. Assume that T: C — Cisa T — (D,) mapping and {x,}, {y, }» {zx}
are sequences generated by iteration (3), 3 <a < a, < b <1. Then
lim, .o ||Tx, —x,| = 0.

Proof: Since C is bounded, there must exists d > 0, for everyx €C, ||x|| < d. Let
{ty } satisfy uz, o = %, 3,1 = 2, 3, =y,. From Lemma 1,
limy, . || Tur — ug|| = > 0. Assume »> 0. Let ¢ satisfy

10
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e&(%—"_l) eLr
and choose 7 so that for every p > 0

| Tuzn—2 — uznall — [TUzp—213p — Uzn—2+3ll <e.

3nt+p—4 3n+p-3
Now choosep sothatr| > g, | <d<r| > b |-

k=3n—2 k=3n—2

Since  <a < a, < b <1, for every k, t, we have 1 + a; <3, a; <2q,. From
Lemma 2 and » < ||Tu3,_» — #3,_>||, we have

3n+p-3
d—l—VSV(l—i— Z ﬂk>

k=3n—2

3n+p-—3
< (1 + Z ﬁk) | Tu3,—2 — uzn—2||

k=3n-2

< N Tuzp—21p — uzn—2|l

n+p—1 )
+ H ——— | (ITu3n—2 — uzn—all — 1 TUzn—213p — U3n—2+3l)
k=n 1- e

nt+p—1 «
Y In <1+i—ak)
=d+ekr ) e

n+p—11+ak

<d-+etn'"%e

3
<d-+erE e

3ntp-3

S d —+ gﬂkzﬁfzﬁkg

%(Snvﬁa—ltﬂk N 1)
S d _|_ e k=3n-2 &

6

<d+ eﬂ(%+1)e<d + 7.

This is a contradiction. So limy,_., || T — u|| = 0. That is to say,
lim, . ||Tx, — x,|| = 0. This completes the proof.

Theorem 2. Assume that T : C — Cisa T — (D,) mapping and {x,, } is generated
by iteration (3), % <a < a, < b <1. Then the sequence {x,} converges to a fixed
point of T.

Proof: Since C is compact, there exists a subsequence {x,, } C {x,} which con-
verges to some z € C. By Lemma 3, we have

11
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oz, — T2 < 3| Txp, — %u, || + |, — 2]|- Since lim,,, . || T%y, — Xp, || = 0 and
lim,, . I, — 2|l = 0, we have lim,, ., [|x,, — T%|| = 0. This implies that z = T%.
On the other hand, from Proposition 3

loenr1 =2l < lly, — 2l < llzn — =l
< aullTxn — 2l + (1 — an) 1% — 2]

< lxn — 2|

So, lim,,_, ||%, — 2| exists. Therefore, lim,_., ||x, —2|| = 0. This completes the
proof.
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