We are IntechOpen,
the world’s leading publisher of

Open Access books
Built by scientists, for scientists

6,900 186,000 200M

ailable International authors and editors Downloads

among the

154 TOP 1% 12.2%

Countries deliv most cited s Contributors from top 500 universities

Sa
S

BOOK
CITATION
INDEX

Selection of our books indexed in the Book Citation Index
in Web of Science™ Core Collection (BKCI)

Interested in publishing with us?
Contact book.department@intechopen.com

Numbers displayed above are based on latest data collected.
For more information visit www.intechopen.com

Y



Chapter 12
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Abstract

This chapter presents an extension and offers a more comprehensive overview of our
previous paper entitled “Stability conditions for a class of nonlinear time delay systems”
published in “Nonlinear Dynamics and Systems Theory” journal. We first introduce a
more complete approach of the nonlinear system stability for the single delay case. Then,
we show the application of the obtained results to delayed Lur’e Postnikov systems. A
state space representation of the class of system under consideration is used and a new
transformation is carried out to represent the system, with delay, by an arrow form matrix.
Taking advantage of this representation and applying the Kotelyanski lemma in combina-
tion with properties of M-matrices, some new sufficient stability conditions are deter-
mined. Finally, illustrative example is provided to show the easiness of using the given
stability conditions.

Keywords: nonlinear systems, time delay, arrow matrix, M-matrix, Lur’e Postnikov,
stability conditions

1. Introduction

Studying stability of dynamical systems with time delay has received the attention of many
researchers from the control community in the past decades, see [1-27] and the references
therein. Time-varying delay which varies within an interval with nonzero lower bound is
encountered in a variety of engineering applications which spreads from recurrent neural
networks to chemical reactors and power systems with loss-less transmission lines. It is there-
fore more appropriate to study stability analysis and control synthesis of these dynamical
systems with time-varying delays as these delays are usually time varying in nature. There
are mainly two strategies in obtaining stability conditions. We can obtain delay-independent
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(i.0.d) results [28, 29] and the references therein, which are applicable to delays of arbitrary size
or when there is no information about the delay. In general this lack of information about the
delay will result in conservative criteria, especially when the delay is relatively small. When-
ever it is possible to include information on the size of the delay, we can get delay-dependent
(d.d) conditions which are usually less conservative. Most of the systems described above are
nonlinear in practical engineering problems. For this reason, the chapter focuses on determin-
ing easy to test sufficient stability conditions for nonlinear systems with time-varying delay
[30-33].

New delay dependent stability conditions are derived by employing arrow form state space
representation [31-34], Kotelyanski lemma and using tools from M-matrix theory and
Lyapunov functional method.

The obtained results are exploited to design a state feedback controller that stabilizes Lur’e
systems with time-varying delay and sector-bounded nonlinearity [26, 28, 34]. In fact, Lur’e
control systems is considered as one the most important classes of nonlinear control systems
and continue to be one of the important problems in control theory that has been studied
widely because it has many practical applications [32-36].

The chapter is organized as follows: Section 2 presents the notation used throughout the
chapter and some facts on M-matrices that will be needed in proving the obtained results. In
sections 3 the main results are given. Application of these results to delayed nonlinear nth
order all pole plant and the well-known Lur’e systems, is presented in Section 4. Illustrative
example is given in Section 5 and some concluding remarks are provided in Section 6.

2. Notation and facts

Let us fix the notation used. Let C, = C([-t 0], R") be the Banach space of continuous functions
mapping the interval [-t 0] into R" with the topology of uniform convergence. Let x; € C,, be
defined by x;(0) = x(t + 0), 0 € [t 0] where x(t) = (y(t) y(t) ... y™(t))". Fora given ¢ € Cy,
we define |||l =sup _. .-, l9(0), ¢(0) €R". The functions a;(.), bi(.), i=1,...,n-1 are
completely continuous mapping the set J, x C:' x S, into R, where C!! = {p € C,,, ||| < H},
H>0]J,=[a +«),aeR and S, = {w,ki<w<ky/ki<k, €R}. In the sequel, we denote
(t,xt, @) = (.).

Now we introduce several useful facts, including some definitions of M-matrices and the
Kotelyanski lemma that will be used in subsequent parts of the chapter.

Definition 1. The n x n matrix A = (a; ;)
tions are satisfied fori =1, 2, ..., n [34]:

1<ij<n is called an M-matrix if the following condi-

1. lli,,‘>0 ,lli,]‘SO (i#j,j=1,2,...,1’l).

2. Successive principal minors of A are positive, i.e.
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a1 ... a1
det| : cee >0

a;1 cee A

Definition 2. The matrix A is the opposite of an M-matrix if (—A) is an M-matrix. There are
many equivalent conditions for characterizing an M matrix. In fact, the following definition is
the most appropriate for our purposes [34].

Definition 3. The matrix A = (a;;)

a;i<0,i#j, (i,j=1,2,...,n) and for any vector o €R’", the algebraic equation Ac=ohasa

neij<n is called an M-matrix if a;; >0 (i=1,2,...,n),

NG|
solution ¢ = (A ) o ER™ [34].
Kotelyanski Lemma

The real parts of the eigenvalues of a matrix A, with non-negative off diagonal elements, are
less than a real number u if and only if all those of the matrix M, M = I,, — uA, are positive,
with I,, the n x n identity matrix [34, 35].

3. Sufficient stability conditions

Our work consists of determining stability conditions for systems described by the following
equation:

n-1 n
y(n) (t) + Zai(t’ Xt, w)y(i) (t) + ij<t7 Xt, w)y(j) (t1) = u<t> (1)
i=0 i=0

yO(t) = @,(t), te[-t0,i=0,...,n1,

where T is a constant delay and aj(.), bi(.), i =1, ..., n-1 are nonlinear functions.

We start by representing the system (1), under another form. Using the following notation:

xi1 () =y (t),i=0,...,n-1 )

we get:

n-1 n-1 (3)
Xn(t) =Y _ai()xi(t)-> _bi(-)xi(t-1)
i=0 i=0
or under matrix form:
x(t) = A(.)x(t) + B(.)x(t-1) 4)

A(.) and B(.) are n x n matrices given by:
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[0 1 0 i [0
A() = ) . , B() = 0
L -ap(.) -a1(.) -an-1(.) L-bo(.)

The regular basis change P transforms the original system to the new one defined by:

x(t) = Pz(t),

with:
1 1 .1 0
pP— a1 x2 Ot 0
Pt Lt 1

The new state space representation is:

2(t) = F(.)z(t) + D(.)z(t-1)

with:
o B
o B,
F()=P AP = :
(n-1 Br-1
RAOERA® Yae1() Yn()

Elements of the matrix F(.) are defined in [33] by:
V() = palay,.) for i=1,...,n-1,

n-1
Yol = -an1()-)_a
i=1

where

and

'bn-l(-) _

()

(6)

()

(8)

©)

(10)

(11)

(12)
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where
n-1
Q) = (A-av) (13)
=1
and the matrix D(.) is given by:
On-1,n-1 On-1,1
D(.) =P 'B(.)P = < ' ’ ) (14)
O01(.) ... On1()  On(v)
Elements of the matrix D(.) are defined in [18] by:
{61(.) =-pglai,.),i=1...,n1 (15)
On(.) = -bn-1(.)

Based on this transformation and the arbitrary choice of parameters «a;,i =1, ...,n — 1 which
play an important role in simplifying the use of aggregate techniques, we give now the main
result. Let us start by writing our system in another form. By using the Newton-Leibniz
formula

x(t-t) = Jt_ X(u)du (16)
Equation (Eq. 8) becomes
2(t) = (F() + D(.))z(t)-D(.) L_ %(6)d6 (17)

Let ) be a domain of R", containing a neighborhood of the origin, and sup; , 5 the suprema
calculated for t €], (i.e t>7), for functions x with values in Q, and for @ in S,,.
Next, using the special form of system (Eq. (1)) and applying the notation sup; ¢ =sup,

we can announce the following theorem.

Theorem 2.1. The system (Eq. (1)) is asymptotically stable, if there exist distinct parameters
a; <0,i=1,...,n-1, such that the matrix F() is the opposite of an M-matrix, where F() is
given by

aq B4
. a2 13, |
F()= : (18)
On-1 [y
Y1) Y2() o Y () YR

and the elements v,(.),i =1, ..., n, are given by
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i)+ 8] + wla [supy; [3i(-)]

Y (- ,i=1,...,n-1
vit) T csupy oul)|
| T o
] tsupy; [3n()l|va() +8a()] & |By [supy, [8:()
L) =v.() +0a() +
Tl =l 4 Bn) e T 22T tsupy PaC)
Proof:
We use the following vector norm p(z) = ( p,(z) p,(z) p5(2)...p,(2) )', where
pi(z)=lzi|,i=1..n1
supy; 18i(.)] 0 of (20)
i—1 :
(2) = |z + J zi(9)| d9d6
Pa(2) = o 1 —tsup On()]J) t+6| )
with the condition
Tsup |on(L)] < 1 (21)
Let V(t) be a radially unbounded Lyapunov function given by (Eq. (22)).
V(e =( (pv) W) = > wip,(z() 22)
i1
where w eRY, w; > 0,i =1, ..., n. First, note that
" sup(; (|on(.)]) . T
V(ty) £ w;i |zi(to)| + wn | |Za(ty)]| + su nl = = < e
(0) 12_1: | (0)’ (‘ (0)’ 1-t SUPH (|6n()|) [_TE] |(P | 2
and
V()2 wilz(t)]
i—1
The right Dini derivative of V(t), along the solution of (Eq. (22)), gives
=~ dipi(z(t)
DTV(t) = i — 23
=2 wi— 4 (23)
For clarification reasons, each element of %, i=1, ..., nis calculated separately. Let us

begin with the first (n-1) elements. Because |z; | = z;sign(z;), we can write, for i =1, ..., n-1,
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d+pi(z(t)) B d*|z;i(t)| B d*z(t)

ar - ar  ap Senalt)
. 24
— o[ (t)] + Byzn(Bsign(z (1)) @)
<alzi(t)| + |B;]|zn ()]
and
S sup, [0i(.)
d'py() _ d'leal 5 d*JO J 2:(v)] dvdo 25)
det dt™  T-tsupy [On()|dt™ ) Jiso
because
gsup[.] 18i ()] ar © 25‘113[‘] 18i()] t
i= L £,(9)| d9d6 = = (Tz'it —J (9 ds)
14wmmmwiiy(” t-esupy, (oa()) \ 0N B
and
d*[za(t) t

n-1 n
el < (1) Ba)lan(®]+ D () + B0l (0] + Y sup i)l | as(@)lae
i=1 i=1

t-t

Finally, it is easy to see that equation (Eq. (25)) can be overvalued by the following one

Then we obtain the following inequality

DV() < (F()lz(B)],w) (26)
where |z(t)| = (|z1(t)] ... |za(t)])’, and
[ o Bil ]
5 o2 [
E() = : (27)
On-1 ”Sn-l{
LYV1() Ya() o V() V()

Because the nonlinear elements of F(.) are isolated in the last row, the eigenvector v(t,x;, @)
relative to the eigenvalue A,, is constant [34, 35], where A, is such that Re(An) =

max; {Re(A;),A; €A(F (.))}. Then, in order to have DTV (t) < 0, it is sufficient to have F(.) as



226 Nonlinear Systems - Modeling, Estimation, and Stability

the opposite of an M-matrix. Indeed, according to properties of M-matrices, we have

Vo € R, Jw € RY" such that -(15'(.))-10 = w. This enables us to write the following equation
+ - ! -y / a
DV(t) < ((EQI20) W) = (2] F'()w) = (2], ~0) = =Y ailz(®] <0 (@8)
i—1

This completes the proof of theorem.

Corollary 2.1. The system (Eq. (1)) is asymptotically stable, if there exist distinct parameters
ai <0,i=1,...,n-1, such that the following condition:

u()+2tv() — &) <0 (29)

is satisfied.

where:
( p(.) =vn() +0n(.) + 7 Sup; |6n()’<h/n() + 6n(~)} - (Yn(') + 6n()))
L) = . - |su f)i .
v(.) ; |B; [supy; [8i()] 50)
n—1 .
E() _ Z hﬂ() + Zl()‘ ‘[51 | +
=1 !
Proof:

Basing on definition 1 and definition 2, the choice of o < 0, k =1, ..., n-1, a; # & for i # j, the
condition of signs on the principal minors is as follows

-1 0
det >0, (i=1,2,3,...,n-1) (31)

and

n-1 g n-1
det (—F(.)) = —(?n(,)_ZYi(ijﬁio H (-a) >0 (32)

which yields to the following condition

<0 (33)

Replacing each term in (Eq. (33)) of by its expression we get
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n—1
TSﬁp|6n<.>|\yn<->+6n<->| TZwstﬁpwi(.n
- i=1 .

ot 1 —tsup 6,(.) + 1 — tsup [6(.)]
[ [

n—1 (b/z() + 0i()| + lai| S‘ip |‘5z()|> 1Bl
_Z ;
= (1 — Tsup |6n(.)|)ozi
[

n—1
= (1 - 231#) |5n(.)|> (7,() +640)) +7>_IBI s1[1]p 16: ()l
. i=1 .

—_

n—

(!Vi(-) +06i()| — T Sl[l]p \51'(-)\) il

i—1 Qi
which can be re-written as:
n-1 ‘ g —Taisup [6;()[|B]
pl)+7 v() — Z () +a§l(‘>”ﬁi| _ Z Ha.
i=1 ! i=1 i
=p()+Tv()—<&()+1v()
=u()+2t v(.)—&()
where:
(1) = (1= 205up (Bu() (1, ) + 8n()
n—1
v(.) =) IBlsupléi(.)l
i=1 (]
n—1 )
i=1 t

which completes the proof.

Remark 2.1. If the couple (p,(s,.) + pg(s,.),Q(s)) forms a positive pair, then there exist
distinct negative parameters a, i =1, ..., n-1, verifying the condition (y,(.) + &(.)) p; > 0 for
i=1,...,n-1.

Using Theorem 2.1 and Remark 2.1, the obtained supremum of time delay is a function of «;
values, i =1, ..., n-1. As a result, a sufficient condition for asymptotic stability of our system is
when values of the time delay are less than this supremum.
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Corollary 2.1. If the couple (D(s,.) + N(s, .), Q(s)) forms a positive pair and there exist distinct
negative parameters o, i = 1, ..., n-1, such that:

2t( (v, () + dn(.)) sup [] (. )|-v()) + 250 (34)

then the system (Eq. (1)) is asymptotically stable.
Proof.

According to Remark 2.1, we find that

= [y) +30)]|B|

)+ 04()- e
Val) + (); 5 Yal) + ()j_1 .
_ D(0,.) +N(0,.)
- Q(0)
The result of Theorem 2.1 becomes
22((1o() + 8a() sup 1] on()v()) + 2 >Q+(01;I<o, Ly

This completes the proof of corollary.
Remark 2.2

®  Theorem 2.1 depends on the new basis change, where parameters «; of the matrix P are
arbitrary chosen such that matrix T(.) is the opposite of an M-matrix. The appropriate
choice of the set of free parameters «; makes the given stability conditions satisfied.

®  The theorem takes into account the fact that delayed terms may stabilize our system.
Theorem 2.1 can hold even if p , (s, .) is unstable. This is another advantage as the majority
of previously published results assume that p , (s, .) is linear and stable.

4. Application to delayed nonlinear nth order all pole plant

Consider the complex system S given in Figure 1.

D(s) = p4(s) defined by (Eq. (11)) and py(s) = 1, respectively. In this case f :(.) are constants
and g is a function satisfying the finite sector condition.

Let g be a function defined as follows
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g(u) e " v(®)

Figure 1. Block diagram of studied system.

3(e(0), y(0)) =58 =YO) g 4 yi0) voe 7+ 35)

The presence of delay in the system of Figure 1 makes stability study difficult. The following
steps show how to represent this system in the form of system (Eq. (1)). Then we can write

n—1 i
v + > a0 = g et = 1),y — )y 1) + et~ 0, y(t — el — 7).
i=0

Using the following notation g(.) = g(e(t — 1), bx(t — 7)), therefore
n—1
v + Y ay (t) +3 (y(t = 1) = g(Je(t = 7). (36)
i=0

It is clear that system (Eq. (36)) is equivalent to system (Eq. (1)) in the special cases e(0) = 0 and

e(0) = —Kx(0), x(t) = (y(t),y(t), ...,y(”)(t))/, V 0 €[—1 + =[. We will now consider each case
separately.

4.1. Casee(t) =0

In case, e(t) = 0 Vt€ [T + |, the description of the system becomes
n—1

y () + 3 a5 + 3yt — 1) = 0.

i=0

This is a special representation of system (Eq. (1)) where f,(.) =a; 3,() =2(.) §,() =0V
0.

i=2..,n-1,D(,.)=D(s),N(s,.) =8(.), y,(.) =y, = —an-1 — gai and 6,(.) =

229
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A sufficient stability condition for this system is given in the following proposition.

Proposition 4.1. If there exist distinct a«; < 0i =1, ..., n — 1, such that the following conditions

[0 .
pq() +2tvi() —&1() <0 57)

where

(38)

D(e1) +8CIB S D () ||;]

aq a;

&i(.) =

i=2

are satisfied. Then the system S is asymptotically stable.
Suppose that D(s) admits n distinct real roots p,, i =1,...,n among which there are n —1

n
negative ones. By using the fact that a,_; = — ) _ p,, then the choice a; =p,, Vi=1,.,n —2 and
i=1

n—1
®p_1 = p,_, + € permit us to write y, = —a,_1 — 2; p; = p, — €. In this case the last proposition
1=

becomes.

Proposition 4.2. If D(s) admits n — 1 distinct real negative roots such that the following
conditions

{Pn —e<0 .
() +2Tva(.) — &() <0
are satisfied, where
() =p, —¢
Vz(.) = g/\ \ (40)
5() = BOUB , 1D(@0-1)[1By ]
ae an—1

then the system S is asymptotically stable.

4.2. Case e(t) = —Kx(¥)

In this case, take e(t) = —Kx(t) with K = (ko, ki, ...,k,—1), then the obtained system has the
same form as (Eq. (1)), with gX(.) = 3X()(ko +1) and k() = ki, i=2..,n
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The stabilizing values of K can be obtained by making the following changes:

n—1

n—1
Vu = —n1— > a;, 05() = =85 (ka1 vE() =T [N(ay)] where g¥ = sup 8401
=1 =1 .

[uy

and N(a) = (1+k)+ Y (b +k)a'.

i

I
—

Proposition 4.3. If there exist distinct a; < 0,7 =1, ..., n — 1, such that the following conditions

Vi — g\K(.)kn,1 <0

1
T )
Ui () + 20 () = () <0
where
(uf() = (1= 28%tlk-1]) (7, + 65 ()
n—1
K =K ~ .
() =3 ;lﬁiHN(alﬂ .
n—1 N i ‘
&) = Y_ID(@) +§K(,)%

are satisfied. Then the system S is asymptotically stable.

By a special choice of K the result of proposition 3.3 can be simplified. In fact, if the conditions
of this proposition are verified we can choose the vector K such that D(p,) = N (p,). In this case
weobtain D(p,) = N(p,) =0,Vi=1,...n—Tand vi(.) = &(.) = 0 which yields the following
new proposition.

Proposition 4.4. If D(s) admits n — 1 distinct real negative roots p; such that the following
conditions are satisfied.

Vn _/g\K(')kH—l <0
R
nglkn—ll

TNORSU

T 43)

Then the system S is asymptotically stable.
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5. Illustrative example

Let us study the same example in [34] defined by Figure 2 which refer to the dynamics of a
time-delayed DC motor speed control system with nonlinear gain, Block diagram of time-
delayed DC motor speed control system with nonlinear gain.

where:

e p,=+andp, =7 where T, and T, are, respectively, electrical constant and mechanical

constant.

* 17 presents the feedback delay between the output and the controller. This delay repre-
sents the measurement and communication delays (sensor-to-controller delay).

* 1. the controller processing and communication delay (controller-to-actuator delay) is
placed in the feedforward part between the controller and the DC motor.

* g(.) : R — Ris a function that represents a nonlinear gain.
The process of Figure 2 can also be modeled by Figure 1, where 7 = 77 + 7.

It is clear that model of Figure 2 is a particular form of delayed Lurie system in the case where
D(s) =s(s+p;)(s+p,) =+ (p +p,)s* + pypos and N(s) = 1. Thereafter, applying the
result of Theorem 2.1, a stability condition of the system is that the matrix T(.) given by:

a0 (a1 — az) |
T()=10 @ (a—ar)
t() t() t()

where:

Nonlinear gain .
& Processing DC Motor

delay

1 w

e(t) U g(u) N
—p©—. 9(.) 'e_T“<|s(s+'p1)(S+P2} '

B
L

e Tf

Measurement and
communication delay

Figure 2. Delayed nonlinear model of DC motor speed control.



Stability Conditions for a Class of Nonlinear Systems with Delay
http://dx.doi.org/10.5772/intechopen.76600

h() = +80I+ g () =1yl () =r;+TIpI3

must be the opposite of an M-matrix. By choosing a;, i = 1, 2, negative real and distinct, we get
the following stability condition:

|51HV1 +38()l B |:82H7/2| <0

a1 [2%)

Vs + 271618 —

For the particular choice of a; = —p, and a; = —p, + ¢, ¢ > 0.
yields |8, = IB,] = (e + p; — p,) 7l| and we obtain the new stability condition:
218 + [py | IR()1 + ozl ID(@2)] < ele +p; — pol

Assume that we have this inequality § < |[D(a,)|, we can find from \ref.{ops} the stabilizing
delay given by the following condition:

1 [ele +p; — ol -1 -1
E(W_“jl’ | — |az| ) (44)

By applying the control e(t) = —Kx(t) with K = (ko, k1, k2), we can determine the stabilizing
values of K can be obtained by making the following changes:

Vs =—(p1 +p,) Zaz,éK (ko +1),05() = -8 ( ki1, i=2,3

2 2
_ ~ _ _K - ;
vE() =38 Z IB;|IN (a;)| where g€ =suplg ()and N(a) =1 +ko + Zkia
i=1 [] i=1
If we choose a; < 0, i =1, 2, such that the following conditions
D(a;) =N(a;) =0,V,i=1,2
we get

k1
T =Pyt Py E = P1P2

and from proposition 3.3 the stabilizing gain values satisfying the following relations:

0—-g ( )kz <0
(45)

27g~

Finally we find the domain of stabilizing ko, k1, k» as follows:

233
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1
0<k < —
27

ki = pypska (46)
and

ko= (p; +py)ka — 1
6. Conclusion

In this chapter, a joined and structured procedure for the analysis of delayed nonlinear systems
is proven. A complete structured analysis formulation based on the comparison principle and
vector norms for the asymptotic stability is presented. Based on the arrow form matrices, and
by taking into account for the system parameters, a new stability conditions are synthesized,
leading to a practical estimation of the stability domain. In order to highlight the feasibility and
the main capabilities of the proposed approach, the case of nonlinear nth order all pole plant
and delayed Lur’e Postnikov systems are presented and discussed. In addition, the simplicity
of the application of these criteria is demonstrated on model of time-delayed DC motor speed
control.
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