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1. Introduction    
 

5(67 %($(.-7/3$ 1#+-$3/80 -.( (69(:7(8 73 0#::(00;#<<= :3(6/07 4/71/$ 1#+-$ 
($>/.3$+($70? @1/0 /+930(0 >(.= 8/;;/:#<7 :1-<<($%(0 73 71( .3,37 :3$7.3<<(. /$ 71( ;3.+ 3; 
:3+9<(6 -$8 ;<(6/,<( %-/7 9<-$$/$%A 7.#<= 8=$-+/: +3>(+($70A ,-<-$:( +-/$7($-$:( #$8(. 
#$(69(:7(8 ($>/.3$+($7-< ;3.:(0 -$8 8/07#.,-$:(0? B-$#-< 9.3%.-++/$% 3; (>(.= %-/7 -$8 
,-<-$:( 07.-7(%= /0 -$ (67.(+(<= 7(8/3#0 9.3930/7/3$ -$8 /0 $37 9.-:7/:-<<= /+9<(+($7-,<(? 
C3.+#<-7/3$ -$8 /+9<(+($7-7/3$ 3; %($(./: -#73$3+3#0 ,(1->/3.A 134(>(.A $((8 - 8((9 
/$7#/7/>( #$8(.07-$8/$% 3; 71( ;#$8-+($7-< 1#+-$3/8 8=$-+/:0?  
D$ 71/0 .(%-.8A .(8#:(8 ,/9(8 +38(<0A 0#:1 -0 71( 8/;;(.($7 >-./-7/3$0 3; 71( /$>(.7(8 
9($8#<#+ +38(<0 EF-G/7- (7 -<A HIIJK F-G/7- (7 -<A JLLJK "#%/1-.- M 5-N-+#.-A JLLOK F3+#.- 
(7 -<?A JLLPQA 1->( ,(($ >(.= ,($(;/:/-<? @1(0( +38(<0 -<<34 #0 73 /%$3.( 71( +3>(+($70 3; 
71( /$8/>/8#-< </+,0 3; 71( 1#+-$3/8A -$8 /$07(-8A ;3:#0 3$ 743 /+93.7-$7 93/$70 & 71( 
:($7(. 3; 9.(00#.( ER3SQ -$8 71( :($7(. 3; +-00 ER3BQ & -$8 71( </$( G3/$/$% 71(+? D7 /0 
:#073+-.= 73 (+9<3= - .(8#:(8 +38(< 8#./$% 71( 9<-$$/$% -$8 -$-<=0/0 07-%( -$8 +-9 71( 
9<-$$(8 :3$7.3< 07.-7(%= /$73 71( #0#-< G3/$7&<(>(< :3$7.3<<(. 3; 71( ;#<< 1#+-$3/8 ;3. -$ 
/+9<(+($7-7/3$&.(-8= :3$7.3< <-4? T= ;3:#0/$% -77($7/3$ 73 71( ;#$8-+($7-< -09(:70 3; 
1#+-$3/8 8=$-+/:0A 0#:1 +38(<0 39($ 71( 4-= 73 $(4 :<-00(0 3; :3$7.3< <-40A 41/:1 
43#<8 371(.4/0( ,( 8/;;/:#<7 3. /+9300/,<( 73 :3$:(/>(? 
* </+/7-7/3$ 3; 71( -,3>(&+($7/3$(8 .(8#:(8 +38(<0 /0 71-7 71(= .(9.(0($7 71( ($7/.( 
1#+-$3/8 ,38= 3$<= -0 - 93/$7 +-00 -$8 83 $37 :1-.-:7(./U( 71( 0/%$/;/:-$7 :($7.3/8-< 
+3+($7 3; /$(.7/- 3; 71( 1#+-$3/8 ,38= E(6:(97 EF3+#.- (7 -<?A JLLP-QQ? @1( :($7.3/8-< 
+3+($7 3; /$(.7/- /0 - 9.39(.7= 3; 71( 8/07./,#7(8 +-00(0 3; 71( .3,37 </+,0 E1(-8A -.+0A <(%0A 
(7:Q? V( 1->( (-.</(. 8(+3$07.-7(8 71-7 - 1#+-$3/8W0 07-7( 3; ,-<-$:( /0 :<30(<= .(<-7(8 73 /70 
.37-7/3$-< (X#/</,./#+ 41/:1A /$ 7#.$A /0 8(9($8($7 3$ /70 -$%#<-. +3+($7#+ .-7( :1-$%( 
E*,8-<<-1 M 2304-+/A JLLPQ? @1( :($7.3/8-< +3+($7 3; /$(.7/- 8/.(:7<= :3$7./,#7(0 73 71( 
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"umanoid *obots 

 

./0 

:($7.3/8-< -$%#<-. +3+($7#+ -$8 /70 .-7( :1-$%(? Y/.(:7 +-$/9#<-7/3$ 3; +3+($7- /0 
,(:3+/$% - .(-03$-,<(A -$8 03+(7/+(0 9.(;(.-,<(A 4-= 73 :3$7.3< - .3,37 EF-G/7- (7 -<?A JLLOK 
Z(.+(#<($ (7 -<?A JLL[K '3;+-$$A JLLPQ? @1( \(-:7/3$ B-00 S($8#<#+ E\BSQ +38(< E)(( M 
2304-+/A JLL]QA 41/:1 4( 8(0:./,( /$ 71/0 9-9(.A /0 (69(:7(8 73 ,( #0(;#< ;3. 71(0( 
:3$7.3<<(.0?  
 

 
C/%? H^ R3$:(97#-< 8/-%.-+ 3; 71( \BS +38(< 3; - 1#+-$3/8? @1( \BS :3$0/070 3; - _<(%` 
:3$$(:7/$% 71( .3,37a0 R3B -$8 R3S? @1( .(-:7/3$ +-00 (<</903/8A 0/%$/;=/$% 71( -%%.(%-7( 
09-7/-< /$(.7/- 3; 71( .3,37 -7 /70 R3BA 0/70 -739 71( <(%? *0 71( .3,37 +3>(0A 71( 01-9(A 0/U( 
-$8 3./($7-7/3$ 3; 71( (<</903/8 :1-$%(0 /$ - +-$$(. 8(0:./,(8 /$ "(:7/3$ J? 

*0 0134$ /$ C/%? HA -$ \BS :3$0/070 3; 743 :3+93$($70A - _<(%` 71-7 G3/$0 71( R3S -$8 71( 
R3BA -$8 -$ (<</903/8-< _,38=` b 71( -,07.-:7(8 .(-:7/3$ +-00 b 71-7 :1-.-:7(./U(0 71( 
/$(.7/- 3; 71( ($7/.( .3,37 9.3G(:7(8 -7 71( R3B? *0 71( .3,37 +3>(0 /$ 09-:(A 03 83(0 71( 
\BSA .(0#<7/$% /$ - +3>(+($7 3; 71( R3S -$8 R3B? *<< </+, +3>(+($70 3; 71( .3,37 -;;(:7 
/70 :($7.3/8-< +3+($7 3; /$(.7/-A 41/:1 /0 :-97#.(8 ,= 71( :1-$%/$% 01-9(A 0/U( -$8 
3./($7-7/3$ 3; 71( (<</903/8-< .(-:7/3$ +-00?  
@1( .(07 3; 71/0 :1-97(. /0 -0 ;3<<340^ V( ;/.07 9.3>/8( 8(7-/<(8 /$7.38#:7/3$ -$8 /$0/%170 73 
71( +-71(+-7/:-< 9.(</+/$-./(0 #0(8 /$ 71/0 :1-97(. E"(:7/3$ JQA -$8 71($ 8(./>( 71( 
(X#-7/3$0 ;3. 71( \BS +38(< 3; - 1#+-$3/8 E"(:7/3$ OQ -0 4(<< -0 71( 8(0:./97/3$ 3; 71( 
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.-+(7(.0 -$8 9.3
( 9.(0($7 8(+3$
<<34(8 ,= :3$:<#0

-athematical 

 71/0 9-9(.A 4( 1
7-/<0 3; 71( \BS
8 #0( 71(+ 73 8(

#-$7/7= /$ 3#. +38

1 :eometric /re

%? J^ * ./%/8 ,38=
-+( 4/71 .(09(:7
<3:/7/(0 (69.(00(8

7 #0 :3$0/8(. - +

3+3%($(3#0 7.-$0
= ;.-+( ;/6(8 /$
9.(00(8 4/71 .(09

                      
S(. EC(-71(.073$(A
8 </$(-. 9.39(.7/(

$(-. >(<3:/7/(0? )/N
.:(QA 09-7/-< /$(.7/

$(-. +3+($7-Q? 5
(-$/$%K /7 .(;(.0 73

endulum 8*569 5o

39(.7/(0 3; 71( +
$07.-7/3$0 3; 71(
0/3$0 -$8 ;#7#.( 

;ackground 

->( #0(8 - )/( 2
S +38(<?  D$ 71/0 
(;/$( 71( 09-7/-< /
8(< -$8 4( <-7(. %

liminaries 

= +3>/$% /$ 09-:
7 73 - 09-7/-< ;.-
8 4/71 .(09(:7 73 7

+3>/$% ./%/8 ,3

0;3.+-7/3$ +-7./
$ 09-:(? V1($ 71
9(:7 73 71( ,38= ;

                     
A HIc]QA 4( #0( - 7
(0? C3. /$07-$:(A -
N(4/0(A 4( 4/<< #
/- E.37-7/3$-< /$(.

537( 71-7 /$ EB#..
3 - >(<3:/7= (69.(

odel for "umanoid 

+(:1-$/:-< .(-</U-
( -99</:-7/3$ 3; 
43.N E"(:7/3$ [Q?

2.3#9 ,-0(8 -99.
 0(:7/3$ 4( /$7.3
/$(.7/- 3; - 0/$%<(
%($(.-</U( 71/0 :3

:(? ! -$8 " -.( 71
+( d0eA .(09(:7/>
71( ,38= ;.-+(? 

8= 0#:1 -0 /$ C/

/6 3; 71( ,38= ;.-
1( ,38= ;.-+( /
;.-+( E1($:( :-<<(

 
7(.+ _09-7/-<` 73 
- 09-7/-< >(<3:/7= 
#0( - 09-7/-< ;3.:(
.7/- -$8 +-00QA -$
.-= (7 -<?A HIIfQA 71
(00(8 4/71 .(09(:

*obot <ait and =al

-7/3$ 3; \BS +38
/$(.7/- 01-9/$% 
 

.3-:1 EB#..-= (7 
38#:( 9.(</+/$-.
( ./%/8 ,38=? "9-

3$:(97 73 - +#<7/&,

1( 3./($7-7/3$ -$
>(<=? # -$8 $ -.( 

/%? J? %&% ' (%!% "%) *
-+( 4/71 .(09(:7
/0 +3>/$% /$ 09
(8 body $elocityQ /0

 71( 8(;/$/7/3$0 71
/0 71( :3+,/$-7/3
 E71( :3+,/$-7/3$

$8 09-7/-< +3+($
1( 09-7/-< >(<3:/7=
:7 73 - 09-7/-< ;.-+

ance >ontrol 

8(< E"(:7/3$ fQ? C
 7(:1$/X#( E"(:7

 -<?A HIIfQ 73 8(./
.= %(3+(7./: X#-
-7/-< /$(.7/- /0 - :
,38= 0=07(+? 

 
$8 930/7/3$ 3; 71(

/70 -$%#<-. -$8 

"%* + , -./01 8($37

7 73 - 09-7/-< ;.-+
-:(A /70 spatial $e
0 8(;/$(8 -0 - 74/

1-7 :3+,/$( -$%#
3$ 3; 71( -$%#<-. 
$ 3; 73.X#( -$8 </
$7#+ E-$%#<-. -$8
= 1-0 8/;;(.($7 

+(A -0 39930(8 73

./? 

C/$-<<=A 
/3$ PQ 

/>( 71( 
-$7/7/(0 
:./7/:-< 

( ,38= 
 </$(-. 

7(0 71( 

+(%234A 
elocityE 
/07   

#<-. 
-$8 
$(-. 
8 

3 71( 
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"umanoid *obots 

 

.@A 

 56 ' &78&9 ' (:/#1 $%%%%) ; +A    EHQ 

 
41/:1 /0 -$ (<(+($7 3; 0(EOQA 71( )/( -<%(,.- 3; "gEOQA -$8 (69.(00(8 -0 - f< = +-7./6 41(.( %#% -$8 %$% -.( /70 -$%#<-. -$8 </$(-. >(<3:/7/(0? @1( X#-$7/7/(0%# -$8%$ -.( (69.(00(8 4/71 

.(09(:7 73 71( /$07-$7-$(3#0 ,38= ;.-+(? :/#1  denotes the ske*+symmetric matri2 

representation of %# ' >?@A ?BA ?CDE5 i6e67 

 

:/#1 ' % F ; G?C ?B?C ; G?@G?B ?@ ; H 6      89: 

 
537( 71-7A 41($ +#<7/9</(8 4/71 - >(:73.A 71( 0N(4&0=++(7./: +-7./6 =/(<80 71( :.300 
9.38#:7A /?(?A :/#1$ ' # < $? *<713#%1 .(9.(0($7(8 -0 - = < = +-7./6A - 74/07 1-0 3$<= [ 
:3+93$($70K 4( :-$ (69.(00 - 74/07 %56  -0 - [ 8/+($0/3$-< >(:73. %5 ' >#%EA $%EDE  ;3. 
:3$>($/($:(?  
C3. -<< I , JK/01A KLM%/I61 /0 -$ (<(+($7 3; "gEOQ -$8 71(.( (6/070 - :<30(8&;3.+ ;3.+#<- 3; 71( 
(693$($7/-< +-9 KLMN JK/01 O -./01 E0(( B#..-= (7 -<?A HIIfQ? V1($ I , JK/01 -$8 P , Q .(;(. 
73 - 0:.(4 9-.-+(7(. 3; - G3/$7 -$8 /70 G3/$7 -$%<(A KLM%/I6P1 .(9.(0($70 71( 7.-$0;3.+-7/3$ 
71-7 /0 +-8( ,= 71( G3/$7 +37/3$?J 
R33.8/$-7( 7.-$0;3.+-7/3$ 3; 71( 74/07 /0 -:1/(>(8 ,= 71( 03&:-<<(8 adFoint mapping? 2/>($ & , -./01% -$8 03+( %R ' >%SE A TEDE , JK/01 A 71( -8G3/$7 +-99/$% UV&%N JK/01 O JK/01  /0 
8(;/$(8 -0 UV&%R6 %' &%R6%%&%78A 3. /$ +-7./6 ;3.+ -0 
 UV&%R% ' W%%%%%!% %)%%:/"1!% %!%X (ST+Y   EOQ 

 
@1( 09-7/-< >(<3:/7= 5%4/71 .(09(:7 73 234 /0 %/>($ ,= 5Z ' UV&%5%? O *$371(. #0(;#< 39(.-73. 
71-7 4( #0( /$ 71/0 :1-97(. /0 71( )/( ,.-:N(7 [V5N JK/01 O JK/01 -$8 /7 3::#.0 41($ %UV&%%/0 
8/;;(.($7/-7(8? @1( )/( ,.-:N(7 /0 8(;/$(8 -0 [V56\56] ' 56856] G 56]568A 3. /$ +-7./6 ;3.+  

 [V5^5] ' W_/#^1 %%%)_/`^1 _/#^1X (#a$a +Y    EfQ 

 

                                                                                                                            
,38= >(<3:/7=A 41/:1 /0 (69.(00(8 4/71 .(09(:7 73 - ,38= ;.-+(? '34(>(.A 4( :3$7/$#( 73 
#0( 71( 7(.+ 09-7/-< ;.-+( 73 +(-$ - %.3#$8 .(;(.($:( ;.-+(A - ;.-+( ./%/8<= -77-:1(8 73 71( 
%.3#$8? 
9
 C3. /$07-$:(A I ' /bE A )E1E;3. - .(>3<#7( G3/$7A 41(.( - #$/7 >(:73. b , Qc /0 71( G3/$7 -6/0 

4/71 .(09(:7 73 71( ,38= ;.-+(A -$8 I ' /)E A bE1E ;3. - 9./0+-7/: G3/$7A 41(.( b /0 71( -6/0 3; 
7.-$0<-7/3$? 
O )(;7 0#9(.0:./97 3 /$8/:-7(0 71( 0=+,3< /0 (69.(00(8 /$ - 09-7/-< ;.-+( 234? )/N(4/0(A 4( 4/<< 
#0( <(;7 0#9(.0:./97 ; -$8 d 73 /$8/:-7( - 09-7/-< ;.-+( 71-7 :3/$:/8(0 4/71 71( ,-0( ;.-+( 
-$8 - ;.-+( <3:-7(8 -7 R3B 3; 71( 1#+-$3/8 .3,37A .(09(:7/>(<=? 53 <(;7 0#9(.0:./97 /0 #0(8 
41($ - 0=+,3< /0 (69.(00(8 /$ 71( ,38= ;.-+(?  
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The *eaction 5ass 6endulum 8*569 5odel for "umanoid *obot <ait and =alance >ontrol 

 

.@. 

h$( :-$ (-0/<= >(./;= 71-7 %UV&78 ' UV&e\ -$8 [V55 ' )?  
@1( 09-7/-< ;3.:( f ' >gE A hEDE /0 -$ (<(+($7 3; JKi/01A 71( 8#-< 09-:( 3; 0(EOQA 41(.( g , Qj 

-$8 h , Qj .(9.(0($7 - +3+($7 -$8 </$(-. ;3.:(A .(09(:7/>(<=? R3..(093$8/$% 73 71( -8G3/$7 
+-99/$%0 /$ 0(EOQ 09-:(A 71( dual adFoint mappings UV&%i N JKi/01 O JKi/01 -$8 [VR%i N JKi/01 OJKi/01 -.( -<03 8(;/$(8 -$8A /$ +-7./6 ;3.+A 71(= -.( 71( 7.-$0930(0 3; UV&%-$8 [VRK /?(?A  

 UV&%i ' UV&EA             EPQ 

[V&i  i [V&E? 
 
@1( 09-7/-< ;3.:( 4/71 .(09(:7 73 234 /0 %/>($ -0 fZ %' UV&e\i %f?f 
 

2.2 Spatial inertia of a single rigid body 
@1( 09-7/-< /$(.7/- 3; - ,38= .(9.(0($70 /70 -%%.(%-7( /$(.7/-< 9.39(.7= ,= :3+,/$/$% /70 
7.-$0<-7/3$-< +-00 -$8 .37-7/3$-< /$(.7/-?  
V1($ - ,38= ;.-+( /0 <3:-7(8 -7 71( R3B 3; - ./%/8 ,38=A /70 N/$(7/: ($(.%= 7-N(0 71( 
;3<<34/$% 0/+9<( ;3.+A  kl ' 8]m%$E$ n 8] %oEpqrstoA          E[Q 

 
41(.( m /0 71( +-00A  pqrst , Qj<j /0 71( .37-7/3$-< /$(.7/- +-7./6A -$8 $ -$8 o -.( </$(-. -$8 
-$%#<-. >(<3:/7/(0? V( #0( 71( 0#,0:./97 -o> 73 07.(00 71-7 71( .(;(.($:( ;.-+( /0 -7 71( R3B?  
D$ 7(.+0 3; /70 09-7/-< >(<3:/7=A 71( N/$(7/: ($(.%= /0 (69.(00(8 -0 ;3<<340^ 
 kl ' 8] 5rstE %prst%5rstA     E]Q 

 

41(.( prst ' Wpqrst )) m^X /0 :-<<(8 71( 09-7/-< /$(.7/- 3; 71( ./%/8 ,38=? 534 4( :3$0/8(. -$ 

-.,/7.-.= ,38= ;.-+( 71-7 /0 $37 <3:-7(8 -7 71( R3B?  )(7 u ' /!A v1 , -./01  8($37( - 
7.-$0;3.+-7/3$ +-7./6 ;.3+ 71/0 E-.,/7.-.=Q ,38= ;.-+( 73 - ;.-+( -7 71( R3B 41(.( v /0 71( 
930/7/3$ 3; 71( R3B? "/$:( 71( N/$(7/: ($(.%= /0 :33.8/$-7(&/$8(9($8($7A  
 kl ' 8] 5rstE %prst%5rst ' 8] 5E%p%5Y       EcQ 

 

"#,07/7#7/$% 71( .(<-7/3$%5 ' UV&5rstA 4( :-$ 8(./>( 71( 07.#:7#.( 3; 71( 09-7/-< /$(.7/- 4/71 
.(09(:7 73 -$ -.,/7.-.= ,38= ;.-+(^ 
  
       p ' UVue\i %prst%UV%u%e\ 

' W%!pqrst!E Gm:/v1a% m:/v1Gm:/v1 %%m^% X 
                                                      ' W%%%%%%%pq% m:/v1Gm:/v1 %%m^% XA                                    EIQ 

 

                                                 
f 537( 71-7 UV&e\i ' (! :/"1!) ! +? 
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"umanoid *obots 

 

.@B 

41(.( pq ' !pqrst!E Gm:/v1a /0 71( .37-7/3$-< /$(.7/- +-7./6 4/71 .(09(:7 73 71( ,38= ;.-+(? 
"/+/<-.<=A 3$( :-$ >(./;= 71-7 71( :33.8/$-7( 7.-$0;3.+-7/3$ 3; 71( 09-7/-< /$(.7/- /0 
-::3+9</01(8 ,= 9.( -$8 9307 +#<7/9<=/$% 71( -8G3/$7 +-7./:(0? C3. /$07-$:(A 71( 09-7/-< 
/$(.7/- 4/71 .(09(:7 73 71( 09-7/-< ;.-+( /0 -0 ;3<<340^ 
 pZ ' UV&e\i %p%UV%&%e\ Y                      EHLQ 

 
537( 71-7  pq -$8 p -.( ,371 0=++(7./: 930/7/>( 8(;/$/7( +-7./:(0?  
'->/$% 8(;/$(8 71( 09-7/-< /$(.7/-A 4( :-$ 8(;/$( 71( spatial momentum 3; 71( ./%/8 ,38= -0 
-$ (<(+($7 3;%JKi/01 -0 ;3<<340^ 
 %%%w% ' (xy + ' %p5 , JKi/01A       EHHQ 

 
41(.(%x% -$8 y% -.( 71( -$%#<-. -$8 </$(-. +3+($7-A .(09(:7/>(<=? "#,07/7#7/$% EIQ /$73 EHHQA 
4( :-$ 8(./>( 71( (69.(00/3$0 3; 71( -$%#<-. -$8 </$(-. +3+($7-K x ' % pqo n %mv < $ -$8 y ' m/$ G v < o1. 537( 71-7A 0/$:( 71( 09-7/-< +3+($7#+ /0 -$ (<(+($7 3; JKi/01A :33.8/$-7( 
7.-$0;3.+-7/3$ 3; 71( 09-7/-< +3+($7#+ /0 -:1/(>(8 71.3#%1 71( 8#-< -8G3/$7 +-99/$%? C3. 
/$07-$:(A 71( 09-7/-< +3+($7#+ 4/71 .(09(:7 73 234 /0 wZ %' UV&e\i %w? 

 
3. :enerating the &-/ -odel of a 8umanoid     
 

V( %($(.-7( 71( \BS +38(< 3; - 1#+-$3/8 ,= (67($8/$% 71( :3$:(97 3; 09-7/-< /$(.7/- 73 -$ 
-.7/:#<-7(8 :1-/$? D$ 71/0 0(:7/3$ 4( 8(./>( 71( $(:(00-.= (X#-7/3$0 73 (69<3/7 71( :3$:(97 3; 
:3+930/7( ./%/8 ,38= ER\TQ /$(.7/- -$8 0134 134 /7 .(<-7(0 73 71( +3+($7#+ 3; - 
1#+-$3/8? D$ 71( $(67 0(:7/3$ 4( 4/<< 3#7</$( - +(:1-$/:-< .(-</U-7/3$ 3; 71( \BS? 
 

3.1 C&; inertia of a humanoid robot 

V( -00#+( 71-7 - 1#+-$3/8 .3,37 +38(< :3$0/070 3; z n * </$N0 4/71 71( ,-0( </$NA #0#-<<= 
71( 9(<>/0A /$8(6(8 -0 L EC/%? OQ?  
)(7 &{ , -./01 8($37( 71( 7.-$0;3.+-7/3$ +-7./6 3; 71( ,38= ;.-+( 3; 71( ,-0( </$N Ebase 
frame 1(.(-;7(.Q -$8 %| ' /}8A ~ A }�1E , Q�  71( G3/$7 -$%<( >(:73. 3; 71( .3,37A 71($ � '/%&{%A |%1 8(;/$(0 71( 930/7/3$ -$8 3./($7-7/3$ 3; 71( 1#+-$3/8 .3,37? "#,0(X#($7<=A �9 '/%5{%A |9 %1 4/<< 8($37( 71( ,38= >(<3:/7= 3; 71( ,-0( ;.-+( -$8 G3/$7 >(<3:/7/(0?P  &� 8($37(0 71( 7.-$0;3.+-7/3$ +-7./6 ;.3+ 71( 09-7/-< ;.-+( 73 71( ,38= ;.-+( 3; </$N �? C3. 
- $3$&,-0( </$NA &�  E� � ;Q /0 8(7(.+/$(8 ,= %&{  -$8 71( G3/$7 -$%<(0 |A /?(?A &�i%&{%u� E|QA 
41(.( u� ' &{78&� /0 71( 7.-$0;3.+-7/3$ +-7./6 ;.3+ 71( ,-0( ;.-+( 73 </$N �? 537( 71-7 %u� 
83(0 $37 8(9($8 3$ &{ -$8 /0 ($7/.(<= 8(7(.+/$(8 ,= |%? C3. 0/+9</:/7=A 4( -00#+( 71-7A 
(6:(97 ;3. 71( ,-0( </$NA (-:1 </$N /0 :3$$(:7(8 73 /70 9-.($7 </$N ,= - H&YhC G3/$7? @1($ 

                                                 
P 537( 71-7 �9  /0 - 0</%17 -,#0( 3; $37-7/3$ ,(:-#0( %5{ /0 $37 &9 {A ,#7  &{7^&9 {? D$ 71/0 

.(9.(0($7-7/3$A � /0 $37 %($(.-</U(8 :33.8/$-7(0 ,(:-#0( - f<f +-7./6 &{ 1-0 3$<= [ YhC0? 
*$371(.A +3.( :3++3$ 4-= 73 .(9.(0($7 71( :3$;/%#.-7/3$ 3; - .3,37 /0 #0/$% [ $#+,(.0 EO 
;3. 71( 3./($7-7/3$ -$8 O ;3. 71( 930/7/3$Q /$07(-8 3; #0/$% - f<f +-7./6 &{? *$ -8>-$7-%( 3; 
71/0 .(9.(0($7-7/3$ /0 71-7 71( :3$;/%#.-7/3$ >(:73. /0 %($(.-</U(8 :33.8/$-7(0 -0 /70 
8/+($0/3$ /0 0-+( -0 71( YhC0 3; 71( .3,37? '34(>(.A 0/$:( 71/0 #0(0 O $#+,(.0 73 
.(9.(0($7 71( 3./($7-7/3$A /7 1-0 0/$%#<-./7/(0 -7 :(.7-/$ :3$;/%#.-7/3$0? 
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e *eaction 5ass 6

 

'%&�/�1���I6���  1
71( 7.-$0;3.+-7/
$7? 

%? O^ Ti 8($37(0 71
( 7.-$0;3.+-7/3$ 

%<(0? @1( :($7.3/

3+($#+ 3; (-:1 

1( :3+930/7( ./%/
07-$7-$(3#0 09-7
.#:7#.( -0 71( 09-
<<(8 <3:N(8 /$(.
-71(+-7/:-<<=A R\
<<340^ 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

(67A 4( 0134 134
8A 4( ;/.07 8(;/$(
 ;3<<340K  

endulum 8*569 5o

3<80 ;3. � ' *~z
3$ ;.3+ �/�1 73 �

1( 7.-$0;3.+-7/3$
 3; </$N i -0 0(($

/8-< +3+($7#+ 3

</$N w� (69.(00(8

8 ,38= ER\TQ /$
7/-< /$(.7/-A -00#+
-7/-< /$(.7/- 3; - 0/
.7/-A - 7(.+ 71-7
\T /$(.7/- 3; - 1#

%%%%%%%%%%%%%%%%%%%%%%%%%%%% p{

4 R\T /$(.7/- /0 
( 71( linH Iacobian

odel for "umanoid 

z 41(.( �/�1 8($3

 -7 }� ' ;A -$8 I�

$ +-7./6 3; - </$N 
$ ;.3+ 71( ,-0( ;

3; - 1#+-$3/8 .

8 4/71 .(09(:7 73 7

$(.7/- EV-<N(. M 
+/$% 71-7 -<< 3; 
/$%<( ./%/8 ,38= E
7 /0 #0(8 /$ %(
#+-$3/8 4/71 .(

'�% p{ � 
' � %UVu�e\i %p�%UV
.(<-7(8 73 71( +3

n �� 3; - </$N � 71-

*obot <ait and =al

37(0 71( 9-.($7 </$

� , JK/01 /0 71( 0:

 i -$8 71( ,-0( </$
;.-+( -$8 /7 /0 8

3,37 w�  /0 :3+9#

71( R3B? 

 h./$A HIcJQ 3; - 
 /70 G3/$70 -.( ;.
EgX? IQ? R\T /$(.7
3+(7./: +(:1-$

(09(:7 73 /70 ,-0(

Vu�e\   

3+($7#+ 3; - 1#
7 /0 0/+/<-. 73 71(

ance >ontrol 

$N 3; </$N �A �� ,
:.(4 9-.-+(7(. 

 
$N /0 /$8(6(8 -0 L

8(7(.+/$(8 ,= 71(

#7(8 -0 71( 0#+ 

 1#+-$3/8 .3,37
3U($? D7 1-0 71(

7/- /0 /8($7/:-< 73 7
$/:0 Eh07.340N/A 
( ;.-+( /0 (69.(0

           

#+-$3/8 .3,37? @
( +-$/9#<-73. j-:

.@C 

-./01 
3; 71( 

L? Ji /0 
( G3/$7 

 3; 71( 

7 /0 /70 
 0-+( 
71( 03&
HIIIQ? 
0(8 -0 

     EHJQ 

@3 71/0 
:3,/-$ 
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"umanoid *obots 

 

.@D 

�� ' >UVu�e\ %A ��A�DA     EHOQ 

��A� ' ���A8A ~ A ��A�� , Q�<�A    EHfQ 

41(.(    ���A� ' &�78��&�� �}�� ' u�78��u�� �}��? 
 

*0 /$ "(:7/3$ J?HA ���A� /0 71( 74/07A - = < = +-7./6 41/<( ��A� 8($37(0 /70 [ 8/+($0/3$-< >(:73. 

;3.+?  537( 71-7 ��A� %:-$ ,( :3+9#7(8 (;;/:/($7<= /$ - .(:#.0/>( +-$$(. -0 ;3<<340K  

 ��A� ' UV%���I6���78 ��/�1A� n ����A� %%%���%%%%� ' *~ A   EHPQ 

 
41(.( ��A� /0 71( F.3$(:N(. 8(<7- ;#$:7/3$ -$8 �{A� ' ). D$ EHOQ -$8 EHfQA UV¡¢e\ -$8 ��A� -.( 71( 

j-:3,/-$0 8#( 73 71( :1-$%( 3; 71( ,-0( ;.-+( -$8 G3/$7 -$%<(0 .(09(:7/>(<=? k0/$% 71( </$N 
j-:3,/-$A 4( :-$ 8(:3+930( 71( >(<3:/7= 3; d�e /$73 71( 0#+ 3; 71( >(<3:/7= 8#( 73 71( ,-0( 
</$N -$8 71( 3$( 8#( 73 71( G3/$7 >(<3:/7/(0K  
 5� ' ���9 ' UV¡¢e\5{ n ��A�|9 %Y               EH[Q 

 
@1( 09-7/-< +3+($7#+ w 3; 71( 1#+-$3/8 .3,37 /0 71( 0#+ 3; 09-7/-< +3+($7#+ 3; (-:1 
</$N? @1( 3$( 4/71 .(09(:7 73 71( ,-0( ;.-+( [ /0  
 w{ '� w{ �� '� p{ � 5{ ��  

' p{ 5{ n � %� UVu�e^i p� %��A�|9 %                EH]Q 

       ' p{ %/%5{ n £|9 %1              
 

41(.( £/|1 /0 71( 03&:-<<(8 mechanical connection Eh07.340N/A HIIIQ? *0 :-$ ,( 0(($ /$ EH]QA 
71( R\T /$(.7/- :3$7./,#7(0 8/.(:7<= 73 71( 09-7/-< +3+($7#+ 3; - .3,37 >/- 71( +(:1-$/:-< 
:3$$(:7/3$?  
V1/<( 71( R\T /$(.7/- :-$ ,( (69.(00(8 4/71 .(09(:7 73 -$= ;.-+(A /7 /0 9-.7/:#<-.<= 
/$7(.(07/$% 73 (69.(00 /7 -7 71( R3B 0/$:( /7 /0 .(<-7(8 73 71( :($7.3/8-< -$%#<-. +3+($7#+ 
EC/%? OQ? @1( R\T /$(.7/- (69.(00(8 -7 71( 1#+-$3/8 R3B /0 :-<<(8 71( centroidal R\T /$(.7/-? 

@3 8($37( 71/0 4( #0( p¤ % /$ 71( \BS +38(<? 
 

3.2 Equimomental ellipsoids 

@1( -003:/-7/3$ 3; 71( ./%/8 ,38= /$(.7/- 73 -$ (<</903/8 /0 4(<< N$34$ -$8 1-0 ,(($ 
713.3#%1<= (69<3/7(8 /$ 91=0/:0 -$8 ($%/$((./$% ER.-$8-<< (7 -<?A HIcJQ? *0 - 07.-/%17&
;3.4-.8 (67($0/3$ 4( 8(7(.+/$( 71( (<</903/8 -003:/-7(8 4/71 71( :($7.3/8-< R\T /$(.7/- 3; 
-$ -.7/:#<-7(8 :1-/$? D$07(-8 3; #0/$% 71( N/$(7/: ($(.%= (<</903/8A 41/:1 /0 7.-8/7/3$-<<= 
8(0:./,(8 4/71 -$ /$(.7/-A 4( 8(./>( 71( eKuimomental (<</903/8 :3..(093$8/$% 73 - R\T 
/$(.7/-?  
@43 /$(.7/-0 -.( 0-/8 73 ,( (X#/+3+($7-< /; 71(/. +3+($70 3; /$(.7/- -,3#7 -$= -.,/7.-.= 
-6/0 -.( (X#-< ET((. M j31$03$A HIcfQ? @1( (X#/+3+($7-< (<</903/8 3; - ./%/8 ,38= /0 -$ 

                                                 
;
 B3.( 9.(:/0(<=A - 09-7/-< ;.-+( 71-7 /$07-$7-$(3#0<= :3/$:/8(0 4/71 71( ,-0( ;.-+(? 
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The *eaction 5ass 6endulum 8*569 5odel for "umanoid *obot <ait and =alance >ontrol 

 

.@E 

(<</903/8 4/71 - #$/;3.+ 8($0/7= 0(7 -0 71( +(-$ 8($0/7= 3; 71( ,38= -$8 1->/$% 71( 0-+( 
.37-7/3$-< /$(.7/- -,3#7 -$= -.,/7.-.= -6/0 -0 71-7 3; 71( ./%/8 ,38=? F/$(7/: ($(.%= (<</903/8 
:1-.-:7(./U(0 71( 73.X#( $((8(8 73 .37-7( 71( ,38= about -$ -6/0 41(.(-0 71( (X#/+3+($7-< 
(<</903/8 .(;<(:70 71( +-00 8/07./,#7/3$ along -$ -6/0? 
V( 9.(;(. 71( #$:3++3$ (X#/+3+($7-< (<</903/8 3>(. 71( 4(<<&N$34$ N/$(7/: ($(.%= 
(<</903/8 ,(:-#0( 71( 01-9( 3; 71( ;3.+(. -99.36/+-7(0 71( +-00 8/07./,#7/3$ 3; 71( 3>(.-<< 
+#<7/&,38= 0=07(+? C3. (6-+9<(A 71( (<</903/8 ;3. -$ #9./%17 1#+-$3/8 4/<< ,( <3$% -$8 
$-..34A 71(.(,= .($8(./$% 03+( %.300 %(3+(7./: .(0(+,<-$:( 73 71( 1#+-$3/8? @1/0 /0 $37 
71( :-0( ;3. 71( N/$(7/: ($(.%= (<</903/8? 
)(7 /¥8A ¥]A ¥j1 8($37( 71( (/%($>-<#(0 3; 71( .37-7/3$-< /$(.7/-A -$8 /¦8A ¦]A ¦j1 8($37( 71( 

0(+/&-6(0 3; 71( (X#/+3+($7-< (<</903/8? C.3+ 71( .(<-7/3$01/90 ¥� ' m/¦�] n ¦l]1�§  -$8 m ' =¨¦8¦]¦j©lOA 41(.( © /0 71( +(-$ 8($0/7=A 4( :-$ 8(./>( 71( ;3<<34/$%^  
 ¦� ' ª 8«¬­®¯8�« /7°�±°²±°³1´�µ¶�°�7°²±°³�/°�±°²7°³1·\�\¸%       EHcQ 

 ���%�A ¹A º ' *~0%[ V%� » ¹ » ºY 
 

3.3 Simulation results 

              

 
C/%? f^ "$-901370 3; 'h*SJ .3,37 9(.;3.+/$% "#+3&07=<( +37/3$ 0#9(.930(8 4/71 
:3..(093$8/$% \BS +38(<0? @1( .(-:7/3$ +-00 %(3+(7.= #$8(.%3(0 0/%$/;/:-$7 :1-$%(0 
8#./$% 71/0 +37/3$? 
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"umanoid *obots 

 

.@/ 

@1( 9.3:(00 3; +-99/$% - 1#+-$3/8 73 /70 :3..(093$8/$% \BS /$>3<>(0 71( :3+9#7-7/3$ 3; 
HQ R3BA JQ R3SA -$8 OQ :($7.3/8-< R\T /$(.7/-A #0/$% .3,37 N/$(+-7/: -$8 8=$-+/: 
9-.-+(7(.0A -0 4(<< -0 +37/3$ 8-7-?] \(;(. 73 71( *99($8/6 ;3. 71( :3+9#7-7/3$ 3; 71( R3S? 
V( 0/+#<-7(8 71( C#G/70# 'h*SJ ,/9(8 +38(<A ;3. 41/:1 71( 9-.-+(7(.0 ;3. 03+( 8.-+-7/: 
+3>(+($70 -.( ->-/<-,<( ER3+/$3</A JLLPQ? @1( 0/+#<-7/3$ /0 /+9<(+($7(8 #0/$% V(,370 
E444?:=,(.,37/:0?:3+QA - :3++(.:/-< 0/+#<-7/3$ 03;74-.(? 
C/%? f 01340 0$-901370 3; 'h*SJ (6(:#7/$% "#+3&07=<( +3>(+($70? 537/:( 71( 0/%$/;/:-$7 
:1-$%(0 /$ 71( 01-9(A 0/U( -$8 3./($7-7/3$ 3; 71( .(-:7/3$ +-00 (<</903/8c -0 71( .3,37 +3>(0 
71.3#%1 8/;;(.($7 91-0(0 3; /70 +37/3$? "/$:( 71( .3,37!\BS /0 - +-99/$% 73 - <34(. 
8/+($0/3$A 8/;;(.($7 930(0 3; 71( .3,37A -7 <(-07 71(3.(7/:-<<=A +-= %(7 +-99(8 73 71( 0-+( 
\BS?  

 
4. /roperties and /arameters of &-/ 
 
V( 1->( $34 0134$ 134 - 1#+-$3/8 .3,37 :-$ ,( .(8#:(8 73 -$ \BS? D$ 71/0 0(:7/3$ 4( 
4/<< 8/0:#00 71( .(-</U-7/3$ 3; - +(:1-$/:-< +38(< 3; 71( \BS? @1( \BS /0 71( %($(.-</U(8 
OY >(.0/3$ 3; 71( JY reaction wheel pendulum 41/:1 1-0 ,(($ 07#8/(8 ,(;3.( E*07.3+ (7 -<?A 
JLLHK h<;-7/&"-,(.A JLLHK "93$% (7 -<?A JLLHQ? * .(-:7/3$ 41((< 9($8#<#+ :-$ ,( :3$07.#:7(8 
,= -77-:1/$% -$ -:7#-7(8 .(-:7/3$ 41((< 73 - ./%/8 .38? @1( /$:</$-7/3$ -$%<( 3; 71( 
9($8#<#+ :-$ ,( :3$7.3<<(8 ,= :3$7.3<</$% 71( -$%#<-. -::(<(.-7/3$ 3; 71( .(-:7/3$ 41((<? 
@1( .(-:7/3$ 41((<A 41/:1 /0 -<03 :-<<(8 -$ /$(.7/- 41((<A /0 3$( 3; - $#+,(. 3; 07-$8-.8 
+3+($7#+ (6:1-$%( 8(>/:(0 71-7 -.( #0(8 73 :3$7.3< 0-7(<</7( 3./($7-7/3$ E"/8/A HII]Q? 
 

4.1 Jescription of &-/ 

@1( 9.(0($7 43.N :-$ ,( /8($7/;/(8 4/71 7130( 3; mHcA HInA 41(.( 71( ,($(;/7 3; - .(-:7/3$ 
+-00 ;(-7#.( 3; 71( 1#+-$3/8 -0 - +(-$ 73 07-,/</U( <-7(.-< ,/9(8 8=$-+/:0 /0 /$8/:-7(8? @1( 
:#..($7 43.N /0 :<30(07 /$ 09/./7 73 71( .(:($7<= /$7.38#:(8 /$>(.7(8 9($8#<#+ +38(< 4/71 
-$%#<-. +3+($7#+ 9.39(.7/(0 E*BSBQ EF3+#.- (7 -<?A JLLP E-K ,QQ? V( 0((N 73 9.3930( - 
91=0/:-< +38(< :1-.-:7(./U/$% -$%#<-. +3+($7#+? 
@1( \BS mathematical +38(< 8/0:#00(8 1(.( /0 $37 73 ,( :3$;#0(8 4/71 71( -:7#-< 9<-:(+($7 
3; - physical .(-:7/3$ +-00 8(>/:( ;3. 71( :3$7.3< 3; 1#+-$3/8 ,-<-$:(A -0 4-0 83$( /$ 
EB-=(. (7 -<?A JLLPQ? 
@1( OY .(-:7/3$ +-00 +-= 1->( :3$7/$#3#0<= >-./-,<( 09-7/-< /$(.7/-? *7 -$= %/>($ 
:3$;/%#.-7/3$ 3; 71( .3,37A 71( :($7.3/8-< R\T /$(.7/- :-$ ,( .(8#:(8 73 -$ (<</903/8? @1/0 /0 
+38(<(8A -0 0134$ /$ C/%? P ,= 71.(( 9-/.0 3; 93/$7 +-00(0 </$(-.<= -:7#-7(8 -<3$% 71( 71.(( 
9./$:/9-< 3.713%3$-< 8/.(:7/3$0 3; 71( (<</903/8? *<3$% (-:1 -6/0 ºA 71( 8/07-$:( ,(74(($ 71( 
93/$7 +-00(0 /0 ¼½l ? @1( +-00(0 3; (-:1 9-/. -.( -<4-=0 (X#/&8/07-$7 ;.3+ 71( (<</903/8 
:($7(.? @1( R3B 3; 71( (<</903/8 /0 71(.(;3.( -<4-=0 ;/6(8 -7 /70 :($7(.? @1( 0/6 93/$7 +-00(0 
:-$ 1->( (X#-< +-00A /?(?A m ' ¾�¿A 03 71-7 71(= 0#+ #9 73 737-< +-00 3; 71( 1#+-$3/8 .3,37? 
@1( 8/07-$:( ,(74(($ 71( +-00(0 8(9($80 3$ /70 :3..(093$8/$% .37-7/3$-< /$(.7/-A -0 (-:1 

-6/0 %($(.-7(0 - +3+($7 3; /$(.7/-%m½l]? 
 

                                                 
< \(;(. 73 *99($8/6 ;3. (X#-7/3$0 73 :3+9#7( R3S? 
c \(-:7/3$ +-00 (<</903/8 /0 0=$3$=+3#0 4/71 71( (X#/+3+($7-< /$(.7/- (<</903/8 8(./>(8 
;.3+ 71( :($7.3/8-< R\T /$(.7/- +-7./6?  
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The *eaction 5ass 6endulum 8*569 5odel for "umanoid *obot <ait and =alance >ontrol 

 

.@@ 

     
C/%? P^ E<(;7Q R3$:(97#-< +(:1-$/:-< .(-</U-7/3$ 3; 71( OY \BS? @1( %=.-7/$% (<</903/8 /0 
8=$-+/:-<<= (X#/>-<($7 73 71.(( 9-/.0 3; (X#-< 93/$7 +-00(0 -7 8/;;(.($7 .-8/-< 8/07-$:(0 71-7 
-.( -:7#-7(8 73 0</8( 3$ 71(/. </$(-. 7.-:N0? @1( 3>(.-<< ;.-+( :3$0/07/$% 3; 71( 71.(( 9-/.0 3; 
+#7#-<<= 9(.9($8/:#<-. </$(-. 7.-:N0 ;3.+ 71( 0N(<(73$ 41/:1 :-$ ,( .37-7/3$-<<= -:7#-7(8 /$ 
71.(( YhC0? E./%17Q JY \(-:7/3$ V1((< S($8#<#+ B38(<? @1( 8/07-$:( ,(74(($ 71( 743 
93/$7 +-00(0 /0 aÀ? 

    

S1=0/:-< 8(0:./97/3$ 2($(.-</U(8 :33.8/$-7(0 E;3.:(0Q 

 JY OY 

\-8/-< 8/07-$:(0 3; 71.(( 9-/.0 3; 
93/$7 +-00(0 ;3.+/$% 71( (<</903/8 
-$8 71(/. -:7#-7/3$ 3$ </$(-. 7.-:N0 

½ EÁQ ½8A ½]A ½j EÁ8A Á]A ÁjQ 

h./($7-7/3$ -$%<(0 3; 71( (<</903/8 
,38= -$8 71(/. -:7#-7/3$ 

Â EÃQ ÂA ÄA Å   EÃ8A Ã]A ÃjQ 

)(% <($%71 -$8 /70 -:7#-7/3$ ½Æ EÁÆQ ½Æ EÁÆQ 
)(% 3./($7-7/3$ -$%<(0 -$8 71(/. 
-:7#-7/3$ 

Ç EÃÈQ ÇA É EÃÈA ÃÊQ 

R3S 930/7/3$ -$8 %.3#$8 .(-:7/3$ 
;3.:( 

ËrsÌ EÍ@A ÍBQ ËrsÌA ÎrsÌ 
EÍ@A ÍBA ÍCQ 

@-,<( H^ 2($(.-</U(8 >-./-,<(0 3; \BS? JY .(-:7/3$ 41((< 9($8#<#+ +38(< 1-0 P YhC0 
41(.(-0 OY \BS 1-0 HH YhC0? 
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"umanoid *obots 

 

.@0 

@1( .-8/-< +3>(+($7 3; 71( 93/$7 +-00(0 3$<= -;;(:70 71( 01-9( -$8 0/U( 3; 71( (<</903/8? 
V1($ ½l ' ; ;3. º ' *A¼A0 71( (<</903/8 .(8#:(0 73 - 93/$7 +-00 -$8 71( \BS .(8#:(0 73 - OY 
/$>(.7(8 9($8#<#+? @1( </07 3; -<< (<(>($ %($(.-</U(8 :33.8/$-7(0 -$8 $/$( %($(.-</U(8 
;3.:(0 -.( </07(8 /$ @-,<(? H? 
 

4.2 2J &eaction wheel pendulum model 

@1( JY >(.0/3$ 3; 71( \BS /0 (X#/>-<($7 73 - .(-:7/3$ 41((< 9($8#<#+A ;3. 41/:1 - 
.(-</U-7/3$ /0 0134$ /$ C/%? PE./%17Q? @1( %($(.-</U(8 :33.8/$-7(0 -$8 %($(.-</U(8 ;3.:(0 ;3. 
71/0 +38(< -.( /ÇA ÂA ½Æ A ½1 -$8 /ÃÈ A ÃA ÁÆ A Á1A .(09(:7/>(<=? @1( 737-< +-00 3; 71( 9($8#<#+ /0 ;Y§¾ n ;Y§¾ ' ¾A 41(.(-0 /70 .37-7/3$-< /$(.7/- -,3#7 R3B /0 Ï Ð %' ¾½]? @1( N/$(7/: ($(.%= 
LH -$8 71( 937($7/-< ($(.%= Lp 3; 71( 0=07(+ -.( -0 ;3<<340A 
 kl '% 8]¾�%½9Æ] n ½9]� n 8]¾½Æ]Ç9] n 8]¾½]/Ç9] n Â9 ]1A           EHIQ 

k� ' %¾d½ÆJÑ ÇY            

 
C.3+ 71( -,3>( .(<-7/3$0A 71( (X#-7/3$0 3; +37/3$ 3; 71/0 +38(< -.( 8(./>(8 #0/$% 
)-%.-$%/-$ 7(:1$/X#(0?  
 ÁÆ ' ¾½ÒÆ G¾½ÆÇ9] n¾dJÑ Ç              EJLQ 

Á ' ¾½Ò G ¾½/Ç9 n Â9 1]               EJHQ 

ÃÈ ' ¾½Æ]ÇÒ n ¾½]/ÇÒ n ÂÒ 1 n ¼¾½Æ½9ÆÇ9  n¼¾½½9/Ç9 n Â9 1 n ¾d½ÆÓ�JÇ        EJJQ 

Ã ' ¾½]/ÇÒ n ÂÒ 1 n ¼¾½½9/Ç9 n Â9 1Y             EJOQ 
 
@1( %.3#$8 .(-:7/3$ ;3.:( 73 71( .(-:7/3$ +-00 9($8#<#+ /0 hÔ ' ¾/%ÀÆÒ %G R1? V( :-$ -<03 
.(<-7( 71( .-7( 3; :1-$%( 3; 71( -$%#<-. +3+($7#+ /$ 7(.+0 3; 71( %($(.-</U(8 :33.8/$-7(0K 

/?(?A Ã ' º9¡ % -$8 ÃÈ ' º9Ì n¾d½ÆÓ�JÇA 41(.( 71( -$%#<-. +3+($7#+ -7 R3BA º¡ ' Ï Ð/Ç9 n Â9 1 
-$8 71( 3$( -7 R3SA ºÌ ' º¡ n¾½Æ]Ç9 ? 
*0 N$34$A - .(-:7/3$ 41((< 9($8#<#+ :-$ 1->( /$7(.(07/$% 8=$-+/:0? C3. (6-+9<(A /; 4( 

0(7 ÃÈ ' ; A Ç9 ' ÇÒ ' ; A 71($ 4( :-$ :3+9#7( Ã  71-7 N((90 Ç ' ÇÕ  07-7/3$-.=A /?(?A Ã 'G¾d½Ó�JÇÕ? @1( 73.X#( :.(-7(0 -$ -$%#<-. -::(<(.-7/3$ ÂÒ  41/:1 :-$$37 :3$7/$#( /$8(;/$/7(<= 
8#( 73 .3,37 G3/$7 </+/70? '34(>(.A 71( (6-+9<( 0134:-0(0 71( 0/7#-7/3$ 41(.( 71( .3,37 
_<(%` :-$ ,( /$ 07-7/: 07-,/</7= 41/<( 71( R3B %.3#$8 9.3G(:7/3$ /0 3#70/8( 3; 71( 0#993.7 
,-0(? 

 
5. Inertia Shaping: an &-/-;ased Controller    
 

* 1#+-$3/8 .3,37 1-0 - <-.%( $#+,(. 3; YhC0^ ;3. (6-+9<(A 71( C#G/70# 'h*SJ .3,37 1-0 
JP YhC0 -$8 71( '3$8- 1#+-$3/8 *0/+3 1-0 J] YhC0? D$ 3.8(. 73 N/$(+-7/:-<<= 7.-$0;3.+ 
-$ \BS ,-:N 73 - 1#+-$3/8 .3,37A 3$( $((80 73 %($(.-7( - +-9 ;.3+ 71( HH 8/+($0/3$-< 
\BS 09-:( 73 71( +#:1 <-.%(. .3,37 N/$(+-7/:0 09-:(? * #$/X#( +-99/$% 4/<< $((8 
-88/7/3$-< :3$07.-/$70A 0#:1 -0 /$ 71( ;3.+ 3; 8(0/.(8 1-$8 3. ;337 930/7/3$? 
D$ 71/0 0(:7/3$A 4( /$7.38#:( 71( /$(.7/- 01-9/$% 7(:1$/X#(A -$ /7(.-7/>( +(7138 73 :3+9#7( 
G3/$7 -$%<(0 73 :.(-7( 71( 8(0/.(8 R\T /$(.7/-? @3 71/0 ($8A 4( ;/.07 8(./>( 71( .(<-7/3$01/9 
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The *eaction 5ass 6endulum 8*569 5odel for "umanoid *obot <ait and =alance >ontrol 

 

.@? 

,(74(($ 71( G3/$7 -$%<(0 -$8 71( R\T /$(.7/- 3; - 1#+-$3/8 .3,37? V( :-<< 71/0 71( R\T 
/$(.7/- j-:3,/-$? "9(:/;/:-<<=A 0/$:( 71( $#+,(. 3; /$8(9($8($7 G3/$7 -$%<(0 3; - 1#+-$3/8 
.3,37 8/;;(.0 -::3.8/$% 73 /70 %.3#$8 :3$7-:7 :3$;/%#.-7/3$ 8#( 73 71( %(3+(7./: :3$07.-/$70 
/$8#:(8 ,= 71( %.3#$8&.3,37 :3$7-:7A 4( ;3.+#<-7( 71( R\T /$(.7/- j-:3,/-$ 9(. (-:1 
%.3#$8 :3$7-:7 :-0(?  
 
 

5.1 C&; inertia Oacobian 

"/$:( 71( R\T /$(.7/- 1-0 71( ;3.+ 3; - +-7./6A /70 j-:3,/-$ 013#<8 ,( - +#<7/&8/+($0/3$-< 
7($03.? @1(.(;3.(A 4( 07./$% 3#7 71( $3$U(.3 (<(+($70 3; - +-7./6 3; 71( R\T /$(.7/- 03 -0 73 
0/+9</;= 71( ;3.+ 3; /70 j-:3,/-$? @1( _07.#$% 3#7` >(:73. :3..(093$8/$% 73 71( 09-7/-< 

/$(.7/- +-7./6 /0 pÖ %' /pqÖE A mÀE1E , Q×  -$8 pqÖ %' /Ï@@A Ï@BA Ï@CA ÏBB A ÏBCA ÏCC1E ?  @1( ;/.07 0/6 

(<(+($70 :3..(093$8 73 .37-7/3$-< /$(.7/- -$8 71( <-07 71.(( (<(+($70 73 R3B +#<7/9</(8 ,= 
/70 +-00? 
D$ 3.8(. 73 (69.(00 71( .(<-7/3$ ,(74(($ - 0+-<< :1-$%( /$ R\T /$(.7/- -$8 71-7 3; 71( 
%($(.-</U(8 :33.8/$-7(0A 4( 8(;/$( 71( -<M inertia Iacobian �p 0#:1 71-7  
 �ØpÖ %%' % �p��Y           EJfQ 

 
)-7(. 3$A 71( R\T /$(.7/- j-:3,/-$ 4/<< ,( #0(8 ;3. 03<>/$% 71( /$>(.0( 9.3,<(+A /?(?A ;/$8/$% 
%($(.-</U(8 :33.8/$-7(0 :3..(093$8/$% 73 71( %/>($ R\T /$(.7/-? D$ 71( ;3<<34/$% 0(:7/3$0A 
4( #0( p% /$ 71( 09-7/-< ;.-+( 4/713#7 #0/$% 0#9(.0:./970? @1( R\T /$(.7/- j-:3,/-$ /0 
8(:3+930(8 /$73 743 9-.70A %�p ' >%%�pA{%%%�pA|D A 41(.( �pA{ , Q×<�  -$8 �pA| , Q×<�  +-9 71( 

+37/3$ 3; 71( ,-0( ;.-+( -$8 71( G3/$7 -$%<(0A .(09(:7/>(<=A 73 71( .-7( 3; :1-$%( 3; 71( R\T 
/$(.7/-K /?(?A  �pÖ ' % �pA{/%&{78�&{1 n �pA|�|%Y   EJPQ 

 
 "9(:/;/:-<<=A  �pA{ ' ��&¸A8A Ù A �&¸A��A ÚÛK�K%�&¸A� ' pÖ9 %Ü5Ý��A|9 Ý) 

�pA| ' ���\ A Ù A ��Þ�A ÚÛK�K%��� ' �pÖ� �}�? 
 

k0/$% 71( .(<-7/3$0 �UVu�� �}� ' UVu�[V��A² ' [V ��A²ß UVu�  41(.( ���A� '%u�78 �u�� �}�  I -0 

8(;/$(8 /$ EHfQA 4( :-$ 8(./>( -$-<=7/:-< (69.(00/3$ ;3. p9 % -$8 �Ï� �}�K /?(?A 

 p9Ü�9 %Ý{ ' G[V 5ß ¸i p{ G% p{ %[V 5ß ¸                EJ[Q 

�p �}�à ' G� %��Ý8 ª[V ��A²ßi %p� n p�[V ��A²ß ¯?            EJ]Q 

 

                                                 

I h$( :-$ (-0/<= 9.3>( 71( .(<-7/3$0 ,= #0/$% ���A� ' á!�E â!�â�² !�E â"�â�²) ; ã 41(.( u� ' /!� A "�1? *<03A 

$37( 71-7 
ääå UV& ' UV&[V5 ' [V 5ß UV& 41(.( 56 ' &7^&9 . 
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"umanoid *obots 

 

.0A 

537( 71-7 71( R\T /$(.7/- j-:3,/-$ /$:<#8(0 71( R3B j-:3,/-$A /?(?A 71( +-99/$% ;.3+ 71( 
.-7( 3; :1-$%( 3; %($(.-</U(8 :33.8/$-7(0 73 71-7 3; 71( R3B 930/7/3$? D; 4( 9-.7/7/3$ �p /$73 �p ' >%�pqE%%�uEDE 41(.( %�u :3$0/070 3; 71( ,3773+ O .340 3; �pA 4( %(7  

 mÀ9u '% �u�9 Y           EJcQ 
 �u +-90 71( %($(.-</U(8 >(<3:/7= 73 71( </$(-. +3+($7#+ 3; 71( 0=07(+? D$ ;-:7A /7 /0 71( 
0-+( -0 71( R3B j-:3,/-$ 0:-<(8 ,= 71( 737-< +-00? 
 

5.2 C&; inertia Oacobian of humanoid 

D; 71( 1#+-$3/8 .3,37 /0 $37 /$ :3$7-:7 4/71 -$= (67(.$-< ($>/.3$+($7A EJPQ :3+9<(7(<= 
8(0:./,(0 71( R\T /$(.7/- j-:3,/-$? h71(.4/0(A 134(>(.A %(3+(7./: :3$07.-/$70 -./0( -+3$% 
71( %($(.-</U(8 :33.8/$-7(0A -$8 /7 /0 -8>-$7-%(3#0 73 8(0:./,( 71( R\T /$(.7/- j-:3,/-$ /$ 
7(.+0 3; /$8(9($8($7 :33.8/$-7(0? 

)(7 #0 -00#+( |%:3+9./0(0 | ' /%|æE%|ÆE%|åE1E%A 41(.( |2æAÆ4 , Q�  -.( G3/$7 -$%<( >(:73.0 ;3. 

./%17 -$8 <(;7 <(%0A .(09(:7/>(<=A -$8 |å  /0 ;3. 71( .(07 3; G3/$70? V( -<03 8(:3+930( �p 
-::3.8/$%<=K /?(?A  
 

�p ' W%�pq¸ �pqç �pqè % �pqé%�u¸ �uç �uè �uéXY    EJIQ 

 
V( 8(0:./,( R\T /$(.7/- j-:3,/-$ ;3. (-:1 %.3#$8 :3$7-:7 :-0(?  
 

5.2.1 Free floating 

V1($ - 1#+-$3/8 .3,37 /0 ;<3-7/$% /$ 71( -/.A -<< :3+93$($70 3; 71( %($(.-</U(8 :33.8/$-7(0 
-.( /$8(9($8($7? \(4./7/$% EJPQA 4( %(7  
 �pqÖ %' %�pq¸/&{78�&{1 n >%�pqç %%�pqè %%�pqéD�|%                EOLQ 

m�Àu %' %�u¸/&{78�&{%1 n >%�uç %%�uè %%�uéD�|       EOHQ 

 
537( 71-7 0/$:( 4( :3+9#7( 71( R\T /$(.7/- 4/71 .(09(:7 73 - 09-7/-< ;.-+(A 71( 
:3$;/%#.-7/3$ 3; 71( ,-0( ;.-+( -;;(:70 71( R\T /$(.7/- j-:3,/-$? D; 4( 4(.( 3$<= /$7(.(07(8 
/$ 71( <3:-< _01-9(` 3; /$(.7/-A 4( $((8 73 7.-$0;3.+ 71( .(;(.($:( ;.-+( 73 71( ,-0( ;.-+(A /$ 
41/:1 :-0( 71( R\T /$(.7/- j-:3,/-$ /0 413<<= 8(7(.+/$(8 ,= G3/$7 -$%<(0? 
 

5.2.2 Single support by left or right foot 

)(7 #0 0#9930( 71( 1#+-$3/8 .3,37 /0 0#993.7(8 ,= 3$( ;337 </$NA <(;7 ;337 </$N ;3. (6-+9<(A 
41/:1 /0 07-7/3$-.= 4/71 .(09(:7 73 71( %.3#$8? @1($ 4( :-$ 8(0:./,( 71( :3$07.-/$7 -0 
;3<<340A  &Æ78�&Æ ' ;        EOJQ 

 
41(.( %&Æ /0 71( 7.-$0;3.+-7/3$ +-7./6 ;3. 71( <(;7 ;337 </$N? gX? OJ :3$07.-/$0 71-7 71( <(;7 ;337 
</$N 013#<8 $37 +3>(? C.3+ &Æ ' &{%uÆ/|1A 41(.( uÆ/|1 (69.(00(0 71( ;3.4-.8 N/$(+-7/: 
.(<-7/3$ ,(74(($ 71( ,-0( ;.-+( -$8 71( <(;7 ;337 </$NA 4( :-$ 8(./>( 71( ;3<<34/$% .(<-7/3$ 
,= 9<#%%/$% 71( .(<-7/3$ /$73 EOJQA  
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The *eaction 5ass 6endulum 8*569 5odel for "umanoid *obot <ait and =alance >ontrol 

 

.0. 

&{78�&{ ' GUVuè�Æ�|%Y    EOOQ 

 
Y(;/$/$% �Æi 0#:1 71-7 UVuè�Æ�| ' �Æi�|ÆA 71( R\T /$(.7/- j-:3,/-$ /0 4./77($ 4/71 .(09(:7 73 

71( G3/$7 -$%<(0A  
 �pqÖ %' �%�pqç %%%%%��pqè G %�pq¸�Æi�%%%%%�pqé��|A             EOfQ 

m�Àu ' >%�uç %%%%%/�uè G %�u¸�Æi1%%%�uéD�|%Y                 EOPQ 

 
 

5.2.3 Jouble support 

V1($ ,371 ;((7 -.( 07-7/3$-.= 73 71( %.3#$8A 4( 1->( -$ -88/7/3$-< :3$07.-/$7%%�Æi�|Æ '�æi�|æA 41(.( �æi  3; 71( ./%17 ;337 </$N :3..(093$80 73 �Æi 3; 71( <(;7 ;337? @1/0 :3$07.-/$7 =/(<80 �|æ ' �æi78%�Æi�|Æ? @1(.(;3.(A  
 

 �pqÖ %' �2%�pqè n ��pqç�æi78 G %�pq¸��Æi4%%%%%%%�pqé� W�|Æ�|åX   EO[Q 

 m�Àu ' �2%�uè n ��uç�æi78 G %�u¸��Æi4%%%%%�ué� W�|Æ�|åXY       EO]Q 

 
 

5.3 Inertia shaping 

*$ /$7(.(07/$% -99</:-7/3$ 3; 3#. \BS +38(</$% -99.3-:1 /0 41-7 4( :-<< inertia shaping 3; 
-$ -.7/:#<-7(8 :1-/$ E)(( M 2304-+/A JLL]Q? D$(.7/- 01-9/$% /0 - 1/%1&<(>(< -99.3-:1 73 
9.(:/0(<= :3$7.3< 71( -%%.(%-7( N/$3&8=$-+/: :1-.-:7(./07/:0 3; -$ -.7/:#<-7(8 :1-/$ ,= 
:3$7.3<</$% /70 R\T /$(.7/-? 2/>($ - 8(0/.(8 R\T /$(.7/-%pä 3; 71( .3,37A 71( /$(.7/- 01-9/$% 
:3$7.3<<(. 0((N0 73 8(7(.+/$( 71( 9.39(. :3$;/%#.-7/3$ 3; 71( .3,37 71-7 -77-/$0 /7? @1/0 :-$ ,( 
930(8 -0 -$ /$>(.0( N/$(+-7/:0 9.3,<(+ 4/71 71( 8(0/.(8 R\T /$(.7/- :3$07.-/$70? "/$:( 4( 
1->( 8(./>(8 71( R\T /$(.7/- j-:3,/-$A 71( /$>(.0( N/$(+-7/:0 9.3,<(+ :-$ ,( 03<>(8 ,= -$= 
0#/7-,<( 397/+/U-7/3$ -<%3./71+? h$( 03<#7/3$ 4/<< ,( 73 /7(.-7/>(<= #98-7( 71( 8(0/.(8 G3/$7 
-$%<(0 #0/$% 90(#83&/$>(.0( 3; 71( :($7.3/8-< R\T /$(.7/- j-:3,/-$ EJfQA /?(?A  
 ��ê ' �pë�/pÖä G pÖ%1A    EOcQ 
 

41(.( �ê%/0 71( >(:73. 3; /$8(9($8($7 %($(.-</U(8 :33.8/$-7(0 -$8 �pë ' �pE/%�p%�pE178? @1/0 /0 
71( 0/+9<(07 ;3.+ 3; /$(.7/- 01-9/$% 71-7 83(0 $37 :3$0/8(. -88/7/3$-< :3$07.-/$70 0#:1 -0 
3,07-:<(0 /$ 71( ($>/.3$+($7 3. 0(<;&:3<</0/3$?  
C3. 71( /$(.7/- 01-9/$% -<%3./71+ 73 ,( -99</(8 73 -:7#-< 1#+-$3/8 .3,370A +3.( 
0391/07/:-7(8 -<%3./71+ :-$ ,( 8(>(<39(8? C3. (6-+9<(A 4( +-= $((8 73 /$:3.93.-7( /$>(.0( 
N/$(+-7/:0 9.3,<(+0 /$73 71( /$(.7/- 01-9/$% 9.3:(00? @1( R\T /$(.7/- j-:3,/-$ 9.3>/8(0 
#0(;#< /$;3.+-7/3$ 3$ 71( .-7( 3; :1-$%( 3; 71( R\T /$(.7/- -0 - ;#$:7/3$ 3; %($(.-</U(8 
:33.8/$-7(0A 41/:1 /0 $(:(00-.= /$ -$= /7(.-7/>( %.-8/($7&,-0(8 -<%3./71+0 ;3. :3+9#7/$% 
397/+-< G3/$7 -$%<(0 73 -:1/(>( 8(0/.(8 /$(.7/-? 
C/%? [ 9.(0($70 71.(( (6-+9<(0 3; /$(.7/- 01-9/$% 3$ - $3$&:3$7-:7/$% *0/+3&</N( ;<3-7/$% /$ 
09-:( E0-=A - 1#+-$3/8 -07.3$-#7Q? @1( .3,37 /0 %/>($ 71.(( 8/;;(.($7 :3++-$80A 0134$ /$ 
0(./(0 ¦A ìA -$8 íA .(09(:7/>(<=A 73 7.= 73 +-7:1 /70 34$ R\T /$(.7/- 73 - 8(0/.(8 R\T /$(.7/-? 
"7-.7/$% ;.3+ -$ /$/7/-< :3$;/%#.-7/3$A 71( .3,37 +3>(0 /70 G3/$70 0#:1 71-7 71( :307 ;#$:7/3$A 
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.0B 

:3$0/8(.(8 73 ,( 71( C.3,($/#0 $3.+ 3; 71( 8/;;(.($:( ,(74(($ 71( 743 /$(.7/- +-7./:(0A /0 
+/$/+/U(8? "9(:/;/:-<<=A 4( 8(-< 4/71 71( /$(.7/- 4/71 .(09(:7 73 71( ,-0( ;.-+(A 1($:( 
:3$7.3<</$% G3/$7 -$%<(0 /0 0#;;/:/($7? 
 
 

 
E-Q 

 
E,Q 

 
E:Q 

C/%? [^ Y(+3$07.-7/3$ 3; 71( /$(.7/- 01-9/$% 7(:1$/X#( 3$ - $3$&:3$7-:7/$% ,/9(8 .3,37 
;<3-7/$% /$ 09-:(? * ;<3-7/$% .3,37 1-0 $3 R3SA 03 71( \BS .(8#:(0 73 0/+9<= 71( (<</903/8-< 
.(-:7/3$ +-00? 

D$ C/%? [ E-Q 71( 8(0/.(8 /$(.7/- :3+93$($70 -<3$% -<< 71.(( -6(0 -.( (X#-< -$8 <-.%(? '($:( 
71( .3,37 7./(0 73 _(69-$8` /$ -<< 8/.(:7/3$0? D$ C/%? [ E,Q 71( 8(0/.(8 /$(.7/- /$ o&:3+93$($7 
E>(.7/:-<Q /0 ,/%A -$8 71( 371(. :3+93$($70 -.( >(.= 0+-<<? D$ C/%? [ E:Q .3,37 7./(0 73 +-N( /70 
/$(.7/- /$ p -$8 q&:3+93$($70 <-.%(? 
@1/0 0/+#<-7/3$ 8(+3$07.-7(0 71( /+93.7-$7 93/$7 3; (;;(:7/>(<= :3$7.3<</$% - :3+9<(6 ,/9(8 
4/71 - >(.= 0/+9<( :3$7.3< <-4? V1/<( 71( .3,37 +38(< 1-0 J] 83;0A 71( :3$7.3< <-4 8(-<0 
4/71 3$<= 71.(( >-./-,<(0 41/:1 -.( 71( 71.(( 8/-%3$-< (<(+($70 3; 71( .3,37a0 .37-7/3$-< 
/$(.7/-? 
D$ C/%? ]A 4( 09(:/;= 3$<= 8(0/.(8 R3B EgX? O]Q 41/<( N((9/$% 8(0/.(8 .37-7/3$-< /$(.7/- EgX? 
O[Q #$:3$07.-/$(8? @1( /$(.7/- 01-9/$% -<%3./71+ :3+9#7(0 397/+-< G3/$7 -$%<(0 71-7 :.(-7(0 
09(:/;/(8 R3B? D$ 71/0 (6-+9<(A 4( N(97 71( G3/$7 -$%<(0 ;3. 71( -.+ -$8 1(-8 ;/6(8 -$8 
+3>(8 3$<= <(% G3/$70? "/$:( 4( N((9 71( %.3#$8 9.3G(:7/3$ 3; R3B 4/71/$ 71( 0#993.7 
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.0C 

93<=%3$A 71( 1#+-$3/8 .3,37 +-/$7-/$0 ,-<-$:( (>($ /$ .(<-7/>(<= (67.(+( 930( E(?%?A 
,3773+ ./%17 ;/%#.(Q?  
 
 

   
 

   
 

   
 

C/%? ]^ 2/>($ 8(0/.(8 R3B 930/7/3$A 71( /$(.7/- 01-9/$% -<%3./71+ :3+9#7(0 397/+-< G3/$7 
-$%<(0 73 -:1/(>( 71( %3-<? D$ 71/0 8(+3$07.-7/3$A 8(0/.(8 R3B /0 09(:/;/(8 0#:1 71-7 /7 
+3>(0 %.-8#-<<= ,-:N4-.8 E739QA ;3.4-.8 E+/88<(QA -$8 834$4-.8 E,3773+Q? T<#( </$( 
0(%+($70 :3$$(:7 R3S 73 R3B -$8 .-8/#0 3; 71( %.(($ :/.:<( .(9.(0($70 .37-7/3$-< /$(.7/- -7 
R3B -,3#7 q&-6/0 41/:1 /0 93/$7(8 734-.80 71( .(-8(.? 

 

Q. Conclusions and Future Rork 
 

V( 1->( /$7.38#:(8 71( .(-:7/3$ +-00 9($8#<#+ E\BSQ +38(< 3; - 1#+-$3/8 .3,37? @1( 
\BS +38(< :3$7-/$0 -$ -:7#-7(8 (<</903/8-< .(-:7/3$ +-00 73 (69</:/7<= +38(< 71( .3,37W0 
-$%#<-. +3+($7#+? @1( (<</903/8 .(9.(0($70 71( :3+930/7( ./%/8 ,38= ER\TQ /$(.7/- 3; 71( 
.3,37 :3+9#7(8 -7 /70 R3B? @1( .(-:7/3$ +-00 /0 -$ -88/7/3$ 73 71( (6/07/$% /$>(.7(8 
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