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Abstract

This paper focuses on the non-fragile guaranteed cost control problem for a class of Takagi-
Sugeno (T-S) fuzzy time-varying delay systems with local bilinear models and different
state and input delays. A non-fragile guaranteed cost state-feedback controller is designed
such that the closed-loop T-S fuzzy local bilinear control system is delay-dependent asymp-
totically stable, and the closed-loop fuzzy system performance is constrained to a certain
upper bound when the additive controller gain perturbations exist. By employing the
linear matrix inequality (LMI) technique, sufficient conditions are established for the
existence of desired non-fragile guaranteed cost controllers. The simulation examples
show that the proposed approach is effective and feasible.

Keywords: fuzzy control, non-fragile guaranteed cost control, delay-dependent, linear
matrix inequality (LMI), T-S fuzzy bilinear model

1. Introduction

In recent years, T-S (Takagi-Sugeno) model-based fuzzy control has attracted wide attention,
essentially because the fuzzy model is an effective and flexible tool for the control of nonlinear
systems [1-8]. Through the application of sector nonlinearity approach, local approximation in
fuzzy partition spaces or other different approximation methods, T-S fuzzy models will be
used to approximate or exactly represent a nonlinear system in a compact set of state variables.
The merit of the model is that the consequent part of a fuzzy rule is a linear dynamic
subsystem, which makes it possible to apply the classical and mature linear systems theory to
nonlinear systems. Further, by using the fuzzy inference method, the overall fuzzy model will
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28 Modern Fuzzy Control Systems and Its Applications

be obtained. A fuzzy controller is designed via the method titled ‘parallel distributed compen-
sation (PDC)’ [3-6], the main idea of which is that for each linear subsystem, the corresponding
linear controller is carried out. Finally, the overall nonlinear controller is obtained via fuzzy
blending of each individual linear controller. Based on the above content, T-S fuzzy model has
been widely studied, and many results have been obtained [1-8]. In practical applications,
time delay often occurs in many dynamic systems such as biological systems, network sys-
tems, etc. It is shown that the existence of delays usually becomes the source of instability and
deteriorating performance of systems [3-8]. In general, when delay-dependent results were
calculated, the emergence of the inner product between two vectors often makes the process of
calculation more complicated. In order to avoid it, some model transformations were utilized
in many papers, unfortunately, which will arouse the generation of an inequality, resulting in
possible conservatism. On the other hand, due to the influence of many factors such as finite
word length, truncation errors in numerical computation and electronic component parameter
change, the parameters of the controller in a certain degree will change, which lead to impre-
cision in controller implementation. In this case, some small perturbations of the controllers’
coefficients will make the designed controllers sensitive, even worse, destabilize the closed-
loop control system [9]. So the problem of non-fragile control has been important issues.
Recently, the research of non-fragile control has been paid much attention, and a series of
productions have been obtained [10-13].

As we know, bilinear models have been widely used in many physical systems, biotechnology,
socioeconomics and dynamical processes in other engineering fields [14, 15]. Bilinear model is
a special nonlinear model, the nonlinear part of which consists of the bilinear function of the
state and input. Compared with a linear model, the bilinear models have two main advan-
tages. One is that the bilinear model can better approximate a nonlinear system. Another is
that because of nonlinearity of it, many real physical processes may be appropriately modeled
as bilinear systems. A famous example of a bilinear system is the population of biological

species, which can be showed by % = Ov. In this equation, v is the birth rate minus death rate,

and 0 denotes the population. Obviously, the equation cannot be approximated by a linear
model [14].

Most of the existing results focus on the stability analysis and synthesis based on T-S fuzzy
model with linear local model. However, when a nonlinear system has of complex nonlinear-
ities, the constructed T-S model will consist of a number of fuzzy local models. This will lead to
very heavy computational burden. According to the advantages of bilinear systems and T-S
fuzzy control, so many researchers paid their attentions to the T-S fuzzy models with bilinear
rule consequence [16-18]. From these papers, it is evident that the T-S fuzzy bilinear model
may be suitable for some classes of nonlinear plants. In Ref. [16], a nonlinear system was
transformed into a bilinear model via Taylor’s series expansion, and the stability of T-S fuzzy
bilinear model was studied. Moreover, the result was stretched into the complex fuzzy system
with state time delay [17]. Ref. [18] presented robust stabilization for a class of discrete-time
fuzzy bilinear system. Very recently, a class of nonlinear systems is described by T-S fuzzy
models with nonlinear local models in Ref. [19], and in this paper, the scholars put forward a
new fuzzy control scheme with local nonlinear feedbacks, the advantage of which over the
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existing methods is that a fewer fuzzy rules and less computational burden. The non-fragile
guaranteed cost controller was designed for a class of T-S discrete-time fuzzy bilinear systems
in Ref. [20]. However, in Refs. [19, 20], the time-delay effects on the system is not considered.
Ref. [17] is only considered the fuzzy system with the delay in the state and the derivatives of

time-delay, d(t) < 1 is required. Refs. [21-23] dealt with the uncertain fuzzy systems with time-
delay in different ways. It should be pointed out that all the aforementioned works did not
take into account the effect of the control input delays on the systems. The results therein are
not applicable to systems with input delay. Recently, some controller design approaches have
been presented for systems with input delay, see [2, 3, 4, 18, 24-32] for fuzzy T-S systems
and [8, 15, 33, 34] for non-fuzzy systems and the references therein. All of these results are
required to know the exact delay values in the implementation. T-S fuzzy stochastic systems
with state time-vary or distributed delays were studied in Refs. [35-39]. The researches of
fractional order T-S fuzzy systems on robust stability, stability analysis about “0 < a <1”, and
decentralized stabilization in multiple time delays were presented in Refs. [40—-42], respec-
tively. For different delay types, the corresponding adaptive fuzzy controls for nonlinear
systems were proposed in Refs. [33, 43, 44]. In Refs. [45, 46], to achieve small control ampli-
tude, a new T-S fuzzy hyperbolic model was developed, moreover, Ref. [46] considered the
input delay of the novel model. In Ref. [25, 47], the problems of observer-based fuzzy control
design for T-S fuzzy systems were concerned.

So far, the problem of non-fragile guaranteed cost control for fuzzy system with local bilinear
model with different time-varying state and input delays has not been discussed.

In this paper, the problem of delay-dependent non-fragile guaranteed cost control is studied
for the fuzzy time-varying delay systems with local bilinear model and different state and
input delays. Based on the PDC scheme, new delay-dependent stabilization conditions for the
closed-loop fuzzy systems are derived. No model transformation is involved in the derivation.
The merit of the proposed conditions lies in its reduced conservatism, which is achieved by
circumventing the utilization of some bounding inequalities for the cross-product between two
vectors as in Ref. [17]. The three main contributions of this paper are the following: (1) a non-
fragile guaranteed cost controller is presented for the fuzzy system with time-varying delay in
both state and input; (2) some free-weighting matrices are introduced in the derivation pro-

cess, where the constraint of the derivatives of time-delay, d(t) < 1 and h(t) < 1, is eliminated;
and (3) the delay-dependent stability conditions for the fuzzy system are described by LMIs.
Finally, simulation examples are given to illustrate the effectiveness of the obtained results.

The paper is organized as follows. Section 2 introduces the fuzzy delay system with local
bilinear model, and non-fragile controller law for such system is designed based on the parallel
distributed compensation approach in Section 3. Results of non-fragile guaranteed cost control
are given in Section 4. Two simulation examples are used to illustrate the effectiveness of the
proposed method in Section 5, which is followed by conclusions in Section 6.

Notation: Throughout this paper, the notation P > 0(P > 0) stands for P being real symmetric
and positive definite (or positive semi-definite). In symmetric block matrices, the asterisk (*)
refers to a term that is induced by symmetry, and diagy....} denotes a block-diagonal matrix.
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30 Modern Fuzzy Control Systems and Its Applications

The superscript T means matrix transposition. The notion 377 j-1 is an abbreviation of
Zle Z]s':r Matrices, if the dimensions are not explicitly stated, are assumed to have compat-

ible dimensions for algebraic operations.

2. System description and assumptions

In this section, we introduce the T-S fuzzy time-delay system with local bilinear model. The ith
rule of the fuzzy system is represented by the following form:

Plant Rule i :

IF 94(t) is F;; and ... and 8,(t) is F;,, THEN ,
x(t) = Aix(t) + Agix(t — d(t)) + Biu(t) + Bpu(t — h(t)) + Nix(t)u(t) + Nagix(t — d(t))u(t — h(t)) M

x(t) =¢(t), te[-1,0],i=12..,5

where Fj; is the fuzzy set, s is the number of fuzzy rules, x(t) € R" is the state vector, and u(t) € R
is the control input, 9;(f), 9a(t),...,9,(f) are the premise variables. It is assumed that the premise
variables do not depend on the input u(t). A;, Agi, Ni, Ngi € R"*", B, B € R™ denote the system
matrices with appropriate dimensions. d(t) is a time-varying differentiable function that satisfies
0 <d(t) < 11, 0 < h(t) < 7, where 14, T, are real positive constants as the upper bound of the time-
varying delay. It is also assumed that d(t) <o1, h(t) <0y, and 04, 0, are known constants. The
initial conditions ¢(f), (f) are continuous functions of , t€ [—7, 0], T = min(7y, 72).

Remark 1: The fuzzy system with time-varying state and input delays will be investigated in
this paper, which is different from the system in Ref. [17]. In Ref. [17], only state time-varying
delay is considered. And also, here, we assume that the derivative of time-varying delay is less
than or equal to a known constant that may be greater than 1; the assumption on time-varying
delay in Ref. [17] is relaxed.

By using singleton fuzzifier, product inferred and weighted defuzzifier, the fuzzy system can
be expressed by the following globe model:

x(t) :i hi(S())[Aix(t) + Agix(t — d(t)) 4 Biu(t) + Buu(t — h(t)) + Nix(t)u(t) )
i=1

+ Nagix(t — d(t))u(t — h(t))]

where

m(3(1) = wi(9(D)/D . @i(d(B), wi(S(H)) = Hj”:l 1 (3(1)), i () is the grade of member-
ship of 9;(t) in Fj;. In this paper, it is assumed that w;(8(t)) 20, Z; L @i(S(t)) > 0 forall £. Then,
we have the following conditions £,;(9(t)) > 0, Z;  hi(3(t)) =1 for all £. In the consequent, we

use abbreviation h;, hy,;, x,4(t), ua(t), x,(t), uy(t), to replace hy(3(t)), h(S(t — h(t))), x(t — d(t)), u(t — d
(1)), x(t — h(t)), u(t — h(t)), respectively, for convenience.
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The objective of this paper is to design a state-feedback non-fragile guaranteed cost control law
for the fuzzy system (2).

3. Non-fragile guaranteed cost controller design

Extending the design concept in Ref. [17], we give the following non-fragile fuzzy control law:
IF 81(t) is F\ and ... and 9,(t) is F,
K; + AK;
ken ) L p(K; + AK))x()

= psin0; = pcos O;(K; + AK)x(t) )
V1 +2T(Ki + AK) (K + AK)x

where p > 0 is a scalar to be assigned, and K; € R”*" is a local controller gain to be determined.
AK; represents the additive controller gain perturbations of the form AK; = H;F,(t)Ey; with
H; and Ej; being known constant matrices, and F -(t) the uncertain parameter matrix

satisfying F;T(t)F;(t)<I.sin0; = ﬂ, cosO; = —2— 0;€[-%,4, Ki=K;+AKi(t) =
\/1+x’K Kx \/1+\'TK Kx

K; + H,‘Fi(t)Eki.

The overall fuzzy control law can be represented by

Zh pKix(t) thsm@ —thCOSQKX() 4)

i=1 Hl—i—xTK Kx i=1 i=1

When there exists an input delay h(t), we have that

= Zhhlp sing, = Zhhlp Cos (plf(lxh(t) <)
=1 =1

K0 cos @, , ¢ €(-2,9, K=K +AK(t—h(t) = K+

L S — P— +
~ T~ 4 ~ T~
1+x§K1 Kx, 1+XEK1 Kx,

where sing, =

HlFl(i' — h(t))Ekl.

So, it is natural and necessary to make an assumption that the functions h; are well defined all ¢
€ [—1,, 0], and satisfy the following properties:

hi(8(t — h(t))) 20, fori=1,2,...,s,and > 7, hi((t — h(t))) = 1.

By substituting Eq. (5) into Eq. (2), the closed-loop system can be given by

S

x(t) = Z hih]'hhl(/lijx(t) + Adijxd(t) + Apixp(t)) (6)
i =1

where

Ajj = Aj + psin O;N; + p cos 0;B; K Ngip = Agi + psin@;Ng;, Apjy = p cos golBhif(l.
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Given positive-definite symmetric matrices S € R"*" and W € R, we take the cost function

] = Jw e (£)Sx(t) 4 uT (H)Wu(t)]dt 7)
0

Definition 1. The fuzzy non-fragile control law u(t) is said to be non-fragile guaranteed cost
if for the system (2), there exist control laws (4) and (5) and a scalar ], such that the closed-
loop system (6) is asymptotically stable and the closed-loop value of the cost function (7)
satisfies | < .

4. Analysis of stability for the closed-loop system

Firstly, the following lemmas are presented which will be used in the paper.

Lemma 1 [20]: Given any matrices M and N with appropriate dimensions such that &€ > 0, we have
M'N+N'M<eM"M+¢ 'NTN.
Lemma 2 [21]: Given constant matrices G, E and a symmetric constant matrix S of appropriate

dimensions. The inequality S + GFE + E'F'G" < 0 holds, where F(t) satisfies F'(t) F(t) < I if and only
if, for some € >0, S+ eGG" + e 'ET E <0.

The following theorem gives the sufficient conditions for the existence of the non-fragile
guaranteed cost controller for system (6) with additive controller gain perturbations.

Theorem 1. Consider system (6) associated with cost function (7). For given scalars p >0, 11 >0, 15>
0, 01 >0, 02> 0, if there exist matrices P >0, Q1 >0,Q2>0,R;>0,R>>0,K;, i=1,2,...,5 X3, X5,
X3, X4, Y1, Yo, Y3, Yy, and scalar € > 0 satisfying the inequalities (8), the system (6) is asymptotically
stable and the control law (5) is a fuzzy non-fragile guaranteed cost control law, moreover,

]SxT(O)Px(O)+JO xT(s)le(s)derJO r %1 (s)Ry% (s)dsdO
—d(0)

—T1 0

0 0 0
+J XT()Qyx(s)ds + J J i (5)Rat (s)dsd6 =],
—h(0)

—T2 0
Tijl % ES
X' —mR; ok <0, ijl=12..,5 (8)
VA 0 —15R,
Tll,ij * * *
Tr1; T * *
where Tij = 2 2 ,

T3, Tspii Taza %
Ta,i Tai Taz Tu
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T = Q1 +Q + X1+ X] + Y1A;i + ATY] + 5 +26p*Y1Y1" + 4 '(NIN; + (BK))" (BK)))
+ 71 + 71 + p?K; WK,
Tori=—XI +Xo + Zo+ VoA + ALY,  Tai=2Z3—Z1 + X5 + Y34,
Ty ii=—(1—-01)Q — Xo — X; + YoAu + ALY) +2ep?Y, Y,  + 467 'NLN,
Tapi = —Xs+ Y3Ag — ZY, Tz = —(1—02)Qy — Zs — Z3 +2ep?Y3Y5T + 47 (B,iK,) Bk,
Ty =P+ Xg+Zs+ YA — Y], Tan; = —Xa + Y4A; = Y,
Tis = —Z4— Y3, Tas = TiRy + TaRy — Y4 — Y47 +2ep?Y, Y.

Proof: Take a Lyapunov function candidate as

t

xT(s)le(s)ds+J0 r %7 (s)Ryx(s)dsdO

—11 Jt+6O

V(x(h), t) = xT(t)Px(t) + Ldm

' 0 )
—|—J xT(5)Qyx(s)ds + J J %7 (s)Rpx (s)dsdO
t—h(t) -1 Jt+0
The time derivatives of V(x(t),t), along the trajectory of the system (6), are given by
V(x(t), £) = 2x" (PR () + 2" (£)(Qy + Qa)x(t)
_(1 - d(t))x§<t>led(t) + J&T(t)(TlRl + Tsz)J&(t) (10)

t

—r %1 (s)Ryx(s)ds — (1 — h(t))xZ(t)szh(t) - J 2T (s)Rp (s)ds

t—11 =1,

Define the free-weighting matrices as X = [X] XJ X, X4T]T, Y=[Y{ Y, Y3 YZ]T,
Z=[Z1 7T ZT ZI|", where X, € R™™, Y, € R™", Z, € R™", k =1, 2, 3, 4 will be
determined later.

Using the Leibniz-Newton formula and system equation (6), we have the following identical
equations:

KT (X1 +xF ()Xo + 2] (D X5 + 2T () Xa][x(t) — xalt) — E_d(t) x(s)ds] =0,
T () Zy + x5 (1) Za + x] () Zs + 2T (£) Za][x(t) — xn(t) — J:_h(t) x(s)ds] =0, (11)

ihihjhl [xT(t)Y1 + xZ;(t)Yz + x,f(t)Y4 + )&T(t)Yd [A,‘]‘x(t) + Adﬂxd(t) + Ahilxh(t) — x(t)] =0
i =1

Then, substituting Eq. (12) into Eq. (11) yields
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V(x(t), t) = 2xT (P () + x"(£)(Qq + Qa)x(t) + 3T (H)(11R1 + TR )3 (¢)
—(1 = d(£)xg(HQuxa(t) — (1 = h(£))xf (1) Qo (t)

J (5)Ru(s)ds + 207 ()X [x(£) — xa(8) —J:_d()a'c(s)ds]
J (s)Rpx (s)ds + 2n () Z[x(t) — xp(t) — Lth(t) x(s)ds]

+ 217 (Y Z hibyh [Aye () + Agaxa (£) + Apaxn (£) — % (8)]
ij, 1=1

<2xT(1)Px(t) + 2" (£)(Q) + Qo)x(t) + " ()(T1R1 + T2R2)% (1)
—(1 = 01)xj (1) Quxa(t) — (1 — 02)x; (£)Qpxa(t)
—Jt ( )xT(s)Rl (5)%(s)ds + 20T () X[x () — xa(t) — r (3)ds]
t—d(t

t—d(t)

(12)

t

—Jt F RN + 207 (OZ[x(t) ~ (1) ~ J #(s)ds]
t—h(t

t—h(t)

+ ZT]T(t)Y zs: hih]‘hhl [Ai]'x(t) +Adﬂxd(t) + Ahilxh(t) — x(t)] + xT(t)Sx(t)
i =1

+Zhh] HK; cos O;WK; cos Oix(t) — [xT(£)Sx(t) + uT (YW (#)]
i, j=1

where (f) = [¥"(t), x}(1), x}(8), <" (0)]".

Applying Lemma 1, we have the following inequalities:

<2xT(H)Y1Aix(t) + ep?xT (1) Y1 Y1 Tx(t) + e T (#)(NTN; + (B, ) (B.K))x(t),
2xT (1) Y1 Aagixa(t) + ep?sin 29 xT (1) Y1 Y1 Tx () + e b (HNLNx, (1),

p%mwﬂwnn%o+v%ﬂx%KMml><

XV () YaAix(t) + epx] (1) Ya Yo Taey (1) + e T () (NN, +
f) SPZ cos 2T (Y1 Y1 Tx(8) + e xf (1) (ByK)) (B, K ), (¢

2} () Y2 Aix (1) + ep®x) (Y2 Y2 "x, (1) + e T () (N]N; + (BK)" (BK)x(t),
2x3 (1) Y2Auix,(t) + ep® sin®yacy (1) Y2 Yo g (1) + e g ( NN gixy(b),
B Y2 Apaxn (£) < ep? cos 2 x k(1) Y2 Yo Txa(t) + e (£)(By,K)) ' (B, K, (£),

<2x () YaAix (1) + ep™x (1) Y3 Y3, (1) + e T () (N]N; + (BK)" (BK)))x(t),
) Y3Agixa(t) <2x1 ( )YgAdixd(t) + ep? sin2¢lxh( )Y3Y3 xh(t + e‘1x§( INEN x (1),
<

>.<
N
&
=

)
(BK)T(BEK))x(),
)
(
)

(13)

N
=
—
<
[68)
oS
g
=
=
=
o
'D
O
9]
N
=
=
=
A
\_/
>~<
w
=<
W
=
=
=2
\/
+
(‘f)
R
=
=
N
—~
]
E
T_/
—
—
js]
E‘
\_/
/—\
=

in
(1) YaAuxy (1) + ep?2T () Y4 Y4 % (1) + eIl (HNEN iy (1),

(

(

Yaijx(t) <2x T( t)Y4A; x( ) +ep?x T (H)YaY, "5 () + e 1XT(t)(NTNi + (B‘K')T(Bikj))x(t)r
(

() <ep? cos?Pp ()Y Yy T () + e luf (¢ )(BK)" (By,K))x, (1)
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Substituting Eq. (13) into Eq. (12) results in

t t

T (s) Ryt (s)dds — J 7 (5)Rok (s)ds
-

V(x(t),t) < > hibhun" () Tyn (t) —J
iyj1=1 t=d(t)

t t

x(s)ds — ZUT(t)ZJ x(s)ds — [xT(£)Sx(t) + ut (t)Wu(t)]

_znT(t)XJ t—h(t)

t—d(t)

s
< Z h,'h]‘hhlnT(t)(Tijl + T1XR;1XT + TzZRElZT)ﬂ(t)
i, 1=1

t . (14)
_J (7 OX + £ R )R (170X + ()R ) ds
t—d(t)
t T
- J (7" (B2 +FT R )Ry (17X + 5T ()R2 ) ds — [T (OSx(t) + uT () Wu(8)]
t—h(t)
S ~
< > hihihun" ()(Tig + 1XRy X" + 1ZRy ' Z0)n(t) — [x7(#)Sx(t) + u () Wu(h)]
ij, =1
where
Tll, ij * * *
~ Tori T * - _ _ T
Tijl = 2L 21 * , Tll/ij = Tll,ij + pZK;F Ccos GIWK] Ccos 6] — pZK;FWK]

T3, Tz Tssa  *
Ta,i Tai Taz Tu

In light of the inequality K.TWK]. + K}r WK, < K.T WK, + K;-FWK]», we have

V(x(t), t)< Zs: hihjhhlnT(t)(Tijl + T XR XY + 12 ZR P ZNn(t) — [xT(1)Sx(t) + ut (HWu(t)] (15)
ij =1

Applying the Schur complement to Eq. (8) yields
Ti + +T1XRy ' X" + 12ZR; 1 Z" < 0, Ty + Tji + 2uXR ' X' + 21,ZR, ' Z" < 0.
Therefore, it follows from Eq. (15) that
V(x(t), )< — [xT(1)Sx(t) + uT (HWu(t)] < 0 (16)
which implies that the system (6) is asymptotically stable.

Integrating Eq. (16) from 0 to T produces

L T (BSx(t) + uT(HWa(Bldt< — V(x(T), T) + V(x(0),0) < V(x(0),0)
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Because of V (x(t),t) 2 0 and V (x(t), t) < 0, thus %im V(x(T), T) = ¢, where c is a nonnegative

constant. Therefore, the following inequality can be obtained:

0 0 0 0
] < xT(0)Px(0) + J x"(s)Q;x(s)ds + J J %1 (s)Ry% (s)dsdO + J x"(s)Q,x(s)ds
—d(0) —u Jo ~h(0) a7)

- JO JO %1 (s)Ryx (s)dsdO =],

—T2 0

This completes the proof.

Remark 2: In the derivation of Theorem 1, the free-weighting matrices X, € R"*", Y, € R"*", k =
1, 2, 3, 4 are introduced, the purpose of which is to reduce conservatism in the existing delay-
dependent stabilization conditions, see Ref. [17].

In the following section, we shall turn the conditions given in Theorem 1 into linear matrix
inequalities (LMIs). Under the assumptions that Y;, Y5, Y3, Y, are non-singular, we can define
the matrix ;T =AZ,i=1,2,3,4,Z=P"",A>0.

Pre- and post-multiply (8) and (9) with © = diaglY, v Y, v Y v Y;l, Y;l, Y;l} and
O =diaglY; ", Y51, Y51, Y, T, Y, T, v, "}, respectively, and letting Q; =Y: 'Q;Y: T,
@2 = Y1_1Q2Y1_T, Rk = Y4_1RkY4_T,k =1,2, Xl‘ = YleiY,"T, Z = Yi‘lziYi‘T, i=1,2 34,
we obtain the following inequality (18), which is equivalent to (8):

Tn,i]‘ * * * * *
To,i Tapi  * * * *
Tai Teoi Tasa * * l<o ijl=12..5 (18)
Ta,i Tai Taz  Taa * *
1X1 Xy nXs uXs -uRy *
| 221 T2ly T2l3 Taly 0 —T2R3 |

where

T = Q1+ Qo + X1 + X, + AAZ + AZAT + N2ZSZ + 2¢p°1 + 4¢ ' A2ZNIN,Z
+Zy + 28 + 422 (BK,2)" (BKZ) + p*A2ZK, WK.Z,

Topi= X, + X, + Zo + AAZ+ AZAY, Tai=2Zs — Zi+ Xy + AAZ,

Ty, = A’ Z 4+ AAZ — AZ 4 Xy + Za,

Toi=—(1-01)0; — Xo — Xy + AAGZ + AZAL 4+ 2¢p] + 4c ' A2ZNIN .7,

Tayi = X3 — Zo + Mg Z — AZAY, Tayi= — X4+ AAZ — M2,

Tssi = —(1— 02)Q, — Zs — Zy + 4¢ *A%(B,K,2)"B, K\ Z + 2¢p?],

Tyy = —Zy — AZ, Tag = TiRy + 1Ry — AZ — AZ" + 2¢p?1.

Applying the Schur complement to Eq. (18) results in
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CDH,I * *
Fj= Dy, P * | <0, ijl=12..5 (19)
31,1 0 D33
where
_?11,,‘ * * * * * 1
Toi Toi * * *
Dy, = T?:l,i j32,i Tga, ik * *
Ta,i Tai T Tu *) *
X1 uXe nXs 11Xy -Tk *
| 221 T2y T2l3 ToZy 0 —T2R3 |
With
Tii =0+ Qo + X1+ X; +AAZ + AZAT + Zy + Z] + 2¢p7],
Toi=—(1—01)Q; — Xa — Xy + AMAgiZ + AZAL + 2ep?l,
Tas = —(1—02)Q, — Z5 — Zy + 2¢p?I.
T AZ 0O 0 O
® AN;Z 0 0 O
I UABKZ 0 0 0
| pAKiZ 0 0 0
[0 AByKiZ 0 0
D3y, =
0 0 AN4Z 0
—st 0 0 0 7
o -1 o 0
4
R L
4
L 0 0 0 Wl
- 21 0
D33 = e
i
L 0 4

Obviously, the closed-loop fuzzy system (6) is asymptotically stable, if for some scalars A > 0, there
exist matrices Z > 0,Q > 0,R > 0 and X3, Xp, X3, K;, i = 1,2, .., s satisfying the inequality (19).
Theorem 2. Consider the system (6) associated with cost function (7). For given scalars p >0, 11 >0,
75,>0,01>0,0,>0and A >0, >0, if there exist matrices Z > 0,Q; > 0,R; >0,Q, >0,R, >0
and X1, Xo, X3, Xa, M;, 1=1,2,...,8 and scalar ¢ > 0 satisfying the following LMI (20), the system (6) is
asymptotically stable and the control law (5) is a fuzzy non-fragile guaranteed cost control law

{@1,1']'1 *}<0, Lj,1=12..,5s (20)

Moreover, the feedback gains are given by

37
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Ki=MZ"'i=1,2..,s

and

0 0 (0 0
J < xT(0)Px(0) + Jd(o) xT(5)Qx(s)ds + J J X1 (s)Ryx(s)dsdO + Jh(o) x"(5)Qyx(s)ds

—T1 0

~|—JO JO 2T (s)Rp (s)dsdO =],

—1, JO
where
[AEGZ 0 0 0 0 0 0 0 0 0 0 0
AEKZ 0 0 0 0 0 0 O 0 0 0 0
0 0 AEyZ 0 0 0 0 0 0 0 0 0
®1=1 0 0 0 00000 (BH)" 0 0 0 ’
o 0 O 0O0O0OO 0 pH 0 0
L. 0 0 0 00O0O0OO0O O 0 0 (BwH)".
®; = diag{ — oI, — oI, — o8I, =67 ', =67 ', =571},
[ 711,,' * * * * * * * * * * * i
721,1 Tzz,i * * * * * * * * * *
Tal,i T32,i T33 * * * * * * * * *
T41, i T42, i T43, i T44 * * * * * * * *
T1Y1 ’[1?2 ’[1?3 T1X4 —’[1E1 * * * * * * *
6, il = (SVA 07> 1273 To/4 0 —T2K21 * * * * * *
AZ 0 0 0 0 0 s« * * * *
AN:Z 0 0 0 0 0 0 —I % % x %
AB;M; 0 0 0 0 0 0 0 — * * *
PAM; 0 0 0 0 0 0 0 0 W' s x
0 ANszZ 0 0 0 0 0 0 0 0 —
0 0 AByM; 0 0 0 0 0 0 0 N

Proof: At first, we prove that the inequality (20) implies the inequality (19). Applying the Schur
complement to Eq. (20) results in

o 0 0
0o 0 0
o 0 0
o 0 0
8 8 8 0000O0O0GO0GO0 BH)Y 0 0 0
Dy +6] 0 0 000O0O0UOU OO 0 pH! 0 0
o o o |l0OO0OODOODODOO o0 0 0 (BuH)"
BH, 0 0
0 pH;, 0
o 0 0
| 0 0 BuH
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(AEyZ)"  (AEwZ)" 0
0 0 0
0 0 (AEwZ)"
0 0 0
0 0 0 AE¢Z O 0 000000000
1ol 8 8 8 AEZ 0 0 00000O0O0O OO 0|<0
X X N 0 0 AEWZ 0 0 0 0 0 0 0 0 0
0 0 0
0 0 0
0 0 0
0 0 0 |

(21)

Using Lemma 2 and noting M; = K;Z, by the condition (21), the following inequality holds:

0 * * * ok ok ok ok % ok ok ok
0 0 * * % ok ok ok % ok ok ok
0 0 0 * % ok ok ok % ok ok ok
0 0 0 0 * * *x * ok * * x*
0 0 0 0 0 * * % * x * x
0 0 0 0 0 0 % * * % * =x
Pt 0 0 0 0000 % x x x x| <0 (22)
0 0 0 0 0 0 0 0 * % =% =x
/\BiAKjZ 0 0 0 00O 0O 0 % =% =
p/\AK-Z 0 0 0O 00O 0O 0 0 % =
0 0 0 0O 0O 0OO0O 0 0 0 =«
L 0 0 ABLAK;Z 0 0 0 0 O 0 0 O 0|

where AK; = AK;(t — d(t)).

Therefore, it follows from Theorem 1 that the system (6) is asymptotically stable and the
control law (5) is a fuzzy non-fragile guaranteed cost control law. Thus, we complete the proof.

Now consider the cost bound of

0 0 (0 0
J<xT(0)Px(0) + Jd(o) x"(5)Qqx(s)ds + J J %1 (s)Ryx(s)dsdO + Jh(o) x"(5)Qyx(s)ds

—T1 0

+ JO JO 2T (s)Rp (s)dsdO =],

—T2 0

Similar to Ref. [23], we supposed that there exist positive scalars @y, @y, a3, a4, as, such that

Z ' <ml %P@lp < wol, %P@ZP < asl, %PEP < ayl, %PEP < asl.

Then, define Sp1=0Q; !, S2=Q, !, Sri=R1 7!, Ske=R, !, by Schur complement lemma, we
have the following inequalities:
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[ —ail T [—a,] 1P —azl 1P —ayl 1P
<0, <0, <0, <0,
I -Z) P Sy 1P S 1P Sgy
[ —as] 1P ] [z 1 S I S I
NPT 0,179 120179 _ |20, (23)

| P Sk I Z r I Q

SRl I >0 SR2 I >0

I R] | I R

Using the idea of the cone complement linear algorithm in Ref. [24], we can obtain the solution
of the minimization problem of upper bound of the value of the cost function as follows:

0
minimize{trace(PZ + Sg1Q; + S22 Q, + SriR1 + SraRa + a1xT(0)x(0) + azj x%(s)x(s)ds
~d(0)

i xT(s)x(s)ds+a5J0 JOxT(s)x(s)dsde} @9

+a4JO JO #7(s)%(s)dsd + a3J ,

—T1 0 _h(o)

—Ty

subject to (20), (23), ¢>0,0; >0,Q, >0,R; >0,R, >0,Z>0,a; >0,i=1,...,5

Using the following cone complement linearization (CCL) algorithm [24] can iteratively solve
the minimization problem (24). o

5. Simulation examples

In this section, the proposed approach is applied to the Van de Vusse system to verify its
effectiveness.

Example: Consider the dynamics of an isothermal continuous stirred tank reactor for the Van
de Vusse

x1 = —50x1 — 10x3 + u(10 — x1) + u(t — h) + u(t — h)(0.5x1 (t — d) + 0.2x2(t — d)) + 5xp(t — d) 25)
Xp = 50x1 — 100x, — u(t —h) 4+ u(t — h)(0.3x1(t —d) — 0.2x2(t — d)) + 10x2(t — d) — 5x1(t — d)

From the system equation (25), some equilibrium points are tabulated in Table 1. According to
these equilibrium points, [x, u,], which are also chosen as the desired operating points, [, /],
we can use the similar modeling method that is described in Ref. [16].

T

x! xl, U, Uge
[2.0422 1.2178] [2.0422 1.2178] 20.3077 20.3077
[3.6626 2.5443] [3.6626 2.5443] 77.7272 77.7272
[5.9543 5.5403] [5.9543 5.5403] 296.2414 296.2414

Table 1. Data for equilibrium points.
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Thus, the system (25) can be represented by
R': if xq is about 2.0422 then
x5(t) = A1xs(t) + Anxas(t) + Brus(t) + Brintas () + Nixs(t)us () + Narxas () uns (t)

R?: if x1 is about 3.6626, then

X5(t) = Agxs(t) + Agaxas(t) + Bous(t) + Baotins () + Noxs(H)us(£) + Napxas (£ ups (1) (26)
R®: if x1 is about 5.9543, then

X5 (t) = Asxs(t) + Aasxas(t) + Baus(t) + Basuns (1) + Naxs(t)us(t) + Nasxas (t)uns (1)

where

75 2383 7.7946 98 3005 11.7315 —122.1228 8.8577
Al = , Ay = , Az =

—100 —100 50 —100
— 10 0 5
Nl N2 |: O 1:|/ - |:0:|;Ad1:Ad2:Ad3: |:10 _5:|/
1 )
Nasi =Np =Ny = [ } B = Bpp = Bz = [J,x@:x(t)—xe,
us = u(t) — u, x(t — d) X, s = u(t —d) — uy,.

10
0 1
gain perturbation AK of the additive form is give with H; = H, = H; = 0.1, Ex; = [0.05 —0.01],
Ewn =[0.02 0.01], Ex3=[-0.01 0].

The cost function associated with this system is given with § = [ }, W = 1. The controller

Rule 1 Rule 2 Rule 3

0.8

0.6

0.4

0.2

Figure 1. Membership functions.
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Figure 2. State responses of x;(f).
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79.5

791
785
78

7751 \\ .

7 7 | | |

time
Figure 4. Control trajectory of system.

The membership functions of state x; are shown in Figure 1.

Then, solving LMIs (23) and (24) for p=0.45, A =1.02and 6 =0.11, 71 =1, =2,01 =0,0, =0
gives the following feasible solution:

b { 4.2727 —1.3007} B [14.1872 —1.9381] B {3.1029 1.2838]
| -1.3007 6.4906 |" ' T [ -1.9381 13.0104 |" % [1.2838 2.0181 )

8.3691 —1.3053 5.2020 2.2730

7 [—1.3053 7.0523 } ' [2.2730 1.0238

K; = [-0.4233 —0.5031], K, = [-0.5961 — 0.7049], K; = [—0.4593 — 0.3874].

}, e =1.8043,

Figures 24 illustrate the simulation results of applying the non-fragile fuzzy controller to the
system (25) with x/, = [3.6626 2.5443]" and u/, = 77.7272 under initial condition ¢(f) = [1.2
—1.8]", t € [-2 0]. It can be seen that with the fuzzy control law, the closed-loop system is
asymptotically stable and an upper bound of the guaranteed cost is J, = 292.0399. The simulation
results show that the fuzzy non-fragile guaranteed controller proposed in this paper is effective.

6. Conclusions

In this paper, the problem of non-fragile guaranteed cost control for a class of fuzzy time-
varying delay systems with local bilinear models has been explored. By utilizing the Lyapunov
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stability theory and LMI technique, sufficient conditions for the delay-dependent asymptoti-
cally stability of the closed-loop T-S fuzzy local bilinear system have been obtained. Moreover,
the designed fuzzy controller has guaranteed the cost function-bound constraint. Finally, the
effectiveness of the developed approach has been demonstrated by the simulation example.
The robust non-fragile guaranteed cost control and robust non-fragile H-infinite control based
on fuzzy bilinear model will be further investigated in the future work.
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