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1. Introduction

In the theory of scheduling, a problem type is categorized by its machine environment, job
characteristic and objective function. According to the way information on job characteristic
being released to the scheduler, scheduling models can be classified in two categories. One
is termed off-line in which the scheduler has full information of the problem instance, such
as the total number of jobs to be scheduled, their release times and processing times, before
scheduling decisions need to be made. The other is called on-line in which the scheduler
acquires information about jobs piece by piece and has to make a decision upon a request
without information of all the possible future jobs. For the later, it can be further classified
into two paradigms.

1. Scheduling jobs over the job list (or one by one). The jobs are given one by one
according to a list. The scheduler gets to know a new job only after all earlier jobs have
been scheduled.

2. Scheduling jobs over the machines' processing time. All jobs are given at their release
times. The jobs are scheduled with the passage of time. At any point of the machines'
processing time, the scheduler can decide whether any of the arrived jobs is to be
assigned, but the scheduler has information only on the jobs that have arrived and has
no clue on whether any more jobs will arrive.

Most of the scheduling problems aim to minimize some sort of objectives. A common

objective is to minimize the overall completion time C., called makespan. In this chapter

we also adopt the same objective and our problem paradigm is to schedule jobs on-line over

a job list. We assume that there are a number of identical machines available and measure

the performance of an algorithm by the worst case performance ratio. An on-line algorithm

is said to have a worst case performance ratio ¢ if the objective of a schedule produced by
the algorithm is at most ¢ times larger than the objective of an optimal off-line algorithm for
any input instance.

For scheduling on-line over a job list, Graham (1969) gave an algorithm called List

Scheduling (LS) which assigns the current job to the least loaded machine and showed that

LS has a worst case performance ratio of 2 — rl; where m denotes the number of machines

available. Since then no better algorithm than LS had been proposed until Galambos &

Woeginger (1993) and Chen et al. (1994) provided algorithms with better performance for

Source: Multiprocessor Scheduling: Theory and Applications, Book edited by Eugene Levner,
ISBN 978-3-902613-02-8, pp.436, December 2007, Itech Education and Publishina, Vienna, Austria
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m= 4. Essentially their approach is to schedule the current job to one of the two least loaded
machines while maintaining some machines lightly loaded in anticipation of the possible
arrival of a long job. However for large m, their performance ratios still approach 2 because
the algorithms leave at most one machine lightly loaded. The first successful approach to
bring down the ratio from 2 was given by Bartal et al. (1995), which keeps a constant fraction
of machines lightly loaded. Since then a few other algorithms which are better than LS have
been proposed (Karger et al. 1996, Albers 1999). As far as we know, the current best
performance ratio is 1.9201 which was given by Fleischer & Wahl (2000).

For scheduling on-line over the machines' processing time, Shmoys et al. (1995) designed a
non-clairvoyant scheduling algorithm in which it is assumed any job's processing time is not
known until it is completed. They proved that the algorithm has a performance ratio of 2.
Some other work on the non-clairvoyant algorithm was done by Motwani et al. (1994). On
the other hand, Chen & Vestjens (1997) considered the model in which jobs arrive over time
and the processing time is known when a job arrives. They showed that a dynamic LPT
algorithm, which schedules an available job with the largest processing time once a machine
becomes available, has a performance ratio of 3/2.

In the literature, when job's release time is considered, it is normally assumed that a job
arrives before the scheduler needs to make an assignment on the job. In other words, the
release time list synchronizes with the job list. However in a number of business operations,
a reservation is often required for a machine and a time slot before a job is released. Hence
the scheduler needs to respond to the request whenever a reservation order is placed. In this
case, the scheduler is informed of the job's arrival and processing time and the job's request
is made in form of order before its actual release or arrival time. Such a problem was first
proposed by Li & Huang (2004), where it is assumed that the orders appear on-line and
upon request of an order the scheduler must irrevocably pre-assign a machine and a time
slot for the job and the scheduler has no clue or whatsoever of other possible future orders.
This problem is referred to as an on-line job scheduling with arbitrary release times, which
is the subject of study in the chapter. The problem can be formally defined as follows. For a
business operation, customers place job orders one by one and specify the release time
and the processing time p; of the requested job J;. Upon request of a customer's job order, the
operation scheduler has to respond immediately to assign a machine out of the m available
identical machines and a time slot on the chosen machine to process the job without
interruption. This problem can be viewed as a generalization of the Graham's classical on-
line scheduling problem as the later assumes that all jobs' release times are zero.

In the classical on-line algorithm, it is assumed that the scheduler has no information on the
future jobs. Under this situation, it is well known that no algorithm has a better performance
ratio than LS for m = 3 (Faigle et al. 1989) . It is then interesting to investigate whether the
performance can be improved with additional information. To respond to this question, the
semi-online scheduling is proposed. In the semi-online version, the conditions to be
considered online are partially relaxed or additional information about jobs is known in
advance and one wishes to make improvement of the performance of the optimal algorithm
with respect to the classical online version. Different ways of relaxing the conditions give
rise to different semi-online versions (Kellerer et al. 1997). Similarly several types of
additional information are proposed to get algorithms with better performance. Examples
include the total length of all jobs is known in advance (Seiden et al. 2000), the largest length
of jobs is known in advance (Keller 1991, He et al. 2007), the lengths of all jobs are known in
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[p, rv] where p > 0 and r = 1 which is called on-line scheduling for jobs with similar lengths
(He & Zhang 1999, Kellerer 1991), and jobs arrive in the non- increasing order of their
lengths (Liu et al. 1996, He & Tan 2001, 2002, Seiden et al. 2000). More recent publications on
the semi-online scheduling can be found in Dosa et al. (2004) and Tan & He (2001, 2002). In
the last section of this chapter we also extend our problem to be semi-online where jobs are
assumed to have similar lengths.

The rest of the chapter is organized as follows. Section 2 defines a few basic terms and the
LS algorithm for our problem. Section 3 gives the worst case performance ratio of the LS
algorithm. Section 4 presents two better algorithms, MLS and NMLS, for m = 2. Section 5
proves that NMLS has a worst case performance ratio not more than 2.78436. Section 6
extends the problem to be semi-online by assuming that jobs have similar lengths. For
simplicity of presentation, the job lengths are assumed to be in [l, ] or p is assumed to be 1.
In this section the LS algorithm is studied. For m = 2, it gives an upper bound for the
performance ratio and shows that 2 is an upper bound when 7 < ;5. For m = 1, it shows
that the worst case performance ratio is 1 + 1 and in addition it gives a lower bound for

the performance ratio of any algorithm.

2. Definitions and algorithm LS

Definition 1. Let L = {J;, J>,...., J.} be any list of jobs, where job [i(j =1, 2, ..., n) arrives at its
release time r; and has a processing time of p;. There are m identical machines available.
Algorithm A is a heuristic algorithm. C'4 (L) and C2PT (L) denote the makespans of

algorithm A and an optimal off-line algorithm respectively. The worst case performance
ratio of Algorithm A is defined as

o Chas(L)
R{m. ;‘1) = Hlil) ('(TJ(L) .

“maxr

Definition 2. Suppose that J; is the current job with release time r; and processing time p;.
Machine M, is said to have an idle time interval for job Jj, if there exists a time interval [T1,T>]
satisfying the following conditions:

1. Machine M; is idle in interval [T1,T2] and a job has been assigned on M; to start processing at time
T>.

2. Tp - max{Ty, rj} = pj.

It is obvious that if machine M; has an idle time interval [T1,T>] for job ], then job J; can be

assigned to machine M, in the idle interval.

Algorithm LS

Step 1. Assume that L; is the scheduled completion time of machine M; (i = 1, 2, ... ,m).
Reorder machines such that L1 < L, < ... < L,, and let ], be a new job given to the
algorithm with release time r, and running time p,,.

Step 2. If there exist some machines which have idle intervals for job J, then select a
machine M; which has an idle interval [T3,T>] for job ], with minimal T; and assign
job ], to machine M; to be processed starting at time max{T1, r,} in the idle interval.
Otherwise go to Step 3.

Step 3. Let s = max{r,, L1}. Job ], is assigned to machine M; at time s to start the processing.
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We say that a job sequence J;,, Ji,. -+ ,J;, is assigned on machine M; if .J;, starts at its
release time and .J;, (k = 2,-- - , ¢) starts at its release time or the completion time of .J;, _,
depending on which one is bigger.

In the following we let M ;r“.; = (Ji,. Jiy,++ , Ji,) denote the job list assigned on machine
M; in the LS schedule and MP"T = (J; ., J;,.+++ . J;,) denote the job list assigned on
machine M; in an optimal off-line schedule, where J; € {.Jy,Jo,-++ ,J,} (=12, ..., 9).

3. Worst case performance of algorithm LS

For any job list L = {J1, J», ..., Ju}, if n << ... <, it is shown that R(m, LS) < 2 in Hall and
Shmoys(1989). In the next theorem we provide the exact performance ratio.
Theorem 1 For any job list L = {J, ]2, ..., Ju}, if 1< < ... <1y, then we have

1
R(m,LS)=2—- —.
( ) m @
Proof: We will prove this theorem by argument of contradiction. Suppose that there exists
an instance L, called a counterexample, satisfying:

C\'LS (L) ) 1

‘max S

COPT(L) m
Let L = {J1, J2, ... , Js} be a minimal counterexample, i.e., a counterexample consisting of a
minimum number of jobs. It is easy to show that, for a minimal counterexample L,
CLS (L) = Ly + pyholds.
Without loss of generality we can standardize L such that r; = 0. Because if this does not
hold, we can alter the problem instance by decreasing the releasing times of all jobs by ri.
After the altering, the makespans of both the LS schedule and the optimal schedule will
decrease by r;, and correspondingly the ratio of the makespans will increase. Hence the
altered instance provides a minimal counterexample with r; = 0.
Next we show that, at any time point from 0 to C'45 (L), at least one machine is not idle in
the LS schedule. If this is not true, then there is a common idle period within time interval
[0, CLS (L)] in the LS schedule. Note that, according to the LS rules and the assumption
that 1< n<..<r, jobs assigned after the common idle period must be released after this
period. If we remove all the jobs that finish before this idle period, then the makespan of the
LS schedule remains the same as before, whereas the corresponding optimal makespan does
not increase. Hence the new instance is a smaller counterexample, contradicting the
minimality. Therefore we may assume that at any time point from 0 to C'%5 (L) at least one
machine is busy in the LS schedule.
Asn=rn= .. =Zr, it is also not difficult to see that no job is scheduled in Step 2 in the LS
schedule.
Now we consider the performance ratio according to the following two cases:
Case 1. The LS schedule of L contains no idle time.
In this case we have
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— i=1

(‘()PT(L) - COPT(L) - m_(‘()PT(L)

C-';:‘!‘Z“I,(L) Ly + pn < Zm (Li + pn)

“rnaa “rmar “rnax
X b+ (m— Dpa
N mCQPT (L)
- mCOPT(L) + (m — 1)C9PT(L)
- mCOPT (L)

Case 2. There exists at least a time interval during which a machine is idle in the LS
schedule. In this case, let [a, b] be such an idle time interval with a < b and b being the
biggest end point among all of the idle time intervals. Set

A = {J;|]; finishes after time b in the LS schedule}.

Let B be the subset of A consisting of jobs that start at or before time a. Let S(J;))(j =1, 2, ... ,n)
denote the start time of job J; in the LS schedule. Then set B can be expressed as follows:

B={jlb — pj<S(J) = a}.

By the definitions of A and B we have 5(J;) > a for any job J; € A\ B. If both r; < b and r; < 5())
hold for some J; € A \ B, we will deduce a contradiction as follows. Let
LE'; ) (i =1,2,--- ,m)be the completion times of M; just before job J; is assigned in the LS
schedule. First observe that during the period [a, b], at least one machine must be free in the
LS schedule. Denote such a free machine by M;, and let M;, be the machine to which J; is

assigned. Then a < 5(J)) =L Ei] because r; < 5(J;) and J; is assigned by Step 3. On the other hand

we have that L,(-“f) < a because r; < b and M;, must be free in (a, 0) in the LS schedule before
Jj is assigned as all jobs assigned on machine M, to start at or after b must have higher
indices than job J;. This implies L,(-f) < LEi] and job J; should be assigned to machine M;, ,
contradicting the assumption that job J; is assigned to machine AJ;, instead. Hence, for any
job Jj € A\ B, either ; = b or r; = 5(J}). As a consequence, for any job J; € A \ B, the
processing that is executed after time b in the LS schedule cannot be scheduled earlier than b
in any optimal schedule. Let A = 0 if B is empty and A = max{S(.J;) —r;|.J; € B} if Bis
not empty. It is easy to see that the amount of processing currently executed after b in the LS
schedule that could be executed before b in any other schedule is at most A | B|. Therefore,
taking into account that all machines are busy during [b,L1] and that |B| <m — 1, we obtain
the following lower bound based on the amount of processing that has to be executed after
time b in any schedule:

m(Ly —b) + p, — | B|A
m
m(Ly —b) +pn — (m —1)A
m '

COPT(L) > b+

YL

> b+

On the other hand let us consider all the jobs. Note that, if A > 0, then in the LS schedule,
there exists a job J; with S(Jj) < a and S(Jj) - r; = A. It can be seen that interval [r;, S(J;)] is a
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period of time before a with length of A, during which all machines are busy just before J; is
assigned. This is because no job has a release time bigger than r; before J; is assigned and, by

the facts that S(Jj) - rj= A> 0, and S(J;) = min{L")|i = 1,2,--- ,m}. Combining with the
observations that during the time interval [b, L1] all machines are occupied and at any other
time point at least one machine is busy, we get another lower bound based on the total
amount of processing:
mA+m(Ly —b)+ (b—A) + p,

m '

“moar

Adding up the two lower bounds above, we get

2mLy — (m— 1)b+ 2p,
m

(-OPT (L) 2

mar

Because r, = b, we also have

COPT(L) > b+ py.

i

Hence we derive

(‘L" (L) Ll +pn

T

(“OPI (L) ("OI’I (L)

fnar e

< 2mCOPT (L) + 2(m — 1)(b + pn)

Trear

- 2mCoPT([)

maxr
1

<2- —.
m

Hence we have R(m, LS) <2 — ﬁ This creates a contradiction as L is a counterexample

mru{ )

satisfying COPT(L) (L) >2- % It is also well-known in Graham (1969) that, when r=r =

e

.= 1, = 0, the bound is tight. Hence (1) holds.

However, for jobs with arbitrary release times, (1) does not hold any more, which is stated in
the next theorem.

Theorem 2. For the problem of scheduling jobs with arbitrary release times,

R(m,LS)=3-— i

m

Proof: Let L = { J1, J2, ..., Ju} be an arbitrary sequence of jobs. Job J; has release time rj and
running time p; (j = 1, 2, ... ,n). Without loss of generality, we suppose that the scheduled
completion time of job ]n is the largest job completion time for all the machines, i.e. the

makespan. Let P be Z i=1 I i, ui (1=1,2, ..., m) be the total idle time of machine M;, and s be
the starting time of job J,. Let u =s — L, then we have

C,‘;,‘,:r(L} =L +pp+u, wu<r,, u+p,<r,+pn-
It is obvious that

Tn+pn < Conr (L), P+ pp <mCHUT(L).

mar mar
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Because COPT (L) Z max {ri, 2, ..., ra} we have u; <COPT (L) (i=1,2, ...,m). So

o o

CJJLIZI‘ L) _ Ll +Pntu < Z:il(}; +p,1) -+ mu

Corr(L) — Corr(L) ~ mCoL (L)
 PApa+ Y i+ (m—1)(u+pp)
N mCOUT (L)
P+p,+ X" ui+ (m—1)(r, +pn)
<
B mCOET (L)

Trar Trar T

- mCOPT (L)

mar
1

=3-——.
m

- mCOPT(L) + mCOPT(L) + (m — 1)COPT(L)

By the arbitrariness of L we have R(m, LS) < 3 — # The following example shows that
the bound of 3 — # is tight.
Let Ly = {Jh Joy s Jeme—ms } with

rp=1i-¢, pj=Z¢&, (i—1)m+1<j<im, i=12,---,m;
ry=0, p;j=1, m? +1 < j <2m® —m;
rj =0, pj=m, j=2m*—m+1.

It is easy to see that the LS schedule is
LS . ‘
il-ur;' = (Jr'* JH»rna Tty J:'+(nr—]}'m' J.i+-rr12 y T Ji+[2rn—'2)7n)' i=2,3,---,m
LS
My~ = ("rl'- Jigmy Jl+(m—l)m s 14m2y Jl+(2m.—2]m-. J2m.3—m.—:-l)'

Thus C%5 (Lo) = Ly = m+m — 1 +m = 3m — 1. One optimal off-line schedule is

oPT
j‘f}» = (Jm2+(."—1)m+]* Ji::2+{-£—])?rr+2' Jm +(i—1)m+rns J‘i« J‘i+'m* "t J:'+{m,—1]m)!
for i=1,2,--- . m-—1,

opPT _
*‘Irn (I‘)m-—m+l }m- Jm+m-. Ty Jm+(m.—1}m}-

Thus C92PT(Ly) = m + me. Hence

mar

S (Lo) ., L+3me

CLs
R(m,LS) > —==

T COFT(Ly) C m+me
Let € tend to zero, we have R(m. LS) > 3 — L That means R(m,LS) =3 — +

e me
The following theorem says that no on-line algorithm can have a worst case performance

ratio better than 2 when jobs' release times are arbitrary.

Theorem 3. For scheduling jobs with arbitrary release times, there is no on-line algorithm
with worst case ratio less then 2.

Proof. Suppose that algorithm A has worst case ratio less than 2. Let L = { J1, J» ..., Ju+1}, with
n=lLpi=¢1=0,p=S+¢c(j=273,..,m+1), where S =1 is the starting processing time of



106 Multiprocessor Scheduling: Theory and Applications

job J1. Let L) = {J; ... JJ(k=1,2,..,m+1). Because R(m, A) <2, any two jobs from the job
set L™ cannot be assigned to the same machine and also C*, (LU"+1)) > 2(S + ¢). But
COPT(Lmt1)y = § 4 2¢, 50

“max
CA (L) 2(S +¢)
COP".“(L(m+l)) 2 S + e 1

“max

Let £ tend to zero, we get R(m, A) =2, which leads to a contradiction.
From the conclusions of Theorem 2 and Theorem 3, we know that algorithm LS is optimal
form=1.

4. Improved Algorithms for m =2

For m 2 2, to bring down the performance ratio, Li & Huang (2004) introduced a modified
LS algorithm, MLS, which satisfies R(m, MLS) < 3 — ﬁ — &m with €m =2 € > 0, To
describe the algorithm, we let

_3m-1 5]

m o

m m
m

15

where | x| denotes the largest integer not bigger than x.

N =

dm—1
™m

In MLS, two real numbers p,, and 7, will be used. They satisfy 24 Tm < pm <
1

and 7,,, > 0, where Tin = — land p,), is a root of the following equation

N (Pm —0m )
2[;1: -1+ M (‘F - 6;11)] 2m — 1 .
2”31(37 - 5m)2 + [Um 5[-1'(55T - 51::) - 1] [Jf — 14 7 (;1‘ - (jm)] m

Algorithm MLS

Step 1. Assume that L; is the scheduled completion time of machine M; (i =1, 2, ... , m).
Reorder machines such that L1 < L, < ... <L, and let ], be a new job given to the
algorithm. Set L,+1 = +0o0.

Step 2. Suppose that there exist some machines which have idle intervals for job J,. Select a
machine M; which has an idle interval [Ty, T3] for job ], with minimal T1. Then we
assign job J, to machine M; to be processed starting at time max{T1, r,} in the idle
interval. If no such M,; exists, go to step 3.

Step 3. If r, < L1, we assign J, on machine M; to start at time L.

Step 4. If L < 1, < Lis1 for some 1 < k < m and p,, = tury, then we assign ], on machine M to
start at time 7.

Step 5. If Li < 1, < Lis1 for some 1 < k < m and p, < twry and Lis + pp < Pm (1, + py), then we
assign [, on machine M+ to start at time Ly+1.

Step 6. If L < 1, < Ly for some 1 <k < m and pu < Tt and List + pp > Pmi (14 + py), then we
assign [, on machine M to start at time ;.

The following theorem was proved in Li & Huang (2004).

Theorem 4. For any m =2, we have

R(m,MLS) < pp,.
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Furthermore, there exists a fixed positive number ¢ independent of m such that

1
Pm < 3———¢ < 2.9392.
m
Another better algorithm, NLMS, was further proposed by Li & Huang (2007). In the
following we will describe it in detail and reproduce the proofs from Li & Huang (2007). In
the description, three real numbers «a,, [(,, and &, will be wused, where

1 < B < 2, Epagm < % and they are the roots of the next three equations.
21,.{2 o 2
2+(-r-'—'nyJ_ 1 | @
2T = my i + m (3)
2y° —
e A )

The next lemma establishes the existence of the three numbers and relate them to figures.
Lemma 5. There exist @ = a,, ¥ = 3, and z = &, satisfying equations (2), (3) and (4) with
1< B <2, B < iy Emry, < 212 < 32 < B, + 2 and 2 < &y < 2.78436 for
any m 2.
Proof. By equation (3) and (4), we have

2,113 2 1

—_—————-=+41=0
m m my  y: oy ®)

Let f(y) = LZ] +1- Bl _2 1 + 1. It is easy to check that

m m my y2 y
1% )
)

F) >0, f1)<0 and f2) =234 L
2m m

Hence there exists exactly one real number 1 < [3,,, < 2 satisfying equation (5).
By equation (2), we have

, Y .
Oy = 'i.ﬂni - a3 > '3.".311: -2 > ."'irns

B
where the two inequalities result from [3,,,> 1.
. 1 L% m—| 5] 2m—1
By equation (3), we get & = n_,,.(m.-'ii + ”LI + ==—) and

%) + m— 5] N 2m —1

Emyym = B

mm, m m

L L

5] m-[%] 2m-1

< === 4 == 4

m m m
1
m’

1 2 1 . Agl(y.q)
Let g(y.q) = 2:;11 +5qr 1 — {2(;&}” — 57 — 5 + 1 Itis easy to show that =5 = < 0 and

g9(y.q) dfBag+
7l

< 0. Because g(fa4+1,q) = 0, we haveT' > (). Because of equation (5), we get

3( lim fBagsq)? —3 lim Bogrq —4 = 0.
(‘{_‘_FDC} ..-q+l) g—too 2q+1



108 Multiprocessor Scheduling: Theory and Applications

Hence limg_. 4o B2q41 = 1.75831. In addition, by equation (5), we have 33 = 1.56619.

f,;'«, :+1

Noticing that [32,. 1 is an increasing function on g as > (), we have

2< B3 < B340
.iqu—u —fogp1 —2< ((;Elllw Bagi1)? — qli}}rlm fog41 — 2 < 0.

That means 2 < _xfifq +1 < B2¢+1 + 2 holds. In the same way as above, we can show that
2 < fqu < 39, + 2 holds. Thus 2 < 32, < By + 2 holds for any m > 2.

. 2 1 d(€ogr1oq41)
By equation (4), we have $2¢+102¢4+1 = 4 - 32,51 Pzger and hence =g =
4 L1 dBag41
I )5~ > 0. Thus we get £244 102441 = €303 > 2and

2 (2] < liIIl D41 O
é_q+l 2q+1 = g—r+00 E_q. 162941
2 1

(Himg—tae Fogs1)?  limy_yoe F2g41
= 2.78436,

ie. 2 < &agr100q41 < 2.78436. Similarly we can get 2 < {24024 < 2.784306. That means

2< &1y < 2.78436 holds for any m= 2.

For simplicity of presentation, in the following we drop the indices and write the three

numbers as «, 3 and £ if no confusion arises. The algorithm NMLS can be described as

follows:

Algorithm NMLS

Step 0. R\ :=0,Li=0,i=1,2, .., 1. Lys1 = +0c.

Step 1. Assume that L; is the scheduled completion time of machine M; after job [, is
assigned. Reorder machines such that L; < Lz <o S L R"YE6) (s=1,2, ..., m)
represents the sth smallest number of R(” =1,2, .., m Let ], be a new job
given to the algorithm.

Step 2. Suppose that there exist some machines which have idle intervals for job J,. Select a
machine M; which has an idle interval [T}, T2] for job ], with minimal T1. Then we
assign job ], on machine M; to start at time max{Ti, .} in the idle interval. Rf-n) =
R{”_l i=1,2, ..., m. If no such M;exists, go to Step 3.

Step 3. If r, < L1, we assign J, on machine M; to start at time L. RS"} = RE"‘”, 1i=1,2,..,m.
Step 4. If L < r, < L+1 and all of the following conditions hold:

n—1)
ROV (|2 + 1) > max{Ly, T}y,

Rin= li(m)
b) rp > ——F5—,

)pu < ( 3 — l)fn
) Lﬂ.+l +pn S ﬂ(rn pn)'

then we assign J, on machine M+ to start at time Li+1 and set RS") = BEJ
2, ..., m. Otherwise go to Step 5.

Step 5. Assign job ], on machine M to start at time 7,. Set R;(L_“) = Tnp, RE") = HE"_I),i #k.

@)
(
(
(d

=1,
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5. Performance ratio analysis of algorithm NMLS

In the rest of this section, the following notation will be used: For any 1 <ji<n1Zi<m,we
use L) to denote the job list {J1, J2, ..., J;} and LEJ 'to denote the completion time of machine
M, before job J; is assigned. For a given job list L, we set

m

U(L) = w(L),

i=1

where u; (L) (i =1, 2, ..., m) is the total idle time of machine M; when job list L is scheduled
by algorithm NMLS. We first observe the next two simple inequalities which will be used in
the ratio analysis.

COPT(L) > rj +pj, for any j=1,2,---,n, (6)
COPT(L) > u(L), i=1,2,---,m. @)
Also if there exists a subset {.Jj,.- - ,.J; } in job list L satisfying 7, = 7(s = 1,2,--- ,q),

then the next inequality holds.

q .
COPT(L_) > 7+ Es:l Pj. ) (8)

‘i m
In addition, if j1 > j», then
LY > Y RUY > RUD 1 <i<m.

In order to estimate U(L), we need to consider how the idle time is created. For a new job J,

given to algorithm NMLS, if it is assigned in Step 5, then a new idle interval [Ly, 1] is

created. If it is assigned in Step 3 or Step 4, no new idle time is created. If it is assigned in

Step 2, new idle intervals may appear, but no new idle time appears. Hence only when a job

is assigned in Step 5 can it make the total sum of idle time increase. Because of this fact, we

will say idle time is created only by jobs which are assigned in Step 5. We further define the

following terminologies

e Ajob Jis referred to as an idle job on machine M;, 1 <i<m, ifitis assigned on machine
M; in Step 5. An idle job ] is referred to as a last idle job on machine M;, 1 <i < m, if | is
assigned on machine M; and there is no idle job on machine M; after job J.

In the following, for any machine M; we will use J; to represent the last idle job on

machine M, if there exist idle jobs on machine M;, otherwise J;l to represent the first job

(which starts at time 0) assigned on machine M;.

Next we set

R=max{r; +p; [l <i<m}; A={ilr; >

R
G

By the definitions of our notation, it is easy to see that the following facts are true:
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R(“ =7 t=1,2,--+,m;

iy!

R > R™ (m);
R < COPI{ )

Trar

For the total idle time U(L), the next lemma provides an upper bound.
Lemma 6. For any job list L = {J1, ]2, ..., Jx}, we have

U(L) 13 m— %]
< .
mCOPT(L) — mf * m

maxr

Proof. By the definition of R, no machine has idle time later than time point R. We will
prove this lemma according to two cases.
Case 1. At most m — [+ | machines in A are idle simultaneously in any interval [a, b] with

£ <a<b.
Let v; be the sum of the idle time on machine M; before time point 7 & and vl be the sum of

the idle time on machine M; after time point ﬁ, i =1, 2, ..., m. The following facts are
obvious:

ui(L) =vi+v,  v< 1<i<m;

vl =0, Vi ¢ A.

In addition, we have

m 1
Z?f < (m— |_ - —)})R

i€A
because at most m — [ 5+ | machines in A are idle simultaneously in any interval [a, b] with
%Sa<b§R.Thuswehave
ulL) Z w;(L)
mCOL (L)~ = mCQUT (L)

T

;i vl
B Z mCOPT(L) ; mCOPT (L)

marx rrear

. Z R (m-153)0-HR
T mpBCOLT(L) mCOPT(L)

moar Tmar

i COPT(L) N (m—3))(1 - 5)Cna (L)
- mpBCOPT(L) mCOPT (L)

mar max

l’“J = 13]

mJ m
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Case 2. At least ; — |2 | + 1 machines in A are idle simultaneously in an interval [a, D]
with & <a<b.

In this case, we select 4 and b such that at most m — L%J machines in A are idle
simultaneously in any interval [a', b'] witha <b<a' <} Let

A={ie AIM; is idle in [a,b]}.

That means [A[|> 1 — | % | by our assumption. Let M;,, ip € A, be such a machine that its

idle interval [a, b] is created last among all machines M;, i € A. Let
A=A\ {ip}.

Suppose the idle interval [a, b] on machine M;, is created by job J;,. That means that the idle

o

interval [a, b] on machine M; for any i € A' has been created before job /5, is assigned. Hence
_-I] _l TH
we have RE’ ) >b>a> LE; )for any i € A'. In the following, let
g, = min{r;  min{r; |i € A'}}.

We have 7', 2 bbecause 75, 2 band 77, 2b, Vi€ A"

o —

What we do in estimating COF7'(L) is to find a job index set S such that each job J; (j € S)

“max

satisfies 1 = r—i} and E_;‘es pj = |A|(a - B)7%,. And hence by (8) we have

corr(y s Ty Ale =0,
mar — l'j‘ ?]'}'

To do so, we first show that

L +p;, > alry, +p;,), i€ A ©)
holds. Note that job /7, must be assigned in Step 5 because it is an idle job. We can conclude
that (9) holds if we can prove that job J3, is assigned in Step 5 because the condition (d) of
Step 4 is violated. That means we can establish (9) by proving that the following three
inequalities hold by the rules of algorithm NMLS:

= 5, m 5 R~ (m)
@@ R ”(I‘?J +1) > max{Lf; ) ,—1'}'
RGo=1) ()
) "% 5
(C) Irr'u S {J - I)TEH-
The reasoning for the three inequalities is:
@.Asm —[A|+1=m~—[A|+2<m—(m—[F])+1= %]+ 1wehave

m

R(?u—i)“ 5

| +1) > R[:"_L)(m — A +1)> 1lni{1{Rf“41}}
ie A"

R™(m) S RGo=1) (1)

>b>a>
- az 3 - ."3
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Next we have a@ = LEj“) because idle interval [a, b] on machine M;,,is created by job J,.

Hence we have

0

m (i) R~ (m)

Rﬁ”_l)(lEJ +1)>a> lll‘d}({L;U 1 3 b

i.e. the first inequality is proved.
(b). This follows because r;, > b > a > :
(c). As @ <f<a<h< r;, we have Pj, < (B—1)r;,.

For any i € A", by (9) and noticing that 75, < @ < fa < b < fBri; and a > 3 > 1, we
have

RGU* l](nr)
5]

LE"’) —r;, >alr;, +p;,) —p;, — 15, >ar;, —r;, = ar; = Prg, = arg, — Brg, > 0.

o 4 1

That means job -/;, appears before /5, i.e. io > i1. We set

Si ={jlJjis processed in interval [T‘;l ) LEEU)] on machine M}, Vi € A"
S =Uicar Si.

We have ZJ'ES, p; = LE“’) — T3, because Jj, is the last idle job on machine M,; for any i €
A'. Hence we have

Sopi=> 3 pi= > (L8~ ) > Y (e, = Brg) =A@ =By, (10)

JES i€ A’ JES; €A’ iEA
Now we will show the following (11) holds:

r

r; > —-, Vjes. (11)

- -:~|"|

It is easy to check that i; € S;and ri, > % > % forany i € A', i.e. (11) holds for any
jES (i€A)andj=1i,.Foranyj €S (i € A" and j #i1 , we want to establish (11) by
showing that J; is assigned in Step 4. It is clear that job J; is not assigned in Step 5 because it

is not an idle job. Also o> j because L,(-j) < LE;“). Thus we have

LY > ;>0 L8 > LY,

o

where the first inequality results from j 77, and the last inequality results from %> j. That
means J; is not assigned in Step 3 because job J; is not assigned on the machine with the
smallest completion time. In addition, observing that job J7, is the last idle job on machine

i)
M; and LEJ > T3, by the definition of S;, we can conclude that J; is assigned on machine M;

() LT . .
to start at time L;’" . That means j> i1 and J; cannot be assigned in Step 2. Hence J; must be
assigned in Step 4. Thus by the condition (b) in Step 4, we have
RYU=Y(m) _ 1;

/ g = p = B’
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where the second inequality results from j > 7, . Summing up the conclusions above, for any
j €S, (11) holds. By (8), (10) and (11) we have

. P S Py re |A (o — B)rs m+|A'|(a — B)3
OPT 3 jes Pi T ;\1 3),
) . D e > — = |
Conaz (L) 2 Ié] + m 3 + m mp "

Now we begin to estimate the total idle time U(L). Let ¥; be the sum of the idle time on
machine M; before time point 7'z, and T} be the sum of the idle time on machine M; after
time point 7, ,i=1, 2, ..., m. The following facts are obvious by our definitions:

'U.;'(L) =7 —I-'E_-‘:, i § 'I‘El. 1 S ] S m;
v, =0, Vig A

By our definition of b and k;, we have that b < 1'%, and hence at most m — L%J machines in
A are idle simultaneously in any interval [a', b'] with T, < a' < b' < R. Noting that no
machine has idle time later than R, we have

3w < (m— L’—; (R —rg) < (m— Lg D(Bry, — ) < |A|(Brg, —15,)-

icA

Thus we have

UL = uw(l) & i A
mCOPT(L) Z mCOPT(L) Z mCOPT(L) * Z mCQPT (L)

rruar i=1 ‘T i=1 “ T Ie/l s
< MTE Mﬂma—m)<mwﬁﬂm—Mﬂﬁ
~ mCQPT(L) mCOPT(L)y  — m+|A|(a—B)3
< BB+ 23 11

2+ (a-B)8 2+ (a—p)3'283 * 5]
3], m-13)

1
20 2 m m

The last inequality follows by observing that the function h(x)= 5+ ™—* is a
decreasing function of = for ¥ € [[%J %’] The second inequality follows because
iy .32 —x)3 . . .
A=Al -1>2m~ %] > Fand g(z) = % is a decreasing function of &

on [% . |A’[]. The fact that g(x) is a decreasing function follows because ¢'(x:) <0 as

o 2 .
af -2 =B+1=(38- E)_,.-ta’ - =B+1=(8-1)(28+1)>0.

CNMLS ()

~TrLT

The next three lemmas prove that £q is an upper bound for C(TT{L) . Without loss of

Tar

generality from now on, we suppose that the completion time of job ], is the largest job
completion time for all machines, i.e. the makespan C'¥MLS([,), Hence according to this
assumption, J, cannot be assigned in Step 2.
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Lemma 7. If ], is placed on M with Ly < 7, < Lis1, then

T

COPT ()

T

C}'\- UL.‘J{L} <£
—_— e S Q.

Proof. This results from CNMLS(L) = r,+p, and COPT (L) = r,+py.

mar rrear

Lemma 8. If ], is placed on M+ with Ly = r, < Li+1, then

C}'\- UL.‘J{ )

T

COPT ()

T

< fa.

Proof. Because CNMES (L) = Lis+p, and COPT (L) = 1, +p,, this lemma holds if Livi+p, <

mar o
o (pn + 7).
Suppose Lis1+p, > £y (pn + 14). For any 1=i = m, let

Si = {ij|Jjis processed in interval [Rf»”). L;] on machine M.
It is easy to see that

R — RE”), i=1,2,---,m and

Z pj=L;— Rf'.”) > Ly — REH]- i=k+1,k+2---
JES;

hold. Let

(n)y,
B = {i|p" > L) ,,3(”’)}:

ri1 = min{r,, IlliIl{RE”) li € B}}.
By the rules of our algorithm, we have

; (n—=1)y, (n)y,
(n) R-1(| ™ R (m)  R"™(m)
R ([2J+1}— (lz1+1)> 3 =—3
R=Y(m)  R"™(m)

Tn 2 3 = 3

(n)
because J, is assigned in Step 4. Hence we have |B| = m — || > & and 71, > H—f’”)

By the same way used in the proof of Lemma 6, we can conclude that the following

inequalities hold for any i € B:
LS B o
i=Tg = 3 J € o4
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Thus by (8) and (10) we have

cOPT(L) > _; +Z@

e
m
ie3

1 n Z Liy1 — R (m)

Ié) . m
ieB

o |Bl(Lk41 — Brin)

A%

= m

> 2r + (LJH,[ - .HT”)IH
- 26

~ 2t (Lt = Bra)f
- 23

The second last inequality results from that |B| > % and

LA—.}_] — OBry; > E(}i(?‘n + ;.‘)T,) — Pn — I.'"))T‘]l > faryy — .HT‘H >0

as 1 < 2 < £a. The last equality follows because 3% > 2 and r, = r1. Also we have
ﬁ_‘p— 25 because Ju is assigned in Step 4. Hence we have

(r‘\'f\f.f‘i'(L} L£+l +pn.

Corr(L) — CQrr(L)
2-"}(‘[’&-—1—1 + Pn)
2rn + (Ljs1 + P — pn — Bra) 8
2088a(ry, + pn)
2r,, + (Ea(ry, + pn) — pn — Bra)3
2038

21 3—3%)r,
I+ (Ga—1)p

238«

245 f— 32 +(Ca—1)8
2%

24+ 04 (Ea—2)5?

= {a.
208z

The second inequality results from the fact that f () = Srnt(r—pn—pr.)3 1s a decreasing
function of x for z > 2r,, — (p, + 6r,)3 as 2 — 3% < 0. The last inequality results from
2 + 3 — 3% > 0 and the last equation results from equation (4).
Lemma 9. If job ], is placed on machine M, then we have

C}'\ MLS { L)

T

('()PT(L}

T

IA

< fa.
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Proof. In this case we have L; 2 r, and CYM L5 (L) = L+ p, . Thus we have

Cn:a\ﬁLb(L} — Ly + pn < Z:H:](Li + Pn)

Char (L) CRET(L) = mCRET (L)
i pi+ iy wi(L) + (m— 1)p,
N mCOPT(L)

“max

< Z;ZI pj+ 2321 'U,-(L) + (m—1)(r, +pn)
a mCOPT([)

“max

. mCOPT(LY + 37 wi(L) + (m — 1)COPT(L)

“max “inax

- mCOPT(L)
U(L) 2m—1
- mCQPT(L) m
< | 2] Lm= |5 N 2m — 1
m/3 m m
= £a.

The next theorem proves that NMLS has a better performance than MLS for m = 2.
Theorem 10. For any job list L and m = 2, we have
1
Rim,NMLS) < £a,, <2.78436 and  &,a., <3 — —.

' m
Proof. By Lemma 5 and Lemma 7 — Lemma 9, Theorem 10 is proved.
The comparison for some m among the upper bounds of the three algorithms' performance
ratios is made in Table 1, where R(m,LS) = 3 — L

m’

m Ol Bun R(m, LS) R(m, MLS) R(m, NMLS)
2 2.943 1.443 2.50000 2.47066 2.3465

3 3.42159 1.56619 2.66667 2.63752 2.54616

9 3.88491 1.68955 2.88889 2.83957 2.7075

12 3.89888 1.69333 2.91668 2.86109 2.71194

00 4.13746 1.75831 3.00000 2.93920 2.78436

Table 1. A comparison of LS, MLS, and NMLS

6. LS scheduling for jobs with similar lengths

In this section, we extend the problem to be semi-online and assume that the processing
times of all the jobs are within [l,7], where r = 1. We will analyze the performance of the LS
algorithm. First again let L be the job list with n jobs. In the LS schedule, let L; be the
completion time of machine M; and ug, ..., u; denote all the idle time intervals of machine
M; (i=1,2, ..., m)just before ], is assigned. The job which is assigned to start right after u;; is
denoted by J;; with release time r;; and processing time p;;. By the definitions of u;; and 7y, it is
easy to see that r; is the end point of u;;. To simplify the presentation, we abuse the notation
and use u;; to denote the length of the particular interval as well.
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The following simple inequalities will be referred later on.

pn <COPT(L), mCOPT(L) > Zp,- + U, (12)

e
i=1

K
Coice (L Z wij +pij), i=1,2--,m, 13)

Ly +pn < Zm (Li +pn)
COPT(L) - mOC9PT(L)

km
Dy Z Lyt A+ 30 W+ (m = 1)py, 1)
n m(‘OPT(L) ’

rar

where U is the total idle time in the optimal schedule.

The next theorem establishes an upper bound for LS when m = 2 and a tight bound when
m=1.

Theorem 11. For any m 2 2, we have

1 _1 - m
"

3 >
R(NI LS) {1 N m = m=1

(m—1)r rn
1+°J + m(1+42r) 1 < r < (15)

and R(1,LS) =1+ 115
We will prove this theorem by examining a minimal counter-example of (15). A job list L = {
Ji, Jo, ... Ju} is called a minimal counter-example of (15) if (15) does not hold for L, but (15)
holds for any job list L' with |L'| < |L|. In the following discussion, let L be a minimal
counter-example of (15). It is obvious that, for a minimal counter-example L, the makespan
is the completion time of the last job ], i.e. L1 + p,. Hence we have

CLS (L) L1+ pn

near _

COPT(L) = COPT (L)’

T rrear

We first establish the following Observation and Lemma 12 for such a minimal counter-
example.

Observation. In the LS schedule, if one of the machines has an idle interval [0, T] with T > 7,
then we can assume that at least one of the machines is scheduled to start processing at time
Zero.

Proof. If there exists no machine to start processing at time zero, let d be the earliest starting
time of all the machines and fp = min{d, 7" —r}. It is not difficult to see that any job's
release time is at least ty because, if there exists a job with release time less than to, it would
be assigned to the machine with idle interval [0, T] to start at its release time by the rules of
LS. Now let L' be the job list which comes from list L by pushing forward the release time of
each job to be t; earlier. Then L' has the same schedule as L for the algorithm LS. But the
makespan of L' is f less than the makespan of L not only for the LS schedule but also for the
optimal schedule. Hence we can use L' as a minimal counter example and the observation
holds for L'.
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Lemma 12. There exists no idle time with length greater than 2r when m = 2 and there is no
idle time with length greater than » when m =1 in the LS schedule.

Proof. For m 2 2 if the conclusion is not true, let [T1, T2] be such an interval with T,—T; > 2r.
Let L be the job set which consists of all the jobs that are scheduled to start at or before time
T;. By Observation , L9 is not empty. Let L = L \ L0 Then L is a counter-example too
because L has the same makespan as L for the algorithm LS and the optimal makespan of
T is not larger than that of L. This is a contradiction to the minimality of L. For m =1, we
can get the conclusion by employing the same argument.

Now we are ready to prove Theorem 11.

Proof. Let @7 be the largest length of all the idle intervals. If o < ":1, then by (12), (13) and

(14) we have

ke Km
Crf:r:: (L) <14 5;1 Ui 4o Za—l U (?n - 1)}7?:
COEr(L) ~ 7”-2:-21 (w1 + p1i) m Z ™ (Um; + Pm,) mCOPT(L)
k K
1 poY 1,“1:‘ +“.+ Z:_lum N (m—1)
- m Z (11 + m Z (tm, + 1) m
R.lar R A.,,,ar (m—1)
m(k, + kiar) m(ky, + kpar) m
1 T 1 1
=2- = a <3———-.
1+ ar m
Next by use of COPT(L)=1+ ar instead of COFT ()2 p, and observe that p, < r we have
CES (L) ko P ko cer (m—1)r
coPrT(L) — m(ky + kyar) m(ky, + kmar)  m(1+ar)
4 ar (m—1)r

1+ar m(l+ar)

m—1

Soifm=2,r=-—" and @ = "F;_l,wehave

CLS (L ar m—1)r 1 1
—5’;1;”<1+ N
CcOPT(L) 1+ar  m(l+ar) v m r
because 1 + 77— + ,f:(' 5 ;{3: jis a decreasing function of . Hence the conclusion for m = 22
andr = we have
m—1
CLsS (L) <1+ 2r (m—1Dr
COPT(L) 1+2r  m(l+2r)
because @ < 2 by Lemma 12 and 1 + ;57— + ;f:(nl +1{3,) is an increasing function of «.

Hence the conclusion for m = 2 is proved. For m = 1 we have
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CES (L) ar (m—1)r r
—mari o] 4 <
corr(L) — IL+ar m(l+ar) — L+

T

because @ <1 by Lemma 12. Consider L = {J;, o} withri=r — ep1=1,n=0,p2=rand let £
tend to zero. Then we can show that this bound is tight for m = 1.
From Theorem 11, for m 2 2 and 1 < r < == we have R(m, LS) < 2 because

m—1
(m—1)r (m—1)r - t
1+ l+3w + a7, is an increasing function of r and 1 + 1+,, + e lp=_m_ = 2. This

is significant because no online algorithm can have a performance ratio less than 2 as stated
in Theorem 3. An interesting question for the future research is then how to design a better
algorithm than LS for this semi-online scheduling problem. The next theorem provides a
lower bound of any on-line algorithm for jobs with similar lengths when m = 1.

Theorem 13. For m =1 and any algorithm A for jobs with lengths in [1, 7], we have

, a
R(1,A)> 1+ T
where @ satisfies the following conditions:
l+r+a 1+8 1+r+3
a) 1+r  l14+a 147
b) a < T < _J"J’,
Proof. Let job 1 be the first job in the job list with p; = 1 and 71 = . Assume that if J; is
assigned by algorithm A to start at any time in [ &, r), then the second job ], comes with p,=r
and 2 = 0. Thus for these twojobs, CiA =1+ r+ a and COFT =1 + r. Hence we get

I+7+a
R(1,A) > ——.
( )2 L+r
On the other hand, if [; is assigned by algorithm A to start at any time k, k € [r, | ) then the
second job J> comes with p, = rand 2 = k — r + £. Thus for these two jobs, C/}, =1 +r+k
and COPT =1 +k +¢. Hence we get
1+r+k
1,A) > ——
R( )2 l+k+e

Let £ tend to zero, we have
1+r+k& - l14+r+03

(1, A4) >

where the second inequality results from the fact that

L T‘ is a decreasing function of =

for & = 0. Lastly assume that if J; is ass1gned by algorlthm A to start at any time after (3, then
no other job comes. Thus for this case, C2} =1+ gand COPT =1+ a. Hence we get

moar max
1+ 73

>tk +

“l14a’

For r =1, we get @ = 0.7963 and hence R(l, A) = 1.39815. Recall from Theorem 11, R(l, LS) =
1.5 when r = 1. Therefore LS provides a schedule which is very close to the lower bound.

R(1, A)
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