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1. Introduction

Neural networks have been widely applied in image processing, pattern recognition,
optimization solvers, fixed-point computation and other engineering areas. It has been
known that these applications heavily depend on the dynamic behaviors of neural
networks. The stability of neural networks has been extensively studied over the past years
because it is one of the most important behaviors of neural networks. On the other hand,
time delays are frequently encountered in neural networks due to the finite switching speed
of amplifiers and the inherent communication time of neurons. Since the existence of time
delay is often a source of instability for neural networks, the stability study for delayed
neural networks is of both theoretical and practical importance.

Hopfield [9, 10] has proposed Hopfield neural networks (HNNs) which have found
applications in a broad range of disciplines where the targeted problems can reduce to
optimization problems. In recent years, HNNs and their various generalizations have
attracted the great attention of many scientists including mathematicians, physicists,
computer scientists due to their potential for the tasks of classification, associative memory,
parallel computation and their ability to solve difficult optimization problems, see for
example [4, 10, 13]. HNNSs characterized by first-order interactions, [1, 14] presented their
intrinsic limitations. Recently, the study of high-order neural networks has received much
attention due to that they have stronger approximation property, faster convergence rate,
greater storage capacity and higher fault tolerance than lower-order neural networks [17]. In
[3, 5, 6,8 11, 12, 15, 16, 18, 19, 22], the authors have been studied the stability analysis of
high-order neural networks with constant time delays or time varying delays. In this paper,
we are concerned with the global stability for a class of uncertain stochastic high-order
neural networks with time varying delays. The structure of the stochastic neural networks
under consideration is more general than some previous ones existed in the literature. Based
on the Lyapunov stability theory, new global asymptotic stability criteria are presented in

1 The work of the authors was supported by UGC, New Delhi under SAP(DRS) sanctioned
No. F510/6/DRS/2004 (SAP-1).
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324 Recurrent Neural Networks

terms of LMIs . Finally, we also provide a numerical example to demonstrate the
effectiveness of the proposed stability results.

2. Problem description and preliminaries

Throughout this chapter we will use the notation A > 0 (or A < 0) to denote that the matrix A
is a symmetric and positive definite (or negative definite) matrix. The notation AT and A-!
mean the transpose of A and the inverse of a square matrix. If A,B are symmetric matrices A
> B (A = B) means that A — B is positive definite (positive semi-definite).

Consider the following high-order Hopfield neural networks with time varying delays
described by

d:i;;it) _ )+ Zﬂufr z;(t)) + Z bij fi(z;i(t —7;(8)))

1=1

(1)
+ZZ‘E‘J5-’FJ (t =7 (8) filw(t —n(t))) i=1,2,...,n.

j=11=1

where i € {1, 2,, .., n}, t 2 to, x;(t) is the neuron state; c; is positive constant, it denotes the
rate with which the cell resets its potential to the resting state; a;; b; are the first-order
synaptic weights of the neural networks; Tj; is the second-order synaptic weights of the
neural networks; 7j(f) j =1, 2, ..., n) is the transmission delay of the jth neuron such that

0 <71(t) < " and 7;(f) < 7 <1, where 7% 7; are constants; the activation function f; is

continuous on [fo — T *,+°); J;is the external input.

Assume that
(H1) In the neuron activation function f(y) = (fi(y1), f2(v2),..., fu(yx))T , each function f; is
continuously differentiable with f;(0) = 0 and there exists a positive scalars L; and X ; such

that for any o, i € R,

|filai)] < xi 0 < [fi(a;) = fi(B)](a; — B;) < Li(ay — 3:)>.
Due to the boundedness of the activation function f;, by employing the well known
Brouwer’ s fixed point theorem, we can easily obtain that there exists an equilibrium point
of the system (1). The uniqueness of the equilibrium point can be deduced from the
asymptotic stability which will be proved subsequently.
Let x* be an equilibrium point of (1) and y(f) = x(tf) — x*. Set gi(yi(t)) = fi(xj(t)) — fi(x*; )
Siyi(t — 7i(1))) = fi(xi(t — 7j(t))) — fi(x*;). Apparently, for eachi=1, 2, ..., n, we have

l9;(2)| < Ljl2l,  Vz€eR
Consider the following high-order HNNs with time varying delay is given by

Wi — —Cy(t) + Ag(y(t)) + (B +TTTy)g(y(t — 7(1))) 2)
where

www.intechopen.com



Stability Results for Uncertain Stochastic High-Order Hopfield Neural Networks

with Time Varying Delays 325
C = diag(cy,co,...iCp),
A = (Gij)nxn, B = (bij)nxn;
Ti = (Tijt)nxn,
Ty = (4T T+ TE, . T, +TF)7,

T

yt—7(1) = (91t =n(®) vt = 20), s vat = 7 (1))
ow®) = (91 ®):0a(0); - galun(®)
ot —7®) = (00— n(0), 920t~ 2(0), e galun(t — 7a(1)
C - (Clsgie“-a{;—n).—ra

I' = diag(C,¢, ..., Q).

In this paper the following high-order HNN with parameter uncertainties and stochastic
perturbations is considered

dy(t) = | —(C+ACH)y(t) + (A+ AA1)g(y(t) + (B + AB(t)) + I T )g(y(t — 7(1)))

ot y(t), y(t — 7()))dew(D), o)

where w(t) = (wi(t), wat), ..., wm(t))T is an m-dimensional Brownian motion defined on a

complete probability space (Q,F, P) with a natural filtration {F}e0. Let o(t, x, y) : R+xR"xR"

— R™" is locally Lipschitz continuous and satisfies the linear growth condition. The

uncertainties AC(t), AA(t), AB(t) are defined by

AC(t) = MF(t)Ne, AA(t) = MF(t)Na, AB(t) = MF(t)Ng,

where AC(t) is a diagonal matrix and M, Nc, Na and Np are known real constant matrices
with appropriate dimensions, which characterize how the deterministic uncertain parameter
in F(f) enters the nominal matrices C, A and B. The matrix F(t), which is time varying
unknown and satisfies

Ft)TF(t) <.
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326 Recurrent Neural Networks

Let x(t; ) denote the state trajectory of the neural network (3) from the initial data x(6) = (0)
on —-T*<0<0in L;O ([-7% OLR™. It can be easily seen that the system (3) admits a trivial

solution x(t; 0) = 0 corresponding to the initial data { =0, see [2, 7].

3. Main results

Let Co1(R" x R+ : R+) denote the family of all non-negative functions V (y, t) on R" x R+
which are continuously twice differentiable in x and once differentiable in t. For each
V e Coa([-1* =] x R", R:), define an operator LV (y(t), t) associated with stochastic high

order neural networks (3) from R+ x C([-7% 0]; R") to R by
LV(y(t),t) = Vily,t)+ Vy(y.t) [ —(C+ACH)y(t) + (A+ AA®)g(y(t)) + (B + AB(t))

+TT T )g(y(t — (1))] + %ifﬂfﬂ (07 Vi, t)e ]

where

oo OV(yt) o dV(yt) OV(yt) AV (yt)
Viy,t) = == Vi (v, )= ( B B g ).

and

52?’(y=t))

Vi ly, t) =
iu(_y- ) ( f)!j;a.%

where i, j=1, 2, ..., n. In order to prove our results, we need to state the following definitions
and Lemma.
Lemma 3.1. Given any real matrices 21, 2, 23 of appropriate dimensions and a scalar € > 0 such

that 0 < Z3= Y.} . Then, the following inequality holds:

D IEED H S YR DI HIR R 5 Yd 3%
We also recall some basic facts about norms of vectors and matrices. Let v = (y1, v2, ..., yu)T €
vl [yl = ;) and
y,.|. It is also known that ||y||w S”y”l. The vector |y| will denote |y| =

2

R". Three commonly used vector norms are given as ||y||1 =>"

[y]. = max

1<i<n
(lyil, ly21, .., lyn|)T. For any matrix V = (vij)uxn, Au(V') and Ap(V') will denote respectively
VI[ =n(vTV).

Now we will prove the following theorem on global asymptotic stability in the mean square
for equation (3).

Theorem 3.2. Assume that there exist matrices P >0, Do= 0 and D1 2= 0 such that

the minimum and maximum eigenvalues of V. For the matrix V,

trace [GT (f y(t), y(t — T(tJJ)PJ (t y(t), y(t — 'T(t)))} < y"(t)Doy(t) +y" (t — 7(t)) Dyy(t — 7(t)).

System (3) is globally asymptotically stable in the mean square, if there exist positive definite
matrices X1, 2pand the scalars e,> 0 (k =1, 2) such that

www.intechopen.com
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[ vw PM PA PM PB PM eeNe eNITL LEaNg ]
*  —al 0 0 0 0 0 0 0
* * —eof 0 0 0 0 0 0
* * * —e3l 0 0 0 0 0
I, = ® * * * ¥, 0 0 0 0 <0 4)
® * i * ® —(1 —n)3s 0 0 0
= # # * # * —ed 0 0
* * * * * * * —eaf 0
* * qc * * * # % )
where L = diag(L;),i = 1,2,...,1n, X = (Y1.X2: o0 Xn)? and ¥y = —PC — CTP + &L? + Dy +

LTyTHL + 1+H||X||2P2-
Proof: We use the following Lyapunov functional to derive the stability result

" n

Vig.t) = y"(t)Py(t) +ZZ/

t
qij9; (y(s))ds.
i=1 j=1 t—7;(t)

By Ito’ s formula, we can calculate £V (y(t),t), LVa(y(t),t) along the trajectories of the
system (3), then we have

LVi(y(t),t) = 29" ()P[—(C+ ACH))y(t) + (A+ AA(E)g(y(t)) + (B + AB(t))

+I Ty ) g(y(t — 7(t)))] + trace[o” (t,y(t), y(t — 7(t))) Po(t, y(t), y(t — 7(t))] ©)

LVa(y(),t) = g" (y()Qa(y(1)) — (1 —m)g" (y(t — 7(1))Qa(y(t — 7(t))).  (©)
From (5)-(6), we get

LV(y(),t) = LVi(y(t), ) + LVa(y(t),t)

< 29" (t)P[—(C + AC()y(t) + (A + AA(1)g(y(t)) + (B + AB(t))
+T T )g(y(t — 7(1))] + traceo” (¢, y(t), y(t — 7(£))) Po(t,y(t), y(t — 7(1)))]
+9™ (y(1))Qy(y(t)) — (1 — g™ (y(t — 7(1)))Qg(y(t — (t))). (7)

By Lemma 3.1 we get,

www.intechopen.com



328 Recurrent Neural Networks

2T (Y P(AC(t)y(t) < e 'y" ()PMMT Py(t) + e;y” (t)NeNey(t) 8)
29" (1) PAg(y(t)) < e 'y" (t)PAAT Py(t) + eay” (t)L2y(1) )

2y" (t)P(AA())g(y(t)) < e'y" ()PMMT Py(t) + esy” (t)LNZNaLy(t) (10)

2y" (t)PBg(y(t — 7(1))) < y' (t)PBE] ' BT Py(t)

+(1=n)g" (Yt — 7)) Tugly(t - 7(#))) 1)
2" (OPABW)gult— (1) < Ty OPMS;" MTPy(0)
H(U =g (y(t — (1)) NES2Ngy(t - 7(1))) (12

2T () PP Tg(y(t — (1)) < —

- 1—-mn

y () PTTT Py(t)

+(1 = n)g" (y(t — () TH Trg(y(t — 7(¢))). (13
Since I''T" = ||¢||*1 and |[¢|| < ||]|, it is clear that

yT () PTTTPy(t) < ||x|*y" (t)P?y(t).

Since@Q = L 'D,L~ '+ NLEYoNg + TE Ty, and from (7)-(13), it follows that
B H

LV(y(t),t) < y" (@)(=PC—C"P)y(t)+y" (t)(e; ' PMM" P + e NENe)y(t)
+y" (t)(e; "PAAT P + eo L?)y(t) + y” ()(e3 ' PMM™ P + e3 LN N L)y(t)

y (1)PBST' BT Py(t) + (1 —n)g”" (y(t — (1)) S1g(y(t — 7(t)))

N 1
1—n

T (OPMES MTPy(t) + (1= )" (u(t = 7(0) NFE2Nog(y(t — (1))

T OPTTIPYO) + (L) (ot~ T(0) T Tngu(e — 7(0)

+97 (y(1)Qa(y(1) — (1 = n)g" (y(t — 7(1)))Qq(y(t — 7(t)))
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+tracelo” (t,y(t), y(t — 7(t) Po(t, y(t), y(t = 7(1)))],
Then we have LV (y(t), t) < 0 when IT { < 0, that is the inequality (4) holds, which completes

the proof of the theorem.
By constructing another Lyapunov functional, we can obtain the following result.
Theorem 3.3. Assume that there exist matrices Do 0 and D12 0 such that

tracela” (t,y(t),y(t — 7(t))) D d’i.ag{g}. (11(£)), go(ya(t)), - - - ,_c},,(y,,_(i}}}a(i, y(t), y(t —7(t)))]

<y (O)Doy(t) +y" (¢ — 7(£) Duy(t — 7(1)).
System (3)is globally asymptotically stable in the mean square, if there exist positive definite matrices
X1and the scalars > 0 (k =1, 2, 3) such that

[ s DM e NeL™' DM eNyn DM DB €3N} ]
*  —el 0 0 0 0 0 0
* * —er ] 0 0 0 0 0

I, * * * —eol 0 0 0 0 <0, (4

* * * * —eal 0 0 0
® * * * * —esl 0 0
* * * * * * 24 0

| * * * * * *  —ez(l—n)l |

where L = diag(L;),i = 1,2,...,n, X = (X1, X2s s Xn) ', D = diag[ril.d-)....,d”] >0i=1,2,...n and

s =—=DCL™' = L7'CD + DA+ ATD + ||x|[*D? + {551 + 15T Tu + Dy + L' Do L1
Proof: We use the following positive definite Lyapunov functlonal to derive the stability
result,

Viy,t) = zzd / g‘!(s d3+—ZZ[ Qz}a’;{y ))

" i=1 j=1

where Q = (¢ij)nxn = NANp + THTy + Dy + %4, d; > 0,4 = 1,2, ...,n. Define

G(y) = min { min { fm gi(0)do, /—'-*h‘ gf(H)dH}, 1=1,2,.., n}
0 0

which satisfies

G(r)>0, r>0, G(r) = 400, 1 — 400,
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330 Recurrent Neural Networks

and G(0)=0,G(y) =G(|y]), for x e R’;. We have

Vy(t),t) > QZd / gi(s)ds = 2X,,(D)G(|yl),

which gives a lower by a positive radlally unbounded function.
It is to verify that

2An(D)G() < V(0.6 < [200(DL) + T u QD) IO, q> 1.

By Ito’ s formula, we can calculate LVi(y(t), t),LVa(y(f), t) along the trajectories of the

system (3), then we have

LVi(y(t).t) = 29" ()D[—(C+ ACH)y(t) + (A+ AA()g(y(t)) + (B + AB(t))
+T 7T g(y(t — 7)) + trace[a® (t,y(t), y(t — 7(t))) Da(t, y(t), y(t — 7(t)))]

diag{ 41 (1(1)), G2 (u2(0)), - Gy (1)) }, (15)

1

LVa(y(t),t) = 1fn.r.;fT(:a.,f(t))t?.?g(.?,f(t,‘r)—gT(y(t—T(t)))f;’_-;;*(zr,f(t—T(f)})- (16)

Then it follows from Lemma 3.1 that

—2¢" (y(1))D(ACH)y(t) < e'g" (y(t)DMM" Dy(t)

+e1g” (y(t)) LT NENe L™ g(y(t)) (17)

29" (y() D(AA())g(y(t) < e 'y" () DMM" Dy(1)
+eag” (y(t))LNANALg(y(t)) (18)
29" (y()D(AB(t)g(y(t —7(1)) < e'g" (y(t)DMM" Dg(y(t))
+ezg” (y(t = 7(1))) N Npg(y(t - 7(t))) (19

g (yE)ODBg(y(t — (1)) + ¢ (u(t —7()B" Dg(y(®) < ¢" (y(1)) DBE; ' B Dg(y(t))

+g" (y(t — 7(1)))E1g(y(t — (1)) (20)
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g  (y(t) () DT Tug(y(t —r(t))) + g (y(t —7(®)THTgy(t)) < g" (y(1)) DI T Dg(y(t))
+9" (y(t — () ThTug(y(t — (1))

< xlPe” (w(8) D?g(y(t))

+9" (y(t — 7)) T Trg(y(t — 7(t))). 21)

Since @ = NLNp + T} Ty + Dy + ¥4, and from (15)-(21) it follows that

V(@y(t),t) < g" (y)g(y(t).
Then we have LV (y(t), t) <0 when II,<0, that is the inequality (14) holds, which completes

the proof of the theorem.
Theorem 3.4. Assume that there exist matrices C > 0, Do= 0 and D12 0 such that

tracelo™ (t,y(t), y(t — 7(£)))(C + DL)a(t,y(t), y(t — (1)) < y" (1) Doy(t) +y" (¢ — 7(£)) Day(t - ().
System (3)is globally asymptotically stable in the mean square, if the condition (H) is
satisfied and there exists positive constants f, €;, i =4, 5, 6 such that

45 D DM DM DM &L '‘Ne eNT NG |
* —0P 0 0 0 0 0 0
* * —eqf 0 0 0 0 0
- ® ® * —e5] 0 0 0 0 <0, @)
* * * * —egl 0 0 0
* * ® * * —eql 0 0
* * ® * * * —es] 0
| * # * * #* * * —egt |
where L = diag(L;),i = 1,2,.m, X = (X1,X2s s Xn)Ts D = diagldy,dy, ....,d,] > 0 where i =

1,2,...,n and 3 = —2DCL~' + DA+ ATD + %;ﬁ,ﬁw(ﬁ}(sﬁ"ﬁ +TITy).
Proof: We use the following positive definite Lyapunov functional to derive the stability
result,

n n

Vigt) = +22d[n ai( de+—§j§j/ 41562 (y(s))ds

i=1 j= t—7;(t)

1 ¢ . - 1 i
+af f g" ()W PWgly(s))ds + f 9" (y(s))W  Wgly(s))ds
L=nJi—r L=nJi—rn
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332 Recurrent Neural Networks

where W= B + I'TTyand Q = (i)un = (€ +a€, )N}, Ng+ L1D1L-1. By Ito’ s formula, we
can calculate LV, LV2,LV3,LV4and LV>along the trajectories of the system (3), then we have

LVi(y(t).t) < —y"(6)C%y(t) — y" ()CPy(t) — 24" (H)C(AC(E))y(t) + 2y (¢)C Ay(t)
+2y" ()C(AAW))y(t) + 2y" ()CWg(y(t — (1)) + 2y" ()C(AB(t))g(y(t — (1))

+tracelo” (t,y(t),y(t — 7))Co(t,y(t), y(t — 7))]. (23)

Using the inequality technique, we have

—y (H)CPy(t) + 29" (HCAy(t) = —(Cy(t) — Ag(y(t)" (Cy(t) — Ag(y(t)))
+g" (y(1)) AT Ag(y(1)), (24)
—yT(#)C?y(t) + 25" () CWy(y(t — 7())) = —(Cy(t) — Waly(t — 7(£))) " (Cy(t) = Wg(y(t — 7(t))))

+g" (it —T@))) W Waly(t — (). (25

From Lemma 3.1, it follows that

2y" ()C(AC)y(t) < e 'g" (yt) L' CMMTCL ' g(y(t))
+erg’ (y(O) LT Ne Ne L™ g(y(t) (26)

2T (OCAADYE) < gyt L CMMTCL  g(y(t))
+e2g” (y(t))NANag(y(t)) (27)

29" (C(AB()g(y(t — (1)) < esg’ ()L ' CMM CL g(y(t))
+e3'g" (y(t — (1)) N Npg(y(t — 7(¢)))- (28)

Since the first term of the equations (24) and (25) are non-positive, we can write the
following inequalities:

—yT()C?y(t) + 29" (1)CAy(t) < g (y(t))AT Ag(y(t)) (29)

—yT(t)C?y(t) + 29" (CWg(y(t — 7(t))) < g" (y(t — 7)) W Wa(y(t — 7(t))).(30)
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Substitute (26)-(30) in (23), we get

LVi(y(t).t) < g"(wt)AT Ag(y(t)) + g" (y(t — 7(£)) )W Wg(y(t — 7(t)))
+e g () LTICMMTCL  g(y(t)) + erg” (y(t)) L' NENc L™ g(y(t))

+ey 19" (@) LTI CMMTCL™ g(y(t)) + e29" (y()) N3 Nag(y(t))

+e3 9" (@) LTICMMTCL™ g(y(t)) + eag” (y(t — 7(1))) N Nug(y(t — 7(t)))

+trace[o” (t,y(t), y(t — 7(t)))Co(t,y(t), y(t - 7(t))]. (31)

Also,

LVa(y(t),t) = 2a91'(y(f))9[ = (C+ACH)y(t) + (A+ AA(t)g(y(t)) + ((B + AB(t))

T ) g (y(t — T(f)))] +tracelo” (t,y(t), y(t — 7(t))) DLa(t,y(t), y(t — 7(t)))).

Adding and subtracting @31 g” (y(t)) DP~'Dg(y(t)) in the above equation, then we have
LVa(y(t),t) < —2ag" (y(t))DCy(t) — 209" (y(t)) D(AC(1)y(t) + 209" (y(t)) DAg(y(1))

+2ag” (y(1)) D(AA(E))g(y(t)) + 209 (y(£)) DW g(y(t — 7(t)))

+2ag" (y(£)) D(AB(1)g(y(t — (1)) + B~ g" (y(t))DP~ " Dg(y(t))

—aB™ g" (y(t)) DP~' Dg(y(t)). (32)
From Lemma 3.1, it follows that

2097 (y(1)DACH)y(t) < aey'y” (u(t)) DMMT Dgly(t))
+aesg” (y(t)) LT NENGL ™ g(y(t)  (33)
20" (y(1)) D(AA®)g(y(t)) < aes'g” (y(t)DMMT Dg(y(t))
+aesg” (y(t)NAINag(y(t)) (34)
2ag" (y(1)) D(AB(t)g(y(t — 7(t))) < aeg'g" (y(t) DMMT Dg(y(t))

taesg” (y(t — 7(t))NsNpg(y(t — (1)) (35)
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334 Recurrent Neural Networks

and
—2ag” (y(t)) DCy(t) < —2ag” (y(t)) DCL " g(y(1)). (36)

Using the inequality technique, we have

—aB gT(y(t))DP 'Dg(y(t)) + 2agT(y(t))DWg(y(t — (1))
= —a[B2DPzg(y(t)) — B2 PTWg(y(t — r(t)))]”
x[32 DP% g(y(t)) — B2 PTWg(y(t — 7(t)))]

+afg" (y(t — () PWg(y(t — 7(1))).
Since the first term of the above equation is non-positive, we can write the following
inequality

—af g (y(t))DP ' Dyg(y(t)) + 2ag” (y(t))DWg(y(t—7(t)))

< afg” (y(t —7(t))PWaly(t — 7(t)))- (37)
Substitute (33)-(37) in (32), we get

LVa(y(t),t) < —2ag”(y(t))DCL g(y(t)) + 209" (y(t)) DAg(y(t)) + ae; ' g" (y(t) DMMT Dg(y(t))
+aesg” (y(t)) L NENcg(y(t)) + aes g™ (y(6) DMMT Dg(y(t))
+aesg’ (y(1))NiNag(y(t)) + aeg'g" (y(t) DMM" Dyg(y(t))
+aesg’ (y(t — 7(1)))NENpg(y(t — 7(2)) + a8~ g" (y(1)) DP ™" Dg(y(t))

+afBg" (y(t — r(6))WT PWg(y(t — 7(t)))

+trace[o” (t,y(t), y(t — 7(t))) DLa(t, y(t), y(t — 7(t)))]. (38)

L0, < o  WO)Q0) - 5" Wt - TO)Qelu(t - 7). @)

. 1
AL f) <
LVi(y(t),t) < ﬂ,31 -

g  (wO)WTPWg(y(t) — aBg” (u(t — 7(£))WT PWg(y(t — 7(t))), (40)

LVs(y(t),t) < ﬁg’r(y(t))w TWaly() — g" (y(t — ()W Waly(t —(t))). (41)
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From (31) and (38)-(41), it follows that
LV (y(t).t) = LVi(y(t),t) + LVa(y(t),t) + LV3(y(t),t) + LVa(y(t),t) + LV5(y(t), t)

< g (y)AT Ag(y(t)) + ¢" (y(t — 7(1) )W Wa(y(t — (1))
et e +es N () LTICMMTCL g(y(t)) + e19”" (y(t) L NENcL ™ g(y(t))
+e2g” (y(1)NANag(y(t) + eag” (y(t — 7(t))) N5 Neg(y(t — (1))
—2ag” (y(£))DCL™ " g(y(t)) + 209" (y(1)) DAg(y(1))

+aler' + 6 e )g" (y(1) DMM " Dg(y(t) + aeag” (y(t)) L™ NENe L™ g(y(1))

+aesg” (y(1) NANag(y(t) + acsg” (y(t — 7()) N5 Npg(y(t — 7(t)))

+af™ g (y(1)) DP~' Dy(y(t)) + aBg” (y(t — (1)) W PWg(y(t — 7(1)))
+g" (y(®) L™ DL g(y(t)) + 9" (y(t — 7())) L' DL L™ g(y(t — 7(¢)))
+11—ﬂgT(y(t))Qg(y(t)) —g" (Yt —7(1)Qa(y(t — (1))
+aﬁﬁgj‘(y(i))WTPW a(y(t)) — aBg" (y(t — 7())W' PWg(y(t — 7(t)))

+ﬁgT(y(t))WTW9{y(t)J =g (y(t —T()) W Wy(y(t — 7(t))).

Since

wW'w = (B+T"Ty)"(B+1T"Ty) = B"B+ B 'T"Ty + T/ TB + TiTT" Ty

< (14 |IxIPHBT"B+ 1+ ||xI)THTy = (1+ |x|I*)(BT B+ T§ Th).
Therefore,

LV (y(t),t) < gT{y{_t)}[ATA+(_£]_]-5—62_]+f§'}L_ICJ‘--fMTCL_1+E!L_1;’\"g;"~"(:L_]+f=2;'\-'f;£\f,1

+L DL~ + esNENg + L‘lDIL‘l]g(y(t))

+ag” (y(t)) [ —2DCL '+ DA+ A"D+ 3 'DP'D+ (e,  + 65" + ¢ ) DMM™D
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1+||x||2

+eal 'NENeL™' + e NINs +eNENp + —

Ba(P)(B” B+ T Tu) | 9(y(®))

< Ay [ATA + (e + e+ e VLTICMMYCL™ + 6 L INENGL ™ + NN,
+L7 ' Dy L™ +E\51““BNB+L ‘D L™ ] T(!—I(f}) (y(t}j—QA,”(—EI)QT(y(t))g(y{t})
— [AM [ATA F + et + e HLIOMMTCOL™ + 6 LT NINcL™" + &2NT N,
+L7'DoL™" + esNiNp + L*le:l] - a-A,...(—ﬂ)] laCu(EDII3-
The choice
Ant [ATA+(E|+62+E:5)L_]CA’1-1{4’1«;’TCL_ 4 e L ININGL ™ + ¢ INT N,;]
a >
m( Q)
A |L7'DoL~! + €5 NENg + L' Dy L7

+ >0

Am (—82)

ensures that LV (y(t), t) <0, for all g(y(¢)) # 0. Thus, for ensuring negativity of LV (y(t), t) for

any possible state, it suffices to require Q be a negative definite matrix. This implies that the
equilibrium point of system (3) is globally asymptotically stable in the mean square. The
proof is completed.

Theorem 3.5. Assume that there exist matrices Do= 0 and D12 0 such that

tracelo” (t,y(t), y(t — () (T + LYo (t,y(), y(t — 7(6)] < y" () Doy(t) +y" (t — 7(£)) Dyy(t — (1))
System (3)is globally asymptotically stable in the mean square, if the condition (H) is
satisfied and if the following condition hold:

2

V) 2 r 2 -
0 =2r° = 2r||A||2 — ||W]5 - =0 r(es + €5 + €6)|| M]3 + €5 ' v Nel3 + & 'r||Nall3 + || Ngl3 > 0.

Proof: We use the following positive definite Lyapunov functional to derive the stability
result,

Bl n y!
Vit = ¥ (0y(t) +2ary / gi(s)ds + ar? - Z [ s
i=1 70 ri(t)

i;! s))ds,

T‘,{f

where o and f are some pos1t1ve constants to be determined later. Let W= B + I'T Ty, by
Ito’ s formula, we can calculate LVi(y(t), £),LVa(y(t), 1),LVa(y(t), t) and LV4(y(t), t) along the
trajectories of the system (3), then we have
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LViy(t),t) = =247 ()Cy(t) — 2y (1) (AC(1)y(t) + 2y" (£) Ay(t)

+2yT () (AA)y(t) + 29" ()W g(y(t — 7(t))) + 2" (ENAB(E)g(y(t — 7(t)))

+tracelo” (t,y(t), y(t — 7(£))Io(t, y(t), y(t — 7(t)))]. (42)
Using the inequality technique, we have
—yT (£)Cy(t) + 27 () Ag(y(t)) = —[CPy(t) — C~2 Ag(y(t))])"[Coy(t) — C Ag(y(t))]
+g" (y(t)ATC Ag(y(1)) (43)
T (OCy(t) + 29T (OW(y(t — 7(t))) = —[C2y(t) — C 2 Waly(t — 7(t)))]"

[CEy(t) — C™EWg(y(t — 7(t)))]
+9  (y(t — (1) )WTCT " Wa(y(t — 7(t))). (44)

Since the first terms of the equations (43) and (44) are non-positive, we can write the
following inequalities

—yT()Cy(t) + 29" ) Ag(y(t)) < g"(y(t)ATC Ag(y(t)) (45)

—y (O)Cy() + 2" (OOWaly(t — (1)) < g (y(t—7@)WTC'Waly(t —7(t))). (46)

From Lemma 3.1, it follows that

2" ()(ACH)y(t) < e 'g" (w(t)LT"MT ML g(y(t))

+erg" (y(£)) L' NENc L™ g(y(t) (47)
20" () (AAM)g(y(t) < e'g" ()L "M ML g(y(t)) + 29" (y(£)) N Nag(y(t)) (48)
29" (1) (AB(t)g(y(t — (1)) < e3'g" (y(t)L ' MT ML g(y(t))

+esg” (y(t — (1)) N5 Npg(y(t — 7(t))). (49)
From (45)-(49), we get

LVi(y(t).t) < g (y(t)ATC  Ag(y(t)) + g" (y(t — ()W C ' Wy(y(t — 7(t)))

+er gt ()L M ML g(y(t) + e1g” (y(t)) L' NENcL ' g(y(t))

+ey LT () LT MT ML g(y(t)) + 29" (y(£)) N4 Nag(y(t))
+e; g  (y(t — 7))L ' MT ML g(y(t)) + esg” (y(t — 7()))NE Npg(y(t — 7(t)))
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+tracelo” (t,y(1). y(t — 7(t))) Lo (t,y(t), y(t — 7(1)))]. (50)

LVa(y(t),t) = —2arg” (y(£))Cy(t) — 2arg” (y(£))(AC()y(t) + 2arg” (y(t)) Ag(y(1))
+2arg” (y(1) (AA(t)g(y(t)) + 2arg” (y(t)Wa(y(t — 7(t)))

+2arg” (y(t))(AB(t)g(y(t — 7(1)))

+tracelo” (¢, y(t), y(t — 7(t))) Lo (t, y(t), y(t — 7(t)))). (51)

From Lemma 3.1, it follows that

—2arg” (y())(AC()y(t) < €5 arg” (y(t)M" Mg(y(t))
+esarg” (y(t)) L' NENe L g(y(t) (52)
2arg” (y(1))(AA(1)g(y(t) < e 'arg” (y(t) M Mg(y(t))
t+esarg” (y(1)NANag(y(t) (53)
2arg” (y()(AB®)g(y(t — 7()) < e arg” (y(t)M" Mg(y(t))
+egarg” (y(t — (1)) NsNpg(y(t — 7(t))) (54)

2

; il HQT (y()g(y(t) = ar’g" (y(t — 7(1))g(y(t = 7(t)))  (55)

LVs(y(t),t) <

%7 (y(O)(w(®) - Bg (e — T(O))glu(t - T(1))). (56)

LVa(y(t),t) < 71— ;

Using the inequality technique, we have
20rg” (y()Woy(t —7(1))) — ar’g" (y(t — 7(1))g(y(t — 7(1)))
= —afrg(y(t — (1)) = Wau(®))" [rg(y(t — 7(t))) = Wg(y(1))]
+ag’ (y(O)WT Wa(y(t)).

Since the first term of the above equation is non-positive, we can write the following
inequality,

2arg” (y(t))Wyly(t — (1)) — ar?g" (y(t — 7(t)g(y(t — 7(t))) < ag” (W(OOW Wa(y(t). (57)
From (42)-(57), it follows that
LV(y(t).t) < g"(w)ATC  Ag(y(t)) + g (y(t — (1) )W C ' Waly(t — 7(t)))
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et e e gt (yO)LTTMT ML g(y(t)) + erg” (y(t)) LTI NENe L™ g(y(t)
+eag” (y(t)) NANag(y(t)) + eag” (y(t — 7(8))) N Ngly(t — (1))

+y" (t) Doy(t) + y" (¢ — 7(t)) Dry(t — 7(¢))

—2arg” (y(t))Cy(t) + 2arg” (y(t)) Ag(y(t)) + ag" (YW’ Wg(y(t))

+ar(es + e +€s)g” (y(1)) M Mg(y(t) + e; 'arg” (y(1) L' NENe L™ g(y(t))

+e5 targ” (y(t))NANag(y(t) + eg  arg” (y(t — 7(t))) N Npg(y(t — 7(t)))
-

+1_

+%9T(y(t)g(y(t}) — Bg" (y(t — 7(1))g(y(t — (1)),

g (w()g(y(t) — arg" (y(t — 7(t)g(y(t — 7(t)))

1

n

~2ary %g?(ys (1)) + IAIZIC ll2llg ()3 + 2ar]| Allzllg(u ()13
i=1 "

HIWIZIC™ l2llg((t = T@IIZ + (e1 + e2 + es) Ml g (w02 + €7 " INelI3llg (w03

IA

+e; INalB gy + 5 INsl2g(y(t = @DIZ + LI Doll2llg ()13
HILTHZID Nzl gyt — T(0))IZ + el WIElg(u ()13 + ar(es + es + )| M3 ]9y ()3

+e; ar|NelBllgw®)3 + & ar| NalZlg(w(®) 13 + € el Nall3llgy(t — ()13

2"

+1o IIQ(J(t))IIz + 1Tllg(y(ﬂﬂlz BllgCu(t — 7(0))II3.

) : c
Since r =min___, (—’J we have
L

_garz “ g2t < - 2012 3" 2(3i(8)) = ~20rla(u()I3

i=1

Let B = [IWIZICl2 + e ' INBII3 + are '[N + | L1311 l2-Thus, in the light of
the above inequality, £V can now be written as
2
r _
i r(es+ €5 +e6)|| M3 + €5 'r||Ne|l3

Lv(y),t) < —a(2r*—2rfAl: — W3 -
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—1
— . € r
5 Nl + 78

— N5 3) o)

Z1C ™ 2 + (61 + €2 + €3)|| M]3 + €1 ' [|Ne |3

1
21 —1
(I + = I

-1

— T 4 €. T 2 - —_ 2 3
+e3 ' [Nallz + ——IINg|1z + | L7 3] Doll2 + || L l||§||D1||2)||.'9‘(?J(?f))||§-

1—n
Since
2« 7112 r? 2 LN oLl 12 s BT 2
2r" = 2r||All2 = Wiz — 1— i r(es + €5+ €6) | M|z + €5 r[Nellz + €5 rl[Nallz + THH-"\'BHQ >0,
the choice N,
a > — >0,
D}'

ensures that LV (y(t), t) <0, for all g(y(t)) # 0, where

N = JABIC o+ T IWIBIC 2+ (e + e2 + en) I3 + €5 [Nl
-1
+eg INAIE + T2 INBI3 + 1L B Dollz + 1L 1Dl
b = z-r?—zf-nAn-z—||w||%—1?:,—-r-(m+e;-.+eﬁ}||.-w||:j:+e.;l-rld-v{-,-||%
-1,
+e5 N3 + 1IN

Thus, for ensuring negativity of LV (y(t), t) for any possible state, it suffices to require €2; be
a positive definite matrix. This implies that the equilibrium point of system (3) is globally
asymptotically stable in the mean square. The proof is completed.

Remark 3.6. Inn [12], stability of equilibrium point of High-order Hopfield neural networks with time
varying delays has been considered by means of Lyapunov functional and LMI techniques. We extend
this technique to study the stochastic high-order neural networks with time-varying uncertain
parameters. In view of this, our results in this chapter extend the results in [12].

Remark 3.7. In [20], the authors studied the global stability of stochastic high-order neural networks
with discrete and distributed delays. Similarly in [21], the authors studied stability results of
stochastic high-order Markovian jumping neural networks with mixed time delays. It should be noted
that the uncertain stochastic neural network studied in this chapter is time-varying delays. Therefore,
our results and those established in [20, 21] are complementary each other.

4. An illustrative example.

The effectiveness of the theories will be demonstrated through the following example.
Consider the following high-order stochastic Hopfield neural network with time varying
delays
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2 2 2 2
dy(t) = [—eai(t) + Y aigi(y; () + D biygs(y; (¢ — m(0)) + D> Tjugs (y; (¢ — m5(1)) + Jilat
=1 j=1 i=1j=1
+o(t,y(t), y(t — 7(t)))dw(t) (58)

where g1(y1) = tanh(0.95y1), 2(y2) = tanh(y2),

a(t,y(t), y(t — 7(t)) = [0.5y(t) + 0.5y(t — 7(¢)), 0.4y(t) + 0.dy(t — ()], n=04,J0, =15, J, =2,

45 0 0.05 0.14 0.09 0.25 0.05 0.14
= A= .B= LTI =

0 4.5 0.20 0.31 0.21 0.45 —0.06  0.05

0.29  0.10 —-0.23  0.07 0.01 0 . 0.06 0
TZ = 3 T‘Ef = 3 .1.!‘ = 5 _"\.','r- =

0.23 -0.14 0.09 —-0.02 0 0.03 0 0.06

0.03 0 0.04 0 0.5 0
4'\"_4 = N i\'r;; = . Du = U] =
0 0.03 0 0.04 0 0.32

Thus we have £ =1, |X ||2 = 1. Now, solving the LMI in Theorem 3.2, using Matlab LMI
Control toolbox, we get the following feasible solution

20438 —0.0233 g 132.3299  —191.3967
—0.0233 1.9622 | —191.3967  494.7130

e1=5.5014, e,=0.2838, e3=21.7583

It follows from Theorem 3.2 that the equilibrium point of the system (58) is globally
asymptotically stable in the mean square.

Now, solving the LMI in Theorem 3.3, using Matlab LMI Control toolbox, we get the
following feasible solution

0.5141  —0.1631
S, = , e = 1.0550,
—0.1631  0.5591

€; = 4.3317, €3 =4.0591.

Therefore, from Theorem 3.3 that the equilibrium point of the system (58) is globally
asymptotically stable in the mean square.

1.0 0
Now we let Dy = D) = . Again solving the LMI in Theorem 3.4, using Matlab

0 0.64
LMI Control toolbox, we get the following feasible solution

G =0.5690, e4=2.0315, €5=28.7405, €5=15.0297.

Therefore, from Theorem 3.4 that the equilibrium point of the system (58) is globally
asymptotically stable in the mean square.
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