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1. Introduction

Tsunamis are surface water waves caused by the impulsive perturbation of the sea. Apart
from co-seismic sea bottom displacement due to earthquakes, sub-aerial and submarine
landslides can also produce localized tsunamis with large and complex wave run-up
especially along the coasts of narrow bays and fjords. In recent years, significant advances
have been made in developing mathematical models to describe the entire process of
generation, propagation and run-up of a tsunami event generated by seismic seafloor
deformation [1-3].

The case of particular interest in this chapter is the mechanism of generation of tsunamis by
submarine landslides. When a submarine landslide occurs, the ocean-bottom morphology
may be significantly altered, in turn displacing the overlying water. Waves are then
generated as water gets pulled down to fill the area vacated by the landslide and to a lesser
extent, by the force of the sliding mass. Submarine slides can generate large tsunami, and
usually result in more localized effects than tsunami caused by earthquakes [4].
Determination of volume, deceleration, velocity and rise time of the slide motion make
modeling of tsunamis by submarine slides and slumps more complicated than simulation of
seismic-generated tsunami.

Constant velocity implies that the slide starts and stops impulsively, i.e. the deceleration is
infinite both initially and finally. Clearly, this is not true for real slides, and a more complex
shape of the generated wave is expected [5].

In this chapter, we concern about the tsunami amplitudes predicted in the near-field caused
by varying velocity of a two-dimensional realistic curvilinear slide model. The curvilinear
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tsunami source model we considered based on available geological, seismological, and
tsunami elevation. The aim of this chapter is to determine how near-field tsunami
amplitudes change according to variable velocities of submarine slide. We discuss the
nature and the extent of variations in the peak tsunami waveforms caused by time
variations of the frontal velocity and the deceleration for the two-dimensional curvilinear
block slide model and compares the results with those for the slide moving with constant
velocity. It will show how the changes in the slide velocity as function in time acts to reduce
wave focusing. Numerical results are presented for the normalized peak amplitude as a
function of the propagation length of the slump and the slide, the water depth, the time
variation of moving velocity and the deceleration of the block slide. The problem is solved
using linearized shallow-water theory for constant water depth by transform methods
(Laplace in time and Fourier in space), with the forward and inverse Laplace transforms
computed analytically, and the inverse Fourier transform computed numerically by the
inverse Fast Fourier transform (IFFT).

2. Mathematical formulation of the problem

Consider a three dimensional fluid domain D as shown in Figure 1. It is supposed to
represent the ocean above the fault area. It is bounded above by the free surface of the ocean
z = Mn(x,y,t) and below by the rigid ocean floor z = —H(x,y) + {(x,y,t), where n(x,y, t ) is the
free surface elevation, H(x,y) is the water depth and {(x,y,t) is the sea floor displacement
function. The domain D is unbounded in the horizontal directions x and y, and can be
written asD = R? X [(—=H(x,y) + {(x,y,t)),n(x,y,1)] . For simplicity, H(x,y) is assumed to be a
constant. Before the earthquake, the fluid is assumed to be at rest, thus the free surface and
the solid boundary are defined byz =0 and z = —H, respectively. Mathematically, these
conditions can be written in the form of initial conditions: n(x,y,0) = {(x,y,0) = 0. At time
t > 0 the bottom boundary moves in a prescribed manner which is given by z = —H +
{(x,y,t). The resulting deformation of the free surfacez = n(x,y,t) is to be found as part of
the solution. It is assumed that the fluid is incompressible and the flow is irrotational. The
former implies the existence of a velocity potential ¢( x,y,z t) which fully describes the flow
and the physical process. By definition of ¢, the fluid velocity vector can be expressed as U =
Vo . Thus, the potential flow ¢( x,y,z t) must satisfy the Laplace's equation

V2p(x,y,zt) =0 where (x,y,z) € R? X [-H,0], (1)

subjected to the following linearized kinematic and dynamic boundary conditions on the
free surface and the solid boundary, respectively

$,=monz=0, ()
¢, =Gonz=-H, )

¢ + gn=0o0nz=0, (4)
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with the initial conditions given by

d(x,y,2,0) =n(x,y,0) = {(x,y,0)=0. )

So, the linearized shallow water solution can be obtained by the Fourier-Laplace transforms.

- Ny, t)

Cxy. 0

Figure 1. Fluid domain and coordinate system for a very rapid movement of the assumed source
model.

2.1. Solution of the problem

Our interest is focused on the resulting uplift of the free surface elevationn(x,y,t). An
analytical analyses is to examine and illustrate the generation and propagation of a tsunami
for a given bed profile {(x,y, t). Mathematical modeling of waves generated by vertical and
lateral displacements of ocean bottom using the combined Fourier—Laplace transform of the
Laplace equation analytically is the simplest way of studying tsunami development.
Equations (1)—(4) can be solved by using the method of integral transforms. We apply the
Fourier transform in (x, y)

%[f] = F( klr k2 ) = fRz f(X, Y)e_ . (Xk1 T ykZ) dX dy1
with its inverse transform

1
(2m)?

FUF =f(xy) = Jrz F(ky, k) efxlatyke) gk, dk, ,

and the Laplace transform in time t,

E[g]1=G(s)=J, ge st dt

For the combined Fourier-Laplace transforms, the following notation is introduced:

F(£(f(x,y,0)) =F (ky,ky,s) = R2 e~ 1 (xkityk;) [fooof(x,y,t) e”stdt] dxdy
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Combining (2) and (4) yields the single free-surface condition

(I)tt(x»y,o»t)+g¢z(X'Y:0:t)=0 (6)

and the bottom condition (3) will be

(I)z(X,Y’—H:t):(t(X:Y:t) (7)

The solution of the Laplace equation (1) which satisfies the boundary conditions (6) & (7)
can be obtained by using the Fourier-Laplace transforms method.

First, by applying the transforms method to the Laplace equation (1), gives

s{e (G} s e (5} o {e (52))=0 ®
By using the property {ngj} = (ik)" F(k) , Equation (8) will be

q_)zz(kl'kz'zls)_ (k12+k22)(T)(k1,k2,Z,S) = 0 (9)

Second, by applying the transforms method to the boundary conditions (6) & (7) and the
initial conditions (5), yields

qu_) (kll kz, O,S) + g$z( kllkZl O,S) = 0, (10)

and
$,(ky, kp, —h,s) = 5T (ky, ky,8) (11)
The transformed free-surface elevation can be obtained from (4) as
T (kq, kp,8) = —ga(kl,kz,o,s) (12)
The general solution of (9) will be
¢(kq,ky,z,5) = A( Ky, Ky, 5) cosh(kz) + B(kq, ky, s)sinh(kz) , (13)

where k = ’ k% + k,? .The functions A( ky,k,,s) and B(ky,k,,s) can be found from the
boundary conditions (10) & (11) as follows

For the bottom condition (at z = —h):

% = —Aksinh(kh) + Bk cosh(kh) (14)
Substituting from (14) into (11), yields

—Akssinh(kh) + Bk cosh(kh) = s T (ky,ky,s) (15)

For the free surface condition (at z = 0):
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p(k ky,0,8)

> = Bkand ¢ (ky,k,,0,s) =A (16)
Substituting from (16) into (10), gives
-gk
A= "B (17)

Using (17), Equation (15) can be written as

Bkcosh(kh) [1 + £ tanh(kh)| = 5T (ky, ks, 5). (18)
From which,

3 Q(kykp,8)
k cosh(kh)[s2+g k tanh(kh)] '

- _ g5 U(kykyps) _
A( kl' kz' S ) - cosh(kh)[s2+g k tanh(kh)] ’ B( kl' kz' S ) -

Substituting the expressions for the functions A( k;,k;,s) and B(ky, Kk, s) in (13) yields,

— TUkykys) 2
Bk, kp7,5) = — Bt (cosh(kz) — gs—ksmh(kz)) , (19)

where w = /g k tanh(kh) is the circular frequency of the wave motion.
The free surface elevation M (kq,k,, s ) can be obtained from (12) as

s2T(KkyKp,8)

(ke ke, 8) = o s (or op (20)

A solution for n(x,y,t) can be evaluated for specified by computing approximately its
transform {(k,,k,,s) then substituting it into (20) and inverting T(ky,k,,s) to obtain
n(x,y,t). We concern to evaluate n(x,y,t) by transforming analytically the assumed source
model then inverting the Laplace transform of M(ky,k;,s) to obtain 1(ky,k,,t) which is
further converted to n(x,y,t) by using double inverse Fourier Transform.

The circular frequency w describes the dispersion relation of tsunamis and implies phase
. _w . _ d_o) __|etanh(kH)
velocity ¢, = +-and group velocity ¢, = - . Hence, ¢, = ’—k ,and

1 2kH . _2m
Cg =5Cp (1+m). Since, k = o hence as kH — 0, both ¢, — +/gH and cg—n/gH ,

which implies that the tsunami velocity vy = ,/gH for wavelengths A long compared to the
water depth H. The above linearized solution is known as the shallow water solution.

We considered three stages for the mechanism of the tsunami generation caused by
submarine gravity mass flows, initiated by a rapid curvilinear down and uplift faulting with
rise time 0 <t <t, , then propagating unilaterally in the positive x — direction with time
t; <t<t", to a length L both with finite velocity v to produce a depletion and an
accumulation zones. The last stage represented by the time variation in the velocity of the
accumulation slide (block slide) moving in the x — direction with time t* <t < t;,, and
deceleration o, where tp,, is the maximum time that the slide takes to stop with minimum
deceleration a,j,. In the y —direction, the models propagate instantaneously. The set of
physical parameters used in the problem are given in Table 1.

81
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PARAMETERS FIRST STAGE SECOND STAGE
Source width, W, km 100 100
Whole width in 1% Stage W’ = 100 L — 150
and Propagation length in 2nd Stage, km N B
Water depth (uniform), H, km 2 2
Acceleration due to gravity, g, km/sec? 0.0098 0.0098
Tsunami velocity, v, = \/gH , km/sec 0.14 0.14
M i 1 't 7 :k 4
.ovmg Ye ocity, v, km/sec . 0.14 0.14
to obtain maximum surface amplitude
. . 50 « _ 200
Duration of the source process, t, min ty = - =5.95 t* = ——23 8

Table 1. Parameters used in the analytical solution of the problem.

The first and second stages of the bed motion are shown in Figure 2 and Figure 3,

respectively, and given by:
a. First stage: Curvilinear down and uplift faulting for 0 <t < t;

where for x € [ =50, 50]

(% (1+cosZx) [ 1-cos( y+150)], -150 <y <50,

50 100

Zdown (X Y, t) C() 3 1+COS = X)

,-50 <y <50, 1)

_C’OZS 1+cos— )[1+cosloo(y-50)], 50 <y <150.

and for x € [ 200,300]

G ;—; ( 1-cos & (x-200)) [ 1-cos Z( y+150 )], ~150<y<-50,

Cup(x,y, 1) = I Co= S (1—c055(x-200)

, -50<y<50, (22)

L Cox ((1-cos 2 (x-200)) | 1+cos == ( y-50 )|, 50<y<150.

100

For these displacements, the bed rises during 0 < t < t; to a maximum displacement {, such

that the volume of soil in the uplift increases linear with time and vise verse in the down

faulting.

For t > t; the soil further propagates unilaterally in the positive x- direction with velocity

v till it reaches the characteristic length L = 150 km at t = t = 200/v .
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(a) Side view along the axis of symmetry aty = 0 (b) Three- dimensional view.

Figure 2. Normalized bed deformation represented by a rapid curvilinear down and uplift faulting at

the end of stage one (t; = %)
b. Second stage: Curvilinear down and uphill slip-fault (slump and the slide) for t; <t < t*

Caown %Y, ) = Laown X Y, D) + down XY, D) + G3aown XY, D), (23)

where fory € [ =150, — 50]
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r-%(1 +cos5%x)[1 cosm (y+150)] -50<x<0,

[1 cos—=(y+150)] 0<x<(tt) v,

" [1+ cos 5 (x - (t—tl) V)] [ 1- cosl—00 ( y+150 )] , (t—tl) v<x< (t—tl) v +50,

Zldown (X' y, t) = <

\

and fory € [ —50, 50]

CO T
I-?(l +cos%x), -50<x <0,
ZZdown(X; y: t) = I _Co, O S X S (t_tl) V,

\-%[Hcos%(x- (t-tl) v)] (t-tl) v<x< (t-tl) V450,

and fory € [ 50,150]

(C
_IO (1+ COS_X) [ I+cos 100( y -50 )] -50<x <0,
G
Z3down(X' Y, t) = 2 [ 1+ COSm( y -50 )] ’ 0<x< (t'tl) v,

_IO [1+ COS% (x- (t-t7) V)] [ 1+cosﬁ( y -50 )] (t-t1) v < x <(t-t;) v+50,

Cup xyt = Ciup xy 0+ Coup Xyt + C3up xy,1, (24)
where fory € [ =150, —50]

zlup (X, Yy, t) =
( % (1 - cos1 (x-ZOO)) [ 1- cos— (y+150 )] 200<x <250,

2[1- cos = (y+150 )| , 250 <x <250+(t-t) v,

% [1+ cos% (x - (250+ (t—tl) V))] [ 1- cosﬁ ( y+150 )] 250+ (t t ) v <x <300+ (t—tl) \Y

and fory € [ =50, 50]

2(1-cos 5 x-200), 200 < x <250
Coup %y, 1) = { Loy 250 < x <250+ (t'tl) v,

% [1+ COS% (x - (250+ (t—tl) V))] , 250+ (t—tl) v <x <300+ (t—tl) v,
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and fory € [ 50,150]

<3up xyt =
G e e
—Z(Lamaﬂwﬂm»[hﬂmﬂﬁ(yﬁoﬂ,ZMKXSZ&L
C e
4 = L+cos 75( y -50 )| /250 <x<250+(t-ty) v,
Eﬁ[1+cosfi(x{25o+a-t)xo)][1+cos—§—(y-5o)] 250+(t-t;) v < x < 300+(t-t;)
| 4 50 ! 100 ( —[ !

The kinematic realistic tsunami source model shown in Figure 3 is initiated by a rapid
curvilinear down and uplift faulting (First stage) which then spreads unilaterally with
constant velocity v causing a depletion and accumulation zone. The final down lift of the
depression zone and final uplift of the accumulation zone are assumed to have the same
amplitude {5.We assume the spreading velocity v of the slump and the slide deformation in
Figure 3 the same as the tsunami wave velocity v, = ,/gH as the largest amplification of the
tsunami amplitude occurs when v = v, due to wave focusing . The slide and the slump are
assumed to have constant width W.

The spreading is unilateral in the x-direction as shown in Figure 3. The vertical
displacement,{,, is negative (downwards) in zones of depletion, and positive (upwards) in
zones of accumulation. All cases are characterized by sliding motion in one direction, without
loss of generality coinciding with the x-axis, and tsunami propagating in the x-y plane.

Figure 4 shows vertical cross-sections (through y = 0) of the mathematical models of the
stationary submarine slump and the moving slide and their schematic representation of the
physical process that we considered in this study, as those evolve for time t > t* . The block
slide starts moving in the positive x-direction at time t = t* and stops moving at distance
L' = 150 km while the downhill slide becomes stationary. We discuss the tsunami
generation for two cases of the movement of the block slide. First, the limiting case in which
the block slide moves with constant velocity v and stops after distance L' with infinite
deceleration (sudden stop) at time tp,;, = t* + L' /v.

Second, the general case in which the block slide moves in time t, > t* with constant
velocity and then with constant deceleration such that it stop softly after traveling the
same distance L' in time t; which depends on the deceleration a and the choice of time t,.

The velocity v(t) in this case can be defined as

vt <t<t,
V_(t_tz)a,tz Ststgl

v(©) = { (25)
where v = v; = 0.14 km/sec and O is the deceleration of the moving block slide. We need to
determine the time t; that the slide takes to reach the final distance L' and the corresponding

deceleration a . This can be done by using the following steps:
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i "Ly _
J';:\\

1+ 1

&(x,0,t) /¢,

o

200 0 200 400 600 800 1000
x{ km)

-

c(x.y.t) /¢,

~—

-200 0 goo 1000

600
) 200 400 — 200 400

(b)

Figure 3. Normalized Bed deformation model represented by the accumulation and depletion zones at
the end of stage two (t* = ?) (a) Side view along the axis of symmetry aty = 0 b) Three-dimensional
view.
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+—>

Displaced block

Stationary landslide scar '

200 0 200 400 600 800 1000 1200

x( km)

(a)

v(t)
\\ Displaced landslide scar

/

Displaced landslide scar

— L
| L . ‘ v(t) I/
'\.\ /< >
Sl L
‘\ (c)

Landslide scar

(a) Case 1: Mathematical model of the stationary slump and the moving submarine slide.

(b)  Case 2: Physical process of the displaced block moving with a variable slide velocity v(t).

(c)  Case 3: Schematic representation of the used model.

Figure 4. A schematic representation of a landslide (bottom) travelling a significant distance L downhill
creating a ““scar’” and a moving uphill displaced block slide stopping at the characteristic length L.
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1. Choosing time t, as t* < t, < t* + (L'/v) in which the slide moves with constant velocity
v wheret* =t; + L/vandt; = 50/v.

2. Getting the corresponding distance L* = (t, — t*)v.

3. Evaluating the remaining distance L' = L'- (t, — t")v.

Substituting L™ in the equation
L™ = (ts — t)v — Za (t3 — t)? (26)
When the block slide stops moving, then

vt)=v—(t; —t,)a=0 (27)

Eliminating a from equations (7.12) and (7.13), we get relation between t; and t, which
further substituting in equation (7.13), we obtain the deceleration a .

Fort, <t < t;, the block slide moves with velocity v(t) = v — (t — t,)a. Table 2 represents
different values of t, and the corresponding calculated value of t; and o .

TIME t, (MIN) TIME t3; (MIN) DECELERATION

a (km/sec?)

t* = 23.80 59.51 6.53 X 1075

t* +0.1(L'/v) = 2558 57.72 7.25 x 105
t +0.2(L/v) = 27.37 55.95 8.16 x 10~°
t + 0.3(L'/v) = 29.37 54.15 9.33 x 1075
t + 0.4(L'/v) = 30.94 52.36 1.08 x 10~*
t + 0.5(L'/v) = 32.72 50.57 130 x 10~*
t + 0.6(L'/v) = 3451 48.79 1.63 x 10~*
t* + 0.7(L' /v) = 36.30 47.01 217 x 102
t* + 0.8(L'/v) = 38.08 45.22 3.26 x 107*
t + 0.9(L' /v) = 39.87 43.44 6.53 x 102

t* + (L'/v) = 41.65 41.65 Infinity

Table 2. Values of t, and the corresponding calculated values of t3 and .

Figure 5 illustrates the position of the slides in the third stage for different choice of
deceleration a. In this stage, o, is the minimum deceleration required such that the slide
stops after traveling distance L' . In this caset, =t* and t3 =ty =t"+ (2L /v) =
59.51 min. For any other o > o, the slide moves with constant velocity with time
t* < t < t, and with deceleration a until it stops at time t3 which is less than t,,y.

So, the stationary landslide scar for t* < t and the movable block slide with variable velocity
v(t) for t"<t, <t"+(L/v) and t"+(L'/v) <t3<t"+ (2L'/v) can be expressed
respectively as

Zstat.landslide (X, Y, t*) = Zl (X' Yy t*) + ZZ (X' y, t*) + <3 (X' y, t*)/ (28)
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t3:tmax:t*+2Lr/V
t; = t* + 1.6(L/v)
ty = t* + 1. Z(L’/V)

t3 = thmin = t"+ (Lr/v) \ \

—— " :
Ly I
= 120F-----ccccccaeaaan ( _t_zi Ex_z_) : i
A E : '
Ly = P
- L I ' = -
e Vo =653x10"%km/sec?
- : : min
g : b o, = 108 x 107 kam / sec?
Lz v 2 (tz,0q) e ——0, =326 x 10" km / sec’
I ) EEPEEERTRS ; S |
% 50+ : | ' —.—am“ = infinity J
o ' :
Ly s ' :
[*] : ]
A J 0 1 [ 1 ; 1 1 1
25 30.94 35 38.08 4165 45 50 55 60
time t ( min )

Figure 5. Slide block position against the instants of times t* <t, < t* + (L'/v) and tpj, < t3 < tpay -

Zblock slide (X, Y, t) = Zl (X' Y, t) + ZZ (X, Y, t) + <3 (X, Y, t)/ (29)
Ustatlandslide (X Y, t7) is the same as (23) except the time parameter t will be substituted by t*.

(t—tH)vfort* <t<t,,

For Gotockstide (x,y,8) , let S = {(t — ) —Ta(t—ty) fort, St <t be

the distance the slide moves during stage three, hence

fory € [ =150, —50]
e T T
[ 2(1 - cos & (x-(200+9))) | 1-cos = (y+150 )| , 20045 < x < 250+S,

L (xy,b) = [ 1- cos = ( y+150 )] , 250+S < x < 25045+L,

IO [1+ cos —( -(250+S+L ))] [ 1-cos = ( y+150 )] 250+S+ L < x < 300+S+L,

and fory € [ =50, 50]

2(1-cosZ (x-(20049))), 20045 < x < 25045,
L(xy,t) = Co 25045 < x < 250+5+L,

'ﬁ’ [1+ cos ( (250+S+L))] 25045+L < x < 300+4S+L,

and fory € [ 50, 150]
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( y-50 )] , 200+S < x < 25045,

S

[
Gyt t) = > [ 1+ cosﬁ( y-50 )] , 250+S < x <250+S+L,

1+ cos—( _(250+5+L ))] [ 1+cos = (y-50 )], 250+5+ L < x < 300+S+L,

Laplace and Fourier transforms can now applied to the bed motion described by Equations
(21)-(24) and Equations (28) & (29). First, beginning with the curvilinear down and uplift

faulting (21) and (22) for 0 <t < t; where t; = —0 , and

F(E ( C(x,y,t) )=z (ki ky,8)= f_:e'i(Xk1+ykz) [foooi(x,y,t) e_Stdt]dxdy. (30)

The limits of the above integration are apparent from Equations (21) & (22) and are done as
follows:

Zdown(kl' kZ,S) =
1502[1 -COS 100( y+150 )] 1k2Ydy[ f50 (1+COS—0 ) -1 kgx dx fo COZ—St st gy ]

o o] s [ e
#fio 3| Treosigs (y-50 ) ettovay | [5; (1rcosx) et dx fo T et |

(up(klrkz's) =
[as] 1- COS@( y+150 )| ettovdy [ [ (1-cos = (x-200) ) eikx dx ;7 % et dt |

300
+ eikey dy[f 1 COS_(X-ZOO)) -1 kyx dxf CO_eSt dt ]
200
150 . L o
+f50 2[1 Cosm(y-SO )] kZYdy[ f_SO(l-cos%(x-on)) kq dxf Co_ oSt dt ],

Substituting the results of the integration for {gown and {, into (20), yields

]_1( k1,k2; S) = _
1
1200k, _.-i300 k 2 :
( 1 e 1)_ 1 i [11(1( @ ) (6-1300k1_e1200k1) -
Ll m ey M x
cosh(kH)( s2+w?) °L 2 ;
i50k; _.-i50k 2
( 1_¢ 1) 1 i [ik1< % ) (e-iSOkl_eiSOkl)]
ey
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. . 2 . i
(el 150ky _ ,i50ky ) 1 ) 100 50k 150k 4 sin( 50k,)
ik h 100 2 1k2 e (e el 2) +k— *
2 1_( T kz) ’
(31)
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The free surface elevation (ki Kk, t) can be evaluated by using the inverse Laplace
transforms of N( ky, ky, s ) given by Equation (31) as follows:

First, recall that £71 {szin} R M (ky, ky, t) becomes

w
N(kyky t) =

sinomt  (yVv
w cosh(kH) 2L

[ _ _ 1
(e—IZOO ki _ a=i300 k1) 1 . 50\ 2 B '
[ o _ = ) | ik, (?) (e71300ks _ ¢i200ky ) ‘ _

[(ei 50 k, ._ e—i50 kl) N 1 ) i [ ik, ( 5: )2 (e—isok1 _ ei50k1)]]

ik 50
' 1-(%k J
(elts0ke —els0k2) 1 - (@)2 i50k, 4 oi150k 4sin(50k;)
T 1_(mk2)2 iky () (0% +e!150%2) | 4 T
8 (eTis0ke _ g-l150kz ) 1 ik (100 % —i150k, | a—i50k, 42
i + (i) ! Z(T) (e e
2

In case for t > t;, N(Kkq,k,, t) will have the same expression except in the convolution step,
the integral

sinwt  sinw(t-t;) sinwt

t . t
become [ coswtdt = instead of [ coswtdt =
—l4

Finally, n(x,y, t ) is evaluated using the double inverse Fourier transform of 1(ky, kj, t)

1
(2m)?

Ny, t) =—[" ey [ [7 elx{(ky,ky,t) dky |dk, (33)

This inversion is computed by using the FFT. The inverse FFT is a fast algorithm for efficient
implementation of the Inverse Discrete Fourier Transform (IDFT) given by

M-1 N-1 (21
1 (2 i3 )gn
f(m, n)=mz z F(p, q)el(zﬁ)Pm e ) p=0,1,.......M-1,q=0,1,.......,N-1,
p=0 q=0

where f(m,n) is the resulted function of the two spatial variables m and n ,corresponding
xandy, from the frequency domain function F(p,q) with frequency variables pandq,
corresponding kjand k,. This inversion is done efficiently by using the Matlab FFT
algorithm.
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In order to implement the algorithm efficiently, singularities should be removed by finite
limits as follows:

1. Ask = 0,impliesk; = 0,k, = 0 and w — 0 then T( ky, k,, t) has the limit
lim_,o N(ky,ky,t) =0fort <t,,wheret; = 5V—0.
2. Ask; = 0, then the singular term of N( ky, k;, t) has the following limits

-1200ky _q=i300kq

limy, _, (S————) = 100 and limy_, (

el 50Ky _o=i50k;

ik,

):100.

3.As k; — 0, then the singular terms of N( kq, ks, t) have the following limits

) e~ 1150kz eis0ky . 4 sin( 50k,)
lim,_, ( = S = 100, limy,,_, (£RC2) = 200,
d i e _ Y g0
nd lim - = .
a ka0 ( ik, ik, )

Using the same steps, j(ky,k,,t) is evaluated by applying the Laplace and Fourier
transforms to the bed motion described by (23) and (24), then substituting into (20) and then
inverting 1(kq,k,,s) using the inverse Laplace transform to obtain j(ky,k,,t). This is
verified for t; <t < t* where t* = % as follows:

(ks k2, ) = Ndown (K1 k2, ) + Mlup(ky ko, 1), (34)
where
Adown &1 K2, 1) = T1down K1 K2, ©) + Madown K1y K2, ©) + Azdown (K1, K2, 1),
hence,
) Naown (K1, Kz, 1) = _
[4 Cogfl(zkH):I [ - kizk_zeiso - - 1_(&11(2 ) 7 [ik2 (1%0 )2 (eiSOkz + ei150k2) ] ] n
[ cos_hz(okh)] [Sin(lio kZ)] + X
[4 co;ﬁzkH) [ T kzi_k:_ilso = + 1_(£k2)2 [ikz (% )2 (e71150kz 4 @=i50ky) ] ]
eisoil‘: -1 1_‘2;’:)2 [ik1 (% )2 (1- e-isokl)]] cosw(t —ty) +
#1‘;1‘7)2 ( wsinw(t — t;) + ikyveosw(t — t;) — ik, ve Kat=t)v ) +
e—i k1 ((t=t1)v) _g=ikq(50+(t-t1)V) ’
ik,
[lel)z [ik1 (5_110 )2 (e~ iKa(50+(t=t)v) 4 gmiky (t=ty)vy ]} cosw(t —t;)
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and Nyp(ky, ka, ©) = Nyyp Ky, Ko, £) + Noyp Ky, Ko, £) + N3yp (Ke, Ko, £), then

Nup(ky, ko, t) =

5

%o ] el150k2 efsole 1 - (@ )2 i50k, 4 @i150k ]
[4cosh(kH) [ ik, 1—($k2)2 lkz T (e 2+ e 2) +
[ Qo ] [sin(SOkz) ] +
cosh(kh) k,
(O e—iSO ko _ e—ilSO ko 1 i & 2 _i150k _iS0k
cosh(kH) [ FERY 1_(wkz)z lkz( p ) (e 24+ e 2)

( wsinw(t — t;) + ikyveosw(t — t;) — ik, ve Ka(t=t)v ) +

w?=(kyv)?
o= K1(250+(t—t1)v) _ g=i k1 (300+(t—t1)v)

ik,

e—1200ky _g-i250kg 1 . 50 2 . 1.
- + —— |~ ik (?) (e71250ks 4 71200k ) I coseo(t — ty) +
! 1-(Fka)
Zve—iZSO kq

1—(i[—°k

2 , , cosw(t —ty)
1 )2 [ikl (%) (e—lkl( 300+ (t—t,)v) +ei k1(250+(t—t1)v)) ﬂ
1

Substituting fgown (K1, K2, t) and Ny, (ky, ky, t) into (34) gives f(ky, ko, t) for t; < t < t*. For the

case t > t*, N(kq,ky, t) will have the same expression as (34) except the term resulting from

the convolution theorem, i.e.

t
f(t—t1)—t*

coswte K ((t-t)v-1) g¢ =

1

w2—(kyv)2

[_e—iklvt* (

wsinw(t — t;) + ik;vcosw(t — t;)

wsino( (t—t;) —t*) + iklvcosw((t —t) — t*)

instead of

t 1
coswte kit-OvVgpr = —
f(t—tl) w? — (k,v)?

Finally, n(x,y,t) is computed using inverse FFT of N(kq,k,, t) .
Again, the singular points should be remove to compute n(x,y, t ) efficiently
1. Ask — 0, then M(ky, k;, t) has the following limit

O(t—ty)) <t*

,wheret* = —.
O(t—ty) =>t"

limyo ks Ko t) = {

2. Ask; — 0, then the singular terms of 1( ky,k,,t) have the following limits

)|

) ei50Kk1_q ] e—i Ky ((t—t1)v) _g—iky(50+(t—t1)v)
limy, ( . ) =50, limy e =50,
. e—i 200 kl_e—i250 kq . e—i k1(250+(t—t1)v)_e—i k1(300+(t—t1)Vv)
limy _ = 50 and lim , =
1-0 ikq 1-0 iky

( wsinw(t —t;) + ikyveosw(t —t;) — iklve—ik1(t—t1)v )

50.
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3. Ask; — 0, then the singular terms of 1( kq, k;, t) have the following limits

. ei1150k; ei50kz . sin( 50Kk;)
limy, ( T ) =100, limy, (—kz ) = 50 and
. e—i 50 kp e—i 150 kp
lim ( - ) = 100.
koo ik, ik, 00

Finally, Npiock stide (K1, Kz, t) is evaluated by applying the Laplace and Fourier transforms to
the block slide motion described by (29), then substituting into (20) and then inverting
Nblock stide (K1, K2, s) using the inverse Laplace transform to obtain Nyjock siige (K1, K2, t).

This is verified for t* <t, <t*+ (L'/v) and t* + (L'/v) <t3 <t"+ (2L'/v).

Then,

Nblock slide (K1, K2, ) =11 (ky, ko, £) + 12 (kq, Kp, 1) + N3 (ky, kp, ©). (35)

Then,

Nblock slide (K1, k2, t) =
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Finally, n(x,y, t,, t3 ) is computed using inverse FFT of (ky,k,, tz,t3) .

Again, the singular points should be remove to compute n(x,y, t ) efficiently

1. Ask - 0, then (k4 k,,t) has the limit

hmk_>0 ]_']( kl' kz,t) = 100 (100 + ZL)ZO ,
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2. Ask; = 0, then the singular terms of 1( ky, k,,t) have the following limits

] o1 (20048 Ky _ i (25048 )ieq ) o1 K7 (250484L) _gi kq (300+5+L)
limy, | ™ =50 and limy, ( T >=50

3. Ask, = 0, then the singular terms of 1( ky,k;,t) have the following limits

eil50ky 150k sin ( 50k;) e—150k; e 150 ky

limy, , (S - 5) =100, Timy,_, (F572) =50 and 1imkm( T >= 100.

We investigated mathematically the water wave motion in the near and far-field by

considering a kinematic mechanism of the sea floor faulting represented in sequence by a
down and uplift motion with time followed by unilateral spreading in x-direction, both
with constant velocity v, then a deceleration movement of a block slide in the direction of
propagation. Clearly, from the mathematical derivation done above, n(x,y,t) depends
continuously on the source {(x,y,t). Hence, from the mathematical point of view,
this problem is said to be well-posed for modeling the physical processes of the tsunami
wave.

3. Results and discussion

We are interested in illustrating the nature of the tsunami build up and propagation during
and after the movement process of a variable curvilinear block shape sliding. In this chapter,
three cases are studied. We first examine the generation process of tsunami waveform
resulting from the unilateral spreading of the down and uplift slip faulting in the direction
of propagation with constant velocity v. We assume the spreading velocity of the ocean floor
up and down lift equal to the tsunami wave velocity vy = @ = 0.14 km/sec as the largest
wave amplitude occurs when v = v; due to wave focusing.

3.1. Tsunami generation caused by submarine slump and slide - Evolution in
time

We assume the waveform initiated by a rapid movement of the bed deformation of the
down and uplift source shown in Figure 2. Figure 6 shows the tsunami generated
waveforms during the second stage at time evolutiont = 0.4t%,0.6t", 0.8t",t* at constant
water depth H = 2 km. It is seen how the amplitude of the wave builds up progressively as t
increases where more water is lifted below the leading wave depending on its variation in
time and the space in the source area. The wave will be focusing and the amplification may
occur above the spreading edge of the slip .This amplification occurs above the source
progressively as the source evolves by adding uplifted fluid to the fluid displaced
previously by uplifts of preceding source segments. This explains why the amplification is
larger for wider area of uplift source than for small source area. It can be seen that the
tsunami waveform 1n/{, has two large peaks of comparable amplitudes, one in the front of
the block due to sliding of the block forward, and the other one behind the block due to
spreading of the depletion zone.
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Figure 6. Dimensionless free-surface elevation caused by the propagation of the slump and slide in the
x-direction during the second stage with v =v,atH = 2km, L =150 km, W = 100 km, t* = 200/v sec, (a)
Side view along the axis of symmetry at y = 0 (b) Three dimensional view.
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3.1.1. Effect of the water depth H

Figure 7 and Figure 8 illustrate the normalized peak tsunami amplitudes Nr max/%o, NLmin/ %0
respectively in the near-field versus L/H at t = t* = t; + L/v, the time when the spreading of
the slides stops for H = 0.5,1, 1.5 and 2 km and for v = v; and L =150 km, W = 100 km.

30 T T T
— H=0.5 km -

,,,,,

25

1 L L L L ]
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L/H

Figure 7. Normalized tsunami peak amplitudes, g max/Co at the end of second stage for different water
depthH=0.5,1,1.5and 2 kmatt* = t; + L/v with v = v; and L =150 km,W = 100 km.

1 1 ] 1 1 7]
0 100 200 300 400 500
L/H

Figure 8. Normalized tsunami peak amplitudes, 1y, min/Go at the end of second stage for different water
depthH=10.5,1,1.5and 2 kmatt* = t; + L/v with v = v, and L =150 km,W = 100 km.
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From Figure 7 and Figure 8, the parameter that governs the amplification of the near-field
water waves by focusing, is the ratio L/H. As the spreading length L in the slip-faults
increases, the amplitude of the tsunami wave becomes higher.

At L =0, no propagation occurs and the waveform takes initially the shape and amplitude of
the curvilinear uplift fault (i.e. N\gR max/% = L NLmin/% = 1).

The negative peak wave amplitudes are approximately equal to the positive peak
amplitudes (ML min/%0 = Nrmax/%o ) When v = v, as seen in Figures 7 and 8. The peak tsunami
amplitude also depends on the water depth in the sense that even a small area source can
generate large amplitude if the water is shallow.

3.1.2. Effect of the characteristic size

Figure 9 shows the effect of the water depth h on the amplification factor Ng max/Go for v =
vy, withL = W = 10,50,100 km and L = 150 km, W = 100 km at the end of the second stage
(i.e.att =t" = t; + L/v). Normalized maximum tsunami amplitudes for 19 ocean depths are
calculated. As seen from Figure 9, the amplification factor nNg max/¢o decreases as the water
depth H increases. This happens because the speed of the tsunami is related to the water
depth (v = v, = \/gH) which produces small wavelength as the velocity decreases and hence
the height of the wave grows as the change of total energy of the tsunami remains constant.
Mathematically, wave energy is proportional to both the length of the wave and the height
squared. Therefore, if the energy remains constant and the wavelength decreases, then the
height must increases.

40 T T T T T T
—~-L=W=10km
351 —L =W =50 km
--L =W =100 km
301 —<-L =150,W =100 km
o 25}
e
x 20f
:E
16
10
5-

02 04 06 08 12 14 16 18 2

1
H (km)

Figure 9. Normalized maximum tsunami amplitudes Ng max/o for different length and width at
t=t"=t;+L/vforv=v.
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3.2. Tsunami generation and propagation-effect of variable velocities of
submarine block slide

In this section, we investigated the motion of a submarine block slide, with variable
velocities, and its effect on the near-field tsunami amplitudes. We considered the limiting
case, in which the slide moves with constant velocity and stops suddenly (infinite
deceleration) and the case in which the slide stops softly with constant deceleration for L =
150 km, W =100 km and v = v;.

3.2.1. Displaced block sliding with constant velocity v

Constant velocity implies that the slide starts and stops impulsively, i.e. the acceleration and
deceleration are infinite both initially and finally. This means that the slide takes minimum
time to reach the characteristic length L' = 150 km given by t;;, = t* + (L'/v) = 41.65 min.
We illustrate the impulsive tsunami waves caused by sudden stop of the slide at distance L'
in Figure 10.
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Clg att=t  glgyatt=tr (L)
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Figure 10. Normalized tsunami waveforms 1/{, along the axis of the symmetry aty = 0 and their
corresponding moving slide {/{, with constant velocity v along y =0, at time t* < t < t* + (L'/v) for
h=2km, L =150 km and W = 100 km.

Figure 10 shows the leading tsunami wave propagating in the positive x-direction during
time evolution t = t*,t* + 0.2(L'/v),t* + 0.4(L'/v),t" + 0.6(L'/v),t* + 0.8(L'/v),t* + (L' /v) sec
at Lg = 0, 30, 60, 90, 120, 150 km respectively, where Lg represents that part of L (see Figure
4c) for v=v, = 0.14km/sec. It is seen in Figure 10 that the maximum leading wave
amplitude decreases with time, due to the geometric spreading and also due to the
dispersion. At t = tp,;, =t* + (L'/v) = 41.65, the wave front is at x = 693 km and Ng max/%o
decreases from 7.906 at t = t* to 5.261 at time t,;,. This happens because the amplification of
the waveforms depends only on the volume of the displaced water by the moving source
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which becomes an important factor in the modeling of the tsunami generation. This was
clear from the singular points removed from the block slide model, where the finite limit of
the free surface depends on the characteristic volume of the source model

3.2.2. Displaced block moving with linear decreasing velocity with time t

The velocity of the movable slide is uniform and equal v(t) up to time t;,x as shown in
Figure 4a, followed by a decelerating phase in which the velocity is given by

v =v—(t—tDa, fort” <t < tyax

where v = v¢ = 0.14 km/sec and O is the deceleration of the moving block slide. The block
slide moves in the positive x — direction with time t* <t < tj,,, where ty,, =t* + 2L'/vis
the maximum time that the slide takes to stop after reaching the characteristic length
L' = 150 km with minimum deceleration a,;,. Figure 11 shows the leading tsunami wave
propagating in the positive x-direction during time evolution t =t*,t* + 0.2(2L"/v), t* +
0.4(2L'/v), t* + +0.6(2L'/v), t* + 0.8(2L'/v), t* + (2L'/v) min in case t, = t* (i.e. minimum
magnitude of a).

T T T T T T T

8r nlgﬂat t=tr—— 5}
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z/<;0

g att=t ¢ gy att =1+ (L)
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-2000 R
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X( km)

Figure 11. Normalized tsunami waveforms 1/, and their corresponding moving slide ¢/, with
variable velocity v(t) along y =0, at timet* <t <t* +2L'/vatH = 2km, L' = 150 km and W = 100 km.

It was clear from Figure 10 and Figure 11 that at the instant the slide stops, the peak
amplitude in case of sudden stop is higher than that of soft stop.

Figure 12 and Figure 13 show the effect of the water depth at L' = W = 10,50,100 km
andL' = 150, W = 100 km on the normalized peak tsunami amplitude Ng max/Jo When the
slide stops moving at length L’ instantaneously at t,;, = t* + L'/v with infinite deceleration
and stops moving softly atL’ at the time ty,,x = t* + 2L'/v with minimum deceleration for
V= V.
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Figure 12. Normalized maximum tsunami amplitudes ng max/¢o When the slide stops suddenly at time
tmin = t* + (L'/v) with different slide length L and width W and for v = v;.
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Figure 13. Normalized maximum tsunami amplitudes Ng max/{o When the slide stops softly at
time ty,, = t* + (2L'/v) with different slide length L and width W and for v = v,.

It is clear from Figure 12 and Figure 13 that the waveforms which caused by sudden stop of
the slide motion after they reach the characteristic length L' at time t;, = t* + (L'/v) have
higher amplitude than stopping of the slide with slow motion at time tp,, =t* + (2L'/v)
.This agrees with the mathematical relation between the wavelength and the wave height
where the wave energy is proportional to both the length of the wave and the height
squared.
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3.2.3. Displaced block moving with constant velocity v followed by variable velocity v(t)

In this section, we studied the generation of the tsunami waveforms when the block moves a
significant distance with constant velocity v = v, then continue moving with variable
velocity v(t) with constant deceleration until it stops at the characteristic length L’ = 150 km.
Figure 14 shows the tsunami waveforms at the times calculated in Table 2 when the slide
reaches the characteristic length L' = 150 km.

—L*= O0km ,L**=150km
L* = 30km ,L** =120km
L* = 60km ,L** 90 km
L* = 90km ,L** 60 km
L* =120km , L** = 30km
L* =150km , L**= 0km
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Figure 14. Normalized tsunami waveforms 1n/{, along y = 0 at t = t; calculated in Table 7.2 with
L' =150 km.

In Figure 14, the first waveform from the left indicates the shape of the wave at the time
t3 = tyin = t* + (L'/v) = 41.65 in the limiting case when the slide stops moving suddenly.
The last waveform indicates the wave in the other limiting case at the time t3 =t = t* +
(2L'/v) when the slide stop moving with minimum deceleration at the distance L'. In
between the two limiting cases, the slide begins moving with constant velocity a significant
distance followed by a decelerating movement until it stop at the characteristic length
L’ = 150 km at the time ty;, < t3 < tpay , see Table 2. It is seen how the peak amplitudes of
the leading waves decreases gradually from 5.261 to 3.894.

3.3. Tsunami propagation waveforms

In order to compare shape and maximum height of tsunami wave at certain time for
different deceleration o, we choose the time t=t,,,. We study the case when the
propagating waveforms resulting at the time difference between t; and tp. (ie.
propagating of tsunami away from the slide) when the slide stops moving at the length L'.

For the limiting case oy, there is no free propagation, while for the other limiting case “ the
sudden stop”, there is free propagation between time t;, and ty,,x. For the cases between
the two limiting cases, the propagation time is tprop = tmax — t3-
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Figure 15 shows the shape of the tsunami propagation waveform at ty,x =t* + (2L'/v) =
59.51 min (curves in black) for different deceleration a and time t3 (time at which the slide
stops).
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Figure 15. Normalized tsunami propagation waveforms 1/, along the axis of the symmetry aty = 0 at

tprop. = 0,3.56,7.14,10.70, 14.28,17.85 min with L' = 150 km and W = 100 km.
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As the wave propagates, the wave height decreases and the slope of the front of the wave
become smaller, causing a train of small wave forms behind the main wave. The maximum
wave amplitude decreases with time, due to the geometric spreading and also due to the
dispersion.

Figure 16 represents the normalized peak tsunami amplitudes |n|yin/Co and Nmax/%o of the
leading propagating wave in the far-field at time t = t;;,, for the different deceleration «
and time t; (time at which the slide stops) chosen in Figure 7.15.
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Figure 16. The normalized peak tsunami amplitudes |1|pin/%o and Nmax/go at time t = tp,, for the
different deceleration o and time t;.

It can be seen in Figure 16 that the absolute minimum peak amplitudes of the leading
propagated waves at time tp,, =t* + (2L'/v), after the block slide stops moving with
different deceleration a and time t3, decreases gradually, while the maximum peak
amplitudes increases progressively.

4. Conclusion

In this paper, we presented a review of the main physical characteristics of the tsunami
generation caused by realistic curvilinear submarine slumps and slides in the near-field. It
is seen that the tsunami waveform has two large peaks of comparable amplitudes, one in
the front of the block due to forward sliding of the block, and the other one behind the
block due to spreading of the depletion zone. The negative peak wave amplitudes are
approximately equal to the positive peak amplitudes. We studied the effect of variable
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velocities of submarine block slide on the tsunami generation in the limiting cases, in
which the slide moves with constant velocity and stops suddenly (with infinite
deceleration) and the case in which the slide stops softly at the same place with minimum
deceleration. It is seen that the leading tsunami amplitudes are reduced in both cases due
to the geometric spreading and also due to the dispersion. We observed that the peak
tsunami amplitudes increase with the decrease in the sliding source area and the water
depth. We also investigated the more realistic case in which the block slide moves a
significant distance with constant velocity v then continue moving with time dependence
velocity v(t) and different constant deceleration until it stops at the characteristic length. It
is seen how the peak amplitudes of the leading waves decrease gradually with time
between the two limiting cases. In this case we demonstrated also the shape of tsunami
propagated wave at certain time max t (time at which the slide stops with minimum
deceleration). The results show that the wave height decreases due to dispersion and the
slope of the front of the wave becomes smaller, causing a train of small wave forms
behind the main wave. It can be observed that just a slight variation in the maximum and
the minimum tsunami propagated amplitudes after the block slide stops moving with
different deceleration a and time t3, see Figure 16. The presented analysis suggests that
some abnormally large tsunamis could be explained in part by variable speeds of
submarine landslides. Our results should help to enable quantitative tsunami forecasts
and warnings based on recoverable seismic data and to increase the possibilities for the
use of tsunami data to study earthquakes, particularly historical events for which
adequate seismic data do not exist.
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