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1. Introduction 

Nowadays by introduction of Nanotechnology as cutting edge of research, researchers are 
studying and investigating phenomenon in nanoscales. Almost all various tools required for 
this purpose are calling for next generation of positioning systems with far better precision 
than available counterparts. As instance processes such as ultra precision machining and 
micro assembly require high precision positioning systems. These processes have their 
applications in semiconductor, optical and precision metrology industries. Accordingly 
there are vast varieties of available positioning systems. Among them, fines pitch screws, 
differential screws, piezo electric positioning systems, linear motors and ball screw driven 
stages could be mentioned. Each system has its own advantages and disadvantages. For 
example generally speaking a piezoelectric positioning system has better positioning 
accuracy while the stroke, the velocity and the maximum thrust force of this system is more 
limited. Ball screw driven systems have been the subject of much attention because of their 
major advantages like large stroke, higher speeds and thrust force, availability and low cost. 
Despite the architecture of each system, in order to achieve high precision in positioning, it is 
important to resolve the performance characteristics of the system in micro and submicron 
scale. Nonlinear phenomena such as friction, backlash and compliance can reduce the 
positioning precision and tracking accuracy. Among them friction always plays a key role. 
The nonlinear behavior of friction may lead to consequences like limit cycle and instability 
in the dynamic system. As a consequence such behavior in a control system demands for 
more complex hierarchy in its controller. In other words, nonlinear positioning systems are 
mostly less precise in positioning and less accurate in tracking. Two important consequences 
of friction in sliding systems are steady state error in positioning in positioning and lag in 
tracking. These two are direct effect of the Stick-Slip behavior of friction. To eliminate these 
deficiencies, the nonlinear effects of friction should be compensated. Therefore a behavioral 
model of friction is required to eliminate these effects. 
Various researches have been carried out to characterize and model the friction in a 
positioning system. Dahl et al. proposed a dynamic model describing the spring like 
behavior during stiction (Dahl, 1968). One shortcomings of this model is that Stribeck effect 
had not been considered in this model. First attempt to incorporate Stribeck effect to Dahl 
model has been done by Bliman and Sorine (Bliman & Sorine, 1991). Canudas et al. 
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proposed a model that captures most of frictional behaviors such as hysteresis, spring – like 
behavior during stiction, Stribeck effect and variable break – away force observed in practice 
(Canudas et al., 1995).  
In order to compensate the friction in a controlled positioning system, different types of 
controllers have been proposed. Ro et al. developed a PD control scheme with a nonlinear 
friction estimation algorithm based on Canudas friction model for submicrometer positioning 
and tracking (Ro et al., 2000). In addition, variable structure systems can also be employed to 
compensate consequences of friction in motion. For instance sliding mode control can be 
utilized. This type of controller can treat a variety of uncertainties as well as bounded external 
disturbances and satisfy system characteristics such as stability, elimination or decrease of 
chattering, linearization of nonlinear and order reduction in accordance with a design target. 
However sliding mode controllers suffer from chatter phenomena. In order to reduce the 
chattering, especially in the systems with some degrees of uncertainty, more sophisticated 
controlling schemes like boundary layer sliding mode controller and integral sliding mode 
control are proposed. These controlling schemes can compromise between small chattering 
and good tracking precision. Chen et al. compensated for friction in static and dynamic 
regimes in a ball screw driven stage by developing a sliding mode controller for each regime 
(Chen et al. 2004). Fuzzy logic controllers are another type of variable structure controllers 
which are more applicable to complex systems and ill-defined systems. Regarding the fact that 
the governing parameters of friction model are mostly hard to define and also these 
parameters are subject to change in various controlling environments, it is suitable to utilize 
variable structure controllers for the purpose of compensation.  
Fuzzy sliding mode control is another control strategy that attracts a great deal of interest. 
Lee et al. developed a sliding mode controller based on fuzzy variable boundary layer with 
a control gain and boundary layer thickness as design parameters (Lee et al., 2001). Liang et 
al. proposed a two input single output (TISO) fuzzy sliding mode controller (FSMC) by 
developing complementary sliding mode controller (CSMC) (Liang &, 2003). Mihajlov et al. 
applied a sliding mode controller enhanced by fuzzy PI controller to an electro-hydraulic 
positioning system, whose model includes internal friction (Mihajlov1 et al., 2002).  
In following chapter, the phenomena of backlash and friction are introduced firstly and then 
Canudas friction model (Canudas et al., 1995) is used to capture the frictional behaviors in a 
ball screw driven stage. Conventional sliding mode control with boundary layer, 
complementary sliding mode control and TISO fuzzy sliding mode control (Liang &, 2003) 
are applied to this dynamic system for the purpose of the compensation of friction effects. 
Finally the performances of various controllers are evaluated in the sense of submicrometer 
positioning, tracking accuracy and control input to the system.  
The outline of this chapter is as follows. In section 2, backlash and friction are described and 
then friction model proposed by Canudas is briefly introduced. In section 3, model of 
dynamic system is explained. In section 4, theory of sliding mode control is explained at first 
and then CSMC and TISO FSMC are described. Sections 5 and 6 include designed 
parameters and computer simulation respectively. The chapter ends with conclusion and 
future work remarks in section 7. 

2. Introducing system nonlinearities 

Friction and backlash are two important nonlinearities which dominate performances of ball 
screw driven stages in the sense of positioning precision and tracking accuracy. The term 
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friction indicates any speed or force-dependent energy dissipation in a machine. Backlash 
implies mechanical hysteresis and multibody impaction. An introduction to these topics is 
outlined below and then a model for friction is introduced. 

2.1 Backlash 
In conventional engineering terminology, backlash is the distance through which one part of 
connected machinery, as a gear, or screw, can be moved without moving the connected 
parts, resulting from looseness in fitting or from wear. In other word, backlash results in 
mechanical hysteresis. Basically the existence of backlash between the components of a 
machine like ball screw and gears reduces machine’s accuracy. Two main features of 
backlash are mechanical hysteresis and the impact which is mostly important between two 
relatively hard surfaces in contact. In classic model backlash is considered as an 
unsymmetrical deadband around the equilibrium. In this model for the simplicity it is 
assumed that all of dynamic impacts are fully plastic and therefore exhausting in the 
backlash zone.  Figure 1 illustrates the phenomenon of backlash, reaction versus action, 
based on classical modeling considerations. It is worth noting that the slope and the 
deadbands may differ in either side. 

 

Fig. 1. Classical model of backlash. (de Marchi. 1998) 

In modern model, both features of backlash which are mostly effective on the accuracy of 
the positioning in machine tool have been considered. In this model, the backlash is 
considered as a combination of deadband and an almost elastic impact between numbers of 
rigid bodies in contact. The impact can cause transient vibrations between rigid bodies (e.g. 
components made of hard metal). The existence of low frequency vibrations causes 
inaccuracy in positioning. The deadband in this model indicates the region in which there is 
not any considerable motion in output for a motion in input. In analogy with friction the 
deadband is similar to hysteresis caused by pre-sliding friction. The deadband is covering 
the point in which the velocity reduced to zero (the point of change in direction). Figure 2 
illustrates the modern backlash model. 
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Fig. 2. Modern model of backlash. (de Marchi. 1998) 

2.2 Friction 
Friction force initiates from relative motion during contact and resists this motion. There are 
at least two different physical explanations for friction.  

2.2.1 Classical friction model (static, dynamic and viscous) 
Based on this model the mechanical clamping between surface asperities during contact is 
the origin of friction in case of static and dynamic friction. Thus the there should be a direct 
relation between the contact load (in vertical direction) and the friction force. However 
either the shape of contact surfaces or its effective contact area does not contribute to the 
friction. Additionally based on this model static friction force should be greater than 
dynamic friction force. Based on experimental results the coefficient of friction has been 
measured. It is also confirmed that the friction force is directly dependent to contact load. 
This model has been constructed based on the following assumptions: 

• In each case, bulk and surface properties of the contacting pairs contribute to the 
friction. 

• The amount of static friction force depends on the duration of contact. 

• The amount of dynamic friction force is independent from sliding velocity of contact. 

• A fraction of friction force is also dependent on the magnitude of adhesion force 
between the molecules on the contact surfaces. 

Based on empirical investigations, the principle of Columb’s friction represents friction as a 
simple mathematic relation: 

f n t= +  

Which f is the contact force, n is the normal force and μ<t n  is the tangential shear force 

carried out by two surfaces in opposite direction of motion. 
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During sliding, kt = μ n  and in its threshold μ= st n . Typically μ μ=s k  and the μs  and μk  

are called the coefficients of static and dynamic friction respectively. The magnitude of μs  

and μk  are taken to be constant for each pair of rubbing materials. The Columb’s friction 

model investigated above provides a close approximation for clean, dry and geometrically 

regular surfaces in contact. The Columb’s law of dynamic friction claims: 

• The friction force is proportional to the contact load. Contact load is the magnitude of 
force acting along normal direction to the contact surfaces. 

• For a constant load, the friction force is independent of the area of contact. 

• The friction is independent of sliding velocity. 

• The friction force is dependent to the nature of the pair of materials in contact. 
During industrial revolution and introduction of high speed machines, a speed-dependent 
component of friction became evident, called viscous friction. Reynolds was the first person 
who investigated this type of friction which was related to the viscosity of a lubricant. The 
lubricants are typically non-Newtonian type and their viscosity increase with increasing 
shearing velocity. Figure 3 illustrates the friction model integrating static, dynamic and 
viscous types of friction. 
 

 

Fig. 3. Classical model of friction (static, dynamic and viscous). (de Marchi. 1998) 

2.2.2 Modern model of friction (rolling friction, stribeck, stick-slip, hydraulic) 
Contrasting classic model, modern model is more explicable via contact adhesion theories. 
Several reasons can be mentioned for this e.g. despite common sense; very smooth surfaces 
provide more friction than rougher surfaces. Researchers observed that actual area of 
contact is much less than apparent area. This difference that is due to surface asperities and 
the area of actual contact can be measured easily by measuring electrical conductivity 
between two surfaces in contact. In this model it is assumed that the magnitude of friction 
force is proportional to actual area of contact which is a fraction of apparent area. Since the 
actual area of contact is small, small amount of contact load causes enough pressure to weld 
contacting points to each other. So based on this model, frictional resistance is primarily 
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attributed to shearing of welds in contact points and secondarily to the stage of plowing the 
softer material by the harder one.  
Based on experimental data gathered by Stribeck, the transition process from static friction 
stage to dynamic friction stage and finally to viscous stage is continuous. During 
measurement of friction on a spindle, he noted that the friction rapidly changes from its 
static value to a minimum dynamic value and then it will approach to its linear viscous 
friction. This transition that is a velocity dependent phenomenon is called Stribeck effect. 
This phenomenon is only observable over a very small velocity range and almost standstill 
or varies over a very long period of time during steady state operation. Stribeck friction 
sometimes is called negative friction which is because of existence of negative slope in the 
friction versus velocity curve. Later other researchers stated that negative friction is the 
prerequisite of the Stick-Slip phenomenon. This phenomenon originates from switching 
from static friction scheme to dynamic friction scheme between contacting surfaces. Finally 
disagreement on the dependence of friction force on velocity has been resolved as following: 

• At very low speeds, friction force increases as speed increases. 

• At medium speeds, (25 mm/s ~ 30 cm/s), friction force is almost independent of speed. 

• At high speeds, friction force decreases as speed increases. 
In very high speeds, it is accepted that the friction force decreases because of the separation 
of contact surfaces and therefore the molecular attraction and adhesion forces decreases. The 
modern friction model is illustrated in Fig 4 (de Marchi. 1998). 
 

 

Fig. 4. Modern model of friction (static, Stribeck and viscous). (de Marchi. 1998) 

2.3 Friction model 
In order to achieve the desired precision in positioning and tracking, friction should be 
compensated. Therefore a frictional model capable to describe various behaviors of this 
nonlinear phenomenon should be used. Canudas (Canudas et al., 1995) proposed a model 
that considers the friction interface as elastic bristles which are attached to rigid solids 
(Fig.5). Relative velocity between the surfaces causes the bristles to be deformed and this 
deformation can be regarded as the source of friction. The governing equation of average 
bristle deflection can be stated as 
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( )

vdz
v z

dt g v
= −   (1) 

where v  is the relative velocity between two surfaces. The function ( )g v  is positive and 

depends on factors such as material properties, lubrication and temperature and is 

inevitable not symmetrical. This function has direction dependent behavior. The 

correspondence of ( )g v  to Stribeck effect is verified by the fact that ( )g v  decreased 

monotonically by increasing speed. The friction force (torque) generated from bending of 

bristles and viscous friction can be stated as 

 σ σ σ= + +c 0 1 2( )
dz

F z v
dt

  (2) 

where σ 0  is the stiffness, σ 1  is the damping coefficient that stands for the dissipation 

energy due to the deflection of bristles and σ 2  is viscous coefficient. The parametric 

equation of function ( )g v  that can describe Stribeck effect is given by 

 σ
−

= + −
2( )

0 ( ) ( )
v

v
C S Cg v F F F e   (3) 

where CF  is Coulomb friction force (torque), SF  is maximum amount of presliding friction 

force (torque) and sv  is the Stribeck velocity. The proposed model can be characterized by 

six parameters which areσ 0 , σ 1 , σ 2 , CF , SF  and sv . This model can simulate most of the 

behaviors that are observed by friction in practice. These behaviors are not only attributed to 

the value of parameters but also are affected by nonlinear differential equation (1). 

Presliding displacement and variable break-away force are due to the system dynamics. The 

Stribeck shape of function ( )g v  and model dynamics lead to hysteresis (Canudas et al., 

1995).  

 
Fig. 5. Friction model 

3. Positioning system modelling 

Schematic diagram of a ball screw driven stage is illustrated in Fig.6. Rotational dynamics of 
the system can be described as follows: 

 ( )+ + =
$$

c2 1* ( ) ( )rot p

p

x
J m l F u t

l
  (4) 

where rotJ  is the total rotational inertia of ball screw and motor, m is the moving masses, pl  

is the lead pitch of the ball screw, c( )F  is the equivalent frictional torque of the ball screw, 
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rotary and linear bearings and ( )u t  is the input torque that is generated by a servo motor. 

The term 
$$

1

p

x

l
 is equivalent to ball screw rotational acceleration and also the term 2* pm l  

stands for rotational inertia of moving masses. Equation (4) can be simplified since the 
frictional torque of the ball screw dominates the system. In designing the controllers, the 
reduced form of equation (4) will be used.  

 θ + =$$ c( ) ( )J F u t  (5) 

where J  is the effective inertia of ball screw, motor and equivalent rotational inertia of 

moving masses. The significant parameters of the system are listed in Table 1.  

 

Fig. 6. Schematic of a ball screw driven stage 

2.12*10-4 (Kg.m2) 
Moment of inertia of ball 

screw and motor 

62.4 (Kg) 
Maximum mass of table 

and work 

1.5923 (mm/Rad) Lead pitch 

Table 1. System parameters 

4. Control design 

4.1 Uncertainties and control approaches 
From engineering control viewpoint the inaccuracy of implemented model for a dynamic 
system can be categorized into these two comprehensive groups: 

• Parameter uncertainties: the uncertainty or variation of the governing parameters of the 
dynamic model of the system. 

• Unstructured uncertainties or unmodeled dynamics: This originates from the 
undetermined dynamic model of the system. 

The existence of model inaccuracy can have strong adverse effect on nonlinear control 
systems. To safeguard the system from these harmful effects, adaptive and robust control 
techniques are widely used. If the system is suffering from parameter uncertainties it is 
possible to apply online or off-line parameter estimation techniques. As instance, adaptive 
control schemes can be regarded as a control system with on-line parameter estimation. But 
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existence of unknown and time varying effective parameters and lack of sufficient information 
from dynamic behavior of the system, limit the application of adaptive methods. 
Variety of control approaches are devised to deal with the effect of unmodeled dynamics 
which one simple and important of them is sliding mode control. Because of the robustness, 
the sliding mode control is known as an effective control scheme of the systems with 
unstructured uncertainties. The only shortcoming of sliding mode controller is its 
vulnerability to chattering effect. However several compensating techniques are devised to 
increase the precision of tracking and also to decrease chattering effect. As instance, integral 
sliding mode controller, time varying boundary layer sliding mode controller and the 
combination of sliding controller and fuzzy controllers could be mentioned. As seen above, 
dynamic equation of the ball screw driven stage has frictional term and since there is no 
exact model for friction and friction model parameters are not known exactly and may be 
changed, it seems that sliding mode control could be a suitable control scheme for 
overcoming the adverse effect of these uncertainties. Sliding mode control is described in 
following subsections. 

4.2 Sliding mode control 
Considering the nth-order SISO nonlinear system described by 

 ( ) ( 1)( , ,..., , )n ny f y y y t u−= +$   (6) 

Assume that f  is not known precisely but can be written as = + Δˆf f f , where f̂  is the 

nominal term and f̂  is the uncertain term that is bounded by known function #F , i.e., 

Δ ≤ #(x, ) (x, )f t F t  

where [ ] −⎡ ⎤= = ⎣ ⎦$ ( 1)
1 2x , ,..., , ,...,

TT n
nx x x y y y . The control objective is to find a continuous 

sliding control u  such that the output y  of (6) will approximately track a reference signal, 

ry , which is assumed to be nth-order continuously differentiable and all of its derivatives 

are uniformly bounded. The tracking error is given by: 

 = −( ) ( ) ( )re t y t y t   (7) 

By defining the generalized error 

 λ ξ= +( )nd
s

dt
  (8) 

where ξ τ τ= ∫ ( )
t

e d  and λ > 0 , nth-order tracking problem is converted to 1st-order 

stabilization problem in variable s. s is equivalent to time variable surface in system state 

space nR defined by =( , ) 0s x t   It is easy to show that by using the control input 

 = +ˆ
cu u v   (9) 

where 

 
1

1

1
( ) ( ) 1

0

ˆˆ
n

k

n
n k n k n

d
k

u f x e λ λ ξ
+

+

−
− +

=

⎛ ⎞= − + − −⎜ ⎟
⎝ ⎠∑   (10) 
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and 

 * ( )c

s
v K sat

φ
= −   (11) 

where φ  is boundary layer thickness, η= +#( , )K F x t and η  is the positive constant, the 

reaching condition (12) in the feedback control system can be satisfied. 

 η φ≤ − ∀ ≥21

2

d
s s s

dt
  (12) 

This equation indicates that the squared distance to surface s, that measured by 2s , 

decreases along all system trajectories. ( )s t verifying (12) is known as a sliding surface and 

the system’s behavior once on the surface is called sliding mode. Despite the presence of 

model imprecision and disturbance, 2s remains a Lyapunov - like function of closed loop 

system. In addition, this control input ensures that starting from any initial state, the error 

trajectories will be in boundary layer φ≤s  after finite time. Whenever φ≤s , the 

guaranteed tracking precision will be 

 λ ε≤( ) (2 )i ie   (13) 

where φε λ −= 1n  is known as boundary layer width and is shown in Fig. 7 for the case n = 2 

(Slotine & Li, 1991). 

 

Fig. 7. The boundary layer for the case n=2 

4.3 Complementary sliding mode control 
Now an additional complementary transformation to the generalized error is defined as 

 λ λ ξ−= + −1( ) ( )n
c

d d
s

dt dt
  (14) 

The control input is given by (9) with û  is defined in (10) and cv  is replaced by 
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φ
+

= − * ( )c
c

s s
v K sat   (15) 

By applying this control input to the system, any initial state off the boundary layer will 

move to the boundary layer φ+ ≤cs s  in finite time and tracking precision will be 

 λ ε≤( ) 1
(2 )

2
i ie   (16) 

whenever the system state will be in boundary layer. It is obvious that the tracking precision 
is at least 50% better than that of in conventional sliding mode control (Liang &, 2003). 

4.4 Fuzzy sliding mode control 
Based on the definitions of generalized errors, a fuzzy sliding mode controller can be 
constructed. The fuzzy control input is in the form of 

 = +ˆ ( , )f cu u K s s   (17) 

where û  is given in (10) and ( , )f cK s s  is the output of fuzzy controller. The fuzzy rules are 

in the form of: 

= = =: ,i i i i
c cRule if s LS ands LS thenu LU  

where iLS  and i
cLS  are the linguistic values of s  and cs , respectively. By appropriate tuning 

the parameters of fuzzy controller, a high performance controller can be obtained and no 

further information about uncertainties of the system will be needed. It is worth to point out 

that because the fuzzy controller is constructed on sliding mode controller which is robust, 

the stability of fuzzy controller would be guaranteed (Liang &, 2003). 

5. Parameter design 

The constant characteristic parameters of friction model in the ball screw driven stage, i.e. 

σ 0 , σ 1 ,  σ 2 , CF  , SF  and sv , parameters for evaluating f̂  (i.e. σ 0
ˆ ,σ 1

ˆ  , σ 2
ˆ  , ˆ

CF , ˆ
SF  and ˆ

sv ) 

and parameters for evaluating  #F  ( i.e. σ#0 , σ#1 , σ#2 , ˆ
CF , ˆ

SF  and ˆ
sv ) are listed in table 2. The 

parameters σ 0 , σ 1 ,  σ 2 , and sv  are the same as reference (Canudas et al., 1995) while CF  

and SF  are selected arbitrarily. The values of parameters of f̂  are assumed to be uncertain 

enough in order to enable us validate our claims about robustness of the controllers. 
 

σ 0  
510  σ 0

ˆ
 

52 * 10  σ#0  
510  /Nm Rad  

σ 1  
510  

σ 1
ˆ

 
52 * 10  

σ#1  
510  

/Nms Rad  

σ 2 0.4  σ 2
ˆ 1.2  σ#2 1  /Nms Rad  

CF
 6.24  

ˆ
CF

 
6.24  

ˆ
CF

 
6.24  Nm  

SF
 9.36  

ˆ
SF

 
9.36  

ˆ
SF

 
9.36  Nm  

sv
 0.001  

ˆ
sv
 0.005  

ˆ
sv
 0.005  /Rad s  

Table 2. Parameters of friction model 
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6. Computer simulation and analysis 

In order to evaluate the performance of the proposed controllers in control of ball screw 

positioning system some simulations are performed in Matlab/ Simulink and Matlab/ 

Fuzzy toolbox and tracking error and control input to the system are compared when the 

system tracks various desired signals. We take λ = 150 , η = 120  and φ = 0.1  in simulation of 

the system when conventional sliding mode controller is applied. In simulation of the 

system when complementary sliding mode controller is applied, the constants parameters 

are taken as λ = 150 , η = 20  andφ = 0.1 . λ  equals to 150  in simulation of the system with 

fuzzy sliding mode controller. The membership functions of input variables s  and cs  to the 

fuzzy controller are shown in Fig. 8. Membership functions of output variable ( , )f cK s s  of 

the fuzzy controller are shown in Fig. 9. We used Mamdani method for fuzzy inference 

system, fuzzifier type was triangular and defuzzifier type was centroid.  
 

 

Fig. 8. Membership functions of input variables s  and 
c
s  

 

Fig. 9. Membership functions of output variable of the fuzzy controller 

We develop the rule base of the fuzzy controller which s  and cs  are its input variables and  

is the output variable in the form of  
1. If “ s ” is “N” and “ cs ” is “P” then “Fuzzy Output” is “PB”. 

2. If “ s ” is “N” and “ cs ” is “Z” then “Fuzzy Output” is “PS”. 
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3. If “ s ” is “N” and “ cs ” is “N” then “Fuzzy Output” is “ZO”. 

4. If “ s ” is “Z” and “ cs ” is “P” then “Fuzzy Output” is “PS”. 

5. If “ s ” is “Z” and “ cs ” is “Z” then “Fuzzy Output” is “ZO”. 

6. If “ s ” is “Z” and “ cs ” is “N” then “Fuzzy Output” is “NS”. 

7. If “ s ” is “P” and “ cs ” is “P” then “Fuzzy Output” is “ZO”. 

8. If “ s ” is “P” and “ cs ” is “Z” then “Fuzzy Output” is “NS”. 

9. If “ s ” is “P” and “ cs ” is “N” then “Fuzzy Output” is “NB”. 

where P stands for positive; N stands for negative; PB stands for positive big; PS stands for 

positive small; both Z and ZO stand for zero; NB stands for negative big, and NS stands for 

negative small. The scaling factors of input and output variables are shown in Fig. 10. 

 

 

Fig. 10. Scaling factor of input and output variables of fuzzy controller 

The response of the proposed controllers to positioning signal 1 (mm) is shown in Fig. 11. As 

seen in this figure, SMC has the maximum positioning error and FSMC has the minimum 

one. Also steady state error exists in the response of the SMC to this signal, but CSMC and 

FSMC are capable of eliminating this error in their responses. The control inputs of the SMC 

and CSMC are not zero after reaching the desired positions that can be attributed to spring 

like behavior of friction. But FSMC is capable of setting the control input to zero. But since 

the gains of fuzzy controller are not suitable for very small amount of error, an oscillating 

behavior is observed in control input. 

The responses of the proposed controllers for various sinusoidal inputs with different 

amplitudes and frequencies are shown in Fig. 12 to Fig. 14. The results indicate that tracking 

error exists when SMC is applied to the system dynamics and control input to the system 

undergoes to fluctuations and high frequency chatter in some cases. Also this controller can 

not response properly to high frequency reference signal and its performance suffers from 

large tracking error, fluctuations and oscillations in control input. When CSMC is applied to 

the system, the tracking error becomes smaller in comparison with SMC. Its peaks occurred 

in the points where the direction of the motion is changed. Fluctuations and chatters in 

control inputs are also observed in this case but frequency of chattering is lower. High 

frequency reference signal can not be tracked properly in this case because of large tracking 

error and large values of fluctuations in the control input. FSMC is capable of eliminating 

tracking error except for where the direction of motion is changed and the occurred error is 

damped in finite time (less than 0.1 (s)). Control inputs are more smooth in this case and do 

not include fluctuations and chattering. The response of the controller is more desirable to 

high frequency reference signal. Tracking error does not grow drastically in this case and 

control input does not suffer from fluctuations and oscillations. 
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(a) (b) 

 

(c) (d) 

 

(e) (f) 

Fig. 11. Positioning response to step input with final value 1(mm). (a) Positioning error of 
SMC, (b) Control input of SMC, (c) positioning error of CSMC, (d) Control input of CSMC, 
(e) positioning error of FSMC, (f) Control input of FSMC. 
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(a) (b) 

 

(c) (d) 

 

(e) (f) 

Fig. 12. Tracking response to sinusoidal input 0.01Sin(t) (mm). (a) Tracking error of SMC, (b) 
Control input of SMC, (c) Tracking error of CSMC, (d) Control input of CSMC, (e) Tracking 
error of FSMC, (f) Control input of FSMC 
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(a) (b) 

 

(c) (d) 

 

(e) (f) 

Fig. 13. Tracking response to sinusoidal input 5Sin(t) (mm). (a) Tracking error of SMC, (b) 
Control input of SMC, (c) Tracking error of CSMC, (d) Control input of CSMC, (e) Tracking 
error of FSMC, (f) Control input of FSMC 
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(a) (b) 

 

(c) (d) 

 

(e) (f) 

Fig. 14. Tracking response to sinusoidal input Sin(2*pi*t) (mm). (a) Tracking error of SMC, 
(b) Control input of SMC, (c) Tracking error of CSMC, (d) Control input of CSMC, (e) 
Tracking error of FSMC, (f) Control input of FSMC 
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7. Verification 

7.1 Introducing Double Ball Bar (DBB) 
DBB is consisting from two precise balls that each ball is 25.4 mm in diameter with 
geometric spherical error of less than 0.05 µm. These two balls are connected together by a 
low thermal expansion coefficient bar made of Invar. This bar is equipped with a 
measurement system with 0.1 µm resolution (Fig 15). Each ball magnetically attracted by the 
support and it is in contact with supporting surface in three points. One of these supports is 
attached to the machine table and the other one is fastened to the machine spindle. Once 
DBB assembled correctly, the machine is commanded to move in a circular path. The 
variations in the distance between the centers of the two balls is measured via the 
measurement system and corresponding analog signal is converted to digital signal and 
then its corresponding numerical value is calculated by computer. The variations of 
mentioned distance is identical to deviation from ideal circular path (Fig 16). Usually the 

data acquisition rate is such that the computer detects motion error ΔR  in every 0.2 degree. 
So in every full rotation 1800 numeric values is sampled. 

 

Fig. 15. Schematic of Double Ball Bar. (Kakino et al., 1993) 

 
Fig. 16. Setup for accuracy inspection of a machine tool in vertical plane by Double Ball Bar. 
(Kakino et al., 1993) 

7.2 Errors in CNC machines 
In accuracy inspection of a machine tool by means of DBB, the source of the error in each 
CNC machine is divided into two main categories. 
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• Errors of which the magnitude is dependent to the feedrate and direction of the motion 
e.g. errors originated from stick motion, stick-slip behavior and vibration in the 
hydraulic valves and chains. 

• Errors of which the magnitude is dependent to the position e.g. cyclic error of the ball 
screw and linear encoder, squareness errors between two axes and straightness errors 
of guide ways. 

Most of the errors mentioned above are only practically observable but the effect of stick 
motion and stick-slip can also be shown in simulations. In the following paragraphs these 
error will be introduced. 

• Stick motion error: This error is originated from lag in the response of control 
system when the direction of motion is reversed. During reversing the direction of 
motion, the velocity of the axis decreases to zero and hence static friction becomes 
the dominant frictional force in the system. Since break-away force is greater than 
dynamic friction force, the slider stays in stick condition and hence the tracking 
error increases. By increasing the magnitude of tracking error the controller 
provides relatively larger control input to the actuator to conquer break- away 
force and the axis again starts to catch up the reference signal. Fig 17 illustrates the 
slider in the stick condition for a short time after the direction of motion is 
reversed. The effect of this error is shown in Fig 18 in a polar coordinate system 
and with proper magnification. The magnitude of this error is dependent upon the 
feedrate and the amplitude of the reference signal. As can be seen in the figures 12-
14 (a,c,e) the presence of a peak in diagrams of tracking error of sinusoidal 
reference signal can be attributed to stick motion error. 

In the standard ISO 230-4 that is related to the testing of the NC and CNC machines 
using DBB, it is mentioned that in a machine equipped with linear encoder, reversal 
error will be detected and compensated by the machine controller but the compensation 
needs a certain amount of time and therefore some peaks will outbreak in the reversal 
points. (Figure 19). (BS ISO 230-4, 1996) 
• Stick-slip: This phenomenon occurs in very low feedrate and is happening in a 

continuous sequence of stop and move motion in a short period of time. In a 
circular motion this phenomenon is observable in zero, 90, 180 and 270 degrees 
which feedrate of one axis reduces to zero. In Fig 20 illustrate the trace pattern 
 

 
Fig. 17. Model of stick motion. (Kakino et al., 1993) 
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Fig. 18. Trace pattern caused by stick motion. (Kakino et al., 1993) 

 

Fig. 19. Compensated reversal error. (BS ISO 230-4, 1996) 

caused by stick-slip on a circular motion. It can be seen that there is a symmetric 
pattern around the axis which has this error. By increasing feedrate, this event 
decreases and then completely eliminated (Kakino et al., 1993). Since this 
phenomenon is considered in the assumed frictional model, its effect can not be 
seen in the simulations. 

• In standard ISO 230-4 is mentioned that by increasing feedrate in circular motion 
the acceleration of the axis increases accordingly and the controller acts in such a 
way that the amplitude of the movement decreases at higher frequencies (Fig 21) 
(BS ISO 230-4, 1996). It is also obvious that a circular motion can be produced by 
combining two ball screw driven stages. The effect of increasing the frequencies of 
sinusoidal reference signals to each stage is that the diameter of resultant circular 
path becomes smaller than desired path. This observation also confirms the 
increase in the magnitude of error which can be seen in figure 14 (a,c,e). These 
figures are related to sine input to the system with 1mm amplitude and 1 second 
period. Hereby the magnitude of error increases as the frequency of the sine input 
increases and the magnitude of the error will be such that the amplitude of the 
resultant motion will be less than the desired value. 
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Fig. 20. Trace pattern caused by stick slip. (Kakino et al., 1993) 
 

 

Fig. 21. Influence of acceleration of the axis on amplitude of resultant motion 
(1- Low feedrate. 2- Medium feedrate. 3- High feedrate. 4- Starting and stop point). (BS ISO 
230-4, 1996) 

8. Conclusion 

In recent years, due to the developments in nanotechnology, the demand for high-precision 
stages has been subjected to great attention. Systems to provide long-range and high-
precision performance for positioning, tracking and contouring tasks have become stringent 
issues. Such systems are widely used in semiconductors, precision metrology, micro-
assembly and micro- and nanoscale fabrication industries. Among the positioning systems, 
the ball screw driven systems have been widely used in academic researches and in the 
inferred industries. Several researches have been performed on precise positioning such as 
modeling friction, implementing different control strategies for compensating friction and 
achieving micron accuracy. In this chapter, the process of controlling of a single axis ball 
screw driven stage with micron positioning accuracy has been investigated. 
In the first step, two nonlinear phenomena i.e. friction and backlash that can affect the 
accuracy of the designed stage are studied. Among them, friction has been the most 
dominant phenomena which significantly reduce the final achievable accuracy. In order to 
compensate the undesired effects of friction, it is necessary to provide its behavioral model. 
Among proposed models, Canudas model was selected that can explain frictional behavior 
of such positioning systems comprehensively and effectively.  
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In the next step, the theoretical description of a control system capable of compensating the 
undesired effects of friction is introduced. Since governing parameters of frictional model 
are not known accurately, the sliding mode control (SMC) technique is selected which is 
appropriate in the architecture of controllers with uncertainty. Subsequently a new type of 
sliding mode control approach known as complementary sliding mode (CSMC) and fuzzy 
sliding mode control (FSMC) was introduced and discussed.  
Finally the described controllers are applied to nonlinear dynamics of the system and their 
performances were investigated by computer simulation for submicrometer positioning, 
tracking and control input. It is observed that not only FSMC could significantly improve 
the achievable accuracy of positioning and tracing, but also it is capable of smoothing inputs 
to the system and eliminating fluctuations. Also this type of controller has better response to 
high frequency sinusoidal reference signals. Finally the results have been validated by 
comparing them with those achieved from Double Ball Bar experimental results. Further 
investigation on evaluating the controllers’ performances in the presence of other type of 
uncertainty such as inertia will be held in future. 
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