We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

6,900 186,000 200M

ailable International authors and editors Downloads

among the

154 TOP 1% 12.2%

Countries deliv most cited s Contributors from top 500 universities

Sa
S

BOOK
CITATION
INDEX

Selection of our books indexed in the Book Citation Index
in Web of Science™ Core Collection (BKCI)

Interested in publishing with us?
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected.
For more information visit www.intechopen.com

Y



Chapter 2

On Conformal Anti-Invariant Submersions Whose Total
Manifolds Are Locally Product Riemannian

Mehmet Akif Akyol

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/intechopen.80337

Abstract

The aim of this chapter is to study conformal anti-invariant submersions from almost
product Riemannian manifolds onto Riemannian manifolds as a generalization of anti-
invariant Riemannian submersion which was introduced by B. Sahin. We investigate the
integrability of the distributions which arise from the definition of the new submersions
and the geometry of foliations. Moreover, we find necessary and sufficient conditions for
this submersion to be totally geodesic and in order to guarantee the new submersion, we
mention some examples of such submersions.

Keywords: conformal submersion, almost product Riemannian manifold,
vertical distribution, conformal anti-invariant submersion
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1. Introduction

Immersions and submersions, which are special tools in differential geometry, also play a
fundamental role in Riemannian geometry, especially when the involved manifolds carry an
additional structure (such as contact, Hermitian and product structure). In particular, Rie-
mannian submersions (which we always assume to have connected fibers) are fundamentally
important in several areas of Riemannian geometry. For instance, it is a classical and important
problem in Riemannian geometry to construct Riemannian manifolds with positive or non-
negative sectional curvature. Riemannian submersions between Riemannian manifolds are
important geometric structures. Riemannian submersions between Riemannian manifolds
were studied by O’Neill [1] and Gray [2]. In [3], the Riemannian submersions were considered
between almost Hermitian manifolds by Watson under the name of almost Hermitian submersions.
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In this case, the Riemannian submersion is also an almost complex mapping and consequently the
vertical and horizontal distributions are invariant with respect to the almost complex structure of
the total manifold of the submersion. The study of anti-invariant Riemannian submersions from
almost Hermitian manifolds was initiated by Sahin [4]. In this case, the fibers are anti-invariant with
respect to the almost complex structure of the total manifold. This notion extended to different total
spaces see: [5-14].

On the other hand, as a generalization of Riemannian submersion, horizontally conformal
submersions are defined as follows [15]: Suppose that (M,g,,) and (B,g;) are Riemannian
manifolds and 7 : M — B is a smooth submersion, then 7 is called a horizontally conformal
submersion, if there is a positive function A such that

Ang(X7 Y) = gp(m. X, m.Y)

for every X, Y e F((kern*)L). It is obvious that every Riemannian submersion is a particular

horizontally conformal submersion with A = 1. We note that horizontally conformal submer-
sions are special horizontally conformal maps which were introduced independently by
Fuglede [16] and Ishihara [17]. We also note that a horizontally conformal submersion
7t : M — B is said to be horizontally homothetic if the gradient of its dilation A is vertical, i.e.,

H(gradA) =0 1)

at p €M, where H is the projection on the horizontal space (kerm.)". For conformal submer-
sion, see: [15, 18, 19].

One can see that Riemannian submersions are very special maps comparing with conformal
submersions. Although conformal maps do not preserve distance between points contrary to
isometries, they preserve angles between vector fields. This property enables one to transfer
certain properties of a manifold to another manifold by deforming such properties.

Recently, we introduced conformal anti-invariant submersions [20] and conformal semi-
invariant submersions [21] from almost Hermitian manifolds, and gave examples and investi-
gated the geometry of such submersions (see also [22, 23]). We showed that the geometry of
such submersions is different from their counterpart anti-invariant Riemannian submersions
and semi-invariant Riemannian submersions. In the present paper, we define and study con-
formal anti-invariant submersions from almost product Riemannian manifolds, give examples
and investigate the geometry of the total space and the base space for the existence of such
submersions.

Our work is structured as follows: Section 2 is focused on basic facts for conformal submersions
and almost product Riemannian manifolds. The third section is concerned with definition of
conformal anti-invariant submersions, investigating the integrability conditions of the horizon-
tal distribution and the vertical distribution. In Section 4, we study the geometry of leaves of
the horizontal distribution and the vertical distribution. In Section 5, we find necessary and
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sufficient conditions for a conformal anti-invariant submersion to be totally geodesicness. The
last section, we give some examples of such submersions.

2. Preliminaries

In this section we recall several notions and results which will be needed throughout the
chapter.

Let M be a m-dimensional manifold with a tensor F of a type (1,1) such that
F>=1(F#]I).

Then, we say that M is an almost product manifold with almost product structure F. We put

P =

(I+F), Q==(I-F)

N —
N —

Then we get
P+Q=1 P> =P, Q*=Q PQ=QP=0, F=P-Q

Thus P and Q define two complementary distributions P and Q. We easily see that the
eigenvalues of F are +1 or —1. If an almost product manifold M admits a Riemannian metric g
such that

g(FX,FY) = ¢(X,Y) (2)
for any vector fields X and Y on M, then M is called an almost product Riemannian manifold,

denoted by (M, g, F). Denote the Levi-Civita connection on M with respect to ¢ by V. Then, M
is called a locally product Riemannian manifold [24] if F is parallel with respectto V, i.e.,

VxF=0, XeIl(TM). 3)
Conformal submersions belong to a wide class of conformal maps that we are going to recall
their definition, but we will not study such maps in this paper.

Definition 2.1 ([15]) Let ¢ : (M™,g) — (N", h) be a smooth map between Riemannian manifolds, and
let x € M. Then ¢ is called horizontally weakly conformal or semi conformal at x if either

(i) dp, =0, or

(i) dep, maps horizontal space Hy = (ker(de,))" conformally onto T, N, i.e., d, is surjective and
there exists a number A(x) # 0 such that

27
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h(de X, dp.Y) = A(x)g(X,Y) (X,YEMH,). )

Note that we can write the last equation more sufficiently as

(@"h),

HoxH, = A(X)g HoxHy "

A point x is of type (i) in Definition if and only if it is a critical point of ¢; we shall call a point of
type (ii) a regular point. At a critical point, d¢, has rank 0; at a regular point, d¢, has rank 7 and
@ is submersion. The number A(x) is called the square dilation (of ¢ at x); it is necessarily non-
negative; its square root A(x) = y/A(x) is called the dilation (of ¢ at x). The map ¢ is called
horizontally weakly conformal or semi conformal (on M) if it is horizontally weakly conformal at
every point of M. It is clear that if ¢ has no critical points, then we call it a (horizontally)
conformal submersion.

Next, we recall the following definition from [18]. Let 77 : M — N be a submersion. A vector
field E on M is said to be projectable if there exists a vector field E on N, such that dri(E,) =

En(x> for all x € M. In this case E and E are called 71— related. A horizontal vector field Y on

(M, g) is called basic, if it is projectable. It is well known fact, that is, 7 is a vector field on N,
then there exists a unique basic vector field Z on M, such that Z and 7 are m— related. The
vector field Z is called the horizontal lift of Z.

The fundamental tensors of a submersion were introduced in [1]. They play a similar role to
that of the second fundamental form of an immersion. More precisely, O’Neill’s tensors T and
A defined for vector fields E, G on M by

ApG = VVYLHG + HVYLVG (5)
TrG = HV)EVG + YV HG 6)

where V and H are the vertical and horizontal projections (see [25]). On the other hand, from
(5) and (6), we have

VW = TyW + VyW 7)
VI X = HVII X + TyX (8)
VIV = AxV + VWY ©9)
VATY = HVY + AxY (10)

for X,Yel"((kern*)l> and V, W €T (kerm,), where VyW = VVY'W. If X is basic, then

HV]‘\,/IlX = AxV. It is easily seen that for xeM, XeH, and V. the linear operators Ty,
Ax : TxM — TxM are skew-symmetric, that is
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g(TvE,G) = —g(E, TyG) and g(AxE,G) = —g(E, AxG)

for all E, Ge T,M. We also see that the restriction of T to the vertical distribution T| is
exactly the second fundamental form of the fibers of 7. Since Ty is skew symmetric, we get 7t
which has totally geodesic fibers if and only if T = 0. For the special case when 7 is horizon-
tally conformal we have the following;:

Proposition 2.1 ([18]) Let 7t : (M™, g) — (N", h) be a horizontally conformal submersion with dilation
V and X, Y be horizontal vectors, then

1 1
AxY =3 {V[X, Y] — A*g(X,Y)grad,, <F> } (11)

We see that the skew-symmetric part of AJ, 1 measures the obstruction integrability

kerrt, )t x (kerm,.)

of the horizontal distribution (kerm, ).

Let (M, g,,) and (N,g,) be Riemannian manifolds and suppose that 7 : M — N is a smooth
map between them. The differential of 7, of 7 can be viewed a section of the bundle
Hom(TM, 7w 'TN) — M, where 7 'TN is the pullback bundle which has fibers (n'IN), =

TN, peM. Hom(TM, 7w 'TN) has a connection V induced from the Levi-Civita connection

VM and the pullback connection. Then the second fundamental form of 7t is given by
Vr, : I(TM) x I'(TM) — I'(TN)
defined by

(Vi) (X, Y) = Vi (Y) — . (VYY) (12)

for X, Y €T (TM), where V™ is the pullback connection. It is known that the second fundamen-
tal form is symmetric.

Lemma 2.1. [26] Let (M, g,,) and (N, g) be Riemannian manifolds and suppose that @ : M — N is a
smooth map between them. Then we have

Vi, (Y) = Vi, (X) — ¢, (X, Y]) =0 (13)

for X, Y eI'(TM).
Finally, we recall the following lemma from [15].

Lemma 2.2. Suppose that m : M — N is a horizontally conformal submersion. Then, for any horizontal
vector fields X, Y and vertical fields V, W we have.

29
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(1) (V) (X, Y) = X(In )Y + Y(In )1, X — g, (X, Y)7t.(gradIn A);
(i) (V) (V, W) = —m.(TyW);

(iii) (V70.) (X, V) = =7, (VMV) = =7, (AxV).

3. Conformal anti-invariant submersions from almost product Riemannian
manifolds

In this section, we define conformal anti-invariant submersions from an almost product Rie-
mannian manifold onto a Riemannian manifold, investigating the geometry of distributions
(kerm,) and (kerm,)" and obtain the integrability conditions for the distribution (kerrt,)" for
such submersions.

Definition 3.1. Let (M, g;,F) be an almost product Riemannian manifold and (M>,g,) be a Rie-
mannian manifold. A horizontally conformal submersion m : My — My with dilation A is called
conformal anti-invariant submersion if the distribution kerm, is anti-invariant with respect to F, i.e.,

F(kerm,) C (kerr,)*.

Let 7t : (My,g,,F) — (M>,g,) is a conformal anti-invariant submersion from an almost prod-
uct Riemannian manifold (M, g;,F) to a Riemannian manifold (M,,g,). First of all, from
Definition 3.1, we have F(kerm.)" nkermt, # 0. We denote the complementary orthogonal distri-
bution to F(kerrt,) in (kerm, )" by u. Then we have

(kerr,)* = F(kerm,) ® u. (14)

Proposition 3.1. Let (My,g,,F) be an almost product Riemannian manifold and (M, g,) be a
Riemannian manifold. Then p is invariant with respect to F.

Proof. For Z€T (1) and V €T (kerm,.), by using (2), we have g, (FZ, FV) = 0, which show that FZ
is orthogonal to Fkerrt,. On the other hand, since FV and Z are orthogonal we get g, (FV,Z) =
8,(V,FZ) = 0 which shows that FZ is orthogonal to kerr,.. This completes proof. ]

For ZeTl <(ker7‘c*)l>, we have

FZ =BZ+CZ, (15)

where BZ €T (kerm,) and CZ €T (). On the other hand, since 7, ((kerrc*)l> =TM; and mtis a

conformal submersion, using (15) we derive % 2, (. FV,m,CZ) = 0 for any Zel"((kerrc*)L)

and V eTI'(kermt.), which implies that
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TM, = 7. (Fkerr,) @ i, (1). (16)

Lemma 3.1. Let 1t be a conformal anti-invariant submersion from a locally product Riemannian
manifold (M, g,, F) onto a Riemannian manifold (M, g,). Then we have

$(CW,FV) =0 (17)
and

g, (V'CW, FV) = —g,(CW,FAZV) (18)

forZ, We F((kern*)l> and V eI (kerm,).

Proof. For WeT ((kern*)l> and V eTI'(kerm,), using (2) we have

¢,(CW,EV) = g,(FW — BW,FV) = g, (FW,FV)

due to BW €T '(kermt,.) and PVGT((kern*)l). Hence g, (FW,FV) = g,(W, V) = 0 which is (17).

Since M; is a locally product Riemannian manifold, differentiating (3.4) with respect to Z, we
get

g, (V"CW,FV) = ¢, (CW,FV}"V)

forZ WeTl <(kern*)l> and V T (kermt.). Then using (9) we have

g, (VICW,FV) = —¢,(CW,FAZV) — g, (CW,FVV)' V).

Since FVV%/I] V eT'(Fkerm,), we obtain (18). O

We now study the integrability of the distribution (kerr, )" and then we investigate the geome-

try of the leaves of kerm, and (kerrt,)". We note that it is known that the distribution kerr, is
integrable.

Theorem 3.1. Let 7t: (My,g,,F) — (Ma,g,) is a conformal anti-invariant submersion from an
almost product Riemannian manifold (M, g,,F) to a Riemannian manifold (M, g,). Then the follow-
ing assertions are equivalent to each other;

(a) (kerrt,)* is integrable,

1
(0) 38 (VitCZ = VICW, wEV) = g, (AzBW — AwBZ — CW(In )Z + CZ(In )W, FV)
19)
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forany Z, Wel ((kern*)l> and V eI (kerm,).

Proof. For W eT ( (kern*)l) and V eI '(kermt,), we see from Definition 3.1, FV €T ((kem*)l> and

FW eT (kerm, @ ). Thus using (2) and (3), for Z€ F((kern*)l> we obtain
81(1Z, W], V) = g (V7' FW,FV) — g, (Vy/ FZ,FV).

Further, from (15) we get

QUZWLY) = g, (VHBW,FV) + g, (VY CW,FV) — g, (VI BZ,FV) — g, (Vi CZ,FV).
Using (9), (10) and if we take into account 7 is a conformal submersion, we arrive at

1 1
(12 W] V) = g,(AzBW — AwBZ,FV) + 58, (. (V' CW), m,FV) — 5% (. (Viy'CZ), .EV).

Thus, from (12) and Lemma 2.2 we derive

2, ([Z,W],V) = g,(AzBW — AwBZ,FV) — g,(HgradIn A, Z)g,(CW,FV)
— g1 (HgradIn A,CW)g,(Z,FV) 4 g,(Z,CW)g, (HgradIn A, FV)

+ /\12g2 (V3m.CW, . FV) + g, (HgradIn A, W)g, (CZ, FV)
+ g, (HgradIn A,CZ)g,(W,FV) — g,(W,CZ)g,(HgradIn A, FV)

- %gz (Viym.CZ, m,FV).

Moreover, using (17), we obtain
$([Z,W], V) =g,(AzBW — AwBZ — CW(InA)Z + CZ(In L)W, FV)

1
- ?82 (ViymCZ — Vim.CW, . FV)

which proves (a) < (b). O
From Theorem 3.1, we deduce the following characterization.

Theorem 3.2. Let 1t be a conformal anti-invariant submersion from a locally product Riemannian
manifold (M, g,,F) onto a Riemannian manifold (M, g,). Then any two conditions below imply the
three;

i.  (kerm.)" is integrable.
ii. Adisaconstanton T (u).

iii. g,(V{m.CZ - Vin.CW,m,FV) = A%g,(AzBW — AwBZ,FV)
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for Z, Wef((kern*)l) and V €T (kerm,.).

Proof. From Theorem 3.1, we have

2,(1Z, W], V) =g, (AzBW — AwBZ — CW(InA)Z + CZ(In \)W, FV)

1
— 28V CZ = Vim.CW, L FV).

forZ, WeTl ((kern*)l> and V €T '(kermt.). Now, if we have (i) and (iii), then we arrive at
—g,(HgradInA,CW)g,(Z,FV) + g,(HgradIn A,CZ)g,(W,FV) = 0. (20)

Now, taking W = FV in (20) for V eI '(kerm,), using (17), we get
—g,(HgradInA,C(FV))g,(Z,FV) + g,(HgradIn A,CZ)g,(FV,FV) = 0.

Hence A is a constant on I'(u). Similarly, one can obtain the other assertions. O

We say that a conformal anti-invariant submersion is a conformal Lagrangian submersion if

F(kerrt,) = (kerm,)". From Theorem 3.1, we have the following result.

Corollary 3.1. Let © be a conformal Lagrangian submersion from a locally product Riemannian
manifold (M, g,,F) onto a Riemannian manifold (M,,g,). Then the following assertions are equiva-
lent to each other:

i.  (kerm.)" is integrable
ii. AzFW = AwFZ
iii. (V) (Z,FW) = (V) (W,FZ)
forZ, WeTl ((kern*)l)
Proof. For Z, W € F((kern*)i) and V €T '(kermt.), we see from Definition 3.1, FV € F((kern*)l>
and FW €T'(kerm,). From Theorem 3.1 we have
§,([Z, W], V) =g,(AzBW — AywBZ — CW(In \)Z + CZ(In \)W, EV)

1
— 28V CZ = Vi CW, T FV).

Since 7t is a conformal Lagrangian submersion, we derive

gl([z7 W]a V) =& (AZBW - AWBZ, FV)

which shows (i) © (ii). On the other hand, using Definition 3.1 and (9) we arrive at

33
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1 1
81 (AzBW,FV) — ¢, (AwBZ,FV) = ?gz(n*AZBW, .FV) — ?gz(n*AWBZ, 1t.FV)

= %gz (. (VX" BW), 70, FV) — %& (m. (VM BZ), 70, EV).

Now, using (12) we obtain

1
2 {82 (VI BW), V) — g, (. (Vi BZ), V) }

1 1
= ?gz(—(VF*)(Z, BW) + V. BW, n*FV) - ?gz(—(VF*)(W, BZ) + Viy.BZ, n*FV).

Since BZ, BW €T (kerm, ), we derive
1
§1(AZBW. FV) - ,(AwBZ.FV) = <3,(VE.)(W. BZ) — (VE.)(Z, BW), n.FV)

which tells that (ii) < (iif). L]

4. Totally geodesic foliations

In this section, we shall investigate the geometry of leaves of (kerrt,) and (kerm,)". For the

geometry of leaves of the horizontal distribution (kerrt,)", we have the following theorem.

Theorem 4.1. Let 7: (M, g,,F) — (Ma,g,) is a conformal anti-invariant submersion from an
almost product Riemannian manifold (My, g,, F) to a Riemannian manifold (Mz, g, ). Then the following
assertions are equivalent to each other;

i.  (kerm.)" defines a totally geodesic foliation on M;.

. — %gz (Vir.CW,m,FV) =g, (AzBW — CW(InA)Z + ¢,(Z,CW)InA,FV)

forZ WeTl <(kern*)l) and V el (kerm..).

Proof. For Z, W T ((kern*)l> and V T (kern, ), by using (3), (9), (10), (14) and (15) we have
g (VI'W, V) = ¢,(AzBW,FV) + g, (VX"CW,FV).

Since 1 is a conformal submersion, using (12) and Lemma 2.2 we arrive at
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g (VI'W, V) = ¢,(AzBW,FV) — %gl (HgradIn A, Z)g, (1t.CW, 7,.FV)
- %81 (HgradIn A,CW)g, (1. Z, . FV)
1
+ 8 (Z,CW)g,(rt.(HgradIn A), t,FV)

- % %, (VEm.CW, . FV).

Moreover, using Definition 3.1 and (17) we obtain

g (VI'W, V) = ¢, (AzBW — CW(InA)Z + g,(Z,CW) In A, FV) + %gz (V3m.CW, 1, FV)

which proves (i) < (ii). [
From Theorem 4.1, we also deduce the following characterization.

Theorem 4.2. Let 7t be a conformal anti-invariant submersion from a locally product Riemannian
manifold (My, g,,F) onto a Riemannian manifold (M, g,). Then any two conditions below imply the
three;

i.  (kerm,)" defines a totally geodesic foliation on M.

ii. 7 is horizontally homothetic submersion.
iii. g,(VIm.CW,m,FV) = A*g,(AzFV,BW)

forZ, Wel <(ker7’c*)l) and V eI (kerm,).
Proof. For Z, W el ((kern*)l) and V €T '(kerm,), from Theorem 4.1, we have
g (VYW V) = ¢, (AzBW — CW(InA)Z + g,(Z,CW)In A, FV) + % 8, (V3,CW, . FV).
Now, if we have (i) and (iii), then we obtain
—g,(HgradIn A,CW)g,(Z,FV) + g,(HgradIn A, FV)g,(Z,CW) = 0. (21)

Now, taking Z = CW) in (4.1) and using (17), we get
g, (HgradIn A,FV)g,,(CW,CW) = 0.

Thus, A is a constant on I'(Fkerm, ). On the other hand, taking Z = FV in (25) and using (17) we
derive
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g, (HgradIn A,CW)g,(FV,FV) = 0.

From above equation, A is a constant on I'(u). Similarly, one can obtain the other assertions. []
For conformal Lagrangian submersion, we have the following result.

Corollary 4.1. Let 7t be a conformal Lagrangian submersion from a locally product Riemannian
manifold (M, g,, F) onto a Riemannian manifold (M, g,). Then the following assertions are equiva-
lent to each other;

i.  (kerm.)" defines a totally geodesic foliation on M.
ii. AzBW =0
iii. (Vr)(Z,FV) =0

forZ, We F((kern*)l) and V el (kerm..).

Proof. For Z, W el ((kerrc*)l) and V €T (kerm,), from Theorem 4.1, we have

g, (VY"W, V) = g, (AzBW — CW(InN)Z + g,(Z,CW) In A, FV) + %gQ (V3m.CW, ., FV).

Since 7t is a conformal Lagrangian submersion, we derive
§1(V"W, V) = g, (AzBW,FV)

which shows (i) < (ii). On the other hand, using Definition 3.1 and (9) we arrive at
1 1
§1(AZBW, FV) = -3 85 ((AzBW), FV) = -3 8, (1 (V5 BW), . FV).

Now, using (12) we obtain

%gz (. (VX" BW), m,FV) = %g2(—(VTc*)(Z, BW) + Vim.BW,m.FV)

_ % &, ((V72.)(Z, BW), . FV)

which tells that (ii) < (iif). [
For the totally geodesicness of the foliations of the distribution kerr,.

Theorem 4.3. Let 7 : (My,g,,F) — (Ma,g,) is a conformal anti-invariant submersion from an
almost product Riemannian manifold (M, g,, F) to a Riemannian manifold (M, g,). Then the follow-
ing assertions are equivalent to each other;
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i.  kerm, defines a totally geodesic foliation on M;.
ii. - %gz (V?un*FV, n*FCZ) = g,(TvFU,BZ) + g,(U,V)g,(HgradIn A, FCZ)
for V,U el (kerm,) and ZeT <(ker7’c*)l> .
Proof. For Z € 1"<(kern*)l> and V, U eT'(kerm,), by using (2), (3), (8) and (15) we get
¢, (V'U, Z) = g,(TyFU, BZ) + g, (HVy'FU,CZ).
Since VM1 is torsion free and [V, FU] €T (kermt.) we obtain
81 (V]\\/Al U.Z) = g,(TvFU,BZ) + g (V[;A&V’ CZ).
Using (3) and (10) we have
g, (VV'U, Z) = ¢,(TvFU, BZ) + g, (V}}FV,FCZ)

here we have used that u is invariant. Since 7t is a conformal submersion, using (12) and
Lemma 2.2 we obtain

1
¢, (V'U,z) =g, (TvFU,BZ) + 8 (HgradIn A, FU)g, (m.FV, m.FCZ)
1
& (HgradIn A, FV)g,(n.FU, m.FCZ)
1
+g,(FU,FV) ?gz(n* (HgradIn A), t,FCZ)

+ %82 (V?un*FV, n*FCZ) .

Moreover, using Definition 3.1 and (17), we obtain

¢, (Vi'U,Z) = ¢,(TvFU, BZ) + g,(U,V)g, (HgradIn A, FCZ) + %gz(vgun*FV, n.FCZ)

which proves (i) < (ii). O
From Theorem 4.3, we deduce the following result.

Theorem 4.4. Let 7 be a conformal anti-invariant submersion from a locally product Riemannian manifold
(Mu, §,, F) onto a Riemannian manifold (Ma, g, ). Then any two conditions below imply the three;

i.  kerm, defines a totally geodesic foliation on M,

ii. Aisaconstant on T (u)

1
iii. —?gz(vgun*FV,n*FCZ) =g,(TvFU,BZ)
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for V,UeT (kernt,) and ZeT ((kem*)l)
Proof. For V, U €T'(kermt,) and ZeT' ((kem*)l), from Theorem 4.3 we have

1
¢, (Vi'U, Z) = ¢,(TyFU,BZ) + g,(U, V)g, (Hgrad In A, FCZ) + 282 (Viym.FV, n.FCZ).

Now, if we have (i) and (iii), then we obtain

g,(U,V)g,(HgradIn A,FCZ) = 0.

From above equation, A is a constant on F(u). Similarly, one can obtain the other assertions.[]

If 7t is a conformal Lagrangian submersion, then (16) implies that TM, = 7,.(Fkerm.). Hence we
have the following corollary:

Corollary 4.2. Let 1t be a conformal Lagrangian submersion from a locally product Riemannian
manifold (M, g,,F) onto a Riemannian manifold (M, g,). Then the following assertions are equiva-
lent to each other;

i.  kerm, defines a totally geodesic foliation on M;.

ii. TyFU=0
for V, U el (kerm,) and Z € F((kern*)l).

Proof. From Theorem 4.3 we have

1
¢, (Vi'U, Z) = ¢,(TyFU,BZ) + g,(U, V)g, (Hgrad In A, FCZ) + 28 (Viym.FV, n.FCZ).

for V,UeTl (kerrmt,) and ZeT ((kem*)l> . Since 7t is a conformal Lagrangian submersion, we get
$:(VW'U,Z) = g,(TvFU, BZ)

which shows (i) < (if). ]

5. Totally geodesicness of the conformal anti-invariant submersion

In this section, we shall examine the totally geodesicness of a conformal anti-invariant submer-
sion. We give a necessary and sufficient condition for a conformal anti-invariant submersion to
be totally geodesic map. Recall that a smooth map 7@ between two Riemannian manifolds is
called totally geodesic if Vrt, = 0 [15].
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Theorem 5.1. Let 7 : (My,8;,F) — (Ma,g,) is a conformal anti-invariant submersion from an

almost product Riemannian manifold (My,g,,F) to a Riemannian manifold (My,g,). 7 is totally
geodesic map if and only if.

(a) 7 is a horizontally homothetic map,
(b) TuFV = 0 and HV}'FV €T (Fkerm..),

(c) AzFV = 0 and HVY'FV €T (Fkern)

forZ, W, Ze F((kern*)l) and U, V €T (kerm,.).

Proof. (a) For any Z, W €T'(u1), from Lemma 2.2 we derive

(Vr.)(Z,W) = Z(InA)n, W + W(InA)r. Z — g, (Z, W)m.(gradIn 7).

It is obvious that if 7 is a horizontally homothetic map, it follows that (Vm.)(Z, W) = 0.
Conversely, if (Vrt,.)(Z, W) = 0, taking W = FZ in above equation, we get

Z(InAN)n.FZ +FZ(InA)r.Z — g(Z,FZ)rt.(gradIn A) = 0. (22)

Taking inner product in (31) with nt,FZ, we obtain
g, (gradIn A, Z)A*g, (FZ,FZ) + g,(gradIn A, FZ)A*¢,(Z,FZ) — g,(Z,FZ)A*g,(gradIn A, FZ) = 0.
(23)

From (32), A is a constant on I'(u). On the other hand, for U, V €I'(kerrt..), from Lemma 2.2 we
have

(Vr,)(FU,FV) = FU(InA)t,FV + FV(InA)r . FU — g, (FU, FV)7.(gradIn 7).

Again if 7 is a horizontally homothetic map, then (Vm,)(FU,FV)=0. Conversely, if
(Vm,)(FU,FV) = 0, putting U instead of V in above equation, we derive

2FU(InA)m, FU — g, (FU,FU)mt,(gradIn A) = 0. (24)

Taking inner product in (33) with 7. FU and since 7 is a conformal submersion, we have

¢,(FU,FU)A*g,(gradIn A, FU) = 0.

From above equation, A is a constant on I'(Fkerr,.). Thus A is a constant on I ((kern*)l)

(b) For any U, V €I'(kerm,), using (3) and (12) we have
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(V) (U, V) = ViV = 7 (V'V)
= —m, (FV}]'FV).
Then from (7) and (8) we arrive at

(Vi) (U, V) = . (FTyFV + CHV}{'FV).

From above equation, (V7,.)(U, V) = 0 if and only if

, (FTuFV + CHV}/'FV) =0 (25)

Since 7 is non-singular, this implies T;FV = 0 and HV}'FV € T'(Fkerr..).

(c) For ZeT (i) and V €l'(kern,.), from (3) and (12) we get

(V) (Z,V) = ViV — . (V5V)
= —1.(FV)'FV).
Using (9) and (10) we have
(V7.)(Z,V) = 7. (FAZFV + CHVYFV).
Thus (V7,)(Z,V) = 0 if and only if
. (FAZFV + CHV}'FV) = 0.

Then, since 7 is a linear isomorphism between (ker7,)" and TM,, (V7,)(Z, V) = 0if and only if
AzFV =0 and HV5"FV €T (Fkern.). Thus proof is complete. ]

Here we present another result on conformal anti-invariant submersion to be totally geodesic.

Theorem 5.2 Let 7 be a conformal anti-invariant submersion from a locally product Riemannian
manifold (M, g,,F) onto a Riemannian manifold (M, g,). If 7t is a totally geodesic map then

Vi Ws = 11, (F(AzZEW1 + YV BW, + AzCW,) + C(HVY"FW1 + AzBW, + HV'CW,))

for anyZeF((kern*)l> and W = Wy + W, e(TM), where W €T (kern,.) and W, € T((kern*)l)
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Proof. Using (3) and (12) we have

(Vi) (Z,W) = Vi, W — i, (FV)"FW)

forany ZeT ((kem*)l) and W € T(TM; ). Then from (9), (10) and (15) we get

(V) (Z, W) = Vi, W, — . (FAZFW, + BHVYTFW, + CHVY FW, + BAZBW,

+CAzBW; + FVVY'BW, + FAzCW, + BHVYICW, 4+ CHVY CWs))

forany W = Wy + W, eI'(TM), where W; €T (kermt,) and W, €T’ ( (kem*)l>. Thus taking into
account the vertical parts, we find

(V) (Z, W) = VE.W, — 1t (F(AZFW; + VVATBW, + A,CW,)

+C(HVYFW; + AzBW, + HVY'CW,))

which gives our assertion. O

6. Examples

In this section, we now give some examples for conformal anti-invariant submersions from
almost product Riemannian manifolds.

Example 6.1. Every anti-invariant Riemannian submersion is a conformal anti-invariant submersion
with A = I, where I is the identity function [7].

We say that a conformal anti-invariant submersion is proper if A #I. We now present an
example of a proper conformal anti-invariant submersion. Note that given an Euclidean space

R* with coordinates (x1, ...,X4), we can canonically choose an almost product structure F on R*
as follows:

1ax1 zax2 363(3 4aJC4 - 36x1 463(2 163(3 263(4,

a, ..., a4 €ER. (26)
Example 6.2. Let 1t be a submersion defined by

T R* — R?
(x1,%2,X3,X4) (cosxgsinh xp, sinxjcosh xy).
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Then it follows that
kerm, = span{Vy = 0x3, V, = dx4}

and
(kerm, )" = span{X; = dx;, Xp = dxz}.
Hence, we have FVy = Xy and FV, = X, imply that F(kerrt,) = (kerrt,)™. Also by direct computa-
tions, we get
1.X1 = — sinxysinh x20y; + cos xjcosh x20y,,
1,.Xy = cosxjcosh x,0y, + sinxysinh x20y,.

Hence, we have

(M Xq,1.Xq) = (sinlesinhzxz + cos 2x1cosh2xz)gl (X1,X1),
(X0, 11.X5) = (sinlesinhzxz + cos 2x1c0sh2x2)g1 (X2, X2),

where ¢, and g, denote the standard metrics (inner products) of R* and R?. Thus 7 is a

2

conformal anti-invariant submersion with A2 = (sin?x;sinh?x; + cos?xjcosh?xy).

Example 6.3. Let 1t be a submersion defined by

n: RY — R?
(xl »X2,X3 ,X4) €3 sinxy €'3 cosxy
V2 V2

Then it follows that
kerm, = span{Vy = 0x1, V, = dxy}

and
(kerrt,)" = span{ W = dx3, W, = dxy}.

Hence we have FV1 = Wy and FV, = W, imply that F(kerm.,) = (kern*)l. Also by direct computa-
tions, we get

€3 sinxy €3 cosxy
W1 = 7 dy, + 7 Y,,
€3 coS x4 €3 sinxy
Ty W2 =

2 Y — 2 Y>-
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Hence, we have

=\ 2

gz(ﬂ*W1, R*Wl) = (%) g1<W1, Wl)/
s 2

gz(ﬂ*Wz, R*Wz) = (_2) gl (W27 WZ)/

where g, and g, denote the standard metrics (inner products) of R* and R”. Thus 7 is a

conformal anti-invariant submersion with A = (%) )
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