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Chapter

Localized Excitation of Single
Atom to a Rydberg State with
Structured Laser Beam for
Quantum Information
Leila Mashhadi and Gholamreza Shayeganrad

Abstract

Sufficient control over the excitation of the Rydberg atom as a quantummemory
is crucial for the fast and deterministic preparation and manipulation of the quan-
tum information. Considering the Laguerre-Gaussian (LG) beam spatial features,
localized excitation of a four-level atom to a highly excited Rydberg state is
presented. The position-dependent AC-Stark shift of the first and Rydberg state in
the effective quadrupole two-level description of a far-detuned three-photon
Rydberg excitation results in a steep trapping potential for Rydberg state. The
transfer of optical orbital angular momentum from LG beam to the Rydberg state
via quadrupole transition in the last Rydberg excitation process offers a long-lived
and controllable qudit quantum memory. The effective quadrupole Rabi frequency
is presented as a function of ratio of the first to Rydberg excitation laser beam
waist and the center of mass position inside the trap. It depicts high accuracy of
detecting Rydberg atom at the center of the trap, which can pave the way for
implementation of high-fidelity qudit gate.

Keywords: Rydberg excitation, dipole-quadrupole trap, Laguerre-Gaussian beam,
qudit

1. Introduction

1.1 Trapped neutral atom as quantum memories

Photons are ideal carrier of quantum information for communication, but stor-
ing them for a long time is difficult. In optical quantum communication, a quantum
network can consist of spatially separated quantum memories to store and manipu-
late information which is encoded in internal quantum state of physical system such
as photons, ions, atoms, etc. [1]. In order to operate a successful long-distance
quantum communication and quantum information processing, the quantum
memory should have a high-storage efficiency, which is defined as the ratio of input
photon energy to long coherence time. Different physical systems such as cold
atoms trapped in optical lattices [2–8] or cold ions in electrostatic traps [9] are used
as quantum memories. Ions are electrically charged and therefore can be tightly
confined in deep traps for a long time. However, the strong Coulomb repulsion
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limits the number of ions that can be precisely controlled in a single trap. In
contrast, more promising experiments could be made with the cold trapped neutral
atoms. The neutral atoms usually interact only at very short range and can be
collected in large ensembles without perturbing each other, and therefore the
decoherence and losing the quantum information due to the interaction with the
environment are low. In other words, single qubits [1] or even multi-qubits can be
encoded in atomic states which afford long coherence times. Cooling and trapping
of neutral atoms is one of the challenging techniques to achieve a higher signal-
to-noise ratio and to stabilize the system over long periods for more balanced
memory efficiency and fully control of all physical degrees of freedom with long
coherence times. To keep the atom in trap, it is necessary to raise the atomic trap
depth to be comparable to or even larger than the thermal energy of background
atoms. Although, in principle, there is no fundamental limit to the lifetime with
sufficiently deep traps, there are practical limitations. Optical traps for neutral
atoms cannot be arbitrarily deep since both the trap depth and the photon scattering
rate, which causes decoherence, scale proportional to the optical power. Even in the
absence of collisional losses as the main reason to lose the trapped atom, the heating
due to fluctuations of the trapping potential can eventually cause trapped atoms to
escape. As a result, the trapping system used to confine the atoms is switched off
during the storage. Nevertheless, the residual electric and magnetic field still limits
the lifetime of the quantummemory [10, 11]. For a quantummemory in a magneto-
optical trap (MOT), the atomic diffusion imposes a strict limitation on the storage
time, which in turn limits the maximum distance for quantum communication in
practical applications. On the contrary, the optical dipole trap can offer an array of
spatial forms which can be rapidly switched as well [12]. Optical dipole traps rely on
the induced atomic electric dipole interaction with electric component of the trap-
ping light. The power needed for trapping depends on the desired trap depth and
the detuning from the nearest optical transitions. Small detuning gives deeper traps,
with a depth scaling as 1/∆, where ∆ is the detuning from the nearest strong
electronic transition. This must be balanced against the photon scattering rate,
which causes heating and decoherence and scales as 1/∆2 [13]. When the light
frequency is far-detuned [12, 14, 15], a nearly conservative potential well with less
influence from spontaneous photon scattering is created for the atom. The AC-Stark
shift in the atomic state from the induced dipole gives sensitivity to intensity noise
of lasers and atomic position. The nonuniform spatial intensity profile results in the
intensity-dependent AC-Stark shift and defines the shape of associated atom trap.
Therefore, the AC-Stark shift affects the qubit level, and fluctuation in laser field
leads to broad the qubit line.

In red-detuned far-off resonance optical dipole trap (FORT) [16, 17], the laser
beam is focused to attract atoms to the region, where the intensity is high. The large
detuning efficiently suppresses the effect of scattered photons. On the other hand,
the blue-detuned FORT [18, 19] can confine the atom in the dark region of the blue-
detuned laser beams. The blue-detuned FORT has several advantages over the
bright trap of the red-detuned laser. As the atoms are trapped in the “dark” place,
the photon scattering rate due to the trapping laser can be greatly reduced, while in
the bright trap, this rate can be reduced only by increasing the detuning of the
trapping laser. A quantum memory of this sort thus has a potential storage time of
seconds [13]. In conclusion all the abovementioned issues, such as linear and
nonlinear scattering, recoil heating, intensity fluctuation, and pointing instabilities
of the trapping beams, result in dipole-force fluctuations, and collisions with the
background gas lead to heating up the qubit atom and therefore escaping from the
trap [20]. This motivates the researchers to look for a way to create more stable
quantum memories with longer storage time.
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1.2 Rydberg atoms for quantum information

The optical degrees of freedom of single atoms such as polarization, wavelength,
transverse mode, etc., can provide qubits or qudits for quantum information. Thus
control and manipulation of single atoms are now of great interest given the poten-
tial to create quantum registers with single-atom techniques [21–24]. Furthermore,
the observation of entanglement between a single atom and a single photon [25]
provides the precondition for quantum communication and computation. Ground
atomic states are ideal for preserving quantum coherence [26], but implementation
of fast and deterministic quantum operations is challenging due to their weak
interactions. Such considerations suggest to employ a quantum superposition of a
ground and a Rydberg state to achieve both fast and deterministic quantum opera-
tions and long-lived memory [27]. A Rydberg atom is an atom in a highly excited
state, typically with a principal quantum number n ≫ 1. The excited valence elec-
tron can travel microns from the nucleus, while still remaining bound to it. Because
the Rydberg electron is so far from the core of the atom, the Rydberg atom develops
exaggerated properties, such as high polarizability. The strong dipolar interactions
between Rydberg atoms can potentially be used for fast quantum gates between
qubits stored in stable ground states of neutral atoms [28, 29]. The electric dipole
strength of highly excited Rydberg atoms results in the Rydberg excitation blockade
[28–33] which can be used in combination with electromagnetically induced trans-
parency (EIT) [34, 35] to generate quantum states of light, entanglement of several
atoms, and quantum logic gates [36–38]. The mapping of Rydberg interactions onto
photons by means of EIT has emerged as a powerful approach to realizing few-
photon optical nonlinearities [39–41] and provides the possibility to control the
interaction between photons, which is a key ingredient to the goal of quantum
information processing. Due to the nature of Rydberg blockade, the Rydberg
nonlinearity is a sufficiently large and long range to build an optical quantum
computer. The possibility to coherently control the quantum state of photon via
dark-state Rydberg polaritons opens up interesting applications in reversible quan-
tum memories for light waves [42] and shall find a possibility for a fast transfor-
mation [43].

1.3 Structured laser beam and atom

The development of structured laser beams such as Laguerre-Gaussian (LG)
beams has enabled the coherent production of large number of identical spiral
photons [44–47], which opens a new set of research in quantum optics in atomic
level. LG beams are characterized by three quantum numbers: (i) the wave number
k, (ii) the intertwined helical wave fronts l (an integer number) of azimuthal phase-
dependent that features a screw dislocation, and (iii) the radial nodes p [48, 50].
Each spiral photon in the LG beams carries lℏ of intrinsic orbital angular momen-
tum (OAM) along the direction of propagation [51], which is arising from their
nonuniform spatial intensity distribution. The characteristic shape of the intensity
distribution of LG beams as well as their intrinsic orbital angular momentum can be
observed as a result of this interaction. The exchange of angular momentum induces
a torque and an azimuthal shift in the resonant frequency besides the usual axial
Doppler shift and recoil shift which tailored the control of the motion of the center
of mass of the atoms to rotate about the beam axis [52, 53]. In higher order quadru-
pole transition processes, the internal motion of the atom participates in orbital
angular momentum exchange between structured light and atom [54–57]. How-
ever, in dipole transition, the interaction of LG beam with atom and therefore
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transferring of OAM from LG beam to the external degree of freedom of the atom
presents in the quantization of the center of mass motion of the atom [58].

A Rydberg atom with near classical size comparable to the wavelength of photon
is big enough to feel phase differences of the helical wave front of LG beams. The
LG beam has an advantage of control and narrows the resonances in electromag-
netically induced transparency. The orbital angular momentum of LG beams has
emerged as a popular choice for experiments on high-dimensional quantum infor-
mation [59]. The dark center of blue-detuned Laguerre-Gaussian beam is emerged
as an important feature to trap neutral atoms to decrease the atomic heating and
decoherence rates and minimize the AC-Stark shift [60, 61]. In quantum informa-
tion processing and data transmission, optical orbital angular momentum of spiral
photons can provide an extra degree of entanglement [48] to carry quantum infor-
mation in the different degrees of freedom by the higher dimensionality of the
Hilbert space. In other words, the information carried by each photon can be
increased significantly, from a qubit to a qudit, where d is the number of orthogonal
basis vectors of the Hilbert space in which the photon lives.

1.4 Rydberg excitation

The excitation of a trapped neutral atom to a highly excited Rydberg state with
long coherent time of ground-Rydberg transition is a promising platform for fast
multi-qubit gates. The Rydberg state lifetime must be taken into account since the
Rydberg state needs to be populated in order to implement two-qubit logical oper-
ations. The elementary operations necessary with Rydberg atoms in quantum
information rely on the ability to coherently excite a Rydberg state and then
returning them back to the ground state in controlled way so that the Rydberg atom
is available for further processing. The lack of widely tunable frequency-stabilized
ultraviolet wavelength diode lasers required for the direct excitation from the
ground state to Rydberg states as well as weak direct excitation cross section has led
to the use of multistep processes involving visible and near-infrared wavelengths
[62–64]. To limit the spontaneous emission from the intermediate states in
multistep excitation, which destroys the coherence, the population of the interme-
diate states can be manipulated by enlarging the detuning of the excitation laser
frequency from the respective resonance frequency compared to the Rabi
frequency of single-photon excitation. For large enough detunings, the intermediate
states can be eliminated and a four-level system can be approximated to a two-level
system with a total coupling strength. In this case, to obtain coherent coupling
between the ground state and the Rydberg state, it is necessary to achieve an
effective Rabi-frequency Ω well larger than the linewidth of the Rydberg state or of
the driving laser fields. The coherent excitation of individual atoms trapped in tight
optical dipole using two-photon excitation process has recently been described
[65–68]. Also in order to cancel Doppler and recoil effects in Rydberg excitation,
which limit the fidelity of the quantum gate [69], three-photon Rydberg excitation
configuration is already proposed [70]. However, selectively localized and coherent
excitation of atom to a highly excited Rydberg state and creation of a perfect
blockade are still challenging [3, 71]. Firstly, the common red-detuned dipole traps
can store atoms in the ground state with low decoherence, but they do not trap
Rydberg states, and moreover, an atom in the Rydberg state moves in different
optical potential than that experienced by the ground state. Secondly, the photo-
ionization near the core due to the red-detuned trapping light, the sensitivity to the
stray fields because of the large electron orbit and large polarizability that scales as
∝ n7 [72], and the motional-induced dephasing presents crucial limits to the usable
spectrum. Thirdly, although the intermediate state detuning reduces spontaneous
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emission, however, the small spontaneous emission besides of atomic motion and
collisions [73] can limit storage times and therefore the ground-Rydberg atomic
coherence time. Fourthly, the weak oscillator strength between ground and highly
excited Rydberg state and very large electric dipole requires high laser excitation
intensity to achieve the required signal-to-noise ratio. Fifthly, in most
implementations using lattices or trap arrays generated with diffractive optics, it is
relatively difficult to control the trap intensity and avoid perturbation of the atomic
energy levels induced by inhomogeneous light distributions. Finally, in highly
excited state, the energy separation is very small so that the selective excitation of
the atom to a highly excited Rydberg state requires experimental technique with
extremely high resolution.

To reduce errors in Rydberg excitation experiments, one solution is turning off
the trapping system before the Rydberg excitation. However, it can cause problem
for implementations with many qubits and creates unwanted Doppler shifts. This
can be addressed by choosing a trap that works for both ground and Rydberg state
of the atom. On the other hand, for the implementation of Rydberg-based quantum
computing protocols with neutral atoms [3, 74–76], one can use a magic wavelength
at which two atomic states (ground and Rydberg states) experience the same AC-
Stark shift in a light field. In this chapter, a four-level Rydberg atom as a quantum
memory in far-off resonance optical dipole-quadrupole trap is introduced. The
controlling of the quantum state of localized Rydberg atom by tuning the excitation
parameters is presented. It is shown that the ability to control the quantum state of
Rydberg atom opens some interesting prospects for advances in quantum informa-
tion processing.

2. High precision excitation and manipulation of a localized single atom
to a highly excited Rydberg state

In this section, the theory of the three-step axial Doppler-free GGLG excitation
of an alkali atom (e.g., Rb) from the ground state to the desired Rydberg state at the
level of a single atomic excitation which is crucial for applications to quantum
information processing is presented. The Rydberg excitation process is based on far-
off resonance dipole-dipole-quadrupole transition. The quadrupole Rydberg transi-
tion in the last step is via LG-polarized laser beam. The Rydberg atom is localized at
the dark center of structured beam, where the effect of atomic vibrations as well as
AC-Stark shift is completely disappeared. The geometry of excitation as well as
unique properties of LG-Rydberg excitation beam provides qudit of quantum
memory in less disrupting effects such as motional heating effect, spontaneous
emission due to high power, AC-Stark and Doppler, and recoil shift at the center of
the trap which guarantee the high-fidelity gate.

2.1 Excitation configuration

The schematic diagram of a four-level atomic system is shown in Figure 1. We
denote |0 > to be the atomic ground state and |i > with i = 1,2,3 to be the respective
first, second, and third excited states separated by energy Ei-Ei-1. The atom is cooled
down to the recoil temperature and localized at the intersecting point of the excita-
tion laser beams in the transversal plane z = 0 as sketched in Figure 2(a). The wave
vectors ki, i = 1, 2, 3, lie in x-z surface with the z axis directed along the LG-Rydberg
excitation laser beams wave vector, k3. While the first and second Gaussian excita-
tion laser beams wave vectors, k1 and k2, have the respective incidence angles θ1 and
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Figure 1.
Energy-level diagram three-photon Rydberg excitation [77].

Figure 2.
(a) Geometry of Rydberg excitation via three-photon dipole-dipole-quadrupole transition. (b) Details of
vectors and quantities involving in the excitation process [77].
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θ2 to the z axis. As it is explained in the following section, this special geometry
provides the possibility for Doppler and recoil-free excitation.

The Rydberg atom-field interaction considered here corresponds to situations,
where firstly the Rydberg atom’s size is comparable to the LG-beam waist in the
third Rydberg excitation and the Rydberg electron sees the variation of the light
intensity. Different parts of the atom can feel different electric fields, and the
quadrupole transition, which seems to be negligible in most situations due to a
much stronger simultaneous effect of the dipole one, is considerably increased.
Secondly, the Rydberg and two intermediate states decay by spontaneous emission,
and it is assumed that the lifetime of the Rydberg state is much longer than the
other states, and so its decay can be neglected during the time scales relevant to the
excitation process. Finally, the dipole-dipole interaction between the Rydberg
atoms, which may induce the blockade, is omitted to focus on the single-atom
excitation mechanism.

2.2 Excitation laser beams

The four-level atom is driven by three laser fields, the Gaussian first and second
excitation laser field with respective frequency ω1 and ω2 and the LG-Rydberg
excitation laser field with frequency ω3. Neglecting the focusing and the radial
complexity and the mode curvature of the excitation laser beams, the electric field
of each one-photon transition in the cylindrical-polar coordinates is given by

E1,2 R⊥;Φ;Zð Þ ¼ e1,2E01,2 fG1,2 R⊥ð Þei Θ1,2 Rð Þð Þ, (1)

Eℓp R⊥;Φ;Zð Þ ¼ e3E03ξℓp

ffiffiffi

2
p

w03

� � ℓj j

f LG3 R⊥ð Þei Θ3 Rð Þð Þ, (2)

where

fG1,2 R⊥ð Þ ¼ e
�

R2⊥
w2
01,2 , (3)

f LG3 R⊥ð Þ ¼ R⊥
ℓj je

�
R2⊥
w2
03L ℓj j

p

2R2
⊥

w2
03

� �

, (4)

Θ1,2 Rð Þ ¼ k � R, (5)

and

Θ3 Rð Þ ¼ ℓφþ k3 � R: (6)

Here ei, w0i, and ki are the polarization, beam waist at z = 0, and wave vector of
the ith excitation laser field, respectively. The electric field amplitudes E0i are
connected to the laser intensity Ii via E0i = √(2Ii/cε0), where c is the speed of light
and ε0 is the vacuum permittivity. In Eq. (2), ℓ corresponds to the optical orbital
angular momentum, the mode index p represents the number of radial nodes of LG

beam, ξℓp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

2p!

π pþ ℓj jð Þ

q

is the normalization constant, and L ℓj j
p is the Laguerre poly-

nomial. The last excitation LG beam propagating along the z-direction in the plane
of the focus of the beam appears as rings with radius Rl that is scaled linearly to the
optical angular momentum and proportional to the beam waist [78]. The polariza-
tion ei determines the particular transition conditions happened in ith laser beam.
The appearance of the polarization vector ei depends explicitly upon the choice of
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coordinate orientation. In the basis of eσ, where σ = {1, �1, 0} corresponds to the
right circular, left circular, and linear polarization vector attached to the quantiza-
tion axis z in xyz frame, the ei are given by

ei θi;φið Þ ¼ ∑
σ

siσ θi;φið Þeσ, (7)

where siσ θi;φið Þ is the relation coefficient and φi is the azimuthal angle of
respective polarization according to Figure 2(b).

The ith laser excitation beam carries linear momentum ℏki, and spin angular
momentum �ℏ per photon relates to the excitation laser polarization, if circularly
polarized, while the last LG beam with an azimuthal phase dependence exp (ilϕ)
in addition to linear and spin angular momentum carries orbital angular momen-
tum that can be many times greater than the spin [49]. The combination of energy
selectivity, associated with the laser light frequency, and sublevel selectivity,
associated with polarization as well as angular momentum of light beam, provides
good controls and manipulation over the qudits in quantum information
processing.

2.3 The interaction of a four-level atom with three excitation laser fields

Let us begin with the four-level atom introduced in Figure 1. In general, the
state of the atom for the coupled atom-laser system can be written in terms of the
eigenstates of Hatom, the unperturbed Hamiltonian for the atomic system in the
absence of the excitation laser, as

ψ r; tð Þj i ¼ c0 tð Þψ0 rð Þe�i
E0
ℏ
t 0j i þ∑

i
ci tð Þψ i rð Þe�i

Ei
ℏ
t ij i, (8)

where ci (i = 0, 1, 2, 3) is the probability amplitude of ith state. The Hamiltonian
for the system can be taken as

H
_

¼ H
_

atom þH
_

int, (9)

where H
_

int ¼ H
_

d þH
_

q,
where E R⊥;Φ;Zð Þ ¼ E1 R⊥;Φ;Zð Þ þ E1 R⊥;Φ;Zð Þ þ E3lp R⊥;Φ;Zð Þ is the total

electric field of excitation lasers, and where H
_

d and H
_

q are the coupling to the
electric dipole and quadrupole moment, respectively [79]. The first two excitations
proceed via dipole transition employing the first two Gaussian laser beams, while
the Rydberg excitation takes place through the quadrupole transition using the
polarized LG beam.

To study the dynamics of the population of the different levels of the atom, we
need to know ci (t) by solving the Schrodinger equation:

iℏ
∂

∂t
ψ r; tð Þj i ¼H

_ 0 ψ r; tð Þj i, (10)

where

H
_ 0 ¼U

_

H
_

U
_�1 þ�iℏ U

_ ∂

∂t
U
_�1

: (11)

In matrix notation, the Schrodinger equation after rotating wave approximation
can be given by
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∂

∂t

c0 tð Þ
c1 tð ÞeiΔ1t

c2 tð Þei Δ2þΔ1ð Þt

c3 tð ÞeiΔt

0

B

B

B

@

1

C

C

C

A

¼ �i

0
Ω1

2
0 0

Ω1

2
Δ1

Ω2

2
0

0
Ω2

2
Δ1 þ Δ2

Ω3

2

0 0
Ω3

2
Δ

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

A

c0 tð Þ
c1 tð ÞeiΔ1t

c2 tð Þei Δ2þΔ1ð Þt

c3 tð ÞeiΔt

0

B

B

B

@

1

C

C

C

A

: (12)

Here

ð13Þ

and

Ω3 R⊥ð Þ ¼ 2e2I3
ℏ
2cε0

� �
1
2 2r⊥r2!3

ffiffiffi

π
p

w03
� e3 θ3;φ3ð Þeiφ d

dR⊥
f LG3 R⊥ð Þ (14)

are the first and second dipole and the last quadrupole Rydberg excitation Rabi
frequencies, respectively, where ri�1!i ¼ i� 1h jψ∗

i�1 rð Þrψ i rð Þ ij i stand for the atomic
dipole momentums between states i�1 and i, with respective eigenfunctions ψi-1(r)

and ψi(r); Δi ¼ ωi � Ei�Ei�1

ℏ
þ ΔiD is the detuning of state i affected by residual

Doppler shifts:

ΔiD ¼ ∇Θi:vi (15)

due to the random very small displacements and vibrations of the atom (see
Eqs. (3) and (4)), even though the atom is cooled and trapped at the center of the

LG beam, and Δ ¼ ∑3
i¼1Δi ¼ E3 � E0 �∑i ωi stands for the total detuning to the

Rydberg state.
According to Eq. (14), the quadrupole Rabi frequency of the Rydberg excitation

step in addition to the polarization depends on the orbital angular momentum of the
LG beam. The phase factor eiφ changes the parity symmetry and transfers one unit
of optical orbital angular momentum to the internal motion of atom. The quadratic
radial, r⊥r2!3, in Eq. (14) is the consequence of the transversal variation of the LG-
beam intensity.

2.3.1 Doppler and recoil shift compensation

The axial Doppler shift of the first, second, and Rydberg states by inserting
Eqs. (3) and (4) in Eq. (14) can be, respectively, given as

Δ1D ¼ �k1v1 cos θ1 þ k1v1 sin θ1,

Δ2D ¼ �k2v2 cos θ2 � k2v2 sin θ2,

Δ3D ¼ k3v3 þ ΔLG:

(16)

It is noticeable that Δ3D contains the azimuthal Doppler shift [80], ΔLG ¼ vΦ
R⊥
, in

addition to the axial Doppler shift, where vΦ is the azimuthal velocity of the atom.
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Doppler broadening due to atomic motion leads to imperfect Rydberg excitation
which limits the fidelity of the entanglement that is created using Rydberg interac-
tions. By adjusting θi, it is possible to get rid of the recoil and axial Doppler shift.
According to Figure 2(a), the excitation is recoil-free when

k1 sin θ1 ¼ k2 sin θ2: (17)

By substituting Eqs. (5) and (6) into Eq. (16), it is found that this flexible
geometry of the excitation system results in the axial Doppler-free excitation con-
dition in which the total detuning Δ is independent from the atomic vibrations but
not rotations.

2.3.2 Adiabatic approximation and effective two-level transition

With the presence of decoherency, the evolution of the atomic states in
memoryless environment will be expressed as density matrix formalism [81].
However, storing quantum information for long periods needs a decoherence-free
quantum memory. In order to have coherent excitation, the spontaneous photon
scattering should be limited by far detuning of laser excitation frequency from the
respective excited state. In the limit of very large intermediate detuning such that,
|Δi| ≫ Ωi and |Δi| ≫ |Δ|, the population of intermediate states is very low, and the
system can behave as a two-level system with an effective coupling between ground
and Rydberg states [77]. Supposing that the atom is initially in the ground state |0>,
the time dependence of the Rydberg state population by the GGLG-beam excitation
scheme can be obtained from Eq. (12) as

c3j j2 ¼
Ωeff

2

Ωeff
2 þ Δeff

2 sin 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ωeff
2 þ Δeff

2
q

t

� �

, (18)

where

Δeff R⊥ð Þ ¼ ΔþΩ2
3 R⊥ð Þ
4Δ3

þΩ2
1 R⊥ð Þ
4Δ1

þ ΔLG, (19)

and

Ωeff R⊥ð Þ ¼ Ω1 R⊥ð ÞΩ2 R⊥ð ÞΩ3 R⊥ð Þ
4Δ1Δ3

(20)

are the effective detuning and resonant Rabi frequency characterizing effective
quadrupole coupling between ground and Rydberg states due to the dipole-
dipole-quadrupole transition under the adiabatic approximation.

The transverse profile of three-photon GGLG effective quadrupole Rabi
frequency has a narrow central peak compared to the one-photon quadrupole LG Rabi
frequency without any sidelope. Then, according to Eq. (18), the nonzero excitation
probability is limited to the position of a single atom which is localized at the center of
the trap leading to enhancement of the high-accuracy single-atom excitation.

2.3.3 Transition selection rules

To coherently excite a single atom to a Rydberg state for quantum information
processing, it is crucial to determine the strength of the radial and angular momen-
tum couplings between the ground and Rydberg states. Moreover, the quantum
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qudit encoding is based on the spin and orbital angular momentum exchange in the
interaction of atom with excitation laser beams, which is expressed in angular
momentum coupling term. The internal atomic wave function in spherical polar
coordinate is written as

ψnlm rð Þ ¼ unl rð ÞY lm θ;φð Þ, (21)

where unl(r) is the radial part of the electron wave function, which for a Rydberg
state can be approximated using quantum defect theory [82], and n, l, and m are
quantum numbers, which characterize the atom states. Substituting Eq. (21) into
Eqs. (13) and (14) and considering the polarization orientation with respect to the
quantization axis, the Rabi frequency of each transition can be given by

Ω1 0ð Þ ¼ 8πI1
3ℏ2ε0c

� �1
2

eRn0l0!n1l1 rð Þ∑σs1σ θ1;φ1ð Þ
ð

2π

0

ð

π

0

sin θdθdφYm0

l0
∗Yσ

1Y
m1

l1

¼ 2I1
ℏ
2ε0c

� �1
2

eRn0l0!n1l1 rð Þβ1dp

(22)

Ω2 0ð Þ ¼ 8πI2
3ℏ2ε0c

� �1
2

eRn1l1!n2l2 rð Þ∑σs2σ θ2;φ2ð Þ
ð

2π

0

ð

π

0

sin θdθdφYm1

l1
∗Yσ

1Y
m2

l2

¼ 2I2
ℏ
2ε0c

� �1
2

eRn1l1!n2l2 rð Þβ2dp

(23)

Ω3 0ð Þ ¼ 8πI3
3ℏ2ε0c

� �1
2

ffiffiffiffiffi

32

3

r

eRn2l2!n3l3 rð Þ
w3

∑σs3σ θ3;φ3ð Þ
ð

2π

0

ð

π

0

sin θdθdφYm2

l2
∗Yσ

1Y
1
1Y

m3

l3

¼ 16I3
πℏ2ε0c

� �1
2 eRn2l2!n3l3 rð Þ

w03
β3qp

(24)

where Rni�1, li�1 ! ni, li represent the overlap integral between the radial wave
functions of the electron and the dipole-quadrupole moment and βli�1mi�1!limi

are the
angular coupling expressed in terms of Clebsch-Gordan coefficients [77].
βli�1mi�1!limi

contributes in precise quadrupole Rydberg excitation with elemental
parameters θi and Φi. Different combinations of θi and Φi provide all possible
transitions accessible, which is applicable in precision measurements [83]. In case of
θ3 = 0 as shown in Figure 2(a), for left and right circularly polarized LG beam with
p = 0 and ℓ = 1, the angular momentum transferred to the internal motion of the
Rydberg atom via quadrupole transition is |Δm| = 2 and 0, respectively. Therefore,
there is a possibility for the Rydberg atom to gain two units of angular momentum
due to the quadrupole LG excitation: one from the polarization and the other from
optical orbital angular momentum of LG beam. Additionally, the radial overlap
integral of the quadrupole transition Rn2l2!n3l3 rð Þ is considerable for high-lying
Rydberg state with respect to w03, which increases the quadrupole Rabi frequency.
Moreover, the w03-dependence of the Rydberg excitation Rabi frequency reflects
the fact that the electric quadrupole transitions for an LG beam scales with w03

(compared to the plane wave, which scales with wave number k). Therefore, a
relevant focusing with respect to the diffraction limit in addition to sufficient LG-
beam power enhances the probability of the effective quadrupole excitation.
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2.3.4 Localized Rydberg excitation in dipole-quadrupole potential landscape

Considering red- and blue-far-off resonance detuned first, second, and Rydberg
excitation laser beams, respectively, due to the position-dependent AC-Stark shift
of ground and Rydberg states as derived in Eq. (19), a position-dependent dipole-
quadrupole potential landscape is found:

UFORDQT R⊥ð Þ ¼ ULG3 þUG1, (25)

where

UqLG3 ¼ U03
d

dR⊥
f LG3 R⊥ð Þ

� �2

, (26)

and

UdG1 ¼ �U01 f
2
G1 R⊥ð ÞÞ (27)

are the optical quadrupole and dipole potentials, respectively. In these expres-

sions U03 ¼ ℏ

4
Ω3 0ð Þj j2
Δ3 R;Vð Þj j and U01 ¼ ℏ

4
Ω1 0ð Þj j2
Δ1 R;Vð Þj j are quadrupole and dipole potential depth.

The first and the last excitation parameters are contributing in the self-trapping
potential landscape called far-off resonance optical dipole-quadrupole trap
(FORDQT), while the second deriving laser with high intensity increases the exci-
tation probability. Turning the trap off also results in mechanical heating and
decoherence due to entanglement between the qubit state and the center of mass
motion. The far detuning from all atomic resonances substantially reduces the
photon scattering rate, and the atom is localized in an almost conservative potential.
It can be seen that the magnitude and direction of the force exerted on the atom
depend on both the magnitude and sign of the intensity gradient and the detuning
which pushes the atom back toward the dark center of the trap. The flexible
geometry of the excitation configuration results in the axial Doppler- and recoil-free
excitation at the center of the trap. The localized Rydberg excitation in FORDQT
potential can pave the way to establish a new record for the length of the time that
quantum information can be stored in and retrieved from a localized trapped
Rydberg atom.

2.3.5 Optimization of the system by tuning the excitation parameters

The probability of coherent writing and reading a quantum state into and out of
Rydberg atom as a long-lived memory depends on coherence time and strength of
coupling between ground and Rydberg state. Substituting the Rabi frequencies
defined in Eqs. (22)–(24) into Eqs. (19), (20) and (25), Δeff, Ωeff, and UFORDQT can
be interpreted in terms of key parameters of excitation: the orientation of the
excitation beams with respect to the quantum axis (θi), the intensity of laser exci-
tation beams (Ii), the detuning from intermediate states (Δi), the laser polarization
azimuthal angle (φi), and the orbital angular momentum and the beam waist of the
Rydberg excitation LG beam. By adjusting θi the geometry of excitation can be
constructed for a Doppler- and recoil-free excitation. The clever choice of φi results
in the excitation to a desirable state. While Δi fulfills the far-off resonance condi-
tion, the intensity Ii can be adjusted to boost the effective quadrupole excitation
with less effect of AC-Stark shift. Finally, the proper choice of excitation laser beam
waists can result in a great reduction of trapping size. In the GGLG excitation
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process, the Rydberg atom confines in the FORDQT potential, which is sensitive to
the Rydberg atom position with respect to the transversal variations of the intensity
of the excitation lasers which keeps the Rydberg atom at the minimum noise
position of the trapping center and thus controls localized qudit state in longer
coherent time reasonable for quantum information processing. Comparing to the
Rydberg dipole excitation via LG beam, the Rydberg GGLG excitation system
localizes the atom in a much smaller region. According to Figure 3, if the LG beam
is focused into some micron waist, then in this self-trapping excitation system, the
atom can be excited to a Rydberg state while tightly confined and controlled to sub-
micron dimensions. Consequently, in a high-dimensional quantum information
experiments via Rydberg excitation, care should be taken to relative control over all
these parameters.

3. Summary

In this chapter, the Doppler- and recoil-free three-photon GGLG excitation
promises to extend a single localized atom to a highly excited Rydberg state, which
has application in the control and transformation of high-dimensional quantum
states [16]. The adiabatic approximation results in an effective quadrupole Rabi
frequency with a rich geometrical dependency. The quadrupole interaction in the
last step of the LG excitation transfers a unit of orbital angular momentum to the
Rydberg state in addition to the spin angular momentum. The GGLG excitation
system allows to greatly reducing the rate of photon scattering and suppresses the
loss rate due to collision, while the trapping potential of FORODQT localizes the
Rydberg excitation and increases excitation coherency and allows for high detection
efficiency and long detection time. A wide range of properties characterizing the
excitation configuration can be controlled in real time through changes in geome-
try, polarization and orbital angular momentum, focal spot size, intensity, and
frequency of the laser excitation beams to provide the ability to encode qudit in the
internal degree of freedom of Rydberg atom independently to the center-of-mass
motion. This aspect is vital to store and manipulate the quantum state of qudits in
high-dimensional quantum information processing.

Figure 3.
(a) The far-off resonance optical dipole-quadrupole trapping potential normalized to the quadrupole potential
versus transversal position of center of mass of the Rydberg atom, for the case Ω1 = Ω3, |Δ1| = |Δ3|, and
ω01 = ω02 = 0.2 ω03 (blue line) [77].
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