We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

6,900 186,000 200M

ailable International authors and editors Downloads

among the

154 TOP 1% 12.2%

Countries deliv most cited s Contributors from top 500 universities

Sa
S

BOOK
CITATION
INDEX

Selection of our books indexed in the Book Citation Index
in Web of Science™ Core Collection (BKCI)

Interested in publishing with us?
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected.
For more information visit www.intechopen.com

Y



Chapter 3
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Abstract

In this chapter, we introduce a multiplication operation that allows us to give to the
Carleman integral operator of second class the form of a multiplication operator. Also we
establish the formal theory of perturbation of such operators.
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1. Introduction

In this chapter, we shall assume that the reader is familiar with the fundamental results and
the standard notation of the integral operators theory [1-3, 5, 6, 8-12]. Let X be an arbitrary set,
t be a 0— finite measure on X (u is defined on a 0— algebra of subsets of X; we do not indicate
this 0— algebra), and L, (X, y) the Hilbert space of square integrable functions with respect to

p. Instead of writing “u— measurable,” “u— almost everywhere,” and “(du(x)),
“measurable,”

4

we write
ae” and “dx.”

A linear operator A: D(A) —— L, (X, ), where the domain D(A) is a dense linear manifold in
L, (X, [J), is said to be integral if there exist a measurable function K on X x X, a kernel, such
that, for every f € D(A),

Af(x) = LK(x,y)f(y)dy 1)

A kernel K on X x X is said to be Carleman, if K(x,y) € L,(X, ) for almost every fixed x, that
is to say
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JX|K(x,y)|2dy < oo ae. (2)

An integral operator A (1) with a kernel K is called Carleman operator, if K is a Carleman
kernel (2). Every Carleman kernel K defines a Carleman function k from X to Ly (X, it) by k(x) =

K(x,.) for all x in X for which K(x,.) € Ly (X, u)..

Now we consider the Carleman integral operator (1) of second class [3, 8] generated by the
following symmetric kernel:

K(x,y) =Y a0, ()9, (y), 3)

p=0
where the overbar in (3) denotes the complex conjugation and {q}p (x) }w . is an orthonormal
p:

sequence in L? (X, ) such that

< o a.e., 4)

< ooa.e.. )

oo

We call {lpp (x) }p—O a Carleman sequence.

o

Moreover, we assume that there exist a numeric sequence {yp} such that

p=0
Z Vp¢,(x) =0 ae, (6)
p=0
and
oo yp 2
< oo, )
p=0 aP —A

With the conditions (6) and (7), the symmetric operator A = (A*)" admits the defect indices
(1,1) (see [3]), and its adjoint operator is given by

AF) =Y (., ), (), ®)
p=0

D(A*) = { FerlX(X,p) : iap (f, lpp)%(x) eL2(X, 1) } )

p=0
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Moreover, we have

=Y
Px) = ja _”Alpp(x)em;, AeC, A#a, k=12, ...

(Pak (x) = ku(X),

(10)
A being the defect space associated with A (see [3, 4])..

2. Position operator

Lety = {i,}_, be a fixed Carleman sequence in L*(X, u1). It is clear from the foregoing that

is not a complete sequence in L*(X, ). We denote by £, the closure of the linear span of the

oo

sequence {l[)p (x) }p:():

Ly = span{y,,n eN}. (11)

We start this section by defining some formal spaces.

2.1. Formal elements

Definition 1. (see [7]) We call formal element any expression of the form

f=2 a, (12)

neN

where the coefficients a,(n € N) are scalars.
The sequence (ay),, is said to generate the formal element f.
Definition 2. We say that f is the zero formal element, and we note f = 0 if a,, = 0 for all n € N.

We say that two formal elements f =", _anp, and g ="
neN.

b, are equal if a, = b, for all

neN

If @ is a scalar function defined for each a,, we set

@ (Z an¢n> => olan)y, (13)

or in another form,
p(ar,az,...,a,,...) = (p(m),p(az), ..., p(ay), ...). (14)

For example, let
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If a, # 0 for all n €N, then the formal element
1
Y Z n l‘lb}’l = Z Ll_ lzljn

is called inverse of the formal element f =" a,1,.

Furthermore, we define the conjugate of a formal element f by

f = Zalpn

Denote by F the set of all formal elements (12).

On Fy, we define the following algebraic operations:

the sum
4+ ]—"wx}"¢ — .7:4,
(Zﬂn‘””) ' <Z b”n) = Y @+by,
and the product

CX]:l/J — .7:¢

/\'(Zan‘l’n) = Z()\.an)gbn.

n

Hence, we obtain a complex vector space structure for F .

2.2. Bounded formal elements

Definition 3. A formal element f =) a,1, is bounded if its sequence (ay),, is bounded.
neN

We denote by By, the set of all bounded formal elements.
It is clear that B, is a subspace of F .

We claim that:

1. L, is a subspace of By.

2. Furthermore we have the strict inclusions:

E#,CB#, Cflp.

(15)

(16)

(17)

(18)

(19)

(20)
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We define a linear form (., .) on Fy by setting:

<Zan¢n,2bn¢n> => ayby, 1)

with the series converging on the right side of (21).
Proposition 4. The form (21) verifies the properties of scalar product.
Proof. Indeed, let

f = Zanllbn’g = anllbn’fl = Zai¢nandf2 = Zaillbn

in f -
We have then:

1 <f7g>:Zna”E:Z

n=1(f8-

/\fg < (Zﬂn¢n> Zan¢n> <Z(Aan)¢n7zb”¢n>
-y A St ot ) =)

ot fung) = <Z 2 +ai>¢n,zbn¢n>
N @) = S al S e — (o) + ().
L (f.f) = 5, P 20and(f,f) > 0f £ £0.

Remark 5. On Ly, the scalar product (., .) coincides with the scalar product (., .) of L? (X, ).

2.3. The multiplication operation

Here, we introduce the crucial tool of our work.

Definition 6. We call multiplication with respect to the Carleman sequence {lpn}n, the operation
denoted ” o ” and defined by:

fog=> (. )(gv,) =D abut,, V(g T (22)

Definition 7. We call position operator in Ly any unitary self-adjoint (see [1]) operator satisfying

53
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U(feg) = (Uf-Ug), for all f,g€Ly.

(23)

The term “position operator” comes from the fact (as it will be shown in the following

theorem) that for the elements of the sequence ¢ = {Lpn}n, the operator U acts as operator of

change of position of these elements.

2.4. Main results

Theorem 8. A linear operator defined on Ly is a position operator if and only if there exist an

involution j (i.e., j* = Id) of the set N such that for all n € N

U% = lpj(n) :

Proof.
1. Itis easy to see that if (24) holds, then U is a position operator.

2. LetU be a position operator. According to 1, we can write

U, = ik Py with Y Jayi* =1
k k

since Uy, € Ly..

On the other hand, we have

2
Dtk Y=Y ai W,
K K

as
uwn = u(wn °ll}n) = u¢n ° uwn

The equalities (26) lead to the resolution of the system:

2
> oani=1,
n

@ =anr keN.

We get then
ai’l kn = 1/
(VvneN) (3, eN) : '
Let us now consider the following application:

j « N — N,
no o jn) =k,

Qur=0  Vk#ky

(24)

(25)

(26)

(27)
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It’s clear that j is injective.

Now let m €N. Since U? = I, then

U(Lh,bm) = U‘Pj(m) = 'abj(;'(m)) =1,

Hence,

j(i(m)) = m.

Finally j is well defined as involution.
]

Notation In the sequel, j(n) will be noted by n*. We write

and

oo{Fe o) -Tn v

Remark 9. The position operator U can be extended over Fy as follows:

Iff =% a0, ,€Fy, then

Uf =f=> a, y.
3. Carleman operator in F,

3.1. Case of defect indices (1,1)

Leta = Zp app, € Fy; we introduce the operator A*« defined in Ly by

Aaf = a°f = Z <a7¢n><f’ libn>¢n'

It is clear that zzla is a Carleman operator induced by the kernel

k(x7y) = Zanlpn(x)lpn(y)/

with domain

D(4,) = {feﬁw : Z (. 9,)[F < oo}.

(28)

(29)

(30)

3D

(32)

(33)
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Moreover, if « = a, A, is self-adjoint.

2
Now let ® =3 y,),€Fyand O Ly (i.e., 2o ‘yp‘ = oo) . We introduce the following set
Ho={f+u®:feLly, ueC} (34)

which verifies the following properties.

Proposition 10. 1. He is a subset of Fy.
2. Ho = Ly, ®CH, i.e., direct sum of L, with CO = {u0 : peC}.
Proof. The first property is easy to establish. We show the uniqueness for the second.

Letg, =f, +u,0and g, = f, + u,0, two formal elements in Hy. Then
§1=8=f1—fr=(,— )0

This last equality is verified only if u, = u,. Therefore, f; = f,. m

Denote by Q the projector of He on Ly, that is to say: if ¢ € He,

g=f+u® with feLy and pueC

then
Q=1
We define the operator B, by:
Bof = Qlaef) fELy. (35)
It is clear that
D(Bs) = {f€Ly: (aof)€Ho}. (36)

Theorem 11 B, is a densely defined and closed operator.
Proof.

1. Since

span{y,,n €N} c D(B,)

and that {1, } is complete in Ly, then

D(B,) = Ly.
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2. Let (f,), be a sequence of elements in D(B, ). Checking:

{]; '; ‘ : ¢ (convergence in the L? sense).
We have then
Baf, = Qlacf,),

with

aof =g, +u0,g,ELy.
Then

g, =af, —u,@€Ly,
This implies that

<gn7lzl}m> :am<fn7libm> _unymlibm VmeN.
Or, when 7 tends to =, we have
gn _>g and fn _)f
Therefore, there exist u € C such that

lim p, = p.

n—oo

And as Q is a closed operator, then we can write

(aof)eHe and g = Q(af).

Finally f € D(B,) and g = B.f.

]

It follows from this theorem that the adjoint operator B, exists and B}" = B,.
Let us denote by A, the operator adjoint of B,,

A, =B’ (37)

In the case a = @, the operator A, is symmetric and we have the following results:

Theorem 12. A, admits defect indices (1, 1) if and only if

@, =(@—N)""-@€cLy. (38)
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In this case @, € N'A (defect space associated with A, [3]).

Proof. We know (see [3]) that A, has the defect indices (1,1) if and only if its defect subspaces
NA and NV, are unidimensional.

We have

N5 =ker(A}, — AI) = ker(B, — Al).

So it suffices to solve the system:

{ Bop, = Ap,
PrELy

that is,

{Q(W%) = Ap, ©{ (aep)) = Ap, + 16, ueC

{(0‘—7\)”&:@
N
PrELy

— (1)1,
©{%—m N
PrELy

3.2. Case of defect indices (m, m)

In this section, we give the generalization for the case of defect indices (m,m), m > 1.

Let ©1, ©,, ..., ©,, m be formal elements not belonging to Ly, and let

H@Z{f‘|‘21uk®k> feLy.meC, kzlv--»m}- 9)

k=1

We consider the operator B,, defined by

Bof = Qlaef) feD(Ba),

(40)
D(By)={f€Ly:acfEHo}

We assume that ¢« = @ and we set

A, =B (41)

By analogy to the case of defect indices (1, 1), we also have the following:
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Theorem 13. The operator B, is densely defined and closed.
Theorem 14. The operator A, admits defect indices (m, m) if and only if

(,DE\H:(a_/\)°®k€£l[1/k:1/"'/m' (42)

In this case, the functions (p(Ak) (k=1,...,m) are linearly independent and generate the defect
space N'A.

4. Conclusion

We have seen the interest of multiplication operators in reducing Carleman integral operators
and how they simplify the spectral study of these operators with some perturbation. In the same
way, we can easily generalize this perturbation theory to the case of the non-densely defined
Carleman operators:

m

H(x,y) = K(x,y) + > b (x)e;(y),
=1 (43)

(¢, €L2(X. 1), 9, @1* (X 1), = Tm),

with K(x,y) a Carleman kernel.

It should be noted that this study allows the estimation of random variables.
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