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1. Introduction

Generally, the electric induction motors are designed for supply conditions from energy
sources in which the supply voltage is a sinusoidal wave. The parameters and the functional
sizes of the electric motors are guaranteed by designers only for it. If the electric motor is
powered through an inverter, due to the presence in the input voltage waveform of superior
time harmonics, both its parameters and its functional characteristic sizes will be more or
less different from those in the case of the sinusoidal supply. The presence of these
harmonics will result in the appearance of a deforming regime in the machine, generally
with adverse effects in its operation. Under loading and speed conditions similar to those in
the case of the sinusoidal supply, it is registered an amplification of the losses of the
machine, of the electric power absorbed and thus a reduction in efficiency. There is also a
greater heating of the machine and an electromagnetic torque that at a given load is not
invariable, but pulsating, in rapport with the average value corresponding to the load. The
occurrence of the deforming regime in the machine is inevitable, because any inverter
produces voltages or printed currents containing, in addition to the fundamental harmonic,
superior time harmonics of odd order. The deforming regime in the electric machine is
unfortunately reflected in the supply power grid that powers the inverter. Generalizing, the
output voltage harmonics are grouped into families centered on frequencies:

f=Jmf =Jmf (J=1,23 ..), (1)
and the various harmonic frequencies in a family are:

)=k = (Jm, £1f, = (Jm, £k)f,, )
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with
v=]Jm, tk (3)

In the above relations, mr represents the frequency modulation factor, fi is the fundamental’s
frequency and f. is the frequency of the control modulating signal. Whereas the harmonic
spectrum contains only v order odd harmonics, in order that (Jms+k) is odd, an odd ] determines
an even k and vice versa. The present chapter aims to analyze the behavior of the induction
motor when it is supplied through an inverter. The purpose of this study is to develop the
theory of three-phase induction machine with a squirrel cage, under the conditions of the
non-sinusoidal supply regime to serve as a starting point in improving the methodology of
its constructive-technological design as advantageous economically as possible.

2. The mathematical model of the three-phase induction motor in the case
of non-sinusoidal supply

In the literature there are known various mathematical models associated to induction
machines fed by static frequency and voltage converters. The majority of these models are
based on the association between an induction machine and an equivalent scheme
corresponding to the fundamental and a lot of schemes corresponding to the various v
frequencies, corresponding to the Fourier series decomposition of the motor input voltage -
see Fig. 1 (Murphy & Turnbull, 1988). In this model the skin effect is not considered.

Loy R Xi Iogy X2 Ly Ry X Iowy Xo)

a) b)
Figure 1. Equivalent scheme of the machine supplied through frequency converter: a) for the case of

fundamental; b) for the v order harmonics (positive or negative sequence).

For the equivalent scheme in Fig.l.a, corresponding to the fundamental, the electrical
parameters are defined as:

Rl(]) =R, =R, X1(1) =X, =aX,;
sz(1) =R, =R, XI2(1) =X, =aX,,;
— — 2 . — — .
Rm(l) - 1{m =a Rmn’ Xm(l) - Xm - aan’ (4)
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2(1) & a
S

In relations (4), Rin, Xin, R'2n, X'2n, Rmn, Xmn represents the values of the parameters Ri, X1, R",
X'2, Rm and Xm in nominal operating conditions (fed from a sinusoidal power supply, rated
voltage frequency and load) and

f &:—1; c= = =s-a (5)

a= —1 =
fln ('Oln nln nln nl n

In the relations (5), fi and fin are random frequencies of the rotating magnetic field, and the

nominal frequency of the rotating magnetic field respectively. For v order harmonics, the

scheme from Fig. 1.b is applicable. The slip s, corresponding to the v order harmonic is:
_vn, Fn n

vn,

< | =
< |

C
v) ==, (6)
an a

where sign (-) (from the first equality) corresponds to the wave that rotates within the sense
of the main wave and the sign (+) in the opposite one. For the case studied in this chapter -
that of small and medium power machines — the resistances Ri(,) and reactances Xi(,) values
are not practically affected by the skin effect. In this case we can write:

=R, =R, =R,,, 7)

1o(v) = V(DlLlcs(v) 4 (8)
where Lio(,) is the stator dispersion inductance corresponding to the v order harmonic. If it is
agreed that the machine cores are linear media (the machine is unsaturated), it results that
the inductance can be considered constant, independently of the load (current) and flux, one
can say that:

~ Llc(l) =L, ©)
By replacing the inductance Lio(,) expression from relation (9) in relation (8), we obtain:

1

X s vo L, =vX =vaX (10)

For the rotor resistance and rotor leakage reactance, corresponding to the v order harmonic,
both reduced to the stator the following expressions were established:

R, =Ry =R, =R, , (11)

Xy =V Xy =v-a- Xy, (12)
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The magnetization resistance corresponding to the v order harmonic, Rm,, is given by the
relation:

R .=k -v*-a’R (13)

kk” is a coefficient dependent on iron losses and on the magnetic field variation. The
magnetization reluctance corresponding to the magnetic field produced by the v order
harmonic is:

Xy =K va- X, (14)

Further the author intends to establish a single mathematical model associated to induction
motors, supplied by static voltage and frequency converter, which consists of a single
equivalent scheme and which describes the machine operation, according to the presence in
the input power voltage of higher time harmonics. For this, the following simplifying
assumptions are taken into account:

- the permeability of the magnetic core is considered infinitely large comparing to the air
permeability and the magnetic field lines are straight perpendicular to the slot axis;

- both the ferromagnetic core and rotor cage (bar + short circuit rings) are homogeneous
and isotropic media;

- the marginal effects are neglected, the slot is considered very long on the axial direction.
The electromagnetic fields are considered, in this case plane-parallels;

- the skin effect is taken into account in the calculations only in bars that are in the transverse
magnetic field of the slot. For the bar portions outside the slot and in short circuit rings,
current density is considered as constant throughout the cross section of the bar;

- the passing from the constant density zone into the variable density zone occurs
abruptly;

- in the real electric machines the skin effect is often influenced by the degree of
saturation but the simultaneous coverage of both phenomena in a mathematical
relationships, easily to be applied in practice is very difficult, even precarious. Therefore,
the simplifying assumption of neglecting the effects of saturation is allowed as valid in
establishing the relationships for equivalent parameters;

- the local variation of the magnetic induction and of current density is considered
sinusoidal in time, both for the fundamental and for each v harmonic;

- one should take into account only the fundamental space harmonic of the EMF.

Under these conditions of non-sinusoidal supply, the asynchronous motor may be associated to
an equivalent scheme, corresponding to all harmonics. The scheme operates in the
fundamental frequency fi1) and it is represented in Fig. 2. According to this scheme, it can be
formally considered that the motors, in the case of supplying through the power frequency
converter (the corresponding parameters and the dimensions of this situation are marked
with index "CSF") behave as if they were fed in sinusoidal regime at fundamental’s
frequency, fin) with the following voltages system:
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. 2 . 2
u, :\/E.Ul(CSF) sinot;u, =2 U, csp) sm[(olt—?nj;uc =\/§.U1(CSF)-sm[(olt+?nj, (15)

where, Uycon = [ULy + 2. U2 (16)
vzl

U,,, is the phase voltage supply corresponding to the v order harmonic. Corresponding to

the system supply voltages, the current system which go through the stator phases is as follows:

=2 Il(CSF) ’ Sin((olt - (pl(CSF))
. . 271
i, = V2 Il(CSF) -sm[a)lt ~ Pycsr) —?] / (17)
. 4n
= \/E . Il(CSF) . sm(colt = Py(csp) T ?]
where Ii(cs) is given by:
1(CSF) 1(1 + le(v) (18)
Liicsp) Rycsr)  X1(CSP) Lcsm Xycsr)
<
I
01(CSF)
R
11’1‘1(CSF) RI
Uy (csp) —:((CSF ))
CSF
X 1m(CSF)
v
o

Figure 2. The equivalent scheme of the asynchronous motor powered by a static frequency converter.

Power factor in the deforming regime is defined as the ratio between the active power and
the apparent power, as follows:

P1(CSF) Pl(CSF)
A(CSF) -5 U1 (19)
1(CSF) 1(CSF) " 1(CSF)

If we consider the non-sinusoidal regime, the active power absorbed by the machine Pi(csr) is
defined, as in the sinusoidal regime, as the average in a period of the instantaneous power.
The following expression is obtained:
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\(cst) Ip dt= ZU (v) COS Py = U/ I cosg, +ZU 1(v) COSPy ) (20)
vzl
Therefore, the active power absorbed by the motor when it is supplied through a power
static converter is equal to the sum of the active powers, corresponding to each harmonic
(the principle of superposition effects is found). In relation (20), cosp(1v) is the power factor
corresponding to the v order harmonic having the expression:

oS, = (21)

The apparent power can be defined in the non-sinusoidal regime also as the product of the
rated values of the applied voltage and current:

S - Ul(CSF) 'Il(CSF) , (22)

1(CSF)
Taken into account the relations (20), (21) and (22), the relation (19) becomes:

Ul cosp, + Uy L, cosg,,

Ajeer) = I +ZI;1 o 23)

vzl

Because A(csp<l, formally (the phase angle has meaning only in harmonic values) an angle
@icsp can be associated to the power factor Acsr, as: cos Py With this, the
relation (23) can be written:

CSF) (CSF)

Y0 5 50
v#1 U](l) I1 )
COS P, cqp) = (24)

2 2
1+ Z - 1+ Z
vzl 1(1) v#l 1(1)

If one takes into account the relation (Murphy&Turnbull, 1988):

cos @,

where x “sc is the reported short-circuit impedance, measured at the frequency fi = fin ,
relation (24) becomes:
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2
1 1 Ul(v)
C05@1+Z*~f - .{U J oS P, )

vzl - X 1(1)

1r sc
2 2
Yo | [lesf2 1 Yo
U vzl A% flr'XSC U

1) 1)

COSP;(csr) =

(26)

vl

1+Z£

3. The determination of the equivalent parameters of the stator winding

The equivalent parameters of the scheme have been calculated at the fundamental’s frequency,
under the presence of all harmonics in the supply voltage. Under these conditions, we note
by pcuicsk the losses that occur in the stator winding when the motor is supplied through a
power frequency converter. These losses are in fact covered by some active power absorbed by
the machine from the network, through the converter, Picsp. According to the principle of
the superposition effects, it can be considered:

Peui(csr) = Peuiy * ;pCul(v) = 3R1(1)If(1) + 3;1{1@)1?@) (27)
Further, the stator winding resistance corresponding to the fundamental, Rig) and stator
winding resistances corresponding to the all higher time harmonics Ri(,), are replaced by a
single equivalent resistance Riwcsk, corresponding to all harmonics, including the
fundamental. The equalization is achieved under the condition that in this resistance the
same loss pcui(csk) occurs, given by relation (27), as if considering the “v” resistances Ri),
each of them crossed by the current Ii,). This equivalent resistance, Ricsr), determined at the
fundamental’s frequency, is traversed by the current Iicsr , with the expression given by
(18). Therefore:

- 3R1(CSF) 'If(CSF) - 3R1(CSF) (If(l) + Zlf(v)j (28)

Pcui(csr)
vzl

Making the relations (27) and (28) equal, it results:

3R, o (If(l) + ZIf(V)j =3R, (If(l) T ZIf(V)j =3R,, (If(l) + Zlf(v)j , (29)

vzl vzl vzl

from which:

Ricsp) =Ria) =R1. (30)

Applying the principle of the superposition effects to the reactive power absorbed by the
stator winding Qcu1 (csp), the following expression is obtained:

QCu1(CSF) - QCul(l) + ZQCul(v) =3 X1(1)15(1) + 3ZX1(v)Il2(v) (31)

vl vl
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As in the previous case, the stator winding reactance corresponding to the fundamental, Xiq)
(determined at the fundamental’s frequency fin) and the stator winding reactances,
corresponding to all higher time harmonics Xi(,) (determined at frequencies fi)=v-fi where
Jmi+k) are replaced by an equivalent reactance, Xicsr, determined at fundamental’s
frequency. This equivalent reactance, traversed by the current Iicsp, conveys the same
reactive power, Qcuicsp) as in the case of considering “v” reactances Xi), (each of them
determined at fi) frequency and traversed by the current Ii(,)). Following the equalization,

the following expression can be written:

Qeuesr) = 3Xsesmliesr) = 3K csp) (If(l) + Z;If(v)j (32)
Making the relations (31) and (32) equal, it results:

Xi(csr) (If(l) + Zli(v)\] =X,k + ZVXJf(V) =X, (15(1) + ZVIf(v)j (33)

vzl vzl vzl

One can notice the following:

the factor that highlights the changes that the reactants of the stator phase value suffer in the
case of a machine supplied through a power frequency converter, compared to sinusoidal
supply, both calculated at the fundamental’s frequency. From relations (25) and (33) it follows:

2 U 2 (U

1+Zv( 1*J iz ) 1+21( {j 1)

Kyen A X)) ViU ) Y X Uy
U

2

X1 2
X1 14 z( 1 ]2 i Ul(v) 1+ Zl 1 jz 1(v)
vzl rX:c V2 Ul(l) vl V2 rX:c Ul(l)

2 (34)

where:

- is the short circuit impedance reported, corresponding to the frequency fi=fin and fir is the
reported frequency. One can notice that: kxi>1. With the equivalent resistance given by (30)
and the equivalent reactance resulting from the relationship (34) we can now write the relation
for the equivalent impedance of the stator winding, Zicsr covering all frequency harmonics
and including the fundamental:

Zi(csr) = RI(CSF) + le(CSF) - RI(CSF) kX, (35)
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4. Determining the equivalent global change parameters for the power
rotor fed by the static frequency converter

Further, it is considered a winding with multiple cages whose bars (in number of "c") are placed
in the same notch of any form, electrically separated from each other (see Fig. 3). These bars
are connected at the front by short-circuiting rings (one ring may correspond to several bars
notch). This "generalized" approach, pure theoretically in fact, has the advantage that by its
applying the relations of the two equivalent factors krcsr) and kxcsr), valid for any notch type
and multiple cages, are obtained. The rotor notch shown in Fig. 3 is the height hc and it is
divided into "n" layers (strips), each strip having a height hs = h¢/n. The number of layers "n"
is chosen so that the current density of each band should be considered constant throughout
the height hs (and therefore not manifesting the skin effect in the strip). The notch bars are
numbered from 1 to ¢, from the bottom of the notch. The lower layer of each bar is identified
by the index "i" and the top layer by the index "s”. Thus, for a bar with index & characterized
by a specific resistance p; and an absolute magnetic permeabilityp;, the lower layer is noted
with Nsi and the extremely high layer with Ng. The current that flows through the bar & is
noted with ics (Is - rated value). The length of the bar, over which the skin effect occurs, is L.
For the beginning, let us consider only the presence of the fundamental in the power supply,
which corresponds to the supply pulsation, wig=wi=2mtf1. In this case:

2
M UERS SR RN (%6)
OTR TR, R &
N;, 2
Lsncr(l) ~ ‘ |:_5m(1):|‘ e=Njy hj
) g (37)

x3(1) N

L 5 -1 A 2
e \/_MBthICB Z i bs ba + bi
A=Ng; b e=Ng; =Ny 3

A B

where b, and b: are the width of A and ¢ order strips and Wenon) is the & bar flux
corresponding to the fundamental of the own magnetic field, assuming that for the A order
strip, the magnetic linkage corresponds to a constant repartition of the fundamental current
density on the strip.

T i

[/ : \\ Ncs
C ‘ hs
| : | Nci
L]
. he | he
+ AN Nﬁs
8 [ ; \ hs
L | Nsi
L i
: hs y
B le
1 o/ hed
~———~ P Nii

Figure 3. Notch generalized for multiple cages.
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If in the motor power supply one considers only the v order harmonic which corresponds to
the supply pulsation wi)=ve, the relations (36) and (37) remain valid with the following

considerations: index "1" is replaced by index "v" and the rotor phenomena are with the
pulsation () given by the relation:

1 s
Ds(y) = Sy Py = [1 FoE ;j Vo, (38)
Subsequently we shall consider the real case, where in the & bar both the fundamental and v
order time harmonics are present. For this, the equivalent d.c. global factor of the § bar
resistance modification is calculated with the relation:

K _ pa(CSF) - Rs(CSF) ~ ) (39)

A pB(CSF)— RS(CSF)—

where pg(csp)- represents the total a.c. losses in & bar (considering the appropriate skin effect
for all harmonics) and pscsp- represents the bar & total losses, without considering the
repression phenomenon. The a.c. total losses in the § bar are obtained by applying the effects
superposition principle by adding all the § bar a.c. losses caused by each v order time,
including the fundamental. Therefore one can obtain:

Pé(csr)- = Psn) T ZPS(V)~ ’ (40)

vzl
The a.c. loss in & bar, corresponding to the fundamental, ps1)-, is calculated with the
following relation:

=* k_ ‘R (41)

(1) Trd(1) T8 -

Ps(1) -

In the same way, the expression of the & bar a.c. losses produced by some v order time
harmonic is obtained:

=17

CB(V)

Pyt - = L) Ry - Ky R (42)

ré(v) 8 —

By replacing the relations (41) and (42) in relation (40), it results:
Ps(csr) - = 135(1) 'kr5(1) R+ zllis(v) 'krs(v) ‘R, =R, (Iza(l) 'kra(1) + leiﬁ(v) 'kra(v)J' (43)

The & bar losses without considering the repression phenomenon in the bar are calculated
using the following relationship:

2
P =1 R

(CsF) c3(CSF)

(44)

s -7

where:
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L (csr) = / +;1 (45)

is the rated value of the current which runs through the & bar, in the case of a motor
supplied by a frequency converter. By replacing the relation (45) in relation (44):

Ps(csr) - = R, ( + ZIZ j (46)

vl

By replacing the relations (43) and (46) in (39) one obtains the expression for the global
equivalent factor of the a.c. increasing resistance in the bar §, krs (csp), in case of the presence
of all harmonics in the motor power:

2
R I )+ 2 K
Ps(csr) - o { +z <3(v) ke (v) J il Ics(l)

vl

kra(CSF) - p - . - I 2 (47)
3(CSF) - +> 1 (v
[ % J 1+z[8“]

The global equivalent change of a.c. 8 bar inductance modification has the expression:

qs(CSF) ~
x3(CSF) — , (48)
qS(CSF) -

k

where qg(csp- is the a.c. total reactive power, in the & bar, and qscsp- is the total reactive
power for a uniform current distribution § in the bar. Applying the superposition in the case
of a.c. total reactive power, the following relationship is obtained:

s(cse) - = Do) - + Zqﬁ , (49)

v#l

A.c. reactive power corresponding to the fundamental is calculated using the following
relation:

2

qzs(l) ST kxﬁ(l) Lo - 'Ics(l) (50)

In the same way, the expression of the a.c. reactive power in the & bar corresponding to the v
order harmonic is obtained:

D) - = D1 Lsnofo) - “Los =V 01 Kg) Lno - T (51)

By replacing the relations (50) and (51) in the relation (28), the expression for calculating the
total a.c. reactive power in the § bar is obtained:
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Desr) - = @1 Koy Liano - '135(1) + (kxﬁ(l) ' 135(1) v Keav) 'Iia(v)j =

vl
=0 Ly, - (kxé(l) 'Ifs(l) +2.V Kasw) 'Ifs(v)j

vl

(52)

The total reactive power for an uniform current repartition in the & bar, in the case of a
motor supplied through a frequency converter, is calculated by the relation:

Ds(csr) - = Do) - qu(v) . (33)
vzl
where qgs)- is the reactive power corresponding to the fundamental, in case of an uniform
current distribution Ic51) in the § bar, while ggy)- is the reactive power corresponding to the v
harmonic in case of a uniform current distribution Ics) in the 6 bar:

2 2

Qo1 = ml(l)LSnG - 'Ica(l) =0 Ly 'Ica(l) . (54)

Similarly, for the reactive power corresponding to the v harmonic, in the case of an uniform
current I, repartition in the & bar, the following relation is obtained:

qS(v) _= ml(v) “Ligne .Iiéi(v) =v-o,-L 'Ifs(v) (55)

By replacing the relations (54) and (55) in relation (53), the expression for the total reactive
power for a uniform current distribution in the & bar becomes:

Gs(csr)- = @ Lo 'Iis(l) + ZV "0 Lo 'Iis(v) =0 Ly [155(1) + ZV ’ Iis(v)J (56)
vzl vzl
By replacing the relations (52) and (56) in relation (48), the expression for the global
equivalent factor of the a.c. modifying inductance is obtained:

2
k + V- m -k
Otlns - (kxsu) T+ 2V Ky Ifs<v)j 2 [Icﬁ(l) J s5()

qs(CSF) i vl

S = = (57)

x3(CSF) q , ; 2
S(CSF) - ('OILSnG - (ICS(l) + ;V ) ICﬁ(V)J 1 + Z V- {ICS(V)J

5. Determining the equivalent parameters of the winding rotor,
considering the skin effect
The rotor winding’s parameters are affected by the skin effect, at the start of the motor and

also at the nominal operating regime. For establishing the relations that define these
parameters, considering the skin effect, the expression of the rotor phase impedance
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reduced to the stator is used. For this, the rotor with multiple bars is replaced by a rotor
with a single bar on the pole pitch. Initially only the fundamental present in the power supply
of the motor is considered. The rotor impedance reduced to the stator has the equation:

(58)

Knowing that the induced EMF by the fundamental component of the main magnetic field
from the machine in the pole pitch bars is:

Uy = 1'2(1) 'Zz(l) , (59)

' (S U C
—e(1)
12(1) = Zlcau) = A(l) Zé&(l) (60)

In the relation (60), the number of the cages and respectively the rotor bars/ pole pitch is
equal to “c”. In the case of motors with the power up to 45 [kW], c=1 (simple cage or high
bars) or c=2 (double cage). A is the determinant corresponding to the equation system:

U = SZC;B&@) Tew, =12, .., ¢, (61)
having the expression:
Rug = Ry
Ay =| (62)
Roug Rap

Asy is the determinant corresponding to the fundamental obtained from Aq), where column
0 is replaced by a column of 1:

311(1) Bl, 5-1(1) 1 BL 8+1(1) - Bln(l)
Ay = ' ' (63)
Bnl(l) - R

—n, 6-1

(1) 1 Bn, 3+1(1) ”'Bnn(l)

Because in the first phase the steady-state regime is under focus, the phenomenon in the
rotor corresponding to the fundamental has the pulsation w2a=swi, where s is the motor slip
for the sinusoidal power supply in the steady-state regime. If the relation (63) is introduced
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in (60), the expression of the equivalent impedance of the rotor phase reduced to the stator,
corresponding to the fundamental valid when considering the skin effect is obtained:

Zypy = (64)

>
—_

Thus, the expressions for the rotor phase resistance and inductance reduced to the stator,
corresponding to the fundamental, both affected by the skin effect can be written.

R ,
2(1) — me |:ZQ(1)j| 7 (65)
°1)
Xy = 3m| Zuyy | (66)

By considering in the motor power supply the v harmonic only, similar expressions are
obtained for the corresponding rotor parameters. Thus:

Zyy=—2, (67)

R:‘V) =ve[Zy |, (69)
(v)
Xy =Im [Zz(v)} (69)

Further on we consider the real case of an electric induction machine fed by a frequency
converter. For the beginning, the case of simple cage respectively high bars induction
motors will be analyzed. Thus, a rotor phase resistance corresponding to the fundamental,
R’2a), and rotor phase resistance corresponding to higher order harmonics R’2v) are replaced
by an equivalent resistance R’2csr), which dissipates the same part of active power as in the
case of “v” resistances. This equivalent resistance is defined at the fundamental’s frequency
and it is traversed by the I'2csF) current:

I;(CSF) = 1'22(1) + ;1'22(\/) (70)

For the rotor phase equivalent resistance reduced to the stator, corresponding to all
harmonics, defined at the fundamental’s frequency, one can write:

RVZ(CSF) - kr(CSF) ‘R, +R,, (71)
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where: R'x is the resistance, considered at the fundamental’s frequency of a part from the
rotor phase winding from notches and reported to the stator, R is the resistance of a part of
the rotoric winding, neglecting skin effect reported to the stator, krcsp is the global
modification factor of the rotor winding resistance, having the expression given by the
relation (47). To track the changes that appear on the resistance of the rotor winding when
the machine is supplied through a frequency converter, comparing to the case when the
machine is fed in the sinusoidal regime, the kr2 factor is introduced:

k., =—2, (72)

where R’z is the rotor winding resistance reported to the stator, when the machine is fed in
the sinusoidal regime:

R, =kR, +R, , (73)

where k:r is the modification factor of the a.c. rotor resistance, in the case of sinusoidal:
=kr). It is obtained:

k. ..R, +R,
== R (74)
e krRZC + R2i
If both the nominator and the denominator of the second member on the relation (74) are
divided by kr and then by R’z the following expression is obtained:

k R
rl((CSF) +R—.2i kl 1<kr+1r2-k1
k, — T : 2c ro_ T , (75)
R, R, 1 1
1+=2.— 1+r1,-—
R2C kr kr
where:
R,
r, =—=—=const.,
RZc

which is constant for the same motor, at a given fundamental’s frequency. For c=1, ki>1, it
results that kr2 >1, which means that R'zcsp>R™2 also. The procedure is similar for the
reactance. The rotor phase reactance, corresponding to the fundamental, X"21), and also the
reactance corresponding to the higher harmonics, X'z), are replaced by an equivalent
reactance X'2csr). As in the case of the rotor resistance, we can write:

k, = , (76)
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where X'2csp) is the equivalent reactance of the rotor phase, reduced to the stator, corre-
sponding to all harmonics, including the fundamental, on the fundamental’s frequency:
Xycer = Kyregp XKoo + X

2i 7/

(“7)

(CsF) (csF)

and X2 is the reactance of the rotor phase reduced to the stator which characterizes the
machine when it is fed in the sinusoidal regime:

sz = kxxvzc + vai (78)

In relation (77) and (78), we noted: X'z -the reactance of the rotor winding part from the
notches, reduced to the stator, in which the skin effect is present, X'2- the reactance of the
rotor winding phase where the skin effect can be neglected. kxcsr) is defined in relation (57),
where c=1. Taking into account the relations (77) and (78), the relation (76) becomes:

. . x(osr) X, 1 K +x 1
K = kX(CSF)XZC +Xy B k, X'2C k, B kx 2 k, 79)
X, - ' ' - ' - 4
kX, + X, 1+ X’2i i 1+x, i
ch kx kX
where:
X,
X, =—2,
¢

is a constant for the same motor at a given fundamental’s frequency kix<l, with the
consequences kx2<1 and X"2csp<X"2. With this, the impedance of a rotor phase reported to the
stator in the case of a machine supplied by a power converter, receives the form:

, R,
ZZ(CSF) T 2(SS) +]X2(CSF) ’ (80)
(CsF)
where:
sz I
(CSF)™2(CSF)
g = 2Acm e (81)
(1) Ue1(CSF)
and:
Usicsr) = \/ Ujl(l) + Z;U;(v) (82)

In the case of double cage induction motors, the rotor parameters are necessary to be determined
for both cages. The principle of calculation keeps its validity from the above presented case,
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the induction motors with simple cage, respectively cage with high bars, with one remark:
in the relations for determining krcsr) respectively kxcsr,it is considered that c=2 (for d=1 the
working work cage results and for d=c=2 the startup cage results). The complex structure of the
used algorithm and its component computing relations synthetically presented in the paper,
request a very high volume of calculation. Therefore the presence of a computer in solving
this problem is absolutely necessary. In the Laboratory of Systems dedicated to control the
electrical servomotors from the Polytechnic University of Timisoara the software calculation
CALCMOT has been designed. It allows the determination and the analysis of the factors
ke(csp), kxcsp) and the parameters of the equivalent winding machine induction in the non-
sinusoidal regime. Further on, the expressions of the equivalent parameters for the magnetic
circuit will be set (corresponding to all harmonics). Thus, to determine the equivalent
resistance of magnetization Rim(csr), we have to take into account that this is determined only
by the ferromagnetic stator core losses which are covered directly by the stator power
without making the transition through the stereo-mechanical power. By approximating that
Towcsk) =Iucsr), for Rim(csy) it is obtained:

pzl(CSF) + p'l(CSF)
Riest) =3 — (83)

1(CSF)

where pzi(csr) and pjicsk) are global losses occurring respectively in the stator teeth and in the
yoke due to the supplying of the motor through the frequency converter. In determining the
total magnetization current Iucsk), the principle of the superposition effects is applied:

2 2
L (csr) = /1“(1) +;I“(V) (84)

For the equivalent magnetizing reactance, corresponding to all harmonics, determined at the
fundamental’s magnetization frequency fia), we obtain:

2

U

N 1(CsE) 2
Im(CSE) 4| T B Rl(CSF) + le(CSF)) (85)
u(CSF)
For the equivalent impedance of the magnetization circuit it can be written:
Zlm(CSF) = le(CSF) +j- le(CSF) (86)

Given these assumptions and considering that the equivalent parameters were calculated
reduced to the fundamental’s frequency (in the conditions of a sinusoidal regime), one may
formally accept the calculation in complex quantities. Corresponding to the unique scheme
shown in Fig. 2, the motor equations are:

U (csr) = Zesr)  Lyesr) = Yer(csr)
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g;ez(CSF) = Zz(csm ‘I;(CSF)

Qel(CSF)

= Uei(csr)

_Zm(CSF) : IOl(CSF);

IOI(CSF) = I](CSF) + IZ(CSF)

6. Experimental validation

(87)

The induction machines which have been tested are: MAS 0,37 [kW] x 1500 [rpm] and MAS
1,1 [kW] x 1500 [rpm]. To validate the experimental studies of the theoretical work, tests

were made both for the operation of motors supplied by a system of sinusoidal voltages,

and for the operation in case of static frequency converter supply. In Tables 1 and 2 are

presented theoretical values (obtained by running the calculation program) and the results

of measurements, for kr2 and kxz, factors, respectively the calculation errors of, for both

motors tested.

Nt fi) Kg, = % kr2 EKR’2 Ky, = % kx> EkX2
[Hz] 2 (measured)| [%] 2 (measured) [%]
(calculated) (calculated)
1. 25 1,048 1,11 5,58 0,863 0,894 3,6
2. 30 1,026 1,077 497 0,912 0,857 -6,03
3. 40 1,021 1,061 3,77 0,944 0,884 -6,35
4, 50 1,014 1,075 6,01 0,967 0,897 -7,23
5. | 60 1,011 1,079 6,82 0,975 0,914 -6,25

Table 1. The theoretical and experimental values of factors kr2 and kx2, respectively the errors of

calculation, corresponding to 0.37 [kW] x 1500 [rpm] MAS.

N fiq1) Kg, = % kr2 EKR2 Ky, = % kx> EkX2
[Hz] 2 (measured) | [%] t (measured) [%]
(calculated) (calculated)
1. 20 1,098 1,185 7,92 0,812 0,821 1,108
2. 30 1,041 1,120 7,58 0,886 0,916 3,386
3. 40 1,034 1,106 6,96 0,926 0,891 -3,77
4. 50 1,023 1,089 6,45 0,956 0,863 -9,72
5. 60 1,018 1,082 6,28 0,966 0,871 -9,83

Table 2. The theoretical and experimental values of factors kr2 si kx2, respectively the errors of

calculation, corresponding to 1.1 [kW] x 1500 [rpm] MAS.
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Parameters of the winding machine supplied by the power converter can be calculated with
errors less than 10 [%]. The main cause of errors is the assumption of saturation neglect.
Even in this case the results can be considered satisfactory, which leads to validate the
theoretical study carried out in the paper.

7. Theoretical analysis of the magnetic losses
7.1. Statoric iron losses

7.1.1. The main stator iron losses
A. The main stator teeth losses

In the teeth, the magnetic field is alternant and generates this type of losses. In the case of
the direct supplying system the total losses from the stator teeth p. are being composed by
the magnetic hysteresis losses, pzn and the eddy currents losses, pzw:

pzl:(kzh'ch.fl-i-kzw‘Gw‘flz'Az)'Bilm‘G (88)

z17
where: on is a material constant depending on the thickness and the quality of the steel
sheet, f1 is the supplying frequency, Bzm represents the magnetic induction in the middle of
the stator tooth, Ga represent the weight of the stator teeth, ow is a material constant similar
to on, depending on the sheet thickness and quality and A represents the thickness of the
sheet. k.n and kaw are two factors which have the mission of underlining respectively the
hysteresis losses increment and the eddy currents losses increment due to the mechanical
modifications of the stator’s sheets. In the case of converters-mode supplying system, at the
total losses from the stators teeth caused by the fundamental the losses induced by the
higher time harmonics must be taken into account. For an exact analytic expression in the
following it is proposed an analysis method of the iron losses based upon the equalization of
the hysteresis losses with the eddy currents ones. For the start, only the fundamental is
considered present in the supplying system. Distinct from the sine-mode supplying system,
when in most cases the supplying frequency is fi=fin=50 [Hz], is the fact that in the case of
the inverter based supplying system the fundamental frequency can take values higher than
50 [Hz]. At very high magnetization frequencies the influence of the skin effect must be
taken in consideration. In the following, the minimum value of the magnetization frequency
is being determined and for that the skin effect must be considered. The computing relation
for the magnetization frequency fi is the following:

2

f = (Ej P (89)
A) um

where £ is the refulation factor.

The minimum magnetization frequency fmin, computed with the relation (89), from which
the skin effect must be considered is 140[Hz]. Consequently, in the fundamental - wave
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supplying mode, at which usually we have f1<120 [Hz], the principal losses from the stators
teeth, can be written as following:

.G (90)

z1 7

2

P = (kzh o, -t +k,, -0, 'f12 'AZ) .Bilm(l)
where Bzim(1) represents the magnetic induction from the middle of the tooth, lem(l) =B, -
In order to be able to apply the principle of over position effects, the machine is being consid-
ered as being ideal; therefore we neglect the hysteresis phenomenon. For this, we proposed
the equalization of the hysteresis losses with the eddy current losses, an assumption that
allows the linearization of the machines’ equations. Through this equalization, the real
machine — that is practically non-linear and in which the principal losses are made of a sum
of two components: the one of eddy currents losses and the one of hysteresis losses - is being
replaced with a theoretical linear machine, characterized only by its eddy currents losses.
Energetically speaking, the two machines must be equivalent. As a following, if we take p*ziw()
as the eddy currents losses corresponding to the fundamental, which appear in the
theoretical model of the machine adopted, than these losses must be equal to the main losses
from the stator teeth characteristic to the real machine, losses given through the relation:

p;lw(l) = pzl(l) (91)

We consider these equivalent losses, p*ziw), equal to the real losses through the eddy currents
corresponding to the fundamental, pzawa, multiplied with a kzeq) factor. This is an
equalization factor of the real losses from the stators teeth with losses resulted only from
"pziwy” — fundamental-mode supplying state:

*

pzlw(l) = kzle(l) ) pzlw(l) (92)

We consider that through this equalization factor a covering value of the principal stator
teeth losses is obtained. The relation (91) made explicit becomes:

(ks 0, £ +k,, -0, £ -A%)- B2

) G =Ky Ky o0, £ ATB2 G

zle(1) zw z1m(1)

z1 z1l ° (93)

Because of the fact that the usually used sheets have the thickness A=0.5 [mm]=const, one
can consider that:

_1e R (94)

where we have

b

K =K /A® with K =—b' S
o -k

w ZW

In the following part we consider that only the v order harmonic is present in the supplying
wave, characterized by the magnetization frequency fi=v-f1. Therefore, the principal losses
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in the stator teeth occurring in the real machine corresponding to the v order time harmonic
must be corrected through the two factors kn(,) and kw(,), which are a function of the reaction
of the eddy currents:

pzl(v) = (kzh ’ kh(v) ’ Gh Ve fl + kZw ’ kw(v) ’ Gw ’ VZ ’ f12 ’ Az) ’ Bilm(v) ’ Gzl (95)
In the relation (95), Bzim(,) represents the magnetic induction according to the v order time
harmonic from the middle of the tooth. The factors kn(,) and kw,) have the expressions:

:%. shé(v) +sin é(v) . zi. sh&(v) —siné(v) . 96)
MY T2 ché(v) —cosg,, () &) Ch&,(v) —cosg,,

As in the case of the fundamental-wave supplying case, the real machine is replaced by a
theoretical linear machine which has only losses given by the eddy currents. Reasoning as in
the case of the fundamental, we obtain:

k k
Ky =1+ ) gy B (97)
A° v-f k ) v-f kw(v)
P = Porn(v) = Korew) Pow(y) = Korey) Ko 'Ky 100 V£ -A7BY (-G, (98)

where p*ziw(v) are the equivalent losses corresponding to the v harmonic. If we have pzi(csk)
for the losses from the stators teeth with the machine supplied by inverters, by applying the
principle of over position effects for the theoretical linear model of the machine, it will be written:

vl

2
B,
Z1m(v)
pzl(CSF) =k, o, 'flz A 'B;m(l) -G, kzle(l) + Zkzle(v) ’ kw(v) v {B—] (99)

In order to analyze the modifications suffered by the main losses in the stators teeth while
the motor is supplied by an inverter versus the sine-mode supplying system, we analyze the
ratio between the relations (99) and (88). After making the intermediary computations in
which the relations (93), (94) and (99) are taken into account we obtain:

k
Ky =y Z(—kz“(” KoV -kéﬂ@,l)J , (100)
pzl v=l zle(l)

where kszv,1)= Bzim) / Bzim().
B. The principal losses in the stator yoke

In the case of the direct — mode supplying system of the machine, the principal yoke losses
consist of the hysteresis losses, pjin and eddy currents losses, pjiw:
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Py =(0,f Ky, +o, A £k, ) B -G, (101)

jlw
where: Bji is the magnetic induction in the stator yoke, Gji represents the weight of the stator
yoke, kjlw = kjlwl 'kjlwz ’
repartition of the magnetic induction in the yoke and kjiw2 is a coefficient that corresponds to

where kjiw1 is a coefficient that corresponds to the non uniform

the currents closing perpendicular to the sheets, through the places with imperfections in
the sheets isolation layer and also in the wholes made in the cutting process. In the case on
an inverter supplying system at the total losses from the stator yoke caused by the
fundamental, the superior time harmonics losses must be added. In order to apply the
principle of over-position effect the method is similar to the one used in the case of the principal
losses in the teeth. We equalize energetically the real machine with the linear theoretical one
where we consider only the eddy currents losses. As a following, for the fundamental
supplying mode, the principal losses in the stator yoke for a real machine, pj) are:

Py = (Gh g 'kjlh t0o, A 'f12 'kjlw) ' szl(l) 'Gjl (102)
If we have p*jiwq) as losses in eddy currents, than these must be equalized with the principal
losses from the stator yoke described with the relation (102):

*

Piiw(1) = Py (103)

These equivalent losses, p*iwa) are considered equal to the real eddy currents losses pjiw(),
multiplied with an equalizing factor of the real yoke losses with “pjw)” type losses, kjte():

p;w(l) = kjle(l) "Piw) (104)
Similarly to point A, as a following of the equalization we obtain the relation:
I<w _ KWA
k]’le(l) =1+ A =1+ £ , (105)
where we have:
o -k
K, =— " and K . =K—‘2”
w ’ jlw A

As a following we consider present in the supplying system of the machine only the v order
superior time harmonic. Because of the fact that the magnetization frequency fi) is the
fundamental one multiplied with v, the principal losses from the stator yoke which appear
in the fundamental must be adjusted with the two coefficients: kn) and kw(,). These factors
take into account respectively the skin effect and the eddy currents reaction.

P = (Kuw) O V- E Ky K, -0, ATV K ) B -G (106)

1
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In the relation (106), Bji) represents the magnetic induction accordingly to the v order
harmonic. Through the energetically equalization realized from the replacement of the real
machine with the linear model, we obtain the equalizing factor of the stator yoke losses,
with the “pjiw(,)” type losses:

k k
ko=l 1700 g, B Po (107)
ie(+) AT vef K vof Ky,

In conclusion, the principal losses in the stator yoke, corresponding to the v order time
harmonic can be written by equalizing as:

pjl(v) = pjlw(v) = kjle(v) ) pjlw(v) ’ (108)
where:

Pii() =Ky Ou - AT VKB -Gy (109)
As a following we have considered the situation of the machine supplied by the fundamental
and the superior time harmonics as well. Taking pjicsr) as the global losses occurring in the
stator yoke due to the converter supplying mode, by applying the over position effect
principle on the theoretical linear model we can write:

2
B,
(v)
Pji(csr) = Ow 'fiz A7 'kjlw 'B2( + Zkﬂe k, (v) Vv {B]_] (110)

vl jl(l)

In order to analyze the changes that the principal losses from the stator yoke suffer when the
machine is being supplied through an inverter versus the sine-mode supplying case, we
divide the relation (110) at (101). After finishing the computations we have:

1CSF 1ev
L DI St g2 K | (111)
p}l vzl ]1e()

where: ksjwv,1)= Bjiv) / Biji.

7.1.2. The supplementary stator iron losses
A. Surface supplementary losses

In the case of a network supplying mode, the magnetic induction distribution curve over the

polar step is not very different from a sine-curve. The surface stator losses are given by the

expression:

P LD fa=Pu " kB (112)
=5 oDl T4l 0~(ch-n) ( B, )

ol
Tcl
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In the relation (112) the significance of the sizes is the following: D is the inner diameter of
the stator, 1 is the step of the stator slot and 1« is the step of the rotor slot, bai is the opening
of the stator slot, N« is the number of stator slots, n is the rotation speed, B2 is a factor
dependent on the ratio b/5 (b42 is the opening of the rotor slot), ks is an air gap factor, ko is
an adjustment factor which depends on the materials resistivity and its magnetic
permeability. In the case of the inverter supplying method, due to the deforming state at the
supplementary losses produced by the fundamental, the surface losses produced by the
superior time harmonics must be considered. Because of the fact that the surface losses in
the polar pieces are treated as the eddy current losses developed in the inductor sheets, we
can apply the over position effect principle without any further parallelism. Therefore, the
surface supplementary losses in the stator in the case of a machine supplied by inverters can
be computed with the relation:

2

b B

—Pa 1.5 :
—-ko-(Nc2-1’1) '(Tcz'B2'k52'B5(1)) 1+Z

8
n %\ B, (113)
Dividing the supplementary losses in the stator surface when having an inverter supplying
system for the machine, Psicsp, by the supplementary losses in the stator surface when we
have the sine-mode supplying system for the machine, P51, and making the intermediary
computations we obtain the increment factor of the supplementary stator surface losses in
the inverter versus the sine-mode supplying case, kr,1, as following;:

2
P B
kP(Sl:%:uz 0 =1+ YK >, (114)

I3
ol vl Bﬁ(l) vl

where kssv,1) = Bav) / Ba(i). By analyzing the relation (114) one can notice the fact that the ke
factor tends to 1 because of the fact that the value is practically very low. Consequently, the
surface supplementary losses increase due to the inverter supplying system to an extent that
is not to be taken into consideration.

B. The pulsation supplementary losses

In the case of the sine-mode supplying system, the pulsation supplementary losses in the
stator, provided that the magnetic field along the polar step is not much different from a
sine-wave, has the following expression:

v,0K,

2
2T J ’ Gzl ’ Bilm 4 (115)

1
Py =50, K, (AN _n)’ (

cl

where kwr1 is an increment coefficient of the stator losses by eddy currents due to processing,
ks is the total air gap factor and y2 is constant for the one and the same machine, depended
on the opening of the stator slot and the air gap dimension. In the situation in which the
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machine is supplied by inverters, by applying the over position effect principle, the following
expression for the supplementary pulsation losses in the stator Pricsr) is obtained:

v,0K,

2t

2 2
G B |1 Bany) (116)
zl Zlm(l) + Z

vzl z1m(1)

1 2
PPl(CSF) - E'Gw Koy '(Achn) (

cl

Dividing the pulsation stator losses in the case of the inverter supplying system Pricsr), by
the pulsation stator losses in the case of sine-mode supplying system Pri, we obtain the
increment factor of the supplementary pulsation losses in the inverter versus sine-wave

supplying system, kppi:

2
PPl CSF lem v
ka1 :%:14_2 B—() :1+Zk2321(v,1) >1 (117)

P1 vzl le’n(l) vzl

By analyzing the relation (117) we can state that in the case of an inverter supplied machine
we have not obtained a significant increment of the pulsation losses in the stator due to the
small value of the k;zl(v )

7.2. Rotor iron losses

7.2.1. Principal losses in the rotor iron
A. The principal losses in the rotor’s teeth

Firstly, only one superior time harmonic is considered present in the supplying system of
the machine, of an average order v. The real losses that this harmonic produces in the rotor
teeth have the expression:

pzZ(v) = (kzh ’ kh(v) ' CSh ’ S(v) Ve fl + 1(zw ) kw(v) ’ GW ’ S(Zv) ’ V2 ) fl2 ’ AZ)Bihn(v) ’ Gz2 (118)

In the relation (118), Bzm(,) represents the magnetic induction corresponding to the v order
harmonic from the middle of the rotor tooth. In the theoretical model adopted, these losses
given by the relation (118) are produced only by eddy currents:

pzZ(v) = p;Zw(v) - kzZe(v) ’ psz(v) 4 (119)

where kze(,) is an equalizing factor of the real losses from the rotor teeth, only with the losses
of “p2w)” type, corresponding to the v order time harmonic. Developing the relation (119)
by using the relation (118), after finishing the intermediary computations we obtain:

k k
_1.% 1 hv) 4 K h(v)

k 2 f K
AT sVl Ky

(120)

zZe(v)
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Therefore, the principal losses from the rotor teeth, corresponding to the v order time
harmonic can be written by equalization as it follows:

= . . . . 2 . 2- 2- 2- 2 .
pzZ(v)_kZZe(v) kzw kw(v) Gw S(v) v f1 A B G

zZm(v) z2

(121)

In the conditions in which in the supplying system of the machine all the superior time
harmonics are present, the principal losses in the rotor teeth can be written as:

pzz(CSF) = szz(v) (122)

vzl
B. The principal losses from the rotor’s yoke

In the hypotheses in which in the supplying system only the v order harmonic is present, the
real principal losses induced by it in the rotor yoke have the expression:

pj2(v) = (kh(v) O 'S(v) 'V'f1 'kjlh + kw(v) Oy 's(zv) V2 'f12 A 'kaw) ’ Bj22(v) 'sz (123)

Through the energetic equalization, due to the replacement of the real machine by a
theoretical linear model we can obtain the equality:

pjz(v) = pjzw(v) - ije(v) 'pjzw(v) (124)

Reasoning as in the previous cases, we can determine the equalizing factor of the real losses
in the rotor yoke, only with losses of the type “pjw(,)” type as it follows:

k
S 1 ) g, K ) (125)

k, . )
e(v) 2 V- V-
] A s(v) v-f kw(v) s(v) v-f kw(v)

Consequently, the principal rotor yoke losses corresponding to the v order harmonic can be
written by equalization in the form:

_ 2 2 2 A2 T2
Pia) = Kinepw) Kizw Ky 7O Sy V- ATBpyiy -G (126)

j2

Disregarding all these, in the case of the inverter supplying system the total principal losses
in the rotor yoke, pjcsr), are computed with the relation:

Pja(cse) = zpjz(v) (127)

vzl

7.2.2. The supplementary losses in the rotor iron
A. The surface supplementary losses

If the machine is directly supplied from the power supply, the surface supplementary rotor
losses are calculated with the relation:
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po,-lom-(A-28). f2 2 LI (128)

Tc2

1
P =—.
G2 2
where the specific rotor surface losses p,2 have the expression:

P = ko (Ncl 'n)w '(Tc1 'Bl 'k61 'Ba )2 (129)

In the relations (128) and (129) we noted by b4 the opening of the rotor slot, N the number
of rotor slots, f1 a factor dependent on the bai/$ ratio and kg the air gap factor. Proceeding
similarly we can obtain the expression of the increment factor of the supplementary losses in
the rotor surface while the machine is being supplied by inverters versus the sine-mode
supplying system, krs:

2
P B
kngzuz( 5”} =14 YKy =k 1 (130)

o2 vzl B5(1) vl

B. The supplementary pulsation losses

The supplementary pulsation rotor losses, in the sine-mode supplying system have the
following expression:

1 2
PPZ = EGW "kwpz(A'Ncl 'n'sz) 'Gzz (131)

Br2 represents the pulsation induction in the rotor teeth. Consequently, taking into account
the fact that:

ZZm(v) S(V)
= =K., ./ (132)
Bz2m(1) Bs(l) sa()
we obtain:
P
P2(CSF
Ky, = ) 14 Z}kés(v,l) >1 (133)
P2 V#

8. Conclusions

This paper aims to study the theoretical behavior of asynchronous three-phase motor in the
case of supplying through a power frequency converter. This study has aimed to develop
the theory of the asynchronous three-phase motor in non-sinusoidal periodic regime to serve
as a starting point in optimizing the design methodology. Given that the asynchronous three-
phase motor is fed through a static frequency converter, the machine operation in the
presence of higher time harmonics in the supply voltage can be described by a single
mathematical model. The model consists of a single equivalent scheme corresponding to all
harmonics and it is defined at the fundamental frequency.
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