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Abstract

Within the framework of the theory of row-column determinants previously introduced
by the author, we get determinantal representations (analogs of Cramer’s rule) of a partial
solution to the system of two-sided quaternion matrix equations A;XB=C;, A,XB,=Co.
We also give Cramer’s rules for its special cases when the first equation be one-sided.
Namely, we consider the two systems with the first equation A;X=C; and XB=C;, respec-
tively, and with an unchanging second equation. Cramer’s rules for special cases when
two equations are one-sided, namely the system of the equations A1 X=C;, XB,=C,, and the
system of the equations A;X=C;, A,X=C; are studied as well. Since the Moore-Penrose
inverse is a necessary tool to solve matrix equations, we use its determinantal representa-
tions previously obtained by the author in terms of row-column determinants as well.

Keywords: Moore-Penrose inverse, quaternion matrix, Cramer rule, system matrix
equations
2000 AMS subiject classifications: 15A15, 16 W10

1. Introduction

The study of matrix equations and systems of matrix equations is an active research topic in
matrix theory and its applications. The system of classical two-sided matrix equations

{A1XB1 =Cy, 1)

A XB; = G,

over the complex field, a principle domain, and the quaternion skew field has been studied by
many authors (see, e.g. [1-7]). Mitra [1] gives necessary and sufficient conditions of the system
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4 Matrix Theory-Applications and Theorems

(1) over the complex field and the expression for its general solution. Navarra et al. [6] derived
a new necessary and sufficient condition for the existence and a new representation of (1) over
the complex field and used the results to give a simple representation. Wang [7] considers the
system (1) over the quaternion skew field and gets its solvability conditions and a representa-
tion of a general solution.

Throughout the chapter, we denote the real number field by R, the set of all m x n matrices
over the quaternion algebra

H= {ﬂo—i—llli—l-llz]'—l-ag,k‘iz :]-2 =K% = —1,a9,a1,a2,a;3 GR}

by H"*" and by H"*", and the set of matrices over H with a rank r. For A € H"*", the symbols
A" stands for the conjugate transpose (Hermitian adjoint) matrix of A. The matrix
A = (a;) €H"™" is Hermitian if A'=A.

Generalized inverses are useful tools used to solve matrix equations. The definitions of the
Moore-Penrose inverse matrix have been extended to quaternion matrices as follows. The

Moore-Penrose inverse of A € H"*", denoted by A", is the unique matrix X € H"*™ satisfying
(1)AXA = A, (2)XAX = X, (3) (AX)* = AX, and (4) (XA)* = XA.

The determinantal representation of the usual inverse is the matrix with the cofactors in the
entries which suggests a direct method of finding of inverse and makes it applicable through
Cramer’s rule to systems of linear equations. The same is desirable for the generalized
inverses. But there is not so unambiguous even for complex or real generalized inverses.
Therefore, there are various determinantal representations of generalized inverses because of
looking for their more applicable explicit expressions (see, e.g. [8]). Through the noncommu-
tativity of the quaternion algebra, difficulties arise already in determining the quaternion
determinant (see, e.g. [9-16]).

The understanding of the problem for determinantal representation of an inverse matrix as
well as generalized inverses only now begins to be decided due to the theory of column-row
determinants introduced in [17, 18]. Within the framework of the theory of column-row
determinants, determinantal representations of various kinds of generalized inverses and
(generalized inverses) solutions of quaternion matrix equations have been derived by the
author (see, e.g. [19-25]) and by other reseachers (see, e.g. [26-29]).

The main goals of the chapter are deriving determinantal representations (analogs of the
classical Cramer rule) of general solutions of the system (1) and its simpler cases over the
quaternion skew field.

The chapter is organized as follows. In Section 2, we start with preliminaries introducing of
row-column determinants and determinantal representations of the Moore-Penrose and
Cramer’s rule of the quaternion matrix equations, AXB=C. Determinantal representations of a
partial solution (an analog of Cramer’s rule) of the system (1) are derived in Section 3. In
Section 4, we give Cramer’s rules to special cases of (1) with 1 and 2 one-sided equations.
Finally, the conclusion is drawn in Section 5.
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2. Preliminaries

For A = (4;7) € M(n, H), we define n row determinants and 1 column determinants as follows.
Suppose S, is the symmetric group on the set I, = {1, ..., n}.

Definition 2.1. The ith row determinant of A€ H"™ is defined for all i = 1, ..., n by putting

_ n—r . Lo \ i . i i
rdet;A = E (—1) (a”klalkllk1+l"'a1k1+lll>"'(ﬂlkrlerrl"'alkrﬂrlkr)’

gES,

0 = ({ik B 41- Ty ) (o o1 - Bty ) - (il 1Bt )
with conditions i, < iy, < ... < i, and i, < ix4s forallt=2,...,randalls=1, ..., 1.

Definition 2.2. The jth column determinant of A € H"*™ is defined for all j = 1, ..., n by putting

_ - o . o
CdetjA - Z ( 1) (a]kr]err "'a]krﬂlkr) (a]]k1+11 "'a]k1+1]k1 a]k1]>’

TES,
v = (foat, Tt ) o U et ) G-+ )

with conditions, j, <j,. <..<j andj <j fort=2 .. rands=1 ... 1.

Since rdet; A = --- = rdet, A = cdet; A = --- = cdet, A €R for Hermitian A € H'"*", then we can
define the determinant of a Hermitian matrix A by putting, detA:=rdet; A = cdet; A, for all
i =1, ..., n. The determinant of a Hermitian matrix has properties similar to a usual determi-
nant. They are completely explored in [17, 18] by its row and column determinants. In partic-
ular, within the framework of the theory of the column-row determinants, the determinantal
representations of the inverse matrix over H by analogs of the classical adjoint matrix and
Cramer’s rule for quaternionic systems of linear equations have been derived. Further, we
consider the determinantal representations of the Moore-Penrose inverse.

We shall use the following notations. Let a:={a,...,ax}C{1,...,m} and B={B,,...,B.}C
{1,...,n} be subsets of the order 1<k<min{m,n}. Ag‘ denotes the submatrix of A eH""
determined by the rows indexed by a and the columns indexed by B. Then, A; denotes the
principal submatrix determined by the rows and columns indexed by a. If AeH"" is
Hermitian, then |A|] is the corresponding principal minor of det A. For 1<k<n, the collection
of strictly increasing sequences of k integers chosen from {1,...,n} is denoted by
Lyp={a:a=(a1,....,ar),1<a1<...<ax<n}. For fixed iea and jep, let I, ,{i}={a:ae

Lymi€a}, ], {j}={p:pEL,n.jEP}.

Let a; be the jth column and a;, be the ith row of A. Suppose A ;(b) denotes the matrix obtained
from A by replacing its jth column with the column b, then A; (b) denotes the matrix obtained
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from A by replacing its ith row with the row b. af‘;- and a; denote the jth column and the ith row

of A”, respectively.

The following theorem gives determinantal representations of the Moore-Penrose inverse over
the quaternion skew field H.

Theorem 2.1. [19] If A€ H"™*", then the Moore-Penrose inverse A* = (a;;) e H"™™ possesses the
following determinantal representations:

* * ﬁ
ey, g cdeti((A"A) ;(a3) )
4y = —— e e
2pe),, |AAlg

or

. Laer, et ((AA"), (a))
aj; = i <. 3)
Zaelr,m |AA ’a

Remark 2.1. Note that for an arbitrary full-rank matrix, A€ H"*", a column-vector dj, and a row-
vector d; with appropriate sizes, respectively, we put

cdet; ((A*A);(d;)) = Z cdeti((A*A)j(d,j))g, det(A*A) = Z |A*A|g whenr =n,
BeT,, o{i} BETun

rdet]((AA*)]-‘(di_)) = Z rdet]'<(AA*)]-_(di_))z, det(AA™) = Z |AA*|S when r = m.

aelm,rri{j} aeLn,m

Furthermore, P, = ATA, Q, = AA" Ly =1— A'A, and Ry:=I — AA" stand for some orthogo-
nal projectors induced from A.

Theorem 2.2. [30] Let Ae H™", Be H™®, and CeH"™*® be known and X €H"" be unknown.
Then, the matrix equation

AXB =C (4)

is consistent if and only if AA"CBB' = C. In this case, its general solution can be expressed as

X =A'CB" + L,V + WRy, (5)

where Vand W are arbitrary matrices over H with appropriate dimensions.

The partial solution, X° = A"CB', of (4) possesses the following determinantal representations.
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Theorem 2.3. [20] Let A€ H™" and Be€H; . Then, X0 = <x8-) € H"™" has determinantal repre-
sentations,

Spe, g cdet ((A*A).i (d?j ) )i

xl] prnd " . i
Zﬁe]rl,n ’A A"; ZaEIyz,r |BB ’z
or
* A o
Zaebz,r{j} rdetj <(BB )] <dl ))a
Xl] = " - ,
Z.Be]rl,n ’A A"; Zae}yz,r |BB ’g
where
04
d)=| > rdet((BB) (&) | €H™, k=1,..m
aelrz,,{j}
do| Y cen((AA) €| B 1-1,
BET,,, #li}

are the column vector and the row vector, respectively. ¢; and ¢ ; are the ith row and the jth column of
C = A"CB".

3. Determinantal representations of a partial solution to the system (1)

Lemma 3.1. [7] Let A; e ™", B; e ™, C; e "™, A, e H™", B, e H"™?, and C, e H™P be
given and X € H"" is to be determined. Put H= AsLa,, N = Rp By, T = RyAy, and F = B,Ly.
Then, the system (1) is consistent if and only if

AACBB,=C, i=12 (6)

T[AJXB} — A{CiB}|F = 0. )

In that case, the general solution of (1) can be expressed as the following,

X= A{CB! +LsH'ALr(AIC,B} — AICB!)B,B} + T'T(AJC,B} — A]C;B!)B,N'Ry,

8
+Ly4, (Z — H'HZB,B}) — Ly, H'A,L;WNB] + (W — T'TWNN') x R, ®

where Z and W are the arbitrary matrices over H with compatible dimensions.
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Some simplification of (8) can be derived due to the quaternionic analog of the following
proposition.

Lemma 3.2. [32] If A€ H"" is Hermitian and idempotent, then the following equation holds for any
matrix Be H™",

A(BA)" = (BA)" )
It is evident that if A € H"*" is Hermitian and idempotent, then the following equation is true

as well,

(AB)'A = (AB)". (10)

Since Ly4,, Rp,, and Ry are projectors, then using (9) and (10), we have, respectively,

Ly H' =L, (AsLs,)" = (AgLy,)" = H',
N'Rg, = (Rg,B2)'Rp, = (Rp,By)" = N,
T'T = (RyA2) RyA; = (RyAy) A, = TTA,,
Lr=I-T'T=1-T'A,.

(11)

Using (11) and (6), we obtain the following expression of (8),

X = AJC;B + H'A,(I1- T'A,) (AJC,B} — A]C,B!)B,B}
+T'A>(AC,B} — AICB!)B,N' + Ly, (Z - H'HZB,B}) — H'A,LyWNB}
+(W — T'TWNN")R;, = AIC;B! + H'G,B! + H' (A,T" ~ 1) A,AICiBIQs,  (12)
~H'A,T'C,B} + T'CN' — T'ALA]CB{B,N" + Ly, (Z — H'HZB,B)
—H'A;LtWNB] + (W — T'TWNN")Rg,.

By putting Z; = W; = 0 in (12), the partial solution of (8) can be derived,
Xo = AJC;B! + H'GB} + T'C,N' + H'A, TTA,ATCBIQ,

(13)
~H'AAICBIQ;, — H'A, TGB! — T'A,AICBIB,N".

Further we give determinantal representations of (13). Let A; = (al{jl)) eH’r’:X”, B, = <b§],1))

EH;ZXSI A, = <gl(]2)) e Hkx" B, = (b(Z)) e, Ci = (cfj”) €H™, and C, = <C1(]2)> erxp’

r3 7/ l] Ty 7
and there exist A{ = (al(]-l)’+) eH ™", B} = (bg-z)’+> eHP", H = (h:;> ek, N' = (@;) e,
and T' = (t:;) €H™*. Let rank H= min{rank Ay,rank Ly, } =5, rank N = min{rank B,
rank Rp, } =7, and rank T = min{rank A,,rank Ry} = r;. Consider each term of (13) sepa-
rately.
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(i) By Theorem 2.3 for the first term, xl] , of (13), we have

01 Zﬁe] i Cdet ( A Al ( ))
ZﬁelynAAl‘;; a€l,,, | 1}
or
01 Z“E’w{f}rdetf((BlB*) (dA1>>a (15)
ij 2 per,, \A;‘A1|ﬁ SeT— |B1Bﬂa
where
&= Y wer(®m), ()| €5 g=1m
a€ly,p{j}
=1 3 cdeti((ATAQ_i(ESl)»l; eHY™, 1=1,..7,
BE ], li}

are the column vector and the row vector, respectively. EE,?) and 6(11 ) are the gth row and the /th
column of C; = A%C;B].

(if) Similarly, for the second term of (13), we have

S pe, i odeti((HUH), A(dsz))i

02 __

7= (16)
Zﬁe]"&” |H H|ﬁ ‘XEIr r ‘
or
* H %
 _ Lact, i et (BB, (d' ))a (17)
ij N
Zﬁe]"&” |H H|ﬁ ‘XEIr r ‘
where
o
d_E];'z - Z rdet]‘ ((BZB;)] (Cl(f)>>a EH"“, q = 1, N,
ael,4,,{j}

:
=13 cdetl-((H*H)j<aFf>)) cH™ 1=1..r
BEly i) P

9
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are the column vector and the row vector, respectively. 61(7_2) and 6(12 ) are the gth row and the /th
column of C; = H*C;B;. Note that H'H = (AsL4, )" AsLa, = L, A5AsLy, .

(iii) The third term of (13) can be obtained by Theorem 2.3 as well. Then

2 pe),, 4iy cdeti <(T*T)'i <d7> )i

x%?’ Ti | P xja’ 19
2per,,, T T2 e, , NN,
or
o (qTy\*
o _ el 4 1Y (NN, () (19)
ij T * xja’
Ser,, ITTl Saer,, INNYJS
where

d?f = adz:{f} rdetj<(NN*)]~_ (?fﬁ))j e ™!, g=1...n
|a€ly,

N B
df = | Y cdety((TT), () | eH, =1, .,
sl i) f

are the column vector and the row vector, respectively. E,g,z) is the gth row and 3(12 ) is the Ith
column of C, = T*C,N*. The following expression gives some simplify in computing. Since
T'T = (RyAy)* = AJRERyA; = AJRyA, and Ry =1-HH' =1— AjLs (ALs) =1- A,
(AsLy,)", then T*T = A; (1 — Ay(AsLy, )*)Az.

(iv) Using (3) for determinantal representations of H' and T" in the fourth term of (13), we
obtain

SELST LY , 2H)\ \P . 27\ \ A
04 =1 2=t 2 2pe,yufi) Cdeti((H H), (a_(q’ )))5 2opel,, la) cdetq((T T), <an )>)p’x(z)} s
] Z‘BEIVS/” ‘H H’g Z.Belw,n ’T T’g

4

(20)

where a_(i2 ) and a_(i2 ) are the ith columns of the matrices H'A, and T'A,, respectively; g5 is the

(f)th element of Qp, with the determinantal representation,
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2wl () Tdet; <(BZB§)1- (bf(2)>)z

/ Zaelwr B2B2 Z

s/

and b is the fth row of B,Bj. Note that H*A; =L, AjA; and T*A; = ASRyA; = A
(1 — Ay(AsLy, )*) As.

(v) Similar to the previous case,

. 2.H)\ P
S s e cdet;((H'H), (o )>)ﬁx2} % (21)
X = ’
if Zﬁe]@,, ’H*H’g

(vi) Consider the sixth term by analogy to the fourth term. So,

o S0, () o, -

' Zﬁehsn HH[ o) TTE e, [B2B3[,

where

Py= D , Cdetq((T*T).q (ll’ljz))i 23)

Bl ali}

or

Poi = ae%{j} rdet; ((BzBE) ;i (IP,?))Z (24)
and

?2 = Z rdetj((Bsz)j. (Efp))j elm™, g=1,...,n,

ae],4,y{f}

pi=| Y ede (), () | em, 11,
Bel,, iia} P

11
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are the column vector and the row vector, respectively. ¢, (2) and ¢,(2) are the gth row and the

Ith column of éz =T'CBj foralli=1,...,nandj=1,...,p.

(vii) Using (3) for determinantal representations of and T' and (2) for N' in the seventh term of
(13), we obtain

1 S Spe,, iy <deti(T°T), (a7 )ng} Saer, ) et (NN (b))

a
X.: = ,

1] * ®
Yey,, [ TTls Yaer,, NN

(25)

where a?") and b}z’N) are the gth column of T'A, and the fth row of B,N* = B,B;Rp,, respec-
tively.

Hence, we prove the following theorem.

Theorem 3.1. Let Ay EH:’ZX”, B, EH:ZXS, A, erxn B, EH:ZP, rankH = I'al’lk(AzLAl) =15,

r3 7

rankN = (Rp,By) =715, and rankT = (RyAy) =r;. Then, for the partial solution (13),
Xy = (x?]) e "™, of the system (1), we have,

= %, (26)

o

where the term x! has the determinantal representations (14) and (15), x}?—(16) and (17),
X% —(18) and (19), x% —(20), x%° —(21), 2% —(23) and (24), and x7 — (25).

4. Cramer’s rules for special cases of (1)

In this section, we consider special cases of (1) when one or two equations are one-sided. Let in
Eq.(1), the matrix B, is vanished. Then, we have the system

{ A X=Cy, 27

Ar)XB, = C,.
The following lemma is extended to matrices with quaternion entries.

Lemma 4.1. [7] Let A; e H"™", C; eH™, Ay e H*", B, € H™?, and C, € HP? be given and
X eH"™" is to be determined. Put H = A,L,,. Then, the following statements are equivalent:
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i.  System (27) is consistent.

ii. Ry Ci =0, Ry(C, —AA]CiB,) =0, CLs, =0.

C A; CB A
2} = rank[B;], rank[ b 2} = rank[Al}.
2

iii. rank[A; C;] =rank[Aq], rank[
2 2 G

In this case, the general solution of (27) can be expressed as

X = A]C; + L4 H'(C, — Ay AICiB,)B} + Ly, LyZ; + La, WiRg,, (28)

where Z; and W, are the arbitrary matrices over H with appropriate sizes.
Since by (9), La, Hf = La, (AZLAI)Jr = (AZLAl)Jr = H', then we have some simplification of (28),

X =AC, + H'G,B) - H'A,ATC;B,B! + Ly, LyZ; + Ly, WiRp,.

By putting Z,;=W;=0, there is the following partial solution of (27),

Xo = AfC; + H'C;B! — H'A,AIC,B,B}. (29)

Theorem  4.1. Let A, = ( <1>) EH™ ™, A, = ( ”) cH>" B, = (b( >) cH>P

z] 1] 1 1] 1
C1:<f]l)) eH™, and Cp= ( > €H"?, and  there exist A’{z(d? )EH“X’",

Ber = (bl(] ’ ) eHP*’", and H' = (hT) ek, Let rankH = min{rank A, rankL,, } = r4. Denote

Aikclz:al = (/c\l(]])> e ™", H'C;B;=: Cz ( z(])> e ™, H*AZAT:KZ _ ( z(])> e ™" and

C1QBZ=:Q = (ﬁi]) e H"*P. Then, the partial solution (29), Xo = (x%) e H"™", possesses the following

determinantal representations,

m\\*
Sper,,.cdeti( (AfA) (€ >>ﬁ d;’
Xij = : .
Sper,, [ ATAL Zﬁeh JHH[Y o [B2B3 [

04
Zﬁl gi(l“) Zael,a,r{i}rdetj <(B2B>2k)]-. (qz))
2p S ’H*H‘gzael,l,m |ALAT S er |B2Bs [

3,7

forall A =1,2and u =1,2. Here

[e4

dle 3 rdet(B:B3), (V1)) gl Y rden((Aia), (u))')

. a
ael,s,,{]} ael,l,m{l}

and the row-vectors vl(_l) = (vfll ), ey vz(rl )> and uz(.l) = (”1(11 ), ey uSﬁ) such that

13
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~ B ~ B
vftl):: Z cdeti((H*H).i<c.(t2)>> , ug)zz Z cdeti((H*H)_i<ag)>> .
Bl nli) f BTy li} f

In another case,

dZ(].z):z Z cdet,((H*H)i(vg.z))>£,g§lz):= Z cdet,‘((H*H)j(u_(lz)))Z.
BeTpnli} pelonli}

and the column-vectors VF]-Z) = (vg), ey vf?) and u(,2 ) = (u%), L., uf?) such that

'U;]z) = Z rdetj ( (BZB;)] (/C\E]Z)) > a, l/l((;) = Z rdet[ < (A1 AT)I <a§2)) ) i

aeL’sﬂ{j} aebl,m{l}

Proof. The proof is similar to the proof of Theorem 3.1.

Let in Eq.(1), the matrix A; is vanished. Then, we have the system,

{ XB; =Cy,

(30)
A,XB, = Cs.

The following lemma is extended to matrices with quaternion entries as well.

Lemma 4.2. [7] Let BieH™®, C;eH"®, Ay e H>", B, e H'*P, and C, e HF? be given and
XeH"" is to be determined. Put N = Rp, By. Then, the following statements are equivalent:

i.  System (30) is consistent.
ii. Rus,C=0,(C— ACiBBy)Ly =0, CLg, = 0.

G A
B, B

C

iii. rank[A; C;]=rank[A;], rank[B ] = rank[B;], rank{ ] =rank[B, B;].

1

In this case, the general solution of (30) can be expressed as
X = GBI + A} (C, — A2CiBiB2)N'Rp, + La,WoRg, + Z,RyRg,, (31)
where Z, and W are the arbitrary matrices over H with appropriate sizes.
Since by (10), NJFRBl = (Rp, Bz)JrRBl = N, then some simplification of (31) can be derived,
X = B! + AIC,N" — A,C;BIBN' + Ly, WoR3, + ZoRyRp,.
By putting Z,=W,=0, there is the following partial solution of (30),
Xo = C;B! + AJC,N' — ATA,C,BTB,N". (32)

The following theorem on determinantal representations of (29) can be proven similar to the
proof of Theorem 3.1 as well.
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Theorem 4.2. Let B; = (b(jl)) el A= ( (])) eH>", B, = <b(])) eH*r, C;=

12 4 13 4

() e, and C = (') €HO, and there exist B = (b'") e H>", A} = (afT) eE™,

Nt = (nij> € HP*". Let rank N = min{rank B, rank Rg, } = r4. Denote ClBT=:é1 = ( 1(] )) e,
AJCN'=C, = (&) e, BiBN'=B, = (b)) €, and Py, C1=P = (5) €1, Then,
the partial solution (32), Xo = (x%) e H"", possesses the following determinantal representations,
« (=0))"
Zaebl {]}rdetj((BlB ) (Cl( )>>a dl(])\)
i = - B
Bil, Sper,,, [AsA ey, INNIS
* ~ B u
Dot 2o €1, . (iycdeti ((AzAZ) i (p.z)>ﬁgz(j )

_ -
Yper, | AT pe)

ael,l ’

xp_ |B *
BiBi[[3,c;, [NN'[J

forall A =1,2and u =1,2. Here

dl= 3" rdet(NNY), (V) glf= D rdeti(NN'), (),

. . o
DcGLg,r{]} a61r4,r{]}

and the row-vectors (pf_l) = <(p1(11 ), ey (pz(rl )> and gbf_l) = (ybg), ey ybi?) such that

(Pl(tl) _ Z cdeti<(A§Az)_i (C@))i, I,DS,) - Z Cdetz<(BTB1)_i (b?))ﬁ.

Bel, it Bel iz} P

In another case,

dP= > cdet((A3An), <(P(2>>ﬁ S cdetz<(BfB1).Z(t,b§-2)))’3,

pel, i} pel iz} P

and the column-vectors q)sg) = (gog), ey (p,(;)) and 1/)2 <1/)1] 1/) @) ) such that

(p;}g) = Z rdetj((NN*) (c(z)»a, 1{15? Z rdetj<(NN*)j. (bfp))i

a€ly,r{j} a €l {j}

Now, suppose that the both equations of (1) are one-sided. Let in Eq.(1), the matrices B; and A,
are vanished. Then, we have the system

{ A X=Cy, (33)

XB; = C,.

The following lemma is extended to matrices with quaternion entries.

15



16 Matrix Theory-Applications and Theorems

Lemma 4.3. [31] Let A; e ™", B, e H"*?, C; e H™™, and C, e H"*? be given and X e H"*" is to
be determined. Then, the system (33) is consistent if and only if R4, Cy =0, CoLg, =0, and
A;1Co=C;B,. Under these conditions, the general solution to (33) can be established as

X =AlC; + Ly, B} + Ly URg, (34)

where U is a free matrix over H with a suitable shape.

Due to the consistence conditions, Eq. (34) can be expressed as follows:

X = &B} + A} (C; — A1C,B}) + Ls, UR,
= B} + A](C; — C1B;B}) + L4, URg, = B} + AICiR5, + L4, URg,,

Consequently, the partial solution X° to (33) is given by
X? = AlC; + Ly, CoBY, (35)

or

X? = C,B} + AJCiRg,. (36)

Due to the expression (35), the following theorem can be proven similar to the proof of
Theorem 3.1.

i ij

Theorem 4.3. Let A1 = (a(-l)> eH™", By = (b?) eH?, C = (c(l)) e ™", and C, = (Cl%z))
eH™, and there exist Al = (a(l)’+) el ", B} = (b@“) eHP*’, and Ly, =1— A{A1=:(l,-j)

ij if
€H"". Denote AjC1=C: = (¢i/') €H™" and Ly, CB3=Cs = (¢) €H"™". Then, the partial

solution (35), X" = (x?j) e H"**, possesses the following determinantal representation,
> cdet;( (ATA1) s f «\ (a@)\*
ﬁe]rl,n{i} : 1441 i ] B Eaelrz,r{j} rdet]((Bsz)] <Cl'< ))a

0
1 % la
Zﬁe]q,n AlAl‘g Zaelrw BZBz}a

where E_(jl) is the jth column of C, and E,Sz) is the ith row of Cs.
Remark 4.1. In accordance to the expression (36), we obtain the same representations, but with the

denotations, CZB§=:62 = <E§].2)> e " and A]‘ClRBzzzal = <E§].2>> e H" .
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Let in Eq.(1), the matrices By and B, are vanished. Then, we have the system

{ A X=Cy, (38)

A X = Cs.

Lemma 4.4. [7] Suppose that A; e H"*", C; e H™, A, eH", and C, e H™ are known and
XeH"" is unknown, H= AyLa,, T = RyAy. Then, the system (38) is consistent if and only if
A,-A;rCi =G, foralli=1,2and T(A;Cz — A{C1) = 0. Under these conditions, the general solution
to (38) can be established as

X =A]C; + L4 H Ay (AJC, — AJC1) + Ly, LY, (39)

where Y is an arbitrary matrix over H with an appropriate size.

Using (10) and the consistency conditions, we simplify (39) accordingly, X’ = AlC;+
H'C, - H'A,AICy + Ly, LyY. Consequently, the following partial solution of (39) will be
considered

X' =AlC, + H'C, - H'AAIC,. (40)
In the following theorem, we give the determinantal representations of (40).

Theorem 4.4. Let A, — ( “)) SH™", Ay = ( d®) em>n, ¢, = ( “)) eH"™", Cy = ( (2>) e

ij ij . Y
H" and there exist A+ = (agjl) ) e H} = h’i> e H"*. Let rankH = min{rankA;, rank
L} =73 Denote AjC;=C; = ( ( )) eH™, H*Cy=C, = (E‘\Z@) eH™, and H*Ay=A, =

(EE?) eH™", Then, X° = ( ]) e H"™" possesses the following determinantal representation,

e e (85, (&)

’ 1 I H'H/
Zﬁe]rl,n A1A1|ﬁ Zﬁe]73/n| |ﬁ
% ~(2 P x (1 B

1 Tper, redet (W, (&) Ty, ,opcdet( (A1), (&)

p ' B
=1 > ey, [HHIg Ypep,,, |ATA,

2 pe,, ,(iycdeti <<H*H>-i <6'(f2)> >£

< @

where ¢ i S and a a ) are the jth columns of the matrices (Ajl, 62, and Kz, respectively.

Proof. The proof is similar to the proof of Theorem 3.1.
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5. Conclusion

Within the framework of the theory of row-column determinants previously introduced by the
author, we get determinantal representations (analogs of Cramer’s rule) of partial solutions to
the system of two-sided quaternion matrix equations A;XB;=C;, A,XB,=C,, and its special
cases with 1 and 2 one-sided matrix equations. We use previously obtained by the author
determinantal representations of the Moore-Penrose inverse. Note to give determinantal rep-
resentations for all above matrix systems over the complex field, it is obviously needed to
substitute all row and column determinants by usual determinants.
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