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Abstract

In this chapter, we discuss a leader-follower (also called Stackelberg) stochastic differential
game with asymmetric information. Here the word “asymmetric” means that the avail-
able information of the follower is some sub-c-algebra of that available to the leader,
though they play as different roles in the classical literatures. Stackelberg equilibrium is
represented by the stochastic versions of Pontryagin’s maximum principle and verifica-
tion theorem with partial information. A linear-quadratic (LQ) leader-follower stochastic
differential game with asymmetric information is studied as applications. If some system
of Riccati equations is solvable, the Stackelberg equilibrium admits a state feedback
representation.

Keywords: backward stochastic differential equation (BSDE), leader-follower stochastic
differential game, asymmetric information, stochastic filtering, linear-quadratic control,
Stackelberg equilibrium

1. Introduction

Throughout this chapter, we denote by R" the Euclidean space of n-dimensional vectors, by
R"*? the space of n x d matrices, by S" the space of n x n symmetric matrices. (-,-) and | - |
denote the scalar product and norm in the Euclidean space, respectively. T appearing in the
superscripts denotes the transpose of a matrix. f,, f . denote the partial derivative and twice
partial derivative with respect to x for a differentiable function f.
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1.1. Motivation

In practice, there are many problems which motivate us to study the leader-follower stochastic
differential games with asymmetric information. Here we present two examples.

Example 1.1: (Continuous time principal-agent problem) The principal contracts with the
agent to manage a production process, whose cumulative proceeds (or output) Y; evolve on
[0, T] as follows:

dY, = Be,dt + odW,; + 5dW,, Yy = Yo€R, (1)

where ¢; €R is the agent’s effort choice, B represents the productivity of effort, and there are
two additive shocks (due to the two independent Brownian motions W, W) to the output. The
proceeds of the production add to the principal’s asset y,, which earns a risk free return r, and
out of which he pays the agent s; € R and withdraws his own consumption d; € R. Thus the
principal’s asset evolves as

dy, = [ry, + Bey — s, — d;] dt + 0dW, + 5dW,, y, =y, €R, (2)

where v, is the initial asset. The agent has his own wealth m;, out of which he consumes c;, thus

dmy = [rmy + s, — ¢i] dt + GdW, + 6dW,, my = mp R, (3)

Thus, the agent earns the same rate of return r on his savings, gets income flows due to his
payment s;, and draws down wealth to consume. In the above ¢, 7, 7, o are all constants. At the
terminal time T, the principal makes a final payment st and the agent chooses consumption
based on this payment and his terminal wealth mr. In the above, we restrict y,, s;, d; to be
nonnegative.

We consider an optimal implementable contract problem in the so-called “hidden savings”
information structure (Williams [1], also in Williams [2]). In this problem, the principal can
observe his asset i, and the agent’s initial wealth m but cannot monitor the agent’s effort ¢;,
consumption ¢, and wealth m; for t > 0. The principal must provide incentives for the agent to
put forth the desired amount of the effort. For any s;, d;, the agent first chooses his effort ¢; and
consumption cj, such that his exponential preference

T

Ji(e,c,s,d) = E{—J

; e Plexp {—)\ (ct — %ef)] dt + e PT(sp + mr) (4)

is maximized. Here p > 0 is the discount rate and A > 0 denotes the risk aversion parameter.
The above (¢}, c}) is called an implementable contract if it meets the recommended actions of
the principal’s, which is based on the principal’s observable wealth y,. Then, the principal
selects his payment s; and consumption d; to maximize his exponential preference
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T

Jo(e*,c*,s,d) = & [— L e Plexp (—Ady)dt +e T (y; —s7)|. (5)

Let F; denote the o-algebra generated by Brownian motions W;, W, 0<s<t. Intuitively, F;
contains all the information up to time t. Let G; ; contains the information available to the
agent, and G, ; contains the information available to the principal, up to time ¢ respectively.
Moreover, Gi,;CGy ;. In the game problem, first the agent solves the following optimization
problem:

J,(e*,c*,s,d) = max J;(e,c,s,d), (6)

where (¢*,c*) is a Gj ;-adapted process pair. And then the principal solves the following
optimization problem:

Jo(e*,c*,s*,d") = max J,(e*,c*,s,d), 7)

s, d

where (s*,d") is a G, ;-adapted process pair. This formulates a stochastic Stackelberg differen-
tial game with asymmetric information. In this setting, the agent is the follower and the
principal is the leader. Any process quadruple (e*, c*,s*, d") satisfying the above two equalities
is called a Stackelberg equilibrium. In Williams [1], a solvable continuous time principal-agent
model is considered under three information structures (full information, hidden actions, and
hidden savings) and the corresponding optimal contract problems are solved explicitly. But it
can not cover our model.

Example 1.2: (Continuous time manufacturer-newsvendor problem) Let D(-) be the demand
rate for a product in the market, which satisfies

dD(t) = a(u — D(t))dt + odW(t) + GW(t), D(0) =dp R, (8)

where 4, 1, 0, 0 are constants. Suppose that the market is consisted with a manufacturer selling
the product to end users through a retailer. At time ¢, the retailer chooses an order rate g(t) for
the product and decides its retail price R(#), and is offered a wholesale price w(t) by the
manufacturer. We assume that items can be salvaged at unit price S>0, and that items cannot
be stored, that is, they must be sold instantly or salvaged. The retailer will obtain an expected
profit

J1(q(-), R(), w(-)) = EJ [(R(t) = S)min[D(#), q(£)] — (w(t) — S)q(b)] dt. ©)

0

When the manufacturer has a fixed production cost per unit M >0, he will get an expected
profit
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J2(9(-), R(), w(-)) = EJ [(w(t) — M)q(t) — Smax|q, — Dy, 0]] dt. (10)

In the above, we assume that S < M <w(t) <R(t).

Let F; denote the o-algebra generated by W(s), W (s), 0<s<t which contains all the information
up to time t. At time ¢, let the information G, ;, G, ; available to the retailer and the manufacturer,
respectively, are both sub-c-algebras of ;. Moreover, G; ;CG, ;. This can be explained from the
practical application’s aspect. Specifically, the manufacturer chooses a wholesale price w(t) at
time ¢, which is a G, ;-adapted stochastic process. And the retailer chooses an order rate g(¢) and
a retail price R(t) at time ¢, which are G; ;-adapted stochastic processes. For any w(-), to select a
G1,-adapted process pair (7(-), R*(-)) for the retailer such that

J1(q7 (), RE(), w(-)) = T (g (5w (), R (5w (), w() = q(r_r)ta}%]1(q(')yR(‘)JU('))/ (11)

and then to select a G, ;-adapted process w*(-) for the manufacturer such that
(g (), REC), () = Lo (57 (), R 07 (), w™ () = max o (7 (50 (), R (5 0(), (),
(12)

formulates a leader-follower stochastic differential game with asymmetric information. In this
setting, the manufacturer is the leader and the retailer is the follower. Any process triple
(g% (-),R*(+),w*(-)) satisfying the above is called a Stackelberg equilibrium. In Jksendal et al.
[3], a time-dependent newsvendor problem with time-delayed information is solved, based on
stochastic differential game (with jump-diffusion) approach. But it cannot cover our model.

1.2. Problem formulation

Motivated by the examples earlier, in this chapter we study the leader-follower stochastic
differential games with asymmetric information. Let (Q), F, ) be a complete probability space.
(W(),W()) is a standard R?-valued Brownian motion and {F:},.,.; be its natural aug-
mented filtration and Fr = F where T > 0 is a finite time duration. Let the state satisfy the
stochastic differential equation (SDE)

{ dx" "2 (8) = b(t, x" "2 (t), up (t), ua(t))dt + o (t, x" "2 (), up (t), ua (t))dW(t) 13)

+ o (t,x" "2 (1), up(t), uz(t))dW(t), x"#2(0) = xo,

where 11 (-) and u;(-) are control processes taken by the two players in the game, labeled 1 (the
follower) and 2 (the leader), with values in nonempty convex sets U;CR, U,;CR, respectively.
x"v%2(.), the solution to SDE Eq. (13) with values in R, is the state process with initial state
xo €R". Here b(t,x,u1,up): Qx [0, T] xRxU;x Uy —R, o(t,x,ug,up): Qx[0,T] x Rx
Uy x Uy = R, 6(t,x,u1,u2) : Qx[0,T] x Rx U; x Uy — R are given F;-adapted processes,
for each (x, uy, up).
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Let us now explain the asymmetric information character between the follower (player 1) and
the leader (player 2) in this chapter. Player 1 is the follower, and the information available to
him at time t is based on some sub-c-algebra G; ;€G> ;, where G, ; is the information available
to the leader. We assume in this and next sections that G; ;CG, ;CF;. We define the admissible
control sets of the follower and the leader, respectively, as follows.

Uk=:{uk|uk :Qx[0,T] — Uy is Gi: —adapted and sup E|uk(t)|i <eo, i=1,2, }, k=1,2. (14)
0<t<T

The game initiates with the announcement of the leaders control u,(-) € Us. Knowing this, the
follower would like to choose a G; ;-adapted control uj(-) = u(-;u2(+)) to minimize his cost
functional

T

Ji(ui(-),u2(-)) = B U

a0 )0 (1), () + G <x”v”2<T>>} | 15)

Here g, (t,x,u1,u) : Q x [0,T] x R x U; x Uy — R is an F;-adapted process, and Gi(x) :
QxR — R is an Fr-measurable random variable, for each (x,u;,u;). Now the follower
encounters a stochastic optimal control problem with partial information.

SOCPFE. For any chosen uy(-) €U, by the leader, choose a §j-adapted control uj(-) =
ui (-;u2(-)) €Uy, such that

Ji (i), u2()) = J (i (52 ())su2 () = inf Jy (1 (), 2()), (16)
subject to Eqgs. (13) and (15). Such a uj(-) = uj(-;uz(+)) is called an optimal control, and the
corresponding solution x**2(-) to Eq. (13) is called an optimal state.

In the following step, once knowing that the follower will take such an optimal control
ui(-) = uj(-;uz(-)), the leader would like to choose a G ;-adapted control u3(-) to minimize his
cost functional

T
o (i (-),ua()) = EUO g, (X2 (8), ui (ua (1)), ua (1) )dt + G (x"1*2(T)) |- (17)

Here g, (t,x,u1,uz) : Q x [0,T] x R x Uy x Uy = R, Ga(x) : Q xR — R are given F;-adapted
processes, for each (x, u1, u2). Now the leader encounters a stochastic optimal control problem
with partial information.

SOCPL. Find a G, ;-adapted control u}(-) €U, such that

Jo (5 (), u5 () = Jo (ui (5 u3(-)), u5() = uzig{h]z(u?(';MZ('))MZ('))/ (18)

subject to Egs. (13) and (17). Such a u;(-) is called an optimal control, and the corresponding
solution x*(-) = x"'*2(-) to Eq. (13) is called an optimal state. We will rewrite the problem for
the leader in more detail in the next section. We refer to the problem mentioned above as a
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leader-follower stochastic differential game with asymmetric information. If there exists a control
process pair (u(-),u3(+)) = (ui (;u3(-)), u3(-)) satisfying Eqgs. (16) and (18), we refer to it as a
Stackelberg equilibrium.

In this chapter, we impose the following assumptions.

(A1.1) For each w € Q), the functions b, 0, 6, g, are twice continuously differentiable in (x,uq,us). For
each w € ), functions g, and Gy, Gy are continuously differentiable in (x,uy,u,) and x, respectively.
Moreover, for each w € Q and any (t,x,uq,u2) €0, T| x R x Uy x Uy, there exists C > 0 such that

(1 + |x| + |1/l1| + |u2‘)_1|¢(t7x7 u17u2)| + |¢x<t7x7u17u2)| + |¢)u1 (thv ul)uz)l (19)
+|¢u2 (t7x7 Ui, Mz)l =+ |¢xx(t7x7 Ui, uZ)l + |(Pu1u1 (t7x7 Ui, uZ)l + |¢u2u2 (taxa U, uZ)l SC‘/

for ¢ =b,0,0, and
(1 + |x|2)_1|G1 ()] + (14 ) IGre(x)] + (1 + |x|2) T1Ga)] + (1 + ) M Ga(0)1 <C,

-1
(14 el Ja P 2P ) gy (ke u2)] 4 (L el = o]+ 2] 7 (1 (83, 1, u2)] + Iy, (810, 02)
+ |g1u2 (t7x7 Ui, u2)|) + Iglxx(t7x7u17 u2)| + |g1u]u] (tax, U, Mz)l + |81u2u2 (t7x7 uy, uZ)l SC!
1
(1 + x4 [ + |M2|2) 18 (8,2, 1, u2) | + (1 + x| + [ | + [a]) ™ (18 (., 11, 102)|

T |g2”1 (t’ X, Ui, uz)l + |82uz (t7 X, Ug, uZ)l) <C.
(20)

1.3. Literature review and contributions of this chapter

Differential games are initiated by Issacs [4], which are powerful in modeling dynamic systems
where more than one decision-makers are involved. Differential games have been researched
by many scholars and have been applied in biology, economics, and finance. Stochastic differ-
ential games are differential games for stochastic systems involving noise terms. See Basar and
Olsder [5] for more information about differential games. Recent developments for stochastic
differential games can be seen in Hamadene [6], Wu [7], An and Qksendal [8], Wang and Yu
[9, 10], and the references therein.

Leader-follower stochastic differential game is the stochastic and dynamic formulation of the
Stackelberg game, which was introduced by Stackelberg [11] in 1934, when the concept of a
hierarchical solution for markets where some firms have power of domination over others, is
defined. This solution concept is now known as the Stackelberg equilibrium, which in the
context of two-person nonzero-sum games, involves players with asymmetric roles, one leader
and one follower. Pioneer study for stochastic Stackelberg differential games can be seen in
Basar [12]. Specifically, a leader-follower stochastic differential game begins with the follower
aims at minimizing his cost functional in response to the leader’s decision on the whole
duration of the game. Anticipating the follower’s optimal decision depending on his entire
strategy, the leader selects an optimal strategy in advance to minimize his cost functional,
based on the stochastic Hamiltonian system satisfied by the follower’s optimal decision. The
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pair of the leader’s optimal strategy and the follower’s optimal response is known as the
Stackelberg equilibrium.

A linear-quadratic (LQ) leader-follower stochastic differential game was studied by Yong [13] in
2002. The coefficients of the the cost functionals and system are random, the diffusion term of the
state equation contain the controls, and the weight matrices for the controls in the cost functionals
are not necessarily positive definite. The related Riccati equations are derived to give a state
feedback representation of the Stackelberg equilibrium in a nonanticipating way. Bensoussan
et al. [14] obtained the global maximum principles for both open-loop and closed-loop stochastic
Stackelberg differential games, whereas the diffusion term does not contain the controls.

In this chapter, we study a leader-follower stochastic differential game with asymmetric
information. Our work distinguishes itself from these mentioned above in the following
aspects. (1) In our framework, the information available to the follower is based on some sub-
o-algebra of that available to the leader. Moreover, both information filtration available to the
leader and the follower could be sub-c-algebras of the complete information filtration natu-
rally generated by the random noise source. This gives a new explanation for the asymmetric
information feature between the follower and the leader, and endows our problem formula-
tion more practical meanings in realty. (2) Our work is established in the context of partial
information, which is different from that of partial observation (see e.g., Wang et al. [15]) but
related to An and Uksendal [8], Huang et al. [16], Wang and Yu [10]. (3) An important class of
LQ leader-follower stochastic differential game with asymmetric information is proposed and
then completely solved, which is a natural generalization of that in Yong [13]. It consists of a
stochastic optimal control problem of SDE with partial information for the follower, and
followed by a stochastic optimal control problem of forward-backward stochastic differential
equation (FBSDE) with complete information for the leader. This problem is new in differential
game theory and have considerable impacts in both theoretical analysis and practical meaning
with future application prospect, although it has intrinsic mathematical difficulties. (4) The
Stackelberg equilibrium of this LQ problem is characterized in terms of the forward-backward
stochastic differential filtering equations (FBSDFEs) which arises naturally in our setup. These
FBSDFEs are new and different from those in [10, 16]. (5) The Stackelberg equilibrium of this
LQ problem is explicitly given, with the help of some new Riccati equations.

The rest of this chapter is organized as follows. In Section 2, we solve our problem to find the
Stackelberg equilibrium. In Section 3, we apply our theoretical results to an LQ problem.
Finally, Section 4 gives some concluding remarks.

2. Stackelberg equilibrium

2.1. The Follower’s problem

In this subsection, we first solve SOCPF. For any chosen u,(-) €Uy, let uj(-) be an optimal

control for the follower and the corresponding optimal state be x*i*2(-). Define the Hamilto-
nian function Hy : Q x [0, T x R x Uy x Uy x Rx R xR — R as
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H; (t,x, uy,up;q, k, I~<> = qb(t,x,u,uz) + ko(t,x,u1,uz) + I~<6(t,x, Ui, up) — g (t,x,ur,up).  (21)

Let an F;-adapted process triple (q(-)7 k(+), I%()) €R x R x R satisfies the adjoint BSDE

—dq(t) = {bx(tv X (1), uy (£), w2 (1) q(1) + 0w (25" (8), g (1), w2 (£))k (1)

5

+G (8,0 (1), u (1), u2 ()R () — gy, (1,657 (1), u3 (8), uZ(t))}dt (22)

— k(BAW(E) — k(AW (£), q(T) = -Gy, (x"v*2(T)).

Proposition 2.1 Let (A1.1) hold. For any given uy(-) € Uy, let uj (-) be the optimal control for SOCPE
and x":2(-) be the corresponding optimal state. Let (q(-), k(-), I%()) be the adjoint process triple. Then

we have
EKHU,] (t,x”TIHZ(t),u;(t),uz(t);q(t),k(t),zz(t)),m —u;(t)>‘g1,t} >0, aetel0,T)as, (23)

holds, for any u; € Us.

Proof Similar to the proof of Theorem 2.1 of [10], we can get the result.
Proposition 2.2 Let (A1.1) hold. For any given uy(-), let ui(-) €Uy and x"v"2(-) be the correspon-

ding state. Let <q(-),k(t),l~c(-)> be the adjoint process triple. For each (t,w)€[0,T]x Q, H;
(t, o U (t); q(t),k(t),fc(t)) is concave, Gy (-) is convex, and

E{Hlu, X0 (1) 5 (1) (1) 9(8),K(8).K()] Gt = ma B[ (1,5 2(8) . wa(0: (8). K(). K(0)[Gne ], (24)

holds for a.e.t € [0, T}, a.s. Then uj(-) is an optimal control for SOCPF.

Proof Similar to the proof of Theorem 2.3 of [10], we can obtain the result.

2.2. The Leader’s problem

In this subsection, we first state the SOCPL. Then, we give the maximum principle and
verification theorem. For any uy(-) €U, by Eq. (23), we assume that a functional uj(t) =

~

uj (t;?”f’ﬁz (B), 12 (D), 3(5), k (1), Iz(t)) is uniquely defined, where
R (=B [ (]G, o], T, (£):=Blua(8)| 1,1, 5(£)=Blq(8) Gy, ], k(£)=B[k(8)| Gy, ], k():=B [k(1)g.4). (25)

For the simplicity of notations, we denote x*2(-) = x""*2(-) and define ¢" on Q x [0, T]x R x U,

as (1, (£), o (1))=p (x5 (1), w (757 (1), 52(0),5(0), k(0 k(1)) w2 (1)), for & = b, 0,5, gy,
respectively. Then after substituting the above control process u](-) into Eq. (22), the leader
encounters the controlled FBSDE system
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dx' (1) = 0" (t,x () 2())dt + ot (£, x"2(t), u (f))dW(t)JFL(t X2 (t), ua () AW (8),
—dq(t) = { by (t, 2(D)(8) + 0% (1,3 (£), ua (B)K(E) + G, (1,2 (1), (1) (1)

—81. (£, X" (1), ua (t ))}dt — k(AW (t) = k(H)dW (1), x2(0) = x0, q(T) = —Gr(x(T)).

(26)

Note that Eq. (26) is a controlled conditional mean-field FBSDE, which now is regarded as the
“state” equation of the leader. That is to say, the state for the leader is the quadruple

(), 4(), k(). R() )

Remark 2.1 The equality u}(t) = uj (t pa ”z(t),ﬁz(t),ﬁ(t),ﬁ(t), INC(t)) does not hold in general.
However, for LQ case, it is satisfied and we will make this point clear in the next section.

Define
T * *
E%OFM@@MW=Em&@W”W@®m®W+QWwﬁﬂ
T ~
EEMgﬂx%wwma““%m%mﬁmf@fmmmmw+®&%W”ﬂ @7)
T
=E Uo g%(t, x"2 (1), up(t))dt + Go(x™? (T))],

where g5 : Q x [0, T] x R x U, — R. Note the cost functional of the leader is also conditional
mean-field’s type. We propose the stochastic optimal control problem with partial information
of the leader as follows.

SOCPL. Find a G, ;-adapted control u}(-) €Uy, such that

J2(15() = inf J3(u2(-), (28)

subject to Egs. (26) and (27). Such a u3(-) is called an optimal control, and the corresponding
solution x*(-) = x™2(+) to Eq. (26) is called an optimal state process for the leader.

Let u;(-) be an optimal control for the leader, and the corresponding state
(x*(-),q*(-),k*(-),lz*(-)> is the solution to Eq. (26). Define the Hamiltonian function of the
leader Hy : QO X [0, T xR" x Uh x RXxRXRXRXRXxRxRxR— Ras

H, (t, X, uz,q,k,fc;y,z,é,p) = yb"(t, X", up) + 2ot (£, X2 up) + 26 (£, %2, up)

N (29)
g5 (tx", up) — p [bi(t, X", up)q + ok (#, x"2 un )k + 6i(t, X" up)k — g (# 22, uz)} :

Let ¢™(t) = ¢" (t,x*(£),X"(t), u3(t), u3(t)) for ¢ =b,0,5,8,, 8, and all their derivatives. Sup-
pose that (y(-),z(-),z(-),p(-)) €R x R x R x R is the unique F;-adapted solution to the adjoint
conditional mean-field FBSDE of the leader
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dp(t) = {b5* (Op(H) + BIE (Op()1G1,1] fat + {ob (Op(H) + BIoZ (Hp(1)|G1, ) Jaw (1
+ {55 (Op(H) + BIE (Op(8)|G1] JaW (5), p(0) =0,
—ay(t) = {b5 (Oy(E) + BV (y(]Gi] + 0¥ (D)2(t) + Blok (D2(1)] G,
D+ B[oE (M2(1)|G] - b (Da (Op(t) — B [b%q" (Op(1)|G1,
oL (OK(p(H) = B2 (DK(p(B)]Gs,e| — 55 (DR = B[o Dk (0p(8)[G1,1

+ 81 (Dp(H) + BIRUL (Dp(B) G + 5 (1) + BIgE (]G] bt — 2(HAW (1) — Z(HAW (1),
(Y(T) = G (™ (T))p(T) + Gox(x*(T)).

=(
(£)

(30)
Now, we have the following two results.

Proposition 2.3 Let (A1.1) hold. Let uj(-)€Uy be an optimal control for SOCPL and
(x*(-),q*(-),k*(-),lz*(-)) be the optimal state. Let (y(-),z(-),z(-),p(-)) be the adjoint quadruple, then

~ %k

B[ (Hau (£, (5),u3(8), (5, K" (), K (8);y(8), 2(5), 2(8), p(8)), 12 — w3 (1))
o (BlHa, (1,2 (5 w55, 4" (), K (), K (0 9(8),2(0), 2(6),p(8))|G1, ).y — 83(8) )| G| BD)

>0, aetel0,T],as., for any up € l,.

Proof The maximum condition Eq. (31) can be derived by convex variation and adjoint tech-
nique, as Anderson and Djehiche [17]. We omit the details for saving space. See also Li [18],
Yong [19] and the references therein for mean-field stochastic optimal control problems. o

Proposition 2.4 Let (A1.1) hold. Let u5(-) €Uy and <x (),q (),k*(),lz*()) be the corresponding
state, with G (x) = G €S". Let (y(-),z(-),z(-),p(:)) be the adjoint quadruple. For each (t,w) €
[0, T] x €, suppose that Hy(t,-,-,-, -, -;y(t),z(t),z(t),p(t)) and Gy(-) are convex, and

E[Hz(t, (), us (1), q* (1), K*(£), k" (£);y(8), 2(1), 2 (1), p(1))
+E[Hy (t,x* (1), u3 (1), q*(t),k*(t),l?*(t);y(t>,Z(t>,2(t),p(t))|91,t]\Gz,t]
= max E[Hz(t, X* (1), ua, 0 (£), K (1), k() (1), 2(£), 2(£), p(t))

ur € Uy

(32)

~ 3k

+E[Ha (, x* (), ua, q* (1), k* (1), k (£); y(t

SN—
N
~
—
SN—
N
Q
Py
Q
»
I;I
N
2
-
m
=)
=3
AN
9

Then u3(-) is an optimal control for SOCPL.

Proof This follows similar to Shi [20]. We omit the details for simplicity. o
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3. Applications to LQ case

In order to illustrate the theoretical results in Section 2, we study an LQ leader-follower
stochastic differential game with asymmetric information. In this section, we let G ;:=

G{WS;OSsSt} and G, ; = F;. This game is a special case of the one in Section 2, but the

resulting deduction is very technically demanding. We split this section into two subsections,
to deal with the problems of the follower and the leader, respectively.

3.1. Problem of the follower

Suppose that the state x*"*2 € R satisfies a linear SDE

dxul’uz(t) = [Axul’uz (t) + Biuy (t) + Bzuz(t)]dt + [Cxu1,uz (t) + Diuy (t) + Dzuz(t)]dW(t)

+ Caxt 2 (t) -+ D1u1 (t) + Dzblz(t)]dW(t), (33)

x"1#2(0) = xo.

Here, u; is the follower’s control process and u; is the leader’s control process, which take

values bothin R; A, C, C, By, Dy, D1, By, Dy, D, are constants. In the first step, for announced u,,
the follower would like to choose a G; ;-adapted, square-integrable control #; to minimize the
cost functional

_1 ' ur, Uz (4|2 2 U1, Uz 2
J1(u1, u2) _EE[JO (Q1|x ()" + Nalua ()] )dt+G1|x (T)| } (34)

In the second step, knowing that the follower would take u], the leader wishes to choose an
F-adapted, square-integrable control u; to minimize

T
Jo (15, u2) = %]E Uo (Q2|x”’1"“2(t)|2 i N2|u2(t)|2>dt + Gz|xu*{,uz(T) ‘2}, (35)

where Q;, Q,, G, G220, N1 >0, N, > 0 are constants. This is an LQ leader-follower stochastic
differential game with asymmetric information. We wish to find its Stackelberg equilibrium

(ui, 13).

Define the Hamiltonian function of the follower as

H; (t,x, ui, Uz, q,k, I~<>

- - - 1 1
= q(Ax + Byuy + Boua) + k(Cx + Dyuq + Doun) + k(Cx + Dyug + Doun) — = Qux* — = Nquj.

2 2
(36)

For given control u,, suppose that there exists a G, ;-adapted optimal control u7 of the follower,
and the corresponding optimal state is x*1*2. By Proposition 2.1, Eq. (36) yields that
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0 = Nyut () — Bii(t) — Dik(b) — Dik(t), (37)

where the F;-adapted process triple (q, k, I~<) €R x R x R satisfies the BSDE

{ —dg(t) = [Aq(t) + Ck(t) + Ck(t) — leuwz(t)} dt — k(AW (£) — k(H)dW (¢), 8

q(T) = =Gy (T).

We wish to obtain the state feedback form of uj. Noting the terminal condition of Eq. (38) and
the appearance of u,, we set

q(t) = —P(x"v™(t) — p(t), t€[0,T], (39)

for some deterministic and differentiable R-valued function P(t), and R-valued, F;-adapted
process ¢ which admits the BSDE

do(t) = a(t)dt + B(t)dW (t), @(T) = 0. (40)

In the above equation, a € R, f €R are F;-adapted processes, which are to be determined later.
Now, applying It6’s formula to Eq. (39), we have

—dq(t) = [P(t)x"" (£) + P())Ax"V" () + a(t) + P(t)Biui (t) + P(t)Baua (t) ] dt
+ P(t)[Cx"v " (t) 4+ Dyui (t) + Daua (1) | dW (1) (41)
+{P(t)[Cx"1"*2(t) + Dyui(t) + Daua ()] + B(t) AW (t)

Comparing Eq. (41) with Eq. (38), we arrive at

k(t) = —P(t)[Cx"1 ™ (t) + D1ui (t) + Daua(t)],

_ - - (42)
() = —P(t) [Cx"i*2(t) + D1ui(t) + Daua(t)] — B(1),

Powl

a(t) = —[P(t) + 2AP(t) + Qq|x*i"*2(t) — Ag(t) — P(t)Biuj(t) — P(t)Baua(t) + Ck(t) + Ck(t),

(43)
respectively. Taking E[-|G; ;] on both sides of Egs. (39) and (42), we get
4(t) = —PWOF"T (1) — p (1) (44)
and
k(t) = —P(8)[CR"™ (t) + Dy (1) + Datia(8)],
; (45)

(1) + Dyu () + Dzaz(t)} —B(b),

~uy, U

k(H) = —P(b) {Cx
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respectively. Applying Lemma 5.4 in [21] to Egs. (33) and (38) corresponding to uj, we derive
the optimal filtering equation

AR (f) = [A%”Wz () + Byui(t) + Bzaz(t)} dt + [@“T'f‘z (f) + Dyt () + f)zaz(t)] AW (8),

—dg(t) = [Aﬁ(t) + CR(#) + Ck(t) — le\”l*’i’z(t)} dt — k(HdW (1),

(46)

Note that Eq. (46) is not a classical FBSDFE, since the generator of the BSDE depends on an

additional process k. For given uy, it is important if Eq. (46) admits a unique G; ;-adapted
solution (fui’ﬁz,ﬁf, l~<) We will make it clear soon. For this target, first, by Eq. (37) and
supposing that.

(A2.1) Ny (t):=N; 4+ D3P(t) + D?P(t) > 0, Vt€ [0, T),

we immediately arrive at
wi(t) = —NTU(0)[51 (R (0) + S(0iia(t) + Bip(t) + Dip(8)], 47)

where S1(t):=(B1 + CD; + CD1)P(t), S(t):=(D1D, + D1D,)P(t). Substituting Eq. (47) into
Eq. (43), we can obtain that if

. ~ ~ ~ 2 ~ 2 -1
{ P(t) + (2A + C* + C*)P(¢) — (By + CDy + CDy) [Nl + D2P(t) + D1P(t)} P(t? +Q, =0,

P(T) = Gy,

(48)
admits a unique differentiable solution P(t), then
~2 1 . P N ~ ~ 1 ~
a(t) = =5;(ONy (a2 () + SNy ()™ (8) — Ap(t) + S1(HON, (5)B19(t) (9)

=Sy (ua(t) + S1(HN; (H)S(t)

~

(1) — CB(t) + S1()N, (HD1B(8),

where S 2(t):= (Bz +CD, +C DQ)P(t). By (A2.1), we know that Eq. (48) admits a unique solution

P(t) > 0 from standard Riccati equation theory [22]. In particular, if C = D; =0, Eq. (48)
reduces to

{ P(t) + (2A + C2)P(F) — (By + CD1)* [Ny + D3P(8)] ' P(H? +Q, =0, 50

P(T)=Gi, Nj+D3iP(t) >0,

which recovers the standard one in [22]. With Eq. (49), the BSDE Eq. (40) takes the form
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—do(t) =[S1(ON; (D (1) = ST(ON] (D" (1) + Ap(t) — S1 (DN (HB1 (#)

Moreover, for given u,, plugging Eq. (47) into the forward equation of Eq. (46), and letting

A(t)y=A — BiNT (951(5), E(t3=C — DN, (831(#), Ba()=B2 — BiN, (£)51(D),

1 1

Ey(f)= — BiN; (t)By, Bi(ty=—BiN, (D1, Es(t)=— DiN, (D1, Da(t)=Dy — D1N; (H)5(8),
(52)
we have
AR (1) = [AR () + Fr (0 (1) + By (DB (E) + Ba(t)iia() | at
(33)

+ [é(t)f (1) + B1 ()P (1) + Es(HB(H) + f)z(t)az(t)] AW, 77(0) = xo,

which admits a unique G, ;-adapted solution 3% for given (@,E) Applying Lemma 5.4 in
[21] to Eq. (51) again, we have

—dp(t) = [AMP (1) + COB(E) + Fa ()i, (1) at - BHaW (1), ¢(T) =0, (54)

where Fy(t):=5,(t) — S1(t)N7'(t)S(t). For given 5, Eq. (54) admits a unique solution (@,E)
from standard BSDE theory. Putting Eqgs. (53) and (54) together, we get

(AR () + F1 (05 (1) + Bu(BB () + Ba () (1) at

|

~dp(t) = |

e ()

(R (8) + B1(HP (1) + Fa(b)

+
(@1l
BS)
=)

() + 52(1‘)32(1‘)} AW (t), (55)

~ u¥, ity

dt — B(HAW (£), 77 (0) =xo, §(T) =0,

= o~

(DB(E) + Fa(t)u,(t)

b g}
(@1l

[

()9 (1) +

which admits a unique G, ;-adapted solution <§”T’ﬁ2 P, E) By Egs. (55), (44), (45), and (47), we

can uniquely obtain the solvability of Eq. (46). Moreover, we can check that the convexity/
concavity conditions in Proposition 2.2 hold, and u] given by Eq. (47) is really optimal. We
summarize the above procedure in the following theorem.

Theorem 3.1 Let (A2.1) hold, P(t) satisfy Eq. (48). For chosen u; of the leader, u; given by Eq. (47) is
the optimal control of the follower, where (?”T’ﬁz,(ﬁ,ﬁ> is the unique Gy, -adapted solution to Eq. (55).
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3.2. Problem of the leader

Since the leader knows that the follower will take u] by Eq. (47), the state equation of the leader
writes

ax' (1) =[Ax"2 (1) + (A1) = A)R" (1) + Fr (05 (1) + B (DB(1) + Baa(t) + (Ba(t) — Ba)i ()|t

1B (1) + Dana() + Fa(B)ia(8) |dW (1)

+
£
N
.
+
—~
o
=
=)
E)
=
+
'
3l
=
+
O

[Cx=(t) + (G5 = C)&™ (1) + B (5§ (t) + Fs (DB (1) + Data(t) + (Da(t) = D2 ) ia(t) | aW (1),

(56)

where x*2 = x'i/t2, 312 =3 and ]§1(t):= — Blel (t)Dy, [:)1(1‘):: — DlNl_l(t)Db I~35(t):=
—DiN{ (1)S1(t), Ey(t)=— D;N;'(t)S(t). Noting that Eq. (56) is a decoupled conditional
mean-field FBSDE, its solvability for F;-adapted solution (x“2 . P, B) can be easily guaranteed.

The problem of the leader is to choose an F;-adapted optimal control 3 such that the cost
functional

T
o) = 58| [ (Qube®*(OF + Nalua0F )t + Gafe (1) 67)

is minimized. Define the Hamiltonian function of the leader as

~ 5 1
HZ(t7xu27u27q07ﬁ;yvzaz7p> = E (QZ‘xuzyz +N2’M2’2>

ity - ~

+y [Ax”z n (A(t)—A)E +E1 (0 + Bi(t)f + Bauz + (Ez(t) — Bz)m}

-~

+p (A(t)@ CHB + ﬁ4(t)a2) + z<Cx”2 + Es(D7"™ + B1(1)$ + D1 (8B + Daua + ﬁz(t)az)

43 {Cxuz n (é(t) { c)& + By()D + E5(£)B + Daua + (Bz(t) - DQ)az} .
(58)

Suppose that there exists an F;-adapted optimal control u; of the leader, and the corresponding

~

optimal state is (x*, P, E*> = (x”? : (p*,ﬁ*) Then by Propositions 2.3, 2.4, Eq. (58) yields that

0 = Nou(8) + Ea()F (8) + Bay(t) + (Ba(t) — Ba)F(t) + Daz(t) + Fa(2() + Da(h(t) + (Da() — D2 )2 (1),
(59)

where the F;-adapted process (p, v, z,z) satisfies
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5 (60)
—dy(t) = [Ay(t) + (A(t) - A)y(t) + Cz(t) + Fs(H2(8) + C2(t) + ((?(t) . C):z(t) n sz*(t)}dt

In fact, the problem of the leader can also be solved by a direct calculation of the derivative of
the cost functional. Without loss of generality, let xo = 0, and set u; + cu» for € > 0 sufficiently
small, with 1, € R. Then it is easy to see from the linearity of Egs. (56) and (60), that the solution
to Eq. (56) is x* + ex*>. We first have

T
J(€):=]> (u5 + ) = ;EJ [{Qa(x"(£) + ex™ (1)), x"(t) + ex™ (1))
0 (61)

+ (N (u3(t) + eua(t)), uj () + eus(t))]dt + %E(Gz(x*(T) +ex™(T)),x*(T) + ex*2(T)).

Hence

(e
0= 6(6)

T
), = J [(Qux" (1), 6" (1)) + (Naw3 (1), ua(1))]dt 4 B(Go” (T),x2(T)).  (62)

Let the F-adapted process quadruple (p,y, z,z) satisfy Eq. (60). Then we have

T
0=E L [(Qax™ (1), 22 (1)) + (Nau5 (), ua(t))] dt + E{y(T),x"(T)). (63)

Applying It6’s formula to (x*2(t), y(t)) — (p(t), @ (t)), noting Egs. (56) and (60), we derive.

0=FE JT (Qux* () + Ay(t) + Cz(t) + Cz(t),x"2(t))dt
0

T ~

+E JO <(A(t) - A)y(t) 4 Bs(b)z(t) + (é(t) _ C)i(t),§ﬁ2(t)>dt
+E JOT (Nau3 (t) + Boy(t) + Daz(t) + Doz (t), un(t) )dt

(B2 = B2)y(t) + Fa(t)z(t) + (Da(t) — D2 )2(8), (1) )t

(64)
p(6), A(BP(E) + COB() )dt - EJO (1), AWBp(t) + Fr(By(t) + Br (Dz(t) + Ba (D) )at

~

B(1), C(tp(t) + Br(ly(t) + D (1)z(t) + Fs (1)Z(1) )dt + B JO

(p(t), Ea(t)ii, (1) )t

=E | (Nouj(t) + Boy(t) + Doz(t) + DaZ(t), un(t))dt
0

T

+E LT ((Ba(t) = B2)y(t) + Fa(t)z(t) + (Da(t) — D2 (1), () )t + EJ

0

<P(t):ﬁ4(t)ﬂz(t)>dt
T
-E i (Nauj () + F4 (0P (t) + Bay(t) + (Ba(t) — B2)y(t) + Daz(t) + Fa(t)z(t)

+ Da(HE(H) + (I:Dz(t) - Dz)za), 10 (1))t
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This implies Eq. (59).

In the following, we wish to obtain a “nonanticipating” representation for the optimal controls

u} and u?. For this target, let us regard (x*,p)" as the optimal state, put

()G 6) 7= )
X = , Y=\~ ), z= L Z=| | (65)
p ¢ 0 p

and (suppressing some ¢ below)

( A0 A —A 0\ _ 0 Bi()\ - /0 0
A1==< _ ),A2==( ),5’1:(~ ),51:(: >,
0 At 0 0 Bi(t) 0 Bi(t) 0

B, ~ (Bz(t)Bz) C 0 B C 0
Bz==< >,Bz== , Cl==< >,C1 = - ,
0 0 0 0 0 C()
62_(C(t)C O),131==(0 Dl(t))/@zz Dz),ézz(m(t)z)z)/ )
0 0 0 0
G

With the notations, Eq. (56) with Eq. (60) is rewritten as

(

AX(t) = <A1X(t) F AX () + FrY () + BrZ(t) + B1Z(t) + Bow* (t) + Bzaj(t))dt
+ (CrX () + FsX () + BLY() + DiZ(t) + Daw*(£) + Faiiy(1)dw (t)

n (élxa) 4 CX (1) + BTY(t) + Dy Z(E) + F3Z(t) + Doww* () + f)ﬁ;(t))dw(t),

—dY(t) = (QaX(1) + ATY(0) + ATV (1) + CLZ(0) + FIZ(t) + CIZ(0) + Cy Z(1) + Faily (1))t
\ — Z(HAW(t) — Z(HdW (), X(0) = Xo, Y(T) = G.X(T).
(67)
Noting Eq. (59), we have
ui(t) = —N; ! {f-ff{(t) +BIY(H) + BIY(H) + DI Z(t) + FIZ(H) + DIZ(#) + f)ZZ(t)},
(68)

03(f) = N5 ! [i{;?(t) + (Ba+Bo) Y(t) + (Do + F2) Z(H) + (D2 + 152) 018

Inserting Eq. (68) into Eq. (67), we get
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aX(t) = (-AlX(t) + u_ﬁlzj\f(t) + ?1Y(t) + Ez?(t) + B3 Z(t) + Ezz(t) + Elz(t) + Ezz(t))dt
+ (ClX(t) + FsX(t) + BIY(t) + DyY () + DaZ(t) + DaZ(t) + DsZ(H) + EZZ(t))dW(t)
+ <(:1X(t) L OoX (1) + B, Y(1) + DY (1) + DIZ(E) + DaZ(t) + FaZ(t) + 53Z(t>> AW (1),

—dY(t) = <Q2X(t) FFX) + ATY() + A, Y () + CTZ(1) + CTZ(H) + ?;Z(t) F EZZ(t)) dt

— Z(HdW(t) = Z(HdW (1), X(0) = Xo, Y(T) = G:X(T),

where
i RAN-LE! B._73 15 R ml R el 2T
Ayi=A; — (Bz + BQ)NZ f4, Bi:=B1 — BQNZ D2,62== — B2N2 BZ — BzNz (Bz + Bz) ,
= 17T ~ 1 ~ T = 1 =T ~ 1 ~ =z T
By:= — BQNZ FZ — BzNz (Dz +f2) , Boyi= — BZNZ DZ — BzNZ (Dz —i—'Dz) ,
I~ AT S ~ ~ I~ AT = AT ~ 1/~ I~ T
By=B1 — BaN; DY, Coi=Cy — (Ds + Da )N F], D= =~ DoN; D, — FalN;' (D2 + D),
Dyi= — DzNElpg, §2== — DzNglézT — ﬁzNEl (Bz + BZ)T, %2== — 'DzNElﬁZT — szEl (Dz -+ fz)T,
D3==2:)1 - DzNElf)g, 233== - f)zNEliﬁ,; - 'ZZDQNEl (Bz + Bz)T,

_ NI - ~ T = ~ 71:T = =1 {F =\ T
D3::—D2N2 Fz _DZNQ (DZ +f2) /D3:=_D2N2 DZ _DzNZ <D2+D2) ’

.'F1==.'1f1 — BzNElBg, ?3==.¢3 — ’DzNEl’Dg, ﬁ4== — ﬁ4N£lﬁZ, ?5==.7~:5 — (DQ + fz)NElﬁZ
(70)

We need to decouple Eq. (69). Similar to Eq. (39), put
Y(t) = P1(HX(t) + Po(HX (1), tel0,T], (71)

where Pi(t), Po(t) are differentiable, deterministic 2 x 2 matrix-valued functions with
P1(T) = Gy, Po(T) = 0. Applying Lemma 5.4 in [21] to the forward equation in Eq. (35), we
obtain

+ {(6’1 +C)X (1) + (Bf +53)?(t) + (DI +D,)Z(0) + (Fs +Z~)3>Z(t)} aw (), (72)
X(0) = Xo.

Applying It6’s formula to (3.31), we get
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AY(t) = { (P1+ Pray + PLFYP1)X(1) + | Pa + Prk + PiBaPr + Py + o)
+P2(F1+ B )Py, +P1 (F1 + B ) Pa, + P2 (Fi + By) P2 | X (1) + PiBoZ(t) + PiBrZ(1)
+[PiBs + Po(Bs + B2 )| Z(t) + [PiBa + Po (B + B ) | Z(1) Jat
+H{ (PiC1 + PLOBIP)X () + [P1Fs + P1BI Py + PiDa(Py + Po) | X (1) + PiD2Z (1)

+PIDLZ(E) + PiDsZ(H) + Plﬁzz(t)}dwa)

+{ (7?1@1 +PB, 731> X(F) + {P@ + P, (Ef + 53)791 + P <Ef + T>3> P,

+P, (ElT + 2_>3> Pa+ P, (81 + Ez) : +7>11_>3731] X(t) + PiDIZ(t) + PLF3Z(H)
[7712) +P, <D + 293)] (f) + [PlD +P, (]—"3 + 93)}2( )}dVV(t)

— _T _ ~ —T ~
—{(Qz + A P)X() + | Fa+ AP+ AP, +A2T732)X(t) +ClZ(t) + FsZ(1)

ez + 0, Z(t)}dt + Z(HAW(E) + Z(HAW ().
(73)

Comparing dW(t) and dW (t) on both sides of Eq. (73), we have
Z(H) = (P1Cy + P1BIPY)X(E) + [P1Fs + PiBIP, + PiDy(Pr + Pa)| X (1)
+ PiDLZ(H) + PiDLZ(t) + PiDsZ(t) + P1DaZ(8),
Z(t) = <7>1€31 LB, 7>1> X(t) + [772 (6’1 + Ez) + P (Ef + @) P1,+P; (Ef + 1_33,) P2 o
+ P (EIT + E) Py + P1Ca, +731§3731] X(t) + P1DIZ(t)
+ [P@i + Pz( + Ds)] () + P1F3Z(1) + [Plﬁf +Ps (?3 n 53)] Z().

Taking E[-|G ], we derive
Z(t) = [Py(cr+ 75) + P (BT + 52)791 + P (BT + D) P2| X (1)

= ~ = =T _ ~ = =T _
Z(t) = {771 (Cl + Cz) + P (Bl + D3>7D1, +P> <C1 + Cz) ,+P2 <Bl + Dg)'P1 (75)
=T _ =T _ ~
+P1 (51 + Dg,)Pz + P (Bl + Dg)’sz| X(t)

+ (P1+P2) (D?f + 1:>3>2(t) + (P1+ P2) (fq, + 53>Z(t).
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Supposing that (I, denotes the 2 x 2 unit matrix)

(A2.2) N;1==[12—P1 (252+z:>2)}71 and

o N _ 1 (76)
N, == {12 —(P1+ Pz)<D3T + D3>N2 Ps <D3 + Dz) —(P1+ P2)<f3 + D3)] exist,
we get
Z(t) = Zo(P1, P2)X(F), Z(t) = Zo(P1, P2)X (1), (77)
where
So(P1, Pa)=N5 {P1 (293 + 52)J\:/2_1(7>1 +P) {él +Co+ (E]T + 53> (P1+P2) + <D3T + %3)/(/;1
P {Cl + Fs+ (BY + Do) (P1 + Pz)H +Py {Cl + Fs+ (B] + Do) (P1 + Pz)} } -

~ z 1 ~ = —T —
20(771, 772)==N2 (731 + 'Pz) [C1 +Cr + <Bl + D3> (7)1 + 772)

+(Df+ ﬁ)ﬂf;lpl [C1+ Fs+ (B + Do) (P + PZ)H.
Inserting Eq. (77) into Eq. (74), we have
Z(8) = (P1Cy + PABIP)X(H) + Pr | Fs + BIP, +Da(Py + Ps), +DaXo(P1, P)
+D,50(Py, 792)} X(H) + PiD2Z(t) + PrDsZ(1),
~ ~ =T ~ = = —T _ =T —
Z(t) = <P1C1 —+ 77131 'Pl>X(t) + |:772 (C1 + Cz) + P1Cyr + P> <Bl + D3>P1 + P1 (Bl + 'D3)'P2

_ =T _ =T — —
+P1 D3Py + P> (Bl + D3>772 + |:’P1D3 + P> (Dg + 'Dg)] P1D220(7D1, ’Pz)

TT —— — - ~ ~ == ~
+ [731'D3 + P, (.7'—3 + 'Dg)] P1D2Lo (P, Pz)] X(t) + 731D3TZ(1L) + P1F3Z(1). (79)

Supposing that
— 1 = -1 -1 T -1
(A23) NZ = <I2 — 7)1D2) = [IZn + PlDzNz DZ]

—-1 —1 ~ -1 = - T T
and N, = (Iz —P1DIN, P1D; — 7’1.7:3) =\, —P1 (731 - DzN21D2> (80)

_ = . T ~ ~ ~ -1
x [Ioy + P1DoN; ' DI ' Py (Dl — DZN2—1D2> P <]—"3 — D,N;'D, )} exist,
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we get
Z(t) = £1(P1, P2)X(t) + Lo (P1, P)X (1), Z() = L1(P1, P2)X(t) + La(P1, P2)X (1), (81)
where.
_ —T
X1(Py, 772)==./\/21771 [01 + ngl + D5P1 (C1 + B, 771> + D3N2 17)117 ./\fz 'Pl (C1 + B; 771)
21(731, Pz):ZNz P1 [61 + Bl P11+ 'Dg./\/'z 1P1 (Cl + B3TP1):|,
22(7)1, P2)==N;1P1 {?5 + B3T'P2 + 1_)2(731 + P2) + %220(7)1,732) + Ezig(Ph Pz)
—1 - = —T _ =T _ _ =T _
+ DN, {7’2 (c1 n Cz) P, (Bl n 193)731 + Py (Bl n D3)7>2 + P DsPy + Py (Bl n D3>732
+PCy+ [7% D, +P» (193 T 173)} PiD>%o(P1, Pa) + [73] Dy + P (]-'3 n Dg)] P1D2%o(P1, Ps)
+PDIN, P1[Fs + BIPy + Da(Pr + P2) + DaSo(Pr, Pa) + DaZo(P, P)| b,

22(731 P2) —Nz {P Cl +Cz +P2 (Bl +D3)P1 + P1D5 Py +P1Cz +P1 <B1 +'D3>’Pz

+Ps (Bl + D3> P2+ [P1D3 + P (D] + Dg)} P1DaXo(P1. P2) + [731173 + P2 (s + Dg)] P1D2Eo(P1, P2)

1
+P1D§Nz 7)1 5 + 83 Py + DZ P1+ Pz) + Dzzo(P1, 7)2) + DQZO(Pth)} }

(82)

Comparing the coefficients of dt in Eq. (73) and putting Egs. (77) and (81) into them, we get

0= 752 + P2 (.Al + .712) + (.A1 + Zz)T’Pz + P2 (?1 —|—Ez)731 +P1 <?1 + Bz)Pz
T —— —_— _T — ——
+ P> (.7:1 + 82)7)2 + P1A; + ./42 P14+ P1ByP1 + Fyu+ (Cl + 73183)22(731, Pz)

~T -~ ~ TT - _—
n (c1 + 73181>22(731,732) n [fS +PBy+ P, (63 n Bg)] So(P1, Pa)

=T - — — ~
+ |:CZ + P1By 4+ P> (Bl + Bz>:|>:0(731,732), Pl(T) =G, PZ(T) —
(83)

( 0= 751 + P A+ .AlTP1 + 731?1731 + Qo+ (C1 4+ P1B3) X1 (P1,P2) + (éf + P1El)i1(731,732),
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Note that the system of Riccati equations (83) is not standard, and its solvability is open. Due to
some technical reason, we can not obtain the solvability of it now. However, in some special
case, P1(t) and P, (t) are not coupled. Then we can first solve the first equation of P;(t), then
that of P, () by standard Riccati equation theory. We will not discuss for the space limit. And
we will consider the general solvability of Eq. (83) in the future.

Instituting Egs. (77) and (81) into Eq. (68), we obtain

u3(f) = =N [BIP1 + DIZi (1, P2) + D, 21(7?1,7?2} + [Fi + BIP2 + By (P + )
+ IS (P1, Pa) + FyZo(P1, Pa) + D,y 5n(Pr, Pa) + Dy (7:1,7:2)} (),
(84)

and the optimal “state” X = (x*, p)T of the leader satisfies
ax(t) = { [.Al + ?1731 + B3X1(P1,P2) + Elil(Pl,Pz)]X(t) + [ﬁz + ?1732 + 1_32(731 +P>)

+BsT5(P1, P2) + BaZo(P1, Pa) + BiZa(Pr, Pa) + Bafo(Py, Po) | X (1) Jat

+ { (€1 + By Py + DaZi (Pr, Po) | X(1) + | Fs + BZPQ +Dy(P1 + P2)

+Dy5,(P1, P2) + 9220(771,772)] (t )}dW( )

+ { G+ E??% + DI (Pr,P2) + FsZa (1, Po) | X(0) + |Co + B, P2+ Ds(Py + P)

—T - ~ - - ~ ~
+D3 %5 (P1, P2) + Dy Zo(P1, P2) + F3Lo(P1,P2) + DsLo(Pr, 732)} X(t) }dW(t),

X(0) = Xo,
(85)

where X is governed by

dX(t) = [A1 + A + (?l + Bz) (P1+ P2) + B3Z1(P1,P2) + §1i1(731,7’z)
+B3X2(P1,P2) + Ezzo(ﬂ, Pa) + 5122(731, Pa) + EZEO(PL 772)} X (#)dt

~ o TT - - ~
+ {Cl +Cyr + <Bl + De,) (731 + 732) -+ Dgzl(Pl,Pz) + f321(731,7)2) (86)

+DIE, (P, Pa) + D 20(731,772) + 5’:322(731,772) + D320(73177’2)] (HdW (t),

We summarize the above analysis in the following theorem.
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Theorem 3.2 Let (A2.1)~(A2.3) hold, (P1(t), P2(t)) satisfy Eq. (83), X be the Gy -adapted solution
to Eq. (86), and X be the F-adapted solution to Eq. (85). Define (Y,Z,Z) by Egs. (71) and (81),
respectively. Then Eq. (69) holds, and u; given by Eq. (84) is a feedback optimal control of the leader.

Finally, the optimal control u} of the follower can also be represented in a nonanticipating way.
In fact, by Eq. (47), noting Egs. (68), (71), and (77), we have

ui(H) = =Ny (0 (S, (%" () + S5 (1) + BI§" (1) + D (1))

:—N[l(t)[<§f(t) 0))?(t)+3(t)ﬁ;(t)+(0 B{)T/(t)+<o f)lT)Z(t)}

=N, (1) {(éf(t) 0) ~ SN [F, + (Bo+ Ba) (Pr+P2) + (Dy + Fa) So(Pr, Pa) &7

- = \T . - T\ = ~
+<D2 —|—D2) 20(731,732)] + (0 B1T)(P1 +P2) + <0 D1>ZO(P17PZ):| X(f),

which is observable for the follower.
Remark 3.3 When we consider the complete information case, that is, W(-) disappears and
G1,+ = F1, Theorems 3.1 and 3.2 coincide with Theorems 2.3 and 3.3 in Yong [13].

4. Concluding remarks

In this chapter, we have studied a leader-follower stochastic differential game with asymmetric
information. This kind of game problem possesses several attractive features. First, the game
problem has the Stackelberg feature, which means the two players play as different roles
during the game. Thus the usual approach to deal with game problems, such as [6-8, 10],
where the two players act as equivalent roles, does not apply. Second, the game problem has
the asymmetric information between the two players, which was not considered in [3, 13, 14].
In detail, the information available to the follower is based on some sub-c-algebra of that
available to the leader. Stochastic filtering technique is introduced to compute the optimal
filtering estimates for the corresponding adjoint processes, which act as the solution to some
FBSDFE. Third, the Stackelberg equilibrium is represented in its state feedback form for the LQ
problem under some appropriate assumptions. Some new conditional mean-field FBSDEs and
system of Riccati equations are introduced to deal with the leader’s LQ problem.

In principle, Theorems 3.1 and 3.2 provide a useful tool to seek Stackelberg equilibrium. As a
first step in this direction, we apply our results to the LQ problem to obtain explicit solutions.
We hope to return to the more general case in our future research. It is worthy to study the
closed-loop Stackelberg equilibrium for our problem, as well as the solvability of the system of
Riccati equations. These challenging topics will be considered in our future work.
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