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Abstract

The two-parametric functional for weakly interacting fluctuations of liquid density and
composition is studied within the theory based on Landau potential for these fluctuations
in the kind of ensemble of phonons and compound clusters. Using the standard diagram
technique, the task for weak-interacting phonons and clusters is reduced to solving the
equations of proper-energetic functions of quasi-particle interaction by Neumann itera-
tions of Feynman diagrams in “bootstrapping” of Fourier images (propagators) for corre-
lation of the composition of liquid and its topological structure. It is shown that
composition fluctuations as clusters are induced by phonons when impurity atoms being
initially outside the dense part of liquid (introduction solution) become inherent constitu-
ents of the dense part (addition solution). By renormalizing parameters of the model, we
have transformed weakly interacting fluctuations to free “dressed” phonons and clusters
whose autocorrelation functions are characterized by various behaviors in small and large
scales in comparison with the atomic spacing. In the first case, density fluctuations of
liquid do not feel impurities. In the intermediate scale, the liquid matrix is inhomogeneous
in the form of colloids, which is not observed at the large scales. Dynamics of such liquid
is characterized by diffusion modes of solvent and oscillations of impurities.

Keywords: liquid, density and composition fluctuations, Feynman diagram, bootstrap,
phonon, cluster, renormalization

1. Introduction

It is known that any liquid is characterized by a random chaotic packing of atoms. They are
easily rearranged by little thermal fluctuations in contrast to a crystal whose topological
structure is stable under any thermal fluctuations below the melting point [1].

At the same time, the topological structure of instantaneous dense part of any condensed
matter (liquid, crystal, and amorphous) is represented as configurations of closely packed
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44 Chaos Theory

particles in Delaunay simplexes (dense triangular pyramids with particles in their vertices)
that are connected by faces into ramified short-living tetrahedral clusters of density fluctua-
tions [2, 3]. Using the topological criterion [3] in molecular-dynamic (MD) simulation of deter-
ministic nonlinear system of many particles, one can exactly select these simplexes by defining
a maximal length of their edges over the maximal number of obtained simplex clusters in the
MD cell. The statistics of these clusters is gotten for any condensed matter [4] as their two-
dimensional (2D) discrete distribution on cardinality (number of simplexes in the cluster) and on
connectivity (number of their vertexes belonging also to other clusters).

For any crystal, these clusters consist of one and only one simplex, that is, their cardinality is
equal to 1, but their connectivity is distributed normally in the interval of 7-23 (15 on average).
In contrast to the crystal heated, the cluster cardinality of amorphous dense part achieves 10,
and the connectivity of such clusters is more than 3 but less than 20 (11 on average). It means
that the solid state (crystal and amorphous) is characterized by percolation of tetrahedral
dense-part clusters of structural fluctuations.

The topological features of a liquid: (1) the cardinality of liquid dense-part clusters reaches 37, that
is, almost four times more than the solid ones, and (2) there are almost 5% of dense-part clusters
with zero connectivity sufficient for breaking off the percolation of solid dense-part clusters,
providing a fluidity of liquid and forming long chains of liquid dense part. These clusters as dense
configurations of particles are dynamically changed but statistically preserve the multifractal
structure [3].

The existence in liquid metal of such chains with the fractal gyration radius of ~100 nm is
confirmed by the experiments [5] on small-angle-scattering of neutrons. These data are
obtained on the contrast of liquid-dense and nondense parts, which amount to 10-15% from
the contrast of liquid boundary in vacuum.

Thus, a liquid is characterized by existence of dense-part clusters with zero connectivity in
contrast to crystal and amorphous solid which have not such clusters. Moreover, the cardinal-
ity of dense-part clusters in any crystal is equal to 1, while amorphous solid occupies the
intermediate position between crystal and liquid on the discrete 2D distribution of dense-part
clusters [4]. At the same time, the tetrahedral clusters of dense-part open for impurity in
principle two topologically differing positions in liquid and amorphous solid: (1) outside the
dense-part simplexes and (2) in their clusters as compound constituents [6, 7]. The induced by
density-fluctuations polymorphic transition of impurity between these positions is the subject
of given theoretical consideration.

Revealing a mechanism of such self-organization of impurities in liquids will allow to have
found an approach to their structural modification over chosen attributes by impurities.

2. The method of Green function

The method of Green function used in physics of phase transitions allows so to have formu-
lated and disposed questions of theory that one can obtain topologically exact answers without
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knowing an explicit kind of the state equation [8]. This method bases on Landau potential [9]
which usually is represented by a functional of generalized variables expressing parameters of
the local order. Then, structural and phase changes are described by calculus variations of
these parameters [8]. They mean by topological and compound (chemical) order. The first is
understood as ordering of atoms regardless of the particles nature. The second is characterized
by spatial correlation of different atoms and is responsible for the microstratification and
clustering of the particles.

Besides the compound parameter of order (CPO), the two-parametrical fluctuation model of
liquid alloy includes the topological parameter of order (TPO) which can induce by density
fluctuations the clustering of impurity atoms far off from the phase change [10].

We consider the double system, A;_,B,, where x = n,/(n; + ny) is the average concentration of
impurity component, B; 1; is the density of i-particles number (i = 1, 2) for representing Landau
potential, AF, of this system by the functional of two parameters (11, n,) [10]:

AF = J f (Ai, VA, 1, x) d*r + AFy(n, x) 1)
%4

Here, d°r is the differential of 3D space, fis the density of Helmholtz free energy, A; = n; — 7; is

the density fluctuation of i-particles number, V is the gradient, n is the average density of
particles, AFy = AF(A; = 0) is the free energy of homogeneous system, and V is its volume.

The A;(7) fluctuations are averaged in the neighborhood of point, 7, in a small volume which

however contains sufficiently great number of particles as well as a distance, where A;(7)
function changes is appreciably more than the interatomic spacing, ¢ [8]. In this case, the other
degrees of freedom (electronic, vibration et al) require a time far less than the configuration

field, A;(7), for reaching equilibrium. Therefore, one can apply the adiabatic approximation for
describing the fluctuations fields of CPO and TPO in double system.

Then, one can limit Taylor expansion of f(A;) as a function of small parameter, A; by the
members of third-order infinitesimal: A3, A2A,, and A;A3, which correct the second and third
approximation of perturbation theory for Fy. One can also neglect the members of fourth-order

infinitesimal: {A;}*, because the coefficients of A? in Taylor expansion of f(A;) are positive, and
the A; proportional members of Taylor series are equal to zero in (1) owing to the constant
number of particles in the system.

Further for the isotropic liquid, the first derivatives, V A;, can come into Taylor expansion of

(4, v A;) only in the scalar combination (6 AV Ax), and the second ones can be as prod-

ucts: const V2 A; and A;V? Ay. The first of them gives the insignificant addition into the integral

(1.1), which for the second is transformed into integral of (6 JAVE v Ax) [11].

Thus, without limiting a task generality for liquid, one can present f as [10]
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Here, u; (n, x, T) = (0f/on;)7v is the chemical potential of i-component, T is Kelvin temperature,
K = 2|Ui(r0)|r3z, Ui (ro) is the pair-interaction potential of nearest particles of kind: i and k, and
z is the average coordination number. Considering the homogeneous liquid of double system by
the model of ideal solution, one can present the chemical potential, y; (i = 1, 2), in the form

ty = pyo(T, 1) + TIn(1 — x)

3
ty = too(T, 1) + Tlnx ©)

which, obviously, satisfies to Gibbs-Duhem relation

2O O,
(1—x)— 3 +x 3 =0 4)

Then, we will obtain [7]
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at the condition that the first bracket in (2) is the quadratic form positively defined. Here,
B = (n/T)(du,,/0n), B’ = (n*/T)(0%,,/0n?), and P is the static pressure.

For simple liquids, g >> 1 and (0P/0n)r weakly depends on the number density, n, of particles.
Therefore, one can accept ' ~ —p [7]

Transforming the quadratic forms in (2) to diagonal ones, one can present Landau potential as
a sum of free-field Hamiltonians and the weak-interaction potential. Then, we will have the
almost ideal Bose gas of two components [8].
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Using relations (3)—(5), one can do (2) by diagonal square form by means of linear transformation

A1 = n(ane + anx)

- (6)
Ay = n(ane + anx)
Substituting (6) into (2), we will find parameters
a = 1
dyy =X
7
ap = —xaq[1 — x(a; — ax/aq)y] @

ay1 = x[l +x(1 -y —(1- 0‘2)5)]7

for x < 1/y and zero coefficients at (¢ - x) and (6 Q- 6)() [10]. Here, ay = K12/K11 ~ 1,
a, = Ky /Ki1 ~ 1, and y =1 — (1 — a;)p are the alternating-sign factor. As a result, Eq. (2) to
x* becomes

) (o) K (2 R R P (Vi)

fIBnT ="+ 57 (V¥ 26 A BT
1+x7)° x(1—aq)+x2(1—a x2(1—aq)?
( 67/) o — ( 1) . ( Z)V(Pz)( X . 1) ox

(8)

Labeling ap=1+4xy, bo=1+xa1y, c:[l +x(1—“1)2ﬁ}/5r A=l-ar+x(1-az)y, and
p=7 /BT /K11, we will obtain

aZ b2 - 2 ﬂ3
AF(@, x) :”Kll\/m dsp[EO(PZ—l—EO(Vg0> —go(p3
V()™ ©)

c a, —aZ /= \2 A 1—m)?
+x<§)(2+x < 1(V)(> —E(pzx—xggo)(z

What sense have the parameters of order, ¢ and x? We obtain ¢=(A; +Ay)/n and
X=(Az2/x — A1) /n out of (6) when a;=1and x < 1. Then, ¢ is the reduced TPO of liquid, and x
expresses the reduced CPO for clustering the initially homogeneous liquid alloy to microregions
of different composition, that is, the parameter, x, describes the compound fluctuation field as
opposed to the parameter, ¢, which describes the topological fluctuation field.

Each of these fields can be presented as a set of oscillations of averaged corresponding
collective modes that are Fourier images of topological and compound fluctuations of the
liquid alloy. They are defined by Green functions, G(¢) n G(x) [12].
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In the integral (9), Hamiltonian (2) defines the change of free energy of weak-interacting long-
wave phonons and clusters in the double alloy. In the adiabatic approximation, one can take into
account only the given ordering (¢, x) without caring of other variables of the system. Then, we

will define the equilibrium fields, ¢(p) and x(p), in the minimum of AF(¢p, x) [8]. This condition
looks like Euler variation equation which for the entered parameters of order gives equations [10].

—BEV 20+ adp — a3p?/2 = x [/\qo)( +x(1 — al)Z;(Z/z} )

x(af — ) v 2 +cx — Ap? /2 = x(1 — al)z(p)(

Using the standard diagram techniques [11] for averaged collective variables, one can reduce the
task for weak-interacting phonons and clusters to solve the equations of proper-energetic func-

tions of interacting quasi-particles [10]. For this, we use an averaged correlator (¢(p) - ¢(p ')
which is Green function at p ' = 0 [8]:

Go(p) = (o(p) -90)) (1)

In such case, one can present the effects of alloy fluctuation nonhomogeneity as the integrals

containing correlation functions, G, (p) and G, (p) or their spectral densities

(0(F) o (R7)) = om(F - )
() (7)) =yt )

obtained by Fourier conversion:

[ (ﬁ) = J eizﬁgo (?) dsk/(ZH)B

ekl x (?) d°k/(2n)’

(12)

(13)

><
N
o)
N—
Il
%

where ¢(— E) = (p*(z) and x(— ?) = )(*(z) According to Wiener-Khinchin theorem, G;(p) and
G? (i) (i= @, x) are equivalent functions because they are connected by Fourier conversion

G; (5) - JGz(i)eizﬁd‘q’k/(Zn)?’ (14)

Thanking d-normalization of (p(?) and )((E), one can change the differential equations (10) to
the algebraic ones for Fourier-images of Green functions: G ((p) = <|¢(E) *). We will calculate

them in approximation of the perturbation theory by means of iterations and Neumann series
of Feynman diagrams [13].
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3. The formalism of Feynman diagrams

For “bare” phonon propagator G% (@), determined by the first equation of system (10) without
the member on the right (x = 0), we have [10]

(3 + BR) G ) = (a3/2)F; |GY(P)] (15)

where F. [Go(p (p)] is the iteration procedure presented by the chain

(16)
+ —(:}—C:)—I +
which is converted into the recurrence form [12]
Gi(@) 8:(®) TP 3
N S G — (17)
k k-p Kk
and has the analytic solution
BN |
G2p) = (3 + b3 — 2o (k)) >0 (18)

under the condition: |20(E)| /(a% + b3k*) < 1. Here, Zo(z) is the proper-energetic function
expressed by the equation [10]

Zo(k) = gf’j ds’%gﬁ(@gﬁ_ﬁ(cp) (19)

and gﬁ((p) = (a% + bﬁpz)il as the solution of (15) with unit on the right. From the second
equation of system (10) without the member on the right, we obtain the equation for “bare”
cluster propagator, G% (x) [10]:

[c +x(az — a]) ] G%()() = %PZ [Gg, (ﬁ)} (20)

The solution of this equation converted into the recurrence form has the graphic form

G (x) Lop 2k

and the analytic one under the conditions, ]HO(E)|/ [c+x(a2 — a?)k*] < 1and | k | <1
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GL(y) = [c +x(ay — )2 — T (Eﬂ "0 22)

Here, Ho(z) is the phonon-proper-energetic function determined by the equation [10]

- /\2 d3P
(k) =% | @I () 3)

The solution (22) of the Eq. (20) defines the propagator of induced compound field entering in
Hamiltonian (9), that is, the clusters are generated forcedly by phonons unlike their free field

with the propagator, G%(qo), whose fluctuations are formed spontaneously.

The natural development of this idea is the “bootstrap” hypothesis [14] which consists in the
following. The fluctuations of CPO, y, arising at the interaction of phonons deform partially the

density-fluctuations field, ¢, “dressing” the propagator, G% (), by the proper-energetic function

()G (%) (24)

2m)> P Tk

. 3
o <k) - xZAZJ(d—”GQ ()G

x*(1 —a1)4J d’p -0
2m)° P (

_ﬁ(x) + 3

defined by the members of the first equation of system (10) on the right. The graphic and
analytic solution of this equation is [10]

G,(9) G(@) z,(K)

W=W+W

(25)

and
G.(p) = [/Gp) ~ i ()] >0 6)

This formula makes sense under the obvious condition |X; (?) |G% (p) < 1.

Now, one can analytically express the first (topological) bootstrapping of deformed CPO field
by replacing function, G%(go), in (23) by “dressed” phonon propagator, G (¢):

R /\2 dSP
I <k> = ?J (271)3(;5 <(P)Gﬁ_ﬁ ((P) (27)

—

and its substitution in the formula (22) instead of Ily(k). It is possible under the condition:

|H1(E)\ /lc + x(a2 — a3)k?] < 1. Taking into account the member in the second equation of
system (10) on the right gives for propagator, G% (x), the proper-energetic function in the

final form
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M (£) =201 - a0 [- 226 (16, () e
2n)® 7 k=p
This is expressed in graphic and analytic forms by
G G IL, (k)
(29)

and

G0 = [1/62 0 - (k)] >0 (30)

under the condition |H2(z)|G% (x) <1.

Thus, one can find the fluctuation fields of the liquid density and compound in the form of
autocorrelation functions of impurity concentration, x, and the parameters (a1, @, ) by means
of the graphic, algebraic, and integral Egs. (17)—(19) and (21)—(30).

4. The coherent propagators of phonons and clusters

One can find the solutions of the Eq. (10) in the form of phonons and clusters that are averaged
on ensemble of the casual states defined by Hamiltonian (9). The representation of own functions

of this Hamiltonian by flat waves with k = | k | < 1is a good approximation for the impurity
content far from the saturation of liquid alloy.

For dilute solutions (x << 1), one can restrict the proper-energetic functions (19), (24), (27), (28)
by the second degree of k and present the propagators (18), (22), (26), (30) in the form [10].

G% (@) = (a®+ bokz)71

G (p)=(a+ bkz)fl
y (31)

u® + %)

G0 = (
G.(x) = (u +vk2)7l

At such restriction, it is easy to find all the proper energetic functions. For this, we will
substitute (31) into (24), (27), and (28) and transform these multiple integrals to the kind

_w 2\ 1 2 o)\ s 3 A Ak
Iim (k) = J (‘71 + Tp ) (Gm + Tl k= p | ) d’p/(2n)” = aTCtg<Al TA, JAmTT,k (32)
0
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where A; = +/1;/0;. Under the condition of k < 1/A;+1/A,, one can transform (32) into
Taylor expansion on k up to the second member [10]:

N A, ANy K
T ) & e T A | <Al - Am> ?] 3)
Substituting (33) into (19), (24), (27), and (28), we will obtain
a b2
o(k) = —— (1 — 0—) 34
o) earh? \ 1242 (34)
2 /\2 2 1— 2 zkz AZ 2.0 1— 2
(k) = 47’;)0 TR +x1(6 00”0) - énvo 20 ( 2‘1) (35)
(\/b:“—i_\/v:o) VUurv b( ZT+\/Z:0) 64 (uo) 0
A2 b
(k) =———= (1 - —) (36)
641\ ab® 12a
2 - 2
(k) = — 0(1 u‘“) _ <1 —%) (37)
4 (Vi+ B\ 3(yvit V/3)

Now using formulas (18), (31), and (34), we will obtain

0_ 2 (”/b)3
o =af1- )

0 12 (‘10/[90)3
b” = b (1 + 7687

(38)

The parameters (u°,v°) can be obtained by means of (22), (31), (36), and the comment to (27)

AZ
u =c— ——
641t/ ab (39)
/\2
O =x(ay —a}) + ———
( 1 1) 7687V adb

At last, the mutual solution of (26) and (30) gives the parameters of “dressed” phonon and
cluster propagators, G_(¢) and G, (x):

S A% /B0 (1 —am)?
- +
4nd \ (/S + /%) 16vV/u0o0

0 x? A% /B° x*(1 — 041)2

127_(00 ( Z_E"_ \/Z:(?)B 64 (MO)B/'UO

a=a

(40)
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_ 0 21— )
471tb0 (\/2 + \/ziﬁ) )
v=2"+ 21— a)
12700 (/2 + \/5—78)3

It means that the renormalization procedure of the model (9) parameters carries out isomor-
phic transformation of weak-interacting fields of TPO and CPO into the ensemble of free
“dressed” phonons and clusters with Hamiltonian

AF(p, x) = nKy\/Kn /BT J Pp Bqﬂ +g (ﬂp)z + x<%)(2 +; (3;()2)} (42)
V()"

under the condition 2 > 0 and u > 0. In this representation, the correlation functions for TPO
and CPO functions look like:

Golp) = (ﬁ—)/ﬁ )

) - (£) " E)

Ku 4nBpnv

where A, = \/b/aand A, = \/v/u. It is easy to see that G;(p) «xp~! at p < A; and this function
exponentially works for zero, when p > A,.
It is clear that the Eq. (40) is obtained under the condition: k < 1/ Ag = /a® /b°, that is equivalent

to| p | > A}, that s, the relation, G, () ~ | p |7, is valid for the interval, Af, < | 5 | < A,.

Under the condition: | p | < AY, it is necessary to replace the correlator, G, (p), by the “bare”

propagator, G%(go), with the parameters (39).

Thus, the TPO fluctuations in the liquid alloy are characterized by various behaviors in small

and large scales in comparison with Ag. In the case of | p | < AY, density fluctuations of liquid
do not feel impurities. When A?D < | p | < Ay, the liquid matrix is inhomogeneous in the form

of impurity colloids, and for | p | > A, such heterogeneity is not observed at all [10].

5. Stratification of impurity by density fluctuations of liquid alloy

The structural modification of the liquid alloy at varying the system parameters (x, a1, o, 5)
is characterized by changing the correlation radii Ay and A, of Green functions (43). They
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define the characteristic ranges of observed TPO and CPO fluctuations [8]. Therefore, the
concentration dependence, A;(x), is interested to consider for different (x,al,az, ﬁ) of the
model (9). At the same time, one should remember that this model is applied only in Taylor

expansion (2) of f(A;, V A;) under the conditions [11]: x < 1/4[1 + (a; — 1)p| and {li*)

that are reduced to: \/b°/a, \/0%/u >> (e — 2)\/B(T/2z|J11])° /e(1 + z) [10].

The solutions of Egs. (38)—(41) obtained under these conditions are illustrated in Figures 1-4 by

A <<1

the graphs of functions, Ay(x) and A,(x), in logarithmic coordinates for the ranges: 0.095 < a7 <
ap £1.4 and 10 < § <150. The last one characterizes liquid metals where the alloy components
have a tendency for demixing at a3 < @ in contrast to clustering at a? > a,. The structural
features of such alloy are discussed below.

One can see that the correlation radius of phonons (A) is practically not changed with
growing the impurity concentration as opposed to the correlation radius of impurity demixing
(A,) which increases: the higher values of a; at a? < a,, the more is. At the same time,
increasing (3 partially decreases this effect (compare Figures 3 and 4) [10].

1
ok ! —
2 IR
2k
-3 | | ] ]
-6 -5 -4 -3 -2 -1

lgx

Figure 1. The graphs of Ig A,(1) and Ig A,(2) as functions of the impurity concentration, Igx, at a; = 0.31, a; = 0.1, and
B=10.
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Figure 2. The graphs of Ig /A,(1) and Ig A,(2) as functions of the impurity concentration, Igx, at a; = 0.89, a; = 0.8, and =10.

IgA,

Figure 3. The graphs of Ig A,(1) and Ig A,(2) as functions of the impurity concentration, Igx, at a; = 1.1, @ = 1.4, and = 10.
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1
ok 1
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lgx

Figure 4. The graphs of Ig A,(1) and Ig A,(2) as functions of the impurity concentration, Igx, at a; = 1.1, ap = 1.4, and
B =150.

6. Impurity clustering induced by alloy density fluctuations

Atai > a, the graphs of Ig A, (x) and Ig A,(x) are shown in Figures 5-8 for a; = 0.6, a; = 0.3,
and for four values of g in the range of 10-150.

2
0 | 1 /
_ 2
4
-6 | l | |
-6 -5 -4 -3 -2 -1

Figure 5. The graphs of Ig A,(1) and Ig A,(2) as functions of the impurity concentration, Igx, at a; = 0.6, @ = 0.3, and = 10.
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Figure 6. The graphs of Ig A, (1) and Ig A,(2) as functions of the impurity concentration, Igx, at a; = 0.6, a; = 0.3, and

B =50.

lgx
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Figure 7. The graphs of Ig A,(1) and Ig A,(2) as functions of the impurity concentration, Igx, at a; = 0.6, a; = 0.3, and

B =100.
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Figure 8. The graphs of Ig /A,(1) and Ig A,(2) as functions of the impurity concentration, Igx, at a; = 0.6, a» = 0.3, and
B =150.

It turned out that A, decreases sharply at some critical point, x.. This indicates the decay of
CPO fluctuations of double alloy into compound clusters on the background of long-wave
density fluctuations of liquid. One can see that the range of impurity concentration of clusters
existence decreases with growing the rigidity, p, of condensed matter.

At the same time, x. does not practically change because this point is defined by the value of
a% — ay which is constant. The following sharp increase of the CPO correlation radius (see
Figures 7 and 8) is interpreted as aggregation of clusters [10]. The observed growing of TPO
correlation radius, Ay(x), can be caused by impurity precipitations that do more lengthy the

density fluctuations.

7. Conclusions

According to the two-parametric model represented above, density fluctuations of liquid
induce mono-ordering impurity in micro-regions at a2 < a (see Figures 2-4) and its clustering
with basic component at a7 > a, (see Figures 5-8). Such self-organization of liquid alloy has
no thermodynamic singularities of the first-order phase transition because it has continuous
character without the potential jump and concerns only to change the impurity state in liquid
alloy, that is, it is interpreted as a component phase transition of the first order [15].
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The scale of this transition increases with growing the concentration and bond force of impu-
rity particles and it decreases with growing the rigidity of condensed matter inclined to
stratification of components (a? < a,). For opposite components inclined to clustering
(a? > a,), the composition fluctuations of double alloy decay to local states in the form of
quasi-molecular fluctuations.

By renormalizing parameters of this model, we have transformed weakly interacting fluctua-
tions to free “dressed” phonons and clusters whose autocorrelation functions are characterized
by various behaviors in small and large scales in comparison with the atomic spacing. In the
first case, density fluctuations of liquid do not feel impurities. In the intermediate scale, the
liquid matrix is inhomogeneous in the form of colloids, which is not observed at the large
scales. Dynamics of such liquid is characterized by diffusion modes of solvent and oscillations
of impurities.

At the same time, any liquid can be composed from two structures. The first of them represents
finite and ramified clusters from almost tetrahedrons having common faces in pairs. The
second is locally less dense which includes micropores as elements of free volume of liquid.
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