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Abstract

Due to recent developments in computer technology, computer-aided investigations of
structural movements in a maritime environment have become more relevant during the
last years. With regard to mechanically coupled multibody systems in fishery and offshore
operations, the analysis of such systems is in the focus of research and development. To
analyse multibody systems, forces and moments of all included bodies have to be defined
within the same reference frame, which requires a transformation algorithm. Showing the
correctness of the transformation algorithm, it must be also applicable for six degrees of
freedom (6DOF) motions of a free floating single body in seaways. Therefore, the compu-
tation of irregular waves is discussed before the traditional motion description of a floating
structure by using the Kirchhoff equations. With these basics, an approach to calculate the
motion equations of single bodies within the earth-fixed reference frame is presented
before the method of the inertia value transformation. To compare the body-fixed and
earth-fixed calculation method, a free-floating crew transfer vessel in irregular waves is
simulated and the results are discussed. Finally, the inertia value transformation will be
proved by the energy conservation principle on the example of a pure rotating rigid body
with none digital calculations.

Keywords: inertia value transformation, wave-disturbed ship motions, wave-structure
interaction, six degrees of freedom (6DOF), hydromechanics, inertial kinematics,
Euclidian room

1. Introduction

Modern simulation techniques enable a more profound analysis of various engineering prob-
lems in an early design stage. In maritime kinematics, the focus is on the behaviour of offshore
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24 Kinematics

structures under natural environment conditions like wind, waves and current. Detailed knowl-
edge of loads and motions is required for proper dimensioning of efficient and safe systems.
Furthermore, simulations are increasingly used for the design of controller-based automation
and assistance systems. In addition to the accurate calculation of the structural movements, the
calculation speed of a simulation is an important quality feature for these applications, e.g. real-
time constraints. To determine the kinematics model of a free-floating structure in a seaway;,
different approaches are commonly used. The equations of motions can either be defined in the
inertial reference frame or alternatively in the body-fixed reference frame. The difference
between dry mechanics and maritime mechanics is based on additional hydrodynamic effects,
namely, the hydrodynamic added mass, e.g. [1-3]. The hydrodynamic mass force is an inertia
force. The relative acceleration between incompressible fluid and structure induces a pressure
field, which results in a hydrodynamic force that is formulated as the product of the relative
acceleration and a ‘virtual’ mass. The size of the hydrodynamic added mass depends primarily
on the direction of movement and the geometry of the structure [4].

Due to the phenomenon of added or virtual masses, non-scalar and directed inertia values are
necessary for describing translational and rotational motions. Probably, this results in an
ordinary practice to describe floating structures within a body-fixed view, e. g. by the Kirch-
hoff motion equations of floating bodies [1, 3].

The investigation of mechanically coupled and multiple rigid body systems is in the focus of
the authors and represents a special difficulty in this area [2, 5]. Within literature before
millennium, only Paschen’s algorithm was found describing dynamics of real 3D systems for
fishery and mine-hunting systems with flexible, non-elastic numerical elements and rigid
bodies by partially neglect of added masses [6, 7]. Later, different marine multibody systems
were described with algorithms of structural mechanics [8] or as pure planar motion descrip-
tions, e.g. [9-13]. To describe the mutual interdependencies, the equations of motions of all
involved bodies have to be set up in the same coordinate system, preferably the inertial or
earth-fixed system. This includes the transformation of all vectorial entities including the
inertia matrices (mass matrix, moments of inertia). Therefore, the use of a transformation
algorithm is required, which describes the system in the inertial reference frame. The inertia
value transformation here presented, also known as Kane’s method [14], was introduced by
Korte and Takagi [2, 5] for fishery systems to analyse forces and motions of purse seines. Based
on the principle of concentrated masses, all included nodes of the net structure are focused and
connected with damped mass-spring elements. To connect the inertia values of the nodes, a
transformation of the hydrodynamic added masses is required [15].

Korte et al. presented an application of the inertia value transformation for multibody systems in
2015 for a pure rotating body without elasticity [5]. The analysed scenario represents the transfer of
offshore service staff from a crew transfer vessel (CTV) to a wind turbine, which is a real and
environmentally affected gyro. CTV is constrained at the bow to the landing of the wind turbine in
seas. The inertial reference system is located at the contact point of the structure. The ship can make
an ideal rotation around all three axes of the inertial system. The motion equations of the system
are defined within the inertial system to calculate the constraining forces. It was observed that
temporal integration of the equations within the inertial reference frame leads to unpredictable
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motions of the ship. The simulation was unstable. During development of the multibody scenario,
it was discovered that an additional and oppositely directed transformation of the rotational
accelerations leads to a stable solution of the simulation.

To analyse a general applicability of the inertia value transformation for maritime applications,
Korte et al. defined the equations of motions for a free-floating ship with six degrees of
freedom (6DOF) in the inertial reference frame [17]. Motion equations were derived from
momentum and angular momentum theorem. The results of the free-floating ship were com-
pared with ordinary simulations in the body-fixed reference frame and kinematics (see [1]).

This contribution describes the applicability of the inertia value transformation in maritime
applications while transferring the inertia values between a body-fixed and the inertial
reference frame. The motion behaviour of the free-floating structure is in the focus of the
discussion. In the following section, the modelling of the irregular seas as environmental
reason of structure motions is presented. The six degrees of freedom of a floating body as
well as the traditional motion equations in the body-fixed reference system are introduced
afterwards. The derivation of the motion equations within the inertial reference frame by
using the inertia value transformation is part of the main section. The possibility to trans-
form the equations from inertial to body-fixed system is shown. For comparison of both
methods, 6DOF simulation results of a free-floating CTV in waves are discussed. In the last
section, a proof shows the energy conservation of the inertia value transformation for the
case of a pure rotating rigid body.

2. Wave modelling

Depending on formation is natural irregular seas divided into wind seas and swell. Real
occurred sea state phenomena are described in nautical practice as the superposition of a
stochastic wind sea and two observable swells.

Wind seas are direct wind excited. The waves are rather short and steep. Due to friction, the
wind transfers energy to the water surface. The resulting capillary waves with short wavelength
increase the area of the free surface, whereby the effect of the energy transfer is amplified. This
leads in higher and longer gravity waves, which influence the water column down to a water
depth of a half wavelength. The waves propagate in the wind direction. Wind wave characteris-
tics depend on wind speed, wind duration and fetch. The wave components of wind seas are
located in the higher-frequency range of a wave spectrum. Due to containing higher frequency
waves with small amplitudes, the water column oscillates inhomogeneously. Wind seas decrease
by a disappearance of the wind excitation. The relation between wind classes (Beaufort wind
scale) and sea-state classes (Douglas sea scale) can be seen in Figure 1.

Contrary to wind seas, which is described as evolving waves, is swell the full homogeneously
oscillating water column. Swell is a decaying, nearly sinusoidal wave that has moved away
from the formation area, e.g. a storm region. The frequencies are in the lower range of a wave
spectrum. The energy density of waves is inversely proportional to the wave frequency. Long
waves with a small frequency are more energetic than short waves.

25
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Figure 1. Relation of wind speed (Beaufort wind scale) and wave height (Douglas sea scale) for fully developed seas
(modified to practice).

Irregular waves are mathematically described as superposition of a finite number of wave
components with different wave frequencies, different amplitudes and different phases. The
representation is carried out with energy density spectra, which have a unique distribution of
the wave components for each sea area. The spectrum contains the energy S, (w) of all
included wave frequencies. Figure 2 shows the structure of a wave spectrum.

Relevant wave parameters can be derived from the wave spectrum. The mean wave frequency
wy is located at the maximum S(w) of the spectrum. The peak period Tp is

S(w)

K
samples n

Figure 2. Structure of a wave spectrum as superposition of different wave components.
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Further, wave properties can be determined with the so-called spectral moments 1, compared
with [1]. Their definition is

my, = Jw @"S(w)dw (2)
0

The moments up to the second order, n = 2, are of interest to characterise the sea state. The
characteristic wave height of the spectrum is

H,o = 4/my 3)
and the significant wave height is
Hg =3.81-\/my 4)

The period of the characteristic wave height H,,q is defined as

my
T = — 5
[ )
The mean zero upcrossing period is
mo

Ty = ,/— 6
2= ©)

Variance ¢ and standard deviation ¢ are
o = my 7)
0 =+/my=0.263-Hg (8)

There are several mathematical wave spectra for computer simulations of irregular waves
available, namely, the Bretschneider spectrum, the Phillips spectrum, the Pierson-Moskowitz
spectrum as well as the Joint North Sea Wave Project (JONSWAP) spectrum. The most impor-
tant spectra are introduced in this section.

2.1. Pierson-Moskowitz spectrum

The Pierson-Moskowitz (PM) spectrum was introduced for fully developed seas and is com-
monly used since 1964 [18]. It is based on long-term observation data of a weather ship in the
period from 1955 to 1960. It assumes the fully developed sea, including wind sea and swell, on
the North Atlantic with unlimited water depth and fetch as well as steady wind for a long time.
The spectrum is

Spm(w) =A-w 55" 9)

27



28 Kinematics

with parameters A and B

A =0.0081-¢* (10)
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The relation between significant wave height and wind speed is:

155

V2
gZ

HS wind (12)

2.2. Modified Pierson-Moskowitz spectrum

After experiences with the Pierson-Moskowitz spectrum, the maritime community recommended
a magnification of the spectrum [19, 20]. According to this recommendation, the parameters A
and B were modified and can be determined from the observable weather parameters Hg and T'z:

4P H>
A= = S (13)
Z
3
B— 1;? (14)
Z

Figure 3 shows a comparison of the Pierson-Moskowitz spectrum and the Modified Pierson-
Moskowitz (MPM) spectrum for several wind speeds. An increase of the energy density in
the peak frequency of the MPM as well as a shift of the peak frequency to lower frequencies
can be seen.

2.3. JONSWAP spectrum

The Pierson-Moskowitz spectra were developed for unlimited water depth. However, the most
intensively used sea areas are often in regions of shelf seas with restrictions on the water depth
and the fetch.

In 1968/1969, the characteristics of wave formations in sea areas with limited fetch and water
depth were investigated exemplary for the North Sea in the international joint project ‘Joint
North Sea Wave Project JONSWAP)'. During a period of approximately 10 weeks, measure-
ments were carried out and evaluated at points reaching up to 160 km seawards in the region
of the island of Sylt. The JONSWAP spectrum is based on the PM spectrum and provided with
a magnification factor y for the peak distribution.

Hasselmann’s mathematical definition of the JONSWAP spectrum is [20]
Sjon(w) = agza)’5 -e[%(%) ]-yr (15)

with
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Figure 3. Comparison of Pierson-Moskowitz spectrum (top) and modified Pierson-Moskowitz spectrum (bottom) for
several wind speeds.
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Fetch is defined in metres and increases the wave energy linearly. A direct comparison of the
JONSWAP spectrum with the MPM spectrum for a large-scale wind sea on the North Sea illus-
trates the lower total energy in Figure 4. The characteristic frequencies wy of the individual wind
classes are higher than those of the PM spectrum. Due to limited water depth, the wave heights are
reduced. Both, the maximum of the spectrum and the area under the curve are considerable
smaller than those of the reference spectrum. A comparison of seaways with different fetch lengths
confirms this trend (cf. Figure 4). A JONSWAP spectra are used for the here presented simulations.



30 Kinematics

modified Pierson-Moskowitz wave spectra from wind

200 — 2B |
o — 11Bf
¥ 150 —— 10Bf [1
% 100 _QBf ]
8 ——— BEf
780 —7Bf [

0 0.1 02 03 04 05 0B 07 08 083 1
o [rad/sec]
JONSWAP spectra caused by 350 km fetch

_ B0 F — 12Bf [
9 e
w
NE 0+ el 1] 511 u
= S0
K. —gbf
20t a
“ 7B
0 1 il L
0 0.1 02 03 04 05 06 07 08 089 1
o [rad/sec]
JONSWAP spectra caused by 200 km fetch
=T — 125 ||
=)
8 20 L
™
E
210t
73]
0
0 05 1 15
o [rad/sec]
JONSWAP spectra caused by 50 km fetch
4 E 1 I 1
3 L

S(w) [m? sec]
[

o [rad/sec]

Figure 4. Comparison of modified Pierson-Moskowitz spectra and JONSWAP spectra for 350 km, 200 km and 50 km
fetch and several wind speeds.
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3. 6DOF motions of a free-floating offshore structure

In the following section, the six degrees of freedom of a ship are introduced. Figure 5 shows a
sketch of a ship hull with a body-fixed coordinate system. Body-fixed coordinate system
means that the coordinate system moves with the ship. Due to advantages in determining the
moments of inertia, the origin of the system is preferably located in the ships centre of gravity.
The motions of a ship are described in the body-fixed coordinate system. However, the ship’s
position and the orientation are referenced in an earth-fixed coordinate system.

The translational motions are as follows:

*  Surge: Translation along the longitudinal x-axis
*  Sway: Translation along the transversal y-axis

*  Heave: Translation along the vertical z-axis
The rotational motions are as follows:

* Roll: Rotation around the longitudinal x-axis

e  Pitch: Rotation around the transversal y-axis

*  Yaw: Rotation around the vertical z-axis

Another distinction is the classification into horizontal (surge, sway, yaw) and vertical (heave,
roll, pitch) motions. The reason for this differentiation is the restoring forces caused by gravi-
tation. These exist only for the vertical degrees of freedom. After a perturbation of the equilib-
rium, a ship always tends to return to it. This does not apply for horizontal motions. The result
is the drift of a free-floating structure away from the original position as well as a change of the
heading in case of wind, waves or current. For a driven ship or a ship in dynamic positioning
mode, the ship’s actuators (propeller, rudder, thruster, etc.) control the horizontal motions.

Figure 5. 6DOF motions of a free-floating ship.
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4. Motion equations in the body-fixed reference system: Kirchhoff
equations

As already mentioned, hydrodynamic inertial effects in the form of a hydrodynamic added
mass have to be taken into account in marine applications. The mass matrix 11, (b for body) in
the traditionally used body-fixed reference system is defined in Eq. (22). In the matrix, m is the
physical mass and my, ;; is the direction-dependent content of the hydrodynamic inertia. The
mass matrix is constant in the body-fixed frame. This applies analogously for the matrix of
moments of inertia:

My, ij = M + My, jj (21)
m—+ my 11 0 0
m, = 0 m+ mpy, 2 0 (22)
0 0 m + myp, 33

In 1869, Kirchhoff published his work about the ‘Movement of a rotating Body in a Fluid” [3].
In this work, he defined the motion equations of a floating body in a body-fixed reference
system in analogy to Euler’s gyro equation. The Kirchhoff equations are a system of each three
equations for translation (Eq. (23)) and rotation (Eq. (24)):

—

P - =

dd—t+ @ x P= (XY, Z)! (23)
il . - . -
L @ XL+ x P=(KMN) (24)

dt

The so-called living forces and moments depict all external forces and moments including all
hydrodynamic effects, weight, buoyancy and their effect and can be found at the right-hand
side of the equations inclusively. The determination of these external forces and moments is
especially difficult for the horizontal degrees of freedom with a lack of restoring forces. For the
simulations in this work, a simplified model is used, which considers weight, buoyancy as well
as potential damping. At present, viscous effects are neglected.

The accelerations have to be integrated twice to analyse the position and orientation of the
free-floating ship. The first integration is executed in the body-fixed system.

To calculate the position(x,y,z)" and orientation(®, ©, V)" of a floating body, the velocities have
to be transformed into the inertia system. The peculiarity is the differing transformation of the
rotational vector from the body-fixed system into the inertia system and vice versa, e.g. using
the transformation with Euler’s angles (Eq. (26), cf. [1]):

(T)e - Emt, beab (25)

with
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1 sOtO cdtO
Eroi.‘,be =10 c® —s® - (Erot,eb)_l (26)

0 s(D/C® C(D/c@

(e for earth or inertial, b for body;, ¢ for cosine, s for sine and ¢ for tangent).

5. Motion equations in the inertial reference system

In the following section, the motion equations of a free-floating body in the earth-fixed refer-
ence system are shown. The equations are formally derived from momentum and angular
momentum theorem. The transformation of the inertia values is discussed, and it is shown that
a transformation of the motion equations leads to the Kirchhoff equations. It is known that the
twice integration of the rotational equations results in an unstable solution. By using an
additional and opposite directed transformation of the rotational accelerations, the simulations
can be stabilised for longer time series.

5.1. Inertia value transformation

Kane introduced the transformation of inertia values in 1985 [14]. The used transformation
matrix from the body-fixed into the earth-fixed reference system is

cOcY sOsOcY — cOsY cDsOcY + sDsW

Cpe = | OV s@sOsV + cDW  cPsOsY — sPcW (27)
—s0 sDcO cDcO
with
1 00
CpeCre' =10 1 0| = Cpe' Cpe (28)
0 0 1
and
C,, = Cp,' (29)

The transformation of the inertia matrix is [14, 21]
J. = CoeJsCoe' (30)
Analogously, it follows the transformation of the mass matrix including added mass [2]:

m, = EbeﬁbEheT (31)

33
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The cross product-operator relation for matrices can be found in the literature [22, 23]:

_ 0o -¥v o
ébe'ébeT =W, = 1/ 0 -—-od| = (Z;ex) (32)
-0 O 0

5.2. Rotation

The rotational equations follow from angular momentum theorem, which is defined in the
inertial reference frame [21, 23]:

L. =T, (33)

Taking the temporal change of the inertia matrix J, into account follows for the moment:

—

dL,
dt

=M, =J,&, +J,@ (34)

The temporal derivative of the inertia matrix is

- - . _ T
Je = CueJuCoe' + CreJ,Cre (35)
Substituting Eq. (35) into Eq. (34) follows:

- - — — - = T\
Me - ]ewe + <Cbe]bcbeT + Cbe]bcbe )we (36)

Using the cross product-operator relation follows the momentum equation in the inertial
reference system:

ME = jeae + d)ejea)e = jeae + (’T)e X (jea;e) (37)

The transformation of Eq. (37) into the body-fixed reference frame is

—

Mb = ebMe > CebJeCebT 'Eeb(«_':’e + Eeb(:)géebT 'EebjefebT : Eebase (38)

@)

It follows with
M, =T, + @,J, 0 = Ty + @ x (Tyeon) (39)

Eq. (39) is identical to Euler’s gyroscope equation, which is defined in the body-fixed system
and corresponds to the Kirchhoff rotation equation (Eq. (24)) if the term v x Pis neglected.

As already mentioned, the integration of the equations in the inertial system results in unstable
behaviour. The floating body makes unpredictable, chaotic movements. It is assumed that the
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instability is a consequence of the numerical inaccuracy as well as the twice integration of the
equations. It was found within the project Mine Hunting 2000 that an additional and opposing
transformation stabilises the simulation for longer time [6]. Due to the missing inertia value
algorithm at that time, it could not be explained why. The authors assumed a numerical
reason, which cannot be proved. That phenomenon of stabilisation was rebuilt for simulations
of docked CTV at wind turbine tower, compare [24] with [16].

During the presented motion of the free-floating vessel, the changed rotational accelerations
stabilise the system for longer periods (cf. Eq. (40)):

(T)e = Jﬁgbébdt = erb(f)edt (40)

By using the additional transformation in the multibody application described in Ref. [16], the
motions of the vessel on the wind turbine tower were stable at all times.

5.3. Translation

Consequently, the derivation of the translational equations follows the derivation of the rota-
tional equations from the last section. The hydrodynamic added mass force is generally an
external force, which defined the right-hand side of the motion equations. For the derivation of
the motion equations, the hydrodynamic mass is considered as intrinsic property of the free-
floating body, which has to be taken into account for every accelerated marine system. Analo-
gously, as for the rotational inertia matrix, the mass matrix of a rotating body changes. This
temporal change is equal to zero in case of pure translation.

The momentum theorem is defined in the inertial reference system:

=l

. =M, 0, (41)

The force is the temporal derivative of the momentum:

—

dP,
dt

— F, =M, 0, + M, 0, (42)

With the transformation matrix Cp,, the transformation of the mass matrix into the inertial
system follows:

m, = Cym,Cp.' (43)
The other direction is

m, = Cp, ' m,Cp, (44)
The temporal derivative of the mass matrix is

. - __ _ -1
ﬁe = CbeﬁbcbeT + Cbemhcbe (45)
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By substituting Eq. (43) into Eq. (45) follows
m, = CyCpe M, + M,CpoChe. (46)
and by using the cross product-operator relation
m, = @m, + m,(-@,) (47)

Substituting Eq. (47) into Eq. (42) results in the translational equation for a floating body in the
inertial reference frame:

_ —> ~ = S — — —> — - — - — —
F,=m,v, + w, (meve) — (mewe) Ve =M, 0V, + W, X (meve) —m,w, X U, (48)

Eq. (48) contains only values of the inertial reference system. Due to change of the orientation
and the non-scalar characteristic of the mass matrix, Eq. (48) contains two additional terms.
These terms disappear for each application where the hydrodynamic added mass is not consid-
ered and the mass is scalar, e.g. in aerospace industries or robotics. In case of pure translation,
these terms are equal to zero too, and the equation results in Newton’s second law.

In the following equation, the transformation of Eq. (48) into the body-fixed reference system is
shown. The relation of the velocity in both systems is

Ve = Cpe0p (49)

In case of simultaneous rotation and translation, the rotation matrix changes. The acceleration
in inertial frame is

Go = Cp 0y + CroTy (50)
(Remark: In case of pure translation, 5.6 = Cbeéh).
By inserting identity matrix, Eq. (28) follows:
To = CuuCpe Cre By + e (51)
This is identical to
e = @,0e + CpoTp = @e X Ve + CpeTp (52)
Substituting Eq. (52) into Eq. (48), the term (ﬁed)e)ze disappears, and Eq. (48) becomes
F. = @.Cp 0y + @, (m5.) (53)

The transformation of Eq. (53) into the body-fixed reference frame is
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Fb = ebFe = EebﬁeEebT : Eebébezb + Eeb(bgéebT ' EebﬁeéebTEebz;e (54)

@]

Replacing the values from inertial system with values from body-fixed system follows:
F, = ﬁbgb + d)bﬁﬁb = ﬁﬁh + (T)b X (ﬁﬁb> (55)

Eq. (55) corresponds to the translational Kirchhoff equation (Eq. (23)) in the body-fixed system.

6. Simulations in body-fixed and inertial reference frame

The following section shows simulation comparisons of a free-floating vessel in both reference
systems. 6DOF motion simulations are performed for various wave conditions. The hydrody-
namic model of the simulation is implemented in MATLAB/Simulink.

6.1. Parameterisation of the ship

The simulated ship is a crew transfer vessel, which is used for the transfer of offshore service
staff in the German Bight. Figure 6 shows a snapshot of the ship’s CAD model. It is a
catamaran hull with a length of L,y = 22.0 m, a breadth of B = 8.3 m and a mass of m = 60 t.
For the simulation, the hydrodynamic parameters like hydrodynamic added masses and
moments of inertia, as well as the potential damping coefficients of the CTV, are required.
They were determined within the project ‘Safe Offshore Operations (SOOP)" using the poten-
tial radiation and diffraction programme WAMIT (cf. [24]). The ship is discretised station-wise

Figure 6. CAD snapshot of the simulated crew transfer vessel.
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to calculate wave-induced forces and moments. The calculated forces are buoyancy and weight
as well as potential damping force.

6.2. 6DOF simulations

The following figures show the comparison of the CTV 6DOF body motions in irregular seas.
The ship is free floating with no initial velocity. Figure 7 shows the simulation results for the
case of head seas and Figure 8 for beam seas. The wind wave parameters are a significant wave
height of Hg = 2.1 m and a peak period of wy = 0.7 rad/s. Swell is neglected.

The figures show from top to bottom the registered wave elevation at the ships centre of gravity,
the x-, y- and z-position as well as the orientation angles @, ® and V. Blue curves are for the
body-fixed reference frame and red curves for simulations in the inertial reference frame.

At the beginning of the presented simulations, the motion behaviour in both reference systems
shows an identical behaviour. In further process, however, an increasing deviation of the ship’s
heading in the inertial reference is registered. The result is a changing encounter angle of ship
and waves. For the case of head seas, the ship begins to move in transverse direction and to
roll. In the beam seas, simulation leads the changed encounter angle in a pitch motion. In total,
it can be seen that the comparison of vertical motions shows an identical behaviour. As already
mentioned, the yaw motion is controlled in case of a driven ship. It is assumed that the motions
in both reference systems are identical in this case. Analysis of yaw motion is the subject of the
present work. It has to be pointed out that the simulations in the inertial reference system were
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Figure 7. Comparison of the ship position and orientation for head seas. Solid line for body-fixed reference frame. Dashed
line for inertial reference frame.
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Figure 8. Comparison of the ship position and orientation for beam seas. Solid line for body-fixed reference frame. Dashed
line for inertial reference frame.

unstable after longer simulation time. Instability occurs abruptly. Intensive analysis of the
instability reason is also the subject of the present work.

7. Proof of energy conservation for rotatory inertia value transformation

Problem: Common practice in calculating rotational motions of rigid bodies applies the so-
called angular velocity transformation between a first integration over time in body-fixed frame
and a second within inertial frame (see [1]). This is contrary to the so-called linear velocity
transformation, which uses the ordinary vector transformation algorithm as applied in our
solution [2], e.g. Euler’s angle transformation. The derivation of the rotation matrix fmt,;m
(Eq. (26)) is carried out by observations and describes the rotation around the three body-
fixed coordinate axes sequentially in time.

In 1995, Blass and Gurevich postulates ‘Matrix Transformation Is Complete for the Average

Case’ [25]:
e — 1
whereby C, describes the ordinary transformation matrix for vector values from coordinate

system b, here body fixed, to the inertial or earth-fixed ones e. Which transformation is correct,
way I in comparison to Eq. (25) or way II regarding Egs. (30) and (49)?
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A — — — .
I: if W, = Crot, pe - W is true; also,

—

M. = Crotpe I (Cro, be) - Crotpe-@p  might be possible being true, but wrong in
our opinion, because |Cyot, 4| # 1 for each © # 0

or II: if w, = EZ - Wy is true, contrary to the above

4

— — A — T — .
M, =C,J,- <Cb> -C, - @y have to be true!
Matrix mathematics cannot give answer, because both assumptions are valid.

Authors expect calculus II as valid due to the correct transformation of the moment vector.

Its correctness may prove only by the general use of one physical principal of conservation. For
that purpose, the energy conservation shall be applied. Therefore, the pure rotating energy
from one mass point of the rigid body (see step 1) has to be compared with the kinetic energy of
same mass point and motion applying continuum physics within FEM methods (see step 2).
Furthermore and in accordance with authors who claim of wrong description of rotatory
kinetic energy within the body-fixed frame, all used rotation speed components are time
derivatives of inertial-fixed Euler’s angles. Within the calculation of step 3, it has to be shown
that all coefficients of both energy equations are equal, otherwise the proof fails.

7.1. Calculation of rotatory kinetic energy of a mass point from a rotating body (step 1)

Vector value transformation based on Eulerian angles I, = (@ @ W) using the well known
transformation matrix, compare with [1] (Eq. (27)). The components C;; of rotation matrix are

Ci Cip Cp3 cOcY sOsOcY — cPsV  cDsOcY + sDs¥V
C,=|Cu Cun Cul|=|cOsV s®sOW + cDW cDsOsW — sDW (57)
C31 C32 C33 —s® sOcO cDcO®

The rotatory inertia value J,, of the mass point calculates

R2+R2 —RR, —RR,
Jom -dm=dm- | =R,R, RZ+RZ —RyR; (58)
—RR. —RyR. R+ Rj

by angular speed
mL=-w=(d & W) (59)
and lever arm R,, = (Ry R, R. )T from the bodies” centre of gravity to the mass point in

body-fixed frame b. By vectorial depiction, the rotatory kinetic energy can be formulated as
follows, e.g. Ginsberg [21]:
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1 - T (= = =b\ —
Evt = 5dm - (T C) - (60)

The first calculation step can be Ef - @, (cf. Eq. (61)):

, Ci1® + Cn O + Cy W
C, @ = | Cip® + C® + C ¥ (61)
Ci3®D + C30 + C33W

e .
Now, J,,, - C, - @, can be estimated:

[ p2 2 . . .
Ry+R; —R«Ry —R:R, Cii® + Cn O + C3 ¥
~RR, RZ+REZ —RyR. | |Cpn®+CpO+CpVW | =

| -RR, —RyR. RE+R| [Cis®+Cn® +Cs¥

[ CuRI® + CuR2D + CuiR;O + CuR2O + CaRjW + C R2V .. T

—C1oRyRy @ — CpRyRyO — CoR Ry W — C13R R, D — C3RR,0 — C33R,R, W (62)

—CiReRy® — CuR(Ry© — C31RyR W + CoRED + CipR2D + CuRZ0...

+CnR2O + CiR2Y + CR2Y — Ci3RyR. D — C3RyR.0 — C3R,R. W

~C11RR,® — Cr1RR,0 — C31RyR, W — CpoRyR,® — CRyR,O — C3oR,R, W ...

| CisR2D + Ci3RID + Co3R2O + R3O + Cx3R2W + CasRoW

In the following equation, the transposed vector from Eq. (61) is multiplied with the vector of
Eq. (62):

—b - T T —b —
(C- @) JanC @ =E1+E2+En (63)

getting three components of a sum E; to Ej:

Ei = CHR;®? + C R2D? + Cyi Cy R2DO + Ciy Cy R2DO + Ciy C ROV ...
+ C11C31 R2ZDY — C11C1oR R, D? — C11CR Ry @O — C11C3oR, R, DV ...
— C1iiCi3RR. D — C11Co3RR, PO — C11CxR R DV + C11CuiR; PO + G5 R26°....
+CCuR2ZDO + C5 RIO% + Cpy C31 R;OW + Cy C51 RZOW — C1aCoReR, DO ...
— C21CnRyR, 0% — Cy1C3R Ry OV — C13Co1RR, PO — Cp1Co3R(R,O7...
— C21C3sR RO + Cpy Cs1 RZDW + Cry Coy RZDW + C C51 RIOW + Cpu C R2OV ..
+ G5 R2V? + G5 R2W? — C1aCatReRy DY — CoCa1 R Ry OV — CapCar RyR, W2
— C13C31 RR, DV — Cp3C31RR,OW — C31C33R R, W
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E; = —C11C12R R, @? — C1oCo1 RyR, DO — C12C31R Ry @Y + C},RZD? + CF,R2D7...
+ C12CR2DO + C1pCpR2DO + C1oCuREZDY + C1oCpR2QW — C12Ci3R, R, 7.
— C12C5RyR, PO — C1C33RyR, DY — C11CoR R, PO — Cr1CooRR,O7....
— CC31RRyOW + C2CpR2DO + C1oCpuR2DO + C3,R20% + C5,R26%....
+ CCxR2OV + CCxR*OW — Ci3CnR R, DO — CCosR,R,O%....
— CC3RyR,OW — C11C3oR R, DY — Cp1C3oR R, O — C31CR R, W2...
+ CipCR2 DV + CipCR2DW 4 CuCpR2OW + CpCR?OW + CLR2W2...
+ CR2W? — C13CRy R, DY — Co3C3oR R, O — C3C33R, R, W2

E3 = —C11Ci3ReR, ®* — C13Co1R R, PO — C13C31R R, DY — C12C13R R, D?...

— C13CnRyR. PO — Ci3C3R, R, OV + CLRED* + CLR2D? + Ci3CuREDO....
+ Ci3CuRIDO + Cr3CaRiPY + Ci3CaaR; PV — C1y CoRR. DO ..

— C21CxR R, 0% — C23C51RyR,OF — C1pCo3RyR, DO — CpnCo3RyR,O7....

— C3CRyR.OW + Ci3Co3RIPO + Ci3CoRIDO + C3,RI0 + C1,R207...

+ Co3CxREOW + Co3CxR;OW — C1y C3ReR. PV — Co C3RR.OW .

— C31C3RRW? — C1pCasRyR, DY — CC33R,R,OW — C3C33R R,V

+ C13CxREDY + Ci3CxRDW + Co3CasRIOW + CosCxsRIOW + CHRIV2...
+ CRW?

Finally, the sum of these components E;, E; and Ej3 has to be multiplied by the factor %2 dm to get
the rotatory kinetic energy. Because that factor is implemented also within the second energy
equation (step 2), the energy components can be summarised and compared directly with Eq. (68).
By sorting all components to the lever arm and rotating speed combinations, we get Eq. (64):

2Erot

= (C3, + C33)R2W? — 2C51 C3R R W? — 2C31 C33RR.W? — 2C3,C33 Ry R V2.
+ (G + C3) ROV + (G5, + C3,)R2W? + 2(CaCa + Ca3C3)RZOV ..
—2(C2C31 + C21C32)RR,, OW — 2(Cy1Ca3 4 Co3C31)RR.OF ...
—2(CCs3 4 C23C32)Ry R, OW +2(Cp3Ca3 + C21C31)R oOv..
+2(CC32 4 C21C31 ) RZOW + 2(C13C33 + C12C2) R2D W ..
—2(C12Ca1 + C11C32)RRy @Y — 2(C11Cs3 + C13C31)R R, DY ...

—2(C12Cs3 + C13C32)Ry R, DY +2(C13Cs3 + C11C31)R OV .. (64)
+2(C12Cxp + C11Ca1 ) RZOY + (C3, + C33)R20% — 2C21C22RnyG)2...
—2C1C3RR. 0% — 2CCosRyR. 0 + (G5 + C33) RO + (G5, + C5,)R2O7...
+2(C13Ca3 + C12C0)R2ZDO — 2(C11Cop + C12Ca1)ReR, DO....

—2(C11Ca3 + C13C21 )RR, DO — 2(C12Cos + C13C0) Ry R, DO....

+2(C11Ca1 + C13C3)R2DO +2(C11Can + C12Co) RZDO + (CF, + Chy ) R2D...
— 2C11CiaRR, ®?. — 2C11 C13R,R, D* — 2C15Ci3Ry R, D% + (CF; + Chy ) R2D?...
+(Ch + CpR2D?
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7.2. Calculation of kinetic energy from a mass point of a pure rotating body (step 2)
The energy can also be calculated by the tangential speed vector, preferably within the inertial
frame (Eq. (65)):
1 — —€ = T — —€ =
Egin = 5dm @0 x (G Ry)| [ x (G R (65)

The cross product can be calculated by a so-called skew operator w, (Eq. (32)). So, it is possible
to calculate the tangential speed vector of the mass point within the inertial frame:

—C21Rxlp — szRylp — C23Rzlp + C31Rx® + C32Ry® + C33RZ®
Van = @, Cy Ry = | CRW + CpRW + CiaRW — C3yR,® — CypR, D — Cs3R.D | (66)
—C11Rx® — C12Ry® — C13RZ® + C21Rx(b + szRy(b + C23Rz(b

From Eq. (66) the square of speed can be calculated (see Eq. (67)):

2E;; - T _
K = Vam - Vam = E4 + Es + Eg (67)

dm

with.

Ey = CRAW? + 2Cy CuRRyW? + 2C1 CosRRW? — 2C1 G R2OV ...
— 2C CioRyRy O — 2C1 C33R R.OW + C3,R2W? + 2CnCosRy R V2.
— 2CC31RR,OW — 2CCxR;0W — 2CCs3RyR.OW + C33RIW7...
—2C53C31 Ry R, O — 2C23C3R R, OW — 2C55C33 ROV + C5 R267....
+2C31C3RRy O + 2C51C33R R, 0 + C3,R; 0% + 2C3C33R,R.0% + C3,R207

Es = C}R2¥? + 2C11C1oR R, W2 + 2C11 C13RyR, W2 — 2C11 G RZDY ...
—2C11CioRRy @Y — 2C1y C33ReR. DY + C,R3W? + 2C15Ci3Ry RV, ..
—2C13C31 R Ry DY — 2C1pCREPW — 2C1,Ca3RyR. DY + C,RZV2...
—2C13C31 Ry R, W — 2C13C3R R, DV — 2C13C33R2DY + C3R2D2...
+2C31C3oR Ry ®* + 2C31 C33R R, D? + cngjcbz +2C3C3Ry R, D? + C3,R2D?

E¢ = C1;R20% + 2C11C1oRR, O + 2Cy11 C13R R, 0% — 2C11Co1 R2DO...
—2C11CuRRy PO — 2C11 Co3R R PO + CT,R; 0% + 2C1oC13R, R 67....
—2C1CnRRy PO — 2C1,CuR; PO — 2C15Co3Ry R, PO + C3R207...
—2C13C21 RyR, DO — 2C13CnRyR, DO — 2C13Co3R2ZDO + C3,R2ZD?...
+2C21CR Ry D + 2C31 Co3ReR. D + C3,R2D? + 2Cp Cos Ry R, @ + C53R2 D
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Summarising E4, Es and Eg, follows Eq. (68).

2Ekin

i = (C%l + Cgl)Rilpz + 2(C11C12 + C21C22)Rnyl[72 + 2(C11 Ciz + C21C23)RXRZLI./2...

+2(C12Ci3 + CpaCo3)RyRW? + (CF, + C3,)RIW? + (Cl; + Co) R2W2...
—2C51C31R2OW — 2(Cp1Cap + CoCa1)RyRy OW — 2(Co1Cas + C23C31)RR, OV ...
— 2(CCs3 + C23C22)RyR.OW — 2CCpR2OW — 2Cp3C3RZOW — 2C11 Coy RI DV ..
—2(C11Cx2 + C12Ca1)RRy @V — 2(C11Ca3 + C13C31)RyR. DV ...
—2(C12Cs3 + C13Ca2)RyR, OV — 2C15CpR PV — 2C13C3RZDY + (Cf, + C3;)R2O7...
+2(C11Cr2 + C31C32)Rny@2 +2(C11Ci3 + C31C33) R, R, O7...
+2(C12C13 + C2C33)RyR: 0% + (C, + C3, ) R2O? + (Chy + C3,) R2O7...
—2C11CyR2DO — 2(C11Cop + C12Ca1)ReRy DO — 2(Cy1Cas + C13C1 )RyR, DO...
—2(C12Cs + C13Co)RyR, PO — 2C12CpRIDO — 2C13CR2DO + (G5, + G5, ) RED?..
+2(C21Ca2 + C31Ca2) R Ry D? + 2(Cy1 Cas + C31Ca3) Ry R, D?...
+2(CCos + C2Ci3)Ry R, D? + (G5, + C3, ) RED? + (C35 + C35) R2D?

(68)

7.3. Comparison of the coefficients from both energy calculations for the mass point of
pure rotating body (step 3)

To show that energy is identical in both approaches (step 1 and step 2), the coefficients of all 36
combinations of lever arms and angular velocities are compared individually with each other in
step 3. The coefficients of the rotation energy (cf. Eq. (64)) of step 1 can be found on the left-hand
side and the coefficients of kinetic energy (cf. Eq. (68)) of step2 on the right-hand side. As
described previously, the condition of identical energy is only proved, if all coefficients ar equal.
Ch + G5 = Ch + G
R2W?: D20 4 DO = 2O + 2 Os?W (69)
0 = %O
—2C31Cs2 = 2(C11Cr2 + Ca1Ca2)
., SOcOsD = sPsOOY — cPcOsYY + sDsOcOs™ W ...
RyR, W~ (70)
+ cDcOsYcYV
sOcOsD = sPsOcO

—2C31C33 = 2(C11C13 + C1Cx3)
) sOcOCD = (WsWeBOsD + *WeOsOcD — sWcWeOsD. ..
R.R, W2, (71)
+ $2WeOsOcD

sOcOcD = cOsOcD
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—2C3C33 = 2(C12C13 + C22C3)

—?OsDcD = —*WVeDsD — sWcW P DsO + sWeWs? DsO. ..

+ AW OsOcD — PWeDsD + sWeW P DsO...

R,R, V.
— sWUeW S DsO + s Ws?OsDced

=—1-cPsD + s*>OsPcD
—?OsDcD = —2OsDcD

Ch+Ch=ChL+Ch

20 + POD = PV D — 2sWeWsOcDsD + *Ws?Os> ...

- + PV D + 2sWeWsOsPeD + 5> Ps*Os* W
R2W?,
! = 2P+ 20820 = AP -1 + 202D

= 2DPO + DO + 52O - 1 — $2OFD
SO + POPD = D3O + 2O

Co 4+ G =Ciy + G

20 + 202D = WD + 2sWeWsOsDeD + PWs?OPD. ..

- + YD — 2sWeWsOsDeD + s> Os* WA D
R*W?,

Z

= D+ 2OPD = D -1+ 2OD
= DO + > Ds?O + 20 - 1 — ?Os*D

O + 2OLD = D3O + 2O

2(CCsp + Cp3Cs3) = —2C1Cx
RZOV, (WeO@sDc®D + sWsOcOs* D — cWe@sDed. + sWsOcOAD = sWeOsO
sWsOc® = sWcBsE

RyR,OW. — 2(CCs1 + C21Cs2) = —2(Co1Cxz + C22C31)
RyR.OW, — 2(Cy1Ca3 + C23Ca1) = —2(Ca1Caz + C23Ca1)
RyR,OW. — 2(CCs3 + Co3C32) = —2(C22Cs3 + C23Ca2)

2(Co3Cs3 + C21C31) = —2C2Cs

—cWeOsDcD + sWsOcOD — sWsOcO = —cWeOcDsD — sWeOsOs> D

Ri@lj/:
sWsOcO (1 — O — 1) = —sWeOsOs> D

—sWcOsOs* D = —sWeOsOs> D

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)
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2(CpCsp + C21C31) = —2Cx3C33
. CWeOsDeD + sWsOcOs* D — sWsOcO = WeOsDedD — sWsOcO D

ROV,
sWsOcO(1 — D — 1) = —sWeO®sO D
—sWeOsOD = —sWeOsOP D
2(C13Cs3 + C12C32) = —2C11C3
RZQY

X

. [ sWecBsDcD + cVsOcOPD — sWeOsDcD...
: +cWsOcOs2D

) = cYcOsO

c¥sOcO = cVcOsO
RyR, @V, — 2(C12C31 + C11Ca2) = —2(C11Cx2 + C12Ca1)
RR,®W. — 2(C11Cs3 + C13C31) = —2(C11Cs3 + C13C31)
RyR.®Y, — 2(C12Cs3 + C13C32) = —2(C12C33 + C13Ca2)

2(C13Cs3 + C11GCa1) = —2C12Cx
) sWeOsDcD + cWsOcOD — cWeBsO = sWeOsDc®D — cWsOcOs> D
RV,
Y cWsOcO(1 — s*D — 1) = —cWsOcOs* D

—cWsOcO>D = —cWsOcOs> D

2(C12Cx + C11C31) = —2C13Cs3

—sWeOsDcD + (WsOcOs*D — cWeOsO = —sWe@sDcd — cWsOcO D

RZDV.
cWsOcO(1 — D — 1) = —cWsOcOD
—cWsOcOPD = —cWsOcO D
Co + Gy = Cy + G5
AYAERD + 2sVcWsOsOc®D + s2Ds2Os* Y. .. I )
=V O®+s50
+A2YS2D — 2sWeWsOsDeD + s2Os2W 2D
R%20? : AV + 2O2Y =

X

AV 145202y =
AWVs?0 + AAW*O + 20 - 1 — s?OPY =
AVAEO + 820 = FVAEO + 520
—2C21Cop = 2(C11C12 + C31C32)

R:R,©
Y —s"WeOsOsP = (1 — s*W — 1)sOcOsD

—*VeOsOsD = —s>WsOcOsD

- —sWeWeOcD — s*WeOsOsD = —cWsWeOcD + *WsOcOsD — sOcOsD

(80)

(81)

(82)
(83)

(84)

(85)

(86)

(87)

(88)
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—2C21Ca3 = 2(C11Cy3 + C31Cs33)
o sWeWeOsD — s> WsOcOcD = sWeWeOsD + > WeOsOcD — sOcOcD
R.R.6? , i (89)
—s°WsO0cOcD = (1 — s*¥ — 1)sOcOcD

—PWsOcOcD = —s>WsOcOcdD

—2CpCo3 = 2(C12C13 + C32C33)
— SPWsDe® — sWeWsOAD. ..

2WsPcD — sWcWsO?D...
( WsDcD — sWcWsOc + sWeWsOs2D + AWs2OsDed. ..

+sWcWsOs? D — s2Ws? @s@c@

+ ?OsPcD
R,R.O” CWeed — LYLOsPed — < - S‘?I/scbccb + PWs*OsDcD. .. > ©0)
+c“OsOcD
sOcO (VW — s°Vs*0) = s@cD(—s*¥ + *Ws*O + ¢*0)
AV — WO = —s*W 4 PWs?0 + 20
1—5s*W —5%0 + *Vs’0 =
"W + 20 + V0 = —s*V + WO + PO
G+ Gy =ChL + G,
SWA0O + AW, .. S
2SO DeD.... | — <S Wf @2_ 225%%?5?@“)
L RULORD +c"Ws°Os D + c"Os~ D
SW*O + WSO, SPVED + AWs*Os°D...

R2O?, ( + s*Ws*OP P ) B < + 202D > 91)
SYEO -1+V-1-50... SV 10+ VSO D....
(+52W52@c2<1) ) - < +1.20820 )
WO Py + PW PO Ds... SV O D5 + SV O D, ...

+ VSO Dy + PYAEOSPDy... | = | + AWSPOP D5 + PV PO Dy
+ s2Ws?Oc? D5 + WO Dy
Cr+Ch=Ch+C3
SWO 4 AV AED. .. sSPWs* D 4 2sWeWs@sDced. ..
< + 25sWcWs@sDcd + 52W52652®> - < + AVsOPD + O D >
SYAEO + VD + Vs 05° P = "W D + Vs> Oc* O + > O D
R?©2, SV -1+V-1-3... SV 180+ Vs OCD. . (92)
(+52Wsz@sz® ) - ( +1-20cP )
SYEOSD; + WO D, ... SWs*Os* D5 + "W Os* Py ...
+ AWLOADs + VPO Dy... | = | + PWLPOPD; + PV PO D,...

+ S*Ws?Os* s + VPO D,
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2(C13Ca3 + C12Cx2) = —2C11Cx
R2DO, ( —sVWS2D + 2Ws@s DD — 2WsO@s DD + sWcWs? O D...

= —WsW*O
—sVeW D — s*WsOsDcD + *WsOsDe® + sWcWs?Os* @ >

—sWWs* D + sWWs* O D — sWeW P D + sWcWs?Os> P =
—sVeV + sWcWs*0 =
WY (-1+1-c%0) =

—sWeWrO = —cWsW O

93)

RnyCbQ; —2(C11Con + C12Cy1) = —2(C11Cx + C12Cx1) (94)
RR,®O. — 2(C11Ca3 + C13Ca1) = —2(C11Co3 + C13Ca1) (95)
RyRZ(bé; — 2(C12C23 -+ C13C22) = —2(C12C23 + C13C22) (96)

2(C11Cx + C3Cp3) = —2C12Co2
WsW 2O — sWeWs* D + s> WsOsDc ... SWeW D + s2WsOsDcD. ..
( — WsOsPe® + sWYcWs* Oc* D ) ( — Y505 — s%qfsz@szqs>
WsW O — sWeWs* D + sWeWs*Oc? D = sWeW > D — sWeWs*Os> P
Ri(b@: sWeY (PO — s*D + s*Oc* D) = sWeW (PP — s°Os>D) o)

0 — D + 5202 D = D — s*Os* D
1-5°0 —1+0 +5°0°) =
O +50(~1+ D) =
CO+2O(-1+1- D) =

AP - 5?0*P = > D — *O° D

2(C11Ca1 + C12C22) = —2C13Cxs
SO — sWeW A o. ..
RO, | —PWOsDcD + AWsOsDcd... | =

( SWeWs2 D — s2Ws@sDcD. .. )
+ sWcWs?Os? D

+2WsOsDcD — sWeWs2Oc D

WV 2O — sWeW D + sWeWs?Os? D = sWeWs* D — sWeWs>Oc @
sYeY (PO — D + §205° D) = sV (5D — s°Oc* D)

20 — 2D + 2OSLD = D — $2OFD

1—-520 —1+s2D +s*0s*D =
(98)

SO +5°0(-1+50D) =
D + sz@(—l +1-— cde) =

PO — 0D = D — OCD
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Ch + Cly = G + G5

SO — 2sWeWsOsDedD
+ AVSLOD + PV D. .. =PV PO + %0

+ 2sWcWsOs DD + *Ws*Oc* D

ok SPYVAED + AVLOLPD + Vs D. ..
R2G?, (99)

+ PWs?OP D
SV 4 WO =
SV -1+ (1-sW)s’0 =
SV + WO 4 570 — *Ws?O =

SPYPO + 520 = W3O + 520

—2C11C12 = 2(C1Cop + C31C3p)
 SWeWeOcD — PWe@sOsD = cWsWeOcD + s*WsOcOsD — sOcOsD
R(R, D, (100)
—WeOsOsD = (1 — V¥ — 1)sOcOsP

—?WeOsOsD = —*WsOcOsD

—2C11C13 = 2(C21Co3 + C31C33)
 —sWeWeOsD — PWsOcOcD = —sWeWeOsD + s>WsOcOcD — sOcOcD
R R, D% (101)
—?WeOsOcD = (1- AV — 1)sOcOc®

—PWeOsOcD = —PWsOcOcD

—2C12C13 = 2(C22C23 + C32C33)

— PYsDcD + sWcWsOPD. ..
S2WsDce®D + sWeWsOc2O. ..
= | — sWUcWsOs*D + *Ws?OsDc ...
—sWcWs@s2D — W s2@sDcd
+ P OsDcD

R,R,D?. (102)

sOcD (W — *Ws?0) = sPcd(—V + s*Ws*O + ¢*0O)
SV — WO = —*W + s*Ws*O + 20
= 1+ 5V +5°Ws?O + 1 —5°0
=5V +5°0(1 -V —1)
SY — WO = 2V — 2O
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Ch+Ch=Ch+C5,
VO + WL, .. AVAED + 2sWcWsOsDcD. ..

+ 2sWeWs@OsDced + AW O D + S2Ws2Os2D + 2D
AVAEO + PV D + WSO D = PP D + s*Ws?Os* D + > Os* D

R2@?, AVAEO 1+ W - 1-82D... AV 12D + LWLO2D. . (103)
+ W20 D 1 +1-20s*D
AW OSD, + AWAOCD,. .. VSO D5 + VO3 D,...
+ WO Dy + SPWAPO Dy | = | + SPWs?Os2 Dy + PV Os* Dy...
+ Vs O D5 + VP05’ Py

2 2 2 2
Ch +Ch =G+ G55

YO + 2. .. Vs D — 2sWeWsOsDcD. ..
)i — 2sWcWsOsDcD + >Ws>Os* D + YO D + OPD
RZ@~.

: AVAEO + SPVARD + AVSO8PD = AV D + PV O D + 2O D

YO -1+°Y-1-320... Y 12D + PWs?O*D. ..

+ PV Os* D +1-26020
YO D, + AYAEOD,... AYs?Os*Os + AV PO Dy ..
+ 2O D3 + SPW PO Dy... | = | +2WsPOP D3 + s* WO Dy (104)
+ Vs’ Os> D5 + VPO D,

The previous calculation demonstrated the validity of Eq. (35).

8. Conclusion

This work presents the method of inertial value transformation for maritime applications.
Firstly, an introduction in irregular seas and an overview of ships degrees of freedom are
given. In the following section, the traditional Kirchhoff motion equations in the body-fixed
reference frame are introduced, which represent a hydrodynamic affected Eulerian gyro tied
up a Newtonian body within the body-fixed view. The formal derivation of motion equations
of a free-floating body in inertial coordinate system is presented in the main part. It is shown
that the transformation of the equations into the body-fixed system leads to the well-known
Kirchhoff motion equations. 6DOF simulations for a crew transfer vessel in head seas and
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beam seas illustrate the comparison of motions in both reference systems. It is mentioned that
temporal integration of the motion equations in inertial system leads to unstable and chaotic
motions of the ship. Rebuilding the Eulerian gyro at first within the project SOOP [6], Korte
et al. [24] by introducing an additional and opposite directed transformation of the rotational
accelerations, the present work shows their general applicability and necessity for free-moving
bodies (6DOF) within inertial frame. By its consequent use, the motion behaviour of the ship
can be stabilised over longer periods. A proof presents the energy conservation of inertia value
transformation for a rotating body. Finally, the contribution has shown a failure in common
motion calculation practice for vehicles.

The intention of motion equations in inertial reference system is the simulation of mechanically
coupled multibody systems in seas. To analyse the interaction effects, the forces and moments of
all included bodies have to be defined in the same reference system. This requires a transforma-
tion of the motion equations that can be realised with the presented method of inertia value
transformation. For a multibody system, a CTV is fixed at the bow to an offshore wind turbine
tower and can make ideal rotations; the method including the additional transformation leads to
a stable system. The scenario describes the interaction of a fixed and a floating body. Further
investigations in the field of multibody dynamics are planned for the future. A scenario of two
ships, which are mechanically coupled in tandem and rotate ideally, is developed currently. The
challenge in comparison to the first multibody system is the interaction of two floating bodies.
Other applications of the method, which are planned in further work of the authors, are simula-
tions of offshore crane processes or 3D simulations of a ROV, which is coupled to a mother ship
via umbilical. For the parameterisation of controllers, the question of the real-time application is
still in focus of research.
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