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1. Introduction

The polariton is a kind of coupling between electromagnetic waves (photons) and
elementary excitations such as phonons, plasmons and magnons, It includes two modes
of surface and bulk polariton that can be excited by means of semiconductors, metals,
ferromagnets, antiferromagnets, and so on. The coupling causes an intensity enhancement
of the electromagnetic field, which is very useful for nano-technology such as biosensing,
waveguide applications, nano-antenna device. The majority of the literature is concentrating
on the magnetic surface polariton supported by magnetic materials. The outline of paper
is as follows. In sections 2 we introduce the fundamental of the polaritons first, and
then the general dispersion equation of the magnetic surface polaritons (MSPs) mode by
considering the full form of Maxwell’s equations in section 3. Next, in sections 4 and 5,
we present numerical and experimental results of realizing the MSPs, by naturally existing
materials − in section 4, by ferromagnetic and antiferromagnetic materials and in section
5, by the effective media of ferromagnetic and anti-ferromagnetic superlattices, respectively.
By employing metamaterials, artificially constructed materials whose properties mainly stem
from structures rather than their constitutive elements, one can also achieve MSPs mode
with a greater engineering freedom; thus, in section 6, we start from interpreting what
metamaterials and their operation rationales are, and then how metamaterials support the
MSPs mode. Finally, in section 7, there comes a conclusion. Note that in this study we
moderately modify the quoted definitions in the diagrams to correspond to our definitions.

2. Fundamental of polaritons

The well-known surface plasmon polaritons (SPPs) denote that a collective oscillation of
electrons couples with the transverse magnetic wave, and they propagate along the interface
between two media (ex: a metal and a dielectric) with an exponential decay into two media.
Due to the polarization dependence of SPPs, it is a reasonable perception to realize a magnetic
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2 Will-be-set-by-IN-TECH

analog by a transverse electric wave. In addition, we have known the fact that the wave
equation can be expressed by either electric or magnetic component of the electromagnetic
wave, so that it implies that all electromagnetic phenomena chould be symmetric. In recent
years, more and more researchers have paid intensive attention to the electric SPPs and their
applications, in particular for bio-sensing [15] and nanophotonic applications [27].

In contrast, the magnetic surface polaritons (MSPs) mode did not attract much attention yet,
and that is because magnetic responses are typically weak and their resonant frequencies are
usually below the far infrared region. In our opinion, it is useful and interesting to understand
the mechanism of the MSPs even it still does not yet become a protagonist. Throughout this
study, we will show there is a potential material to promote the inherent magnetism in natural
materials.

At first, let us briefly define the well-known magnetic polariton. In general, the magnetically
ordered media support three kinds of elementary modes, spin waves (or call magnons),
magnetostatic modes, and magnetic polaritons. Three modes are classified by the dominant
restoring force as shown in Fig. 1 [21]. When the wavevector (k) in vacuum is greater
than 108 m−1, the exchange interaction is important and one calls this mode as magnon.
The equation of motion is usually needed to solve this mode. For magnetostatic mode
(magnetostatic limit, k ≪ ω

c ), 107 � k � 108 m−1, the exchange and dipolar interactions

may be both important; 3 × 103 � k � 107 m−1, the dipolar terms are mainly dominant. For
this region, we need a Hamiltonian treatment for such a magnetostatic mode. For magnetic
polaritons, k � 3 × 103 m−1, it is recognized as electromagnetic region where the full form of
Maxwell’s equations including retardation corrections have to be considered. As an example,
the dispersion relation of a ferromagnetic insulator [21] is plotted in Fig. 1, in where ω0 and
ωm will be defined later. In this literature, we just concentrate on MSPs, and study three
situations: a pure ferromagnets (or antiferromagnets), ferromagnetic (or antiferromagnetic)
superlattices, and magnetic metamaterials.

Figure 1. The dispersion diagram. In general, k > 108 m−1 is an exchange region; 3 × 103 � k � 108 m−1

is a magnetostatic region; k � 3 × 103 m−1is an electromagnetic region.

3. General dispersion equation for magnetic surface polaritons

It is worthy to derive a general dispersion relation in advance before we begin studying
the real cases. It should help one to understand all definitions that are used in our whole
literature. First, the geometry considered in this study consists of two semi-infinite linear
media, including the magnetic and nonmagnetic media shown in Fig. 2. Second, we assume
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Figure 2. The geometry considered in this study. The half space above the y > 0 plane is a magnetic
medium; below the y < 0 plane is a nonmagnetic medium. The external static magnetic field (H0) is
parallel to the easy axis, ẑ.

that the magnetic permeability tensor of the magnetic medium can be written by

↔
μe f f (ω) =

⎛

⎝

μxx iμxy 0
−iμxy μyy 0

0 0 μzz

⎞

⎠ , (1)

and the electric permittivity can be given by

↔
ε e f f (ω) =

⎛

⎝

εxx 0 0
0 εyy 0
0 0 εzz

⎞

⎠ . (2)

Note that we are interesting in the dispersion relation itself so that the damping and spatial
dispersion can be ignored here. It will be worthy to consider the damping only when the
reflectivity calculation is executed; spatial dispersion is meaningful only for magnons. The
constitutive relations for the linear medium read

�D (ω) =
↔
ε e f f (ω)�E (ω) , �B (ω) =

↔
μe f f (ω) �H (ω) . (3)

Next, we follow our previous work [37] and ready to derive rigorously a general dispersion
equation. We are looking for MSPs mode. Therefore, without loss of generality, the transverse
electric fields of the MSPs mode above and below the plane y = 0 can be respectively written
by

�E+ (ω) = ẑ E+
z eikxxe−α+y,

�E− (ω) = ẑ E−
z eikxxeα−y.

(4)

where kx is the direction of the MSPs mode in vacuum. α+ and α− stand for attenuation
coefficients of the MSPs mode for y > 0 and y < 0, respectively. Faraday’s law can solve the
corresponding magnetic induction as follows,

�B+ (ω) =
1

iω

[(

- α+
)

x̂ - (ikx) ŷ
]

�E+ (ω) ,

�B− (ω) =
1

iω

[(

α−
)

x̂ - (ikx) ŷ
]

�E− (ω) .

(5)

Next, the magnetic fields can be solved by Eq. 3:

�H+ (ω) =
−1

μ2
xy − μxxμyy

[(

−μyyα+ + μxykx
)

x̂ +
(

−iμxyα+ − iμxxkx
)

ŷ
]

,

�H− (ω) =
(

−α+
)

x̂ + (−ikx) ŷ.

(6)
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Applying Ampere’s law with Eqs. 1-3, we can solve the following wave equations:

[

μxx
∂2

∂x2
+ μyy

∂2

∂y2
+

(

μxxμyy − μ2
xy

) ω2

c2
εzz

]

�E+ (ω) = 0,

(

∂2

∂x2
+

∂2

∂y2
+

ω2

c2
εzz

)

�E− (ω) = 0.

(7)

Using Eqs. 4 and 7, we can solve the attenuation coefficients as follows,

α+ =

√

√

√

√

μxx

μyy
k2

x −
(

μxxμyy − μ2
xy

μyy

)

ω2

c2
εzz,

α− =

√

k2
x −

ω2

c2
.

(8)

Note that it is also straightforward to solve the bulk polaritons, propagating perpendicular to
the ẑ axis. All we do is just to replace α± by iky. Then, one is given by

c2
(

μxxk2
x + μyyk2

y

)

ω2
=

(

μxxμyy − μ2
xy

)

εzz,

k2
x + k2

y =
ω2

c2
.

(9)

The continuity of the tangential components of the electric field (Ex) and the magnetic filed
(Hx) at the interface (y = 0) yields

E+
x = E−

x ,
μyyB+

x + iμxyB+
y

μxxμyy − μ2
xy

= α−. (10)

Using the Eqs. 5, 6 and 10, the general dispersion equation of the MSP’s mode reads

−α+μyy + μxykx

μxxμyy − μ2
xy

= α−. (11)

Note that Eq. 11 itself implies a non-reciprocal dispersion relation due to ± |kx|. Now, we
have enough equations to begin our discussion for the MSPs mode.

4. Realization of MSPs mode by magnetic materials

Over the past 50 years, Damon and Eshbach [8] first reported the surface magnetostatic
modes without retardation effect for the case of a ferromagnetic slab; effective media for
superlattices have also done [17]. Later Hartstein et al. reported more detailed discussion
of the MSPs for semi-infinite medium of a pure magnetic materials [1]. Before discussing the
semi-infinite gyromagnetic uniaxial medium (gyromagnetic ratio,γ �= 0), we have to assume
several limitations for this study: (a) we neglect the local effects of the surface on the spin
wave (i.e. pinning effects) and (b) the exchange interaction is ignored as well.
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4.1. Semi-infinite ferromagnets

In this part, we consider the case, a pure ferromagnet and vacuum. For simplicity, we treat

the electric permittivity of a ferrromagnet [
↔
ε (ω)] as scalar value, 1. Also, we neglect damping

of
↔
μ (ω) so that μxx, μzz, and μxy in Eq. 1 are real. The external static magnetic filed (H0)

is along the easy axis +ẑ shown in Fig. 2. The half space y < 0 is vacuum, and y > 0 is
a pure ferromagnet. In the Voigt geometry, the magnetic permeability satisfies the equation,

μv (ω) = μxx − μ2
xy

/

μxx plotted in Fig. 3 [1]. We also define ωv = γ
√

Bo H0 at resonance

and ω1 = γB0 at μv (ω) = 0. For a uniaxial ferromagnet (μxx = μyy), the Eqs. 8 and 11 are
rewritten by

α+ =

√

k2
x − μv

ω2

c2
, α− =

√

k2
x −

ω2

c2
. (12)

and
−α+μxx + μxykx

μ2
xx − μ2

xy
= α−. (13)

For the MSPs mode, the α+ and α− in Eq. 12 have to be positive that yield to an exponential

Figure 3. Frequency dependence of magnetic permeability in the Voigt geometry. [1]

decay into both magnetic and nonmagnetic materials (vacuum). The dispersion diagram [1] is
plotted in Fig. 4 in where the shaded region makes the existence of the MSPs mode possible.
For a uniaxial ferromagnet, the components of the magnetic permeability tensor in Eq. 1 can
be written by

μxx = μyy = μ0

(

1 +
ωmω0

ω2
0 − ω2

)

,

μzz = μ0,

μxy = μ0
ωmω

ω2
0 − ω2

.

(14)
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Figure 4. The dispersion relation of a pure ferromagnet. [1]

Here, two angular frequencies (ωm and ω0) are written in terms of the magnetization (M0)
and external field (H0):

ωm = 4πγM0, ω0 = γH0, (15)

where ω0 is angular frequency of the ferromagnetic resonance, and γ is the gyromagnetic
ratio. Note that μ0 in Eq. 14 is caused by other magnetic dipole excitation (such as
optical magnons) at higher frequency (ex: μ0 = 1.25 in YIG). Before discussing a detailed
calculation of dispersion equation, we would like to return to Eq. 6 that can simply predict a
non-reciprocal dispersion relation. One write down the polarization of the magnetic field of
the MSPs at a fixed point by investigating the components in Eq. 6:

H+
y

H+
x

= i
μxyα+ + μxxkx

μyyα+ − μxykx
. (16)

When we take the magnetostatic limits (kx → ±∞), α± will be very close to |kx| [see Eq. 12].
Then, the Eq. 16 reduces to H+

y = iH+
x for the +kx direction and H+

y = −iH+
x for the −kx.

Therefore, the polarization of magnetic field of the MSPs mode has a different rotation for
different ±kx directions, leading to a non-reciprocal result. Next, we are ready to investigate
it in detail by solving the Eq. 13 at the magnetostatic limit kx → ±∞. One is given by

μxx ± μxy ≡ μρ± (ω) = −1. (17)

Using Eq. 14, we write

μρ± = μ0

(

1 +
ωm

ω0 ∓ ω

)

= −1. (18)

Eq. 18 describes a condition to which the MSPs mode have a magnetostatic analog. Plotting a
dispersion relation of the surface polariton [Eq. 13] is a good method to observe the condition
shown in Fig. 5. Note that an applied static field is already considered in Fig. 5. It is very
clear to observe the non-reciprocal nature of the MSPs mode (solid curves). Next, we consider
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Figure 5. Non-reciprocal relation. The solid curves are the surface polaritons, and dot-dash curves are
bulk polaritons. [1].

four situations: (a) For the magnetostatic limit kx → +∞, we take μρ+ in Eq. 18, and then the
frequency of the asymptotic surface polaritons reads

ωsp = γ

(

H0 + μ0B0

1 + μ0

)

, (19)

where B0 ≡ H0 + 4πγM0. This is just the frequency of the unretardated surface magnon
mode (also termed as DE mode [8]). (b) For the magnetostatic limit kx → −∞, we find that
μρ− is always positive, yielding to no magnetostatic angalog. In general, the MSPs mode is
called as real mode if magnetostatic limit is valid; otherwise, it is a virtual mode. Therefore,
a non-reciprocal nature of the MSPs mode in a pure ferromagnet is acknowledged according
to a magnetostatic mode. The investigation is in a good agreement with abovementioned
polarization of magnetic field. (c) Next, let us consider a special case, μ0 = 1, and for the
moment we concentrate on the +kx solution. The frequency of the MSPs mode starts at

ωv = γ
√

B0 H0, (20)

and from Eq. 13 one obtains a corresponding wavevector

kv =
ωv

c

√

B0

B0 − H0
>

ωv

c
, (21)

where the retardation corrections are already involved. The ωv is also the frequency for the
bulk magnon excitation under a condition, μv (ω) → ±∞ [see Fig. 3]. If there is no external
field, the ωv reduces to zero so that the dispersion relation of the MSPs mode begins from the
zero wavevector. The situation just likes electric SPPs supported by a dielectric and a metal
[24]. (d) Now, let us consider the −kx solution including the retardation corrections. The
retarded MSPs mode begins at the light line where μxx (ω−) = 1 [see Fig. 5]. We solve Eq. 14
to yield the beginning frequency:

ω− = γ

√

H2
0 + μ0H0B0

μ0 − 1
. (22)

Such a virtual mode terminates on the upper branch of the bulk polaritons. In addition, we
see that from Eq. 22 the MSPs mode never starts at μ0 → 1 (i.e. ω− → ∞). Compared
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Fig. 3 with Fig. 5, we note that the MSPs mode in the −kx direction still can exist even if
μv > 1. It is a very different from isotropic medium (μxx = μyy = μzz) because its MSPs
mode is only found within a gap where μv < 1. From Eq. 21, the light line cannot excite any
MSPs mode due to lack of the momentum conservation. In order to excite the MSPs mode
in a pure ferromagnet, the optical coupler is need to transfer the momentum of the light to
MSPs mode. Here, we quote the reference [[14]] to show the numerical calculations of the
reflectivity spectra of the MSPs mode. Note that the damping factor is no longer neglected
when one calculates a reflectivity spectrum. In Fig. 6, the calculated reflectivity spectra result
from Otto ATR 1 configuration (optical coupler) for a pure ferromagnet (YIG). The figures 6(a)
and 6(b) correspond to +kx and −kx directions, respectively. ”h” is the air gap between a
prism and a YIG. In Fig. 6(a), it shows that a larger damping (1/τ) of the MSPs has larger loss,
leading to much difficulty for determining the resonance frequency. In Fig. 6(b), the resonance
frequency of the MSPs mode is blue-shift among increasing incidence angles. The asymmetric
reflectivity deep results from an appreciable photon content in both figures 6. In general, the
resonance frequency of the MSPs mode for a pure ferromagnet lies in a microwave region so
that one needs a big sample for measuring the MSPs mode. There is, as we know, not a direct
experimental verification.

Figure 6. (a) The Otto ATR spectra at the +kx for different time relaxation (τ). (b) The ATR at the −kx for
different incidence angle within the prism. [14]

4.2. Semi-infinite antiferromagnets

In this case, we focus on a gyromagnetic uniaxial antiferromagnetic medium in the Voigt

configuration. Again, we neglect the exchange interactions and damping of
↔
ε (ω) and

↔
μ (ω),

and the external static magnetic field is applied in the ẑ direction. The magnetization (M0)
splits the ferromagnetic resonant frequency (ω0) into two separable frequencies given as
ω± = ω ± ω0. The effective magnetic permeability can be derived by considering Bloch’s

1 attenuated total reflectance

342 Plasmonics – Principles and Applications
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equations [20], which reads

μxx = μyy = μ0

(

1 +
ωmωA

ω2
an − ω2

+

+
ωmωA

ω2
an − ω2

−

)

,

μzz = μ0,

μxy = μ0

(

ωmωA

ω2
an − ω2

+

− ωmωA

ω2
an − ω2

−

)

,

(23)

where ωan is the antiferromagnetic resonance frequency and is determined by the anisotropy
field (HA) and exchange field (HE),

ωan =
√

ωA (2ωE + ωA) = γ
√

HA (2HE + HA) , (24)

where ωA = γHA and ωE = γHE. Next, one just follows the Eq. 8, yielding to Eq. 25,

α+ =

√

√

√

√k2
x −

(

μ2
xx − μ2

xy

μxx

)

ω2

c2
εzz ,

α− =

√

k2
x −

ω2

c2
.

(25)

Also, the dispersion relation from Eq. 11 can read

−α+μxx + μxykx

μ2
xx − μ2

xy
= α−. (26)

In the absence of the applied field (H0 = 0), one has μxy = 0 [see Eqs. 15 and 23]. Then, Eqs.
25 and 26 reduce more compact forms:

α+ =

√

k2
x − εzzμxx

ω2

c2
,

α− =

√

k2
x −

ω2

c2
.

(27)

−α+

μxx
= α−. (28)

Using Eqs. 27 and 28 together, a simpler dispersion relation of surface polariton can be given
by

k2
x

(

1 − μ2
xx

)

=
ω2

c2
μxx (εzz − μxx) . (29)

The simpler dispersion relation [5] is plotted in Fig. 7. In Fig. 7, we can observe the reciprocal
property of the MSPs mode. Also, it is straightforward to calculate the frequency of the
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Figure 7. The shaped areas are bulk polaritons, and two solid curves are surface polaritons. Without an
external static magnetic field, the dispersion relation is reciprocal. (H0 = 0, εzz = 5.5) [5]

MSPs mode at the magnetostatic limit. One just solves μxx = −1 [see Eq. 28] and yields
the asymptotic frequency of MSPs shown in Fig. 7 as follows,

ωs =
√

ω2
an + ωmωA. (30)

On other hand, with an applied static field, Eq. 26 has to be solved numerically shown in
Fig. 8 [5]. Interestingly, one can clearly see the non-reciprocal dispersion relation of the MSPs
mode that is just like a pure ferromagnet case with an applied static field. Note that the third
MSPs mode starts at near ω/ω0 = 1.01 and has no magnetostatic analog (i.e. virtual mode).
However, two MSPs modes at lower frequency region have magnetostatic limits (i.e. ωsm+

and ωsm−).

Figure 8. Dispersion relation for MSPs mode on MnF2 at an applied field of 300 G. There are two real
modes and virtual mode that are all non-reciprocal modes. [5]

Now, we would like to talk about the experimental verification for the surface polaritons. Let’s
simply describe the numerical results. There are typically two kinds of couplers: ATR and
diffraction gratings. Here, we quote reference [32] in where they considered the diffraction
gratings. In Fig. 9, the sample is MnF2, a uniaxial antiferromagnet with the parameters HE =
7.87 KG, HA = 550 HG, M0 = 0.6 KG, and εzz = 5.5. Here, the Ω is our previous definition of
antiferromagnetic resonance frequency, ωan. There two solid lines are light lines (kx = ω0/c),
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and two dotted vertical lines correspond to the wavevectors induced by the gratings (q =
kx ± s). It is clear to observe that light lines never interact any of the branch of MSPs mode
(dash curves). However, wavevector induced by gratings (q = kx + s) indeed interacts a MSPs
mode at the direction (+kx), leading to the excitation of the MSPs mode. Note that when Eq.
1 includes damping terms, the leaky MSPs modes appear as shown by solid curves in Fig. 9.
The difficulty to observe the surface polaritons for a pure antiferromagnet should be easier
than a pure ferromagnet. The reason is that the resonance frequency of the MSPs mode lies at
far infrared regions and the sample need not be so large. M.R.F. Jensen et al reported the first
direct experimental evidence [18] for a pure antiferromagnet (FeF2, ωan ∼ 1.57 THz).

Figure 9. The shaped areas are bulk modes and the dashed lines are surface modes at no applied static
field. The dotted vertical lines are the grating induced lines (q = kx ± s), and the light line is solid line
(q = kx ± s). ”s” is a reciprocal spatial period of the gratings. [[32]]

5. Realization of MSPs by effective media of magnetic superlattices

There are many researches on superlattice’s surface polariton such as lateral superlattices
[23, 36]. However, the lateral superlattice cases will be excluded in this study. In this section,

the period of the superlattices will only to be along
�

y axis. The superlattices considered
here is composed of two alternating uniaxial magnetic materials and uniaxial magnetic (or

nonmagnetic) materials (μ
(j)
xx = μ

(j)
yy , j = medium 1 or 2). Proposed that the condition,

kd << 1 (period, d = a + b, see Fig. 10) is valid, and then the effective medium theory
can adequately approximate the bulk and surface polaritons.

The magnetic permeability of each layer in a magnetic superlattices still can be respectively
described by Eq. 1, and then we quote references [2, 25] that rigorously derived the effective
magnetic permeability and electric permittivity of the magnetic superlattices. Therefore, one
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Figure 10. The region y > 0 is the magnetic superlattices composed of two alternating materials. The
symbol ”a” stands for the thickness of a ferromagnetic (or antiferromagnetic) material; ”b” stands for the
thickness of a nonmagnetic materials. d = a + b is a period of two alternating magnetic materials.

is given by

μ̄xx =

(a + b)2μ
(1)
xx μ

(2)
xx + ab

[

(

μ
(1)
xx − μ

(2)
xx

)2
−

(

μ
(1)
xy − μ

(2)
xy

)2
]

(a + b)
(

aμ
(2)
xx + bμ

(1)
xx

) ,

μ̄yy =
(a + b) μ

(1)
xx μ

(2)
xx

aμ
(2)
xx + bμ

(1)
xx

,

μ̄xy =
aμ

(1)
xy μ

(2)
xx + bμ

(2)
xy μ

(1)
xx

aμ
(2)
xx + bμ

(1)
xx

,

ε̄zz =
aε

(1)
zz + bε

(2)
zz

a + b
.

(31)

Most works on magnetic superlattices have almost considered the special case, that is,

medium 2 is nonmagnetic (μ
(2)
xx = 1 and μ

(2)
xy = 0). Here, we also concentrate on

such special case. Accordingly, we substitute Eq. 14 into μ
(1)
xx and μ

(1)
xy in Eq. 31 for

ferromagnetic/nonmagnetic superlattices; for antiferromagnetic/nonmagnetic superlattices,
Eq. 23 may be chosen. For both cases, an external static magnetic filed (H0) is applied along
the easy axis +ẑ.

5.1. Ferromagnetic superlattices

In the ferromagnetic superlattices case, we see μ̄xx �= μ̄yy and μ̄xy = aμ
(1)
xy

/(

a + bμ
(1)
xx

)

so

that the attenuation coefficients and dispersion equation of the MSPs mode can be given by
[see Eqs. 8 and 11]

α+ =

√

√

√

√

μ̄xx

μ̄yy
k2

x −
(

μ̄xxμ̄yy − μ̄2
xy

μ̄yy

)

ω2

c2
ε̄zz ,

α− =

√

k2
x −

ω2

c2
,

(32)
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and
−α+μ̄yy + μ̄xykx

μ̄xxμ̄yy − μ̄2
xy

= α−. (33)

Again, Eq. 33 directly depends on the direction of kx , leading to non-reciprocal dispersion
relation. We would like to quote the results of the reference [4], and then the dispersion
relation (Eq. 33) is rewritten as follows,

(

α−
)2

μ̄xxμ̄v − 2
(

α−
)

μ̄xxμ̄v − k2
x + μ̄xx

ω2

c2
= 0. (34)

where we substitute α+ in Eq. 32. The numerical calculation of Eq. 34 is shown in Fig. 11 at
the condition, a = b. Note that we re-define the expression in the Eq. 15 for the reason to be
consistent with reference [4]:

ω0 = gμ0γ0H0, ωm = gμ0γ0M0, (35)

where g is a Lande factor, μ0 is a magnetic permeability in the vacuum, and γ0 = e/2m with
e > 0 and m being the electron charge and electron mass. The numerical results show no
magnetostatic analog (real mode) for this configuration (i.e. a = b) at kx → ±∞, and only
a virtual mode exists for −kx. For a > b, the magnetostatic analog can occurs at −kx (the
evidence is not shown here). In addition, if the retardation corrections are included, then the
virtual MSPs mode still exists for a < b. Note that Fig. 11 shows that the surface polaritons
exist only in a restricted range.

Figure 11. Ferromagnetic (Fe)/nonmagnetic superlattices. a = b = 5 × 10−4 cm. μ0H0 = 1 T.
μ0 M0 = 2.15 T. gFe = 2.15. The shaped region is the bulk mode; the dotted line is the surface mode. [4]

5.2. Antiferromagnetic superlattices

Let us consider the superlattices that are composed of medium 1 (uniaxial antiferromagnetic)
alternating with medium 2 (non-magnetic). In the absence of an applied static magnetic field
(H0 = 0), the component of the magnetic permeability of two media can read from Eq. 23,

μ
(1)
xx = μ

(1)
yy = 1 +

2ωmωA

ω2
an − ω2

=
ω2

1 − ω2

ω2
an − ω2

≡ μ1,

μ
(2)
xx = μ

(2)
yy = 1 ≡ μ2,

μ
(1)
zz = μ

(2)
zz = μ0 = 1,

μ
(1)
xy = μ

(2)
xy = 0.

(36)
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where ω1 =
√

ω2
an + 2ωmωA at μ1 = 0. Here, we do not attempt to derive the non-reciprocal

dispersion equation at an applied static field, but just show the numerical results later. Using
Eqs. 31 and 36, the component of the effective magnetic permeability can be given by

μ̄xx =
ω̄2

1 − ω2

ω2
an − ω2

,

μ̄yy =
ω2

1 − ω2

ω̄2
an − ω2

,

(37)

where ω̄2
1 =

(

bω2
an + aω2

1

)/

(a + b) and ω̄2
an =

(

aω2
an + bω2

1

)/

(a + b). Reference [3] showed
the results of Eq. 37 in Fig. 12 for a > b.

Figure 12. A FeF2/ZnF2 superlattices with a
a+b = 0.75. μFeF2

(solid line), μ̄xx (dash line), and μ̄yy
(dash-dot line). ωan, ω̄an, ω̄1 and ω̄1 are marked. [3]

Now the attenuation coefficients can be given by Eq. 8

α+ =

√

μ̄xx

μ̄yy
k2

x − ε̄zz · μ̄xx
ω2

c2
,

α− =

√

k2
x −

ω2

c2
.

(38)

And, the general dispersion equation of the MSPs mode reads from Eq. 11

−α+

μ̄xx
= α−, (39)

Note that Eq. 39 implies a reciprocal dispersion relation of the surface polaritons. Substitution
of Eq. 38 into Eq. 39 can solve the explicit form

kx =
ω

c

√

μ̄yy (μ̄xx − ε̄zz)

μ̄xxμ̄yy − 1
. (40)
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Eqs. 39 and 40 describes the condition for the existence of the MSPs mode. First, we investigate
the magnetostatic limit (kx → ±∞), yielding to

μ̄xx = −1, μ̄xxμ̄yy = 1. (41)

We define μ̄yy < 0 as real mode and μ̄yy > 0 as virtual mode. In a result, only the real mode
has a magnetostatic analog, and the virtual mode does not. Here, we simply persent two
kinds of situations: (1) If a > b, the real mode lies in a frequency region, ω̄an < ω < ωsp (i.e.
μ̄yy < 0) and virtual mode in another frequency region, ωan < ω < ω̄an (i.e. μ̄yy > 0) [see Fig.
12]. At kx → ±∞, Eq. 41 yields the asymptotic frequency of the MSPs mode

ωsp =

√

ω2
an + ω2

1

2
, (42)

where ω1 =
√

ω2
an + 2ωmωA at μ1 = 0 [see Eq. 36]. Note that the resonance frequency

of the MSPs mode is independent of a and b and, consequently, is just the same as a pure
antiferromagnet (see Eq. 30). (2) For a < b, there is only the virtual mode to exist at the
frequencies, ωan < ω < ω̄1.

Figure 13. The dispersion relation versus f1 at no applied static magnetic field (H0 = 0). The curves
from a to e represent f1 = 1, 0.75, 0.5, 0.25, and 0.1, respectively. [3]

For the FeF2/ZnF2 system, reference [3] has summarized the results of the dispersion curves
of the MSPs modes versus f1 ≡ a

/

(a + b) various at +kx shown in Fig. 13. Figure 13 marks
four black arrows for f1 = 0.75 that respectively corresponds to four incidence angle: 20◦ ,
30◦ , 45◦, and and 60◦ . These angles are in a position to transfer momentum of light into the

MSPs mode, leading to a reflectivity deep in the Otto ATR spectra (like Fig. 6). Note that one
can clearly observe that only real modes (magnetostatic analog) can exist at the conditions,
a > b.

Under an applied static magnetic field, on other hand, the numerical calculations should be
required for this discussion shown in Fig. 14 [17]. Figure 14(a) shows a pure antiferromagnet
(i.e. f1 = 1); Fig. 14(b) shows f1 = 0.75; Fig. 14(c) is f1 = 0.25. For f1 = 1 and f1 = 0.75, one
can observe that there are two magnetostatic modes and one is virtual mode at ±kx. As for
f1 = 0.25, there are all virtual modes at ±kx.

Finally, If a = b ( f1 = 0.5), the dispersion relation of the antiferromagnetic superlattices
(MnF2) [4] is shown in Fig. 15. It shows the zero and non-zero applied static magnetic
field, respectively. Fig. 15(a) shows the reciprocal dispersion relation; Fig. 15(b) shows
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Figure 14. The dispersion relation at an applied static magnetic field. The solid curves represent the
surface modes, and shaded regions are bulk modes. (a) a pure antiferromagnet (MnF2) (b)
antiferromagnetic superlattices, MnF2/ZnF2 ( f1 = 0.75). (c) antiferromagnetic superlattices, MnF2/ZnF2

( f1 = 0.25). ωan = 260 GHz. H0 = 200 G, HA = 7.85 kG, HE = 550 kG, M0 = 0.6 kG, ε
(1)
zz = 5.5, and

ε
(2)
zz = 8. [3]

non-reciprocal dispersion relation. The MSPs modes only exist in a restricted region that bulk
modes are not excited. Here, for consistence with reference [4], we recall the Eq. 35 and change
the expression in Eq. 24 as following:

ωan = gμ0γ0

√

HA (HA + 2HE) . (43)

Figure 15. The antiferromagnetic (MnF2)/nonmagnetic superlatticess. a = b = 5 × 10−4 cm,
μ0 HE = 55 T, μ0HA = 0.787 T, μ0M0 = 0.754 T, and g = 2. (a) μ0 H0 = 0. (b) μ0H0 = 0.02 T. The shaped
region is the bulk polaritons; the dotted curve is the surface polaritons mode. [4]
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6. Realization of MSPs by metamaterials

6.1. Introduction of metamaterials

In 1968, a Russian physicist V. G. Veselago theoretically calculated that a medium might bend
light to the ”wrong” pathway whenever the medium could ”give” a negative refractive index
[35]. In his theory, the negative refractive index medium (NRIM) is composed of both negative
electric permittivity and negative magnetic permeability at the same time but unfortunately,
Veselago never experimentaly demonstrated such an NRIM mainly because he could not find
out a material with negative magnetic permeability. Three decades later, British physicist
J.B. Pendry suggested that the two-dimensional metallic wires [12] and metallic split-ring
resonators (SRRs) [11] yield to negative permittivity and negative permeability, respectively.
These innovative electromagnetic responses were artificially created by a periodic array of
sub-wavelength unit cells that afterwards, were termed as metamaterials and led to a variety
of rare and even unprecedented electromagnetic properties such magnetic magnetism at
terahertz region [33], inverse optical rules [e.g., inverse Snell’s law [22], inverse Doppler shift
[30] and inverse Cerenkov radiation [28]] , superlensing effect [31], invisibility cloaking [7],
and others.

In 2001, Shelby et al. integrated the metallic wires and metallic SRRs into a prism structure
[see Fig. 16], and for the first time demonstrated the negative refractive index [22]. This
result demonstrated that metamaterials were recognized to be an effective medium due to
the sub-wavelength characteristics. Therefore, the magnetic metamaterials (like SRRs) can
be expected to process the MSPs mode as same as that for the aforementioned magnetic
superlattices. In fact, some groups have already theoretically predicated the surface mode
of the ferromagnetic metals [1] and the metamaterials [26].

Figure 16. Experimental verification of the negative refractive index medium. The sample consisted of a
periodic array of the metallic wires and the SRRs is so called a NRIM whose geometrical shape is a prism
now. One can observe that the NRIM bends light into a "wrong" pathway, and Snell’s law verifies the
negative refractive index. [22]
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Figure 17. The Otto ATR configuration. The magnetic metamaterials is composed of a two-dimensional
grid of the SRRs. "a" is gap between prism and metamaterials. [16]

6.2. Uniaxial magnetic metamaterials

Now, we quote an interesting work done by J. N. Gollub et at. who constructed a
two-dimensional array of the SRRs into a physical three-dimensional bulk [16] shown in Fig.
17. Such the physical three-dimensional bulk metamaterials is considered as a semi-infinite
medium due to the subwavelength SRR structure. According to their geometry, we regard
the effective electric permittivity and magnetic permeability of the bulk as anisotropic and
uniaxial, respectively. Therefore, it is straightforward to write

↔
ε e f f (ω) =

⎛

⎝

ε̄xx 0 0
0 ε̄yy 0
0 0 ε̄zz

⎞

⎠ ,

↔
μe f f (ω) =

⎛

⎝

μ̄xx 0 0
0 μ̄xx 0
0 0 μ̄zz

⎞

⎠ .

(44)

Also, the attenuation coefficients and dispersion equation of the surface mode of this bulk
medium can be written by setting μ̄xy = 0 and μ̄xx = μ̄yy into Eqs. 8 and 13:

α+ =

√

k2
x − ε̄zzμ̄xx

ω2

c2
,

α− =

√

k2
x −

ω2

c2
,

(45)

and
−α+

μ̄xx
= α−. (46)

They are as same as those for a pure antiferromagnet without an applied static field [Eqs. 27
and 28]. The magnetic permeability of the bulk medium is calculated by means of the standard
retrieval process [6, 34] shown in Fig. 18 [16]. There exists a μ̄xx < 0 between 12 and 14 GHz
in where the MSPs mode is expected. From Eq. 46, one knows that the momentum never
be conserved without an optical coupler (diffraction gratings or prism). The experimental
result of the Otto ATR spectra [16] is shown in Fig. 19 , where the dash curve is numerical
calculation and the solid curve is experimental measurement. The experimental result is in
a good agreement with numerical calculation, and demonstrated successfully that the MSPs
mode is excited occurring at reflectivity deep ( 12.2 GHz).
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Figure 18. The effective permittivity and permeability of the bulk metamaterials. μ̄xx < 0 for 12 and 14
GHz. [16]

Figure 19. The experimental results of the ATR spectra, and a = 12 mm. The dash curve is numerical

calculation, and the solid curve is experimental measurement. [16]

6.3. Biaxial magnetic metamaterials

Here, we shortly re-describe what we just talked about the conditions for an excitation of
the MSPs at magnetostatic limit. First, for a pure uniaxial ferromagnet, the MSPs can be
excited at the condition, μxx ± μxy = −1 [Eq. 17] with an applied static magnetic field.
Note that the surface mode might exist whether or not the μv in Fig. 3 is positive or
negative. Second, for a pure antiferromagnet without an applied static field, the condition is
μxx = −1 at magnetostatic limit, which is also for uniaxial magnetic metamaterials. Third, for
a ferromagnetic superlattices, the condition is not considered in this chapter, but we present a
special numerical result shown in Fig. 11. Fourth, for an antiferromagnetic superlattices, the
necessary condition is μ̄xx < 0. It collocates with μ̄yy < 0 being a real mode and μ̄xy > 0 being
a virtual mode, respectively.

Now, we would like to introduce our previous work [37] that considered a situation as same
as the antiferromagnetic superlattices. In a word, the magnetic metamaterials have an effect
biaxial tensors are given by

↔
ε e f f (ω) =

⎛

⎝

ε̄xx 0 0
0 ε̄yy 0
0 0 ε̄zz

⎞

⎠ ,

↔
μe f f (ω) =

⎛

⎝

μ̄xx 0 0
0 μ̄yy 0
0 0 μ̄zz

⎞

⎠ .

(47)

The proposal structure of our work [shown in Fig. 20] is a periodic array of the sandwich unit
cells. Fig. 20(b) shows there are three layers in a sandwich unit cell that includes two SRRs
and one spacer (Roger RT5800). The dimension of the unit cell is 6 × 6 mm2 and thickness is
2 mm, which is smaller than our operating wavelength ( 23 mm or 13.22 GHz). Therefore, it is
safe to consider a sandwich unit cell as an effective medium. Its effective electric permittivity
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and magnetic permeability are retrieved shown in Fig. 21. At 13.22 GHz, we have

μ̄xx = −4.20, μ̄yy = −0.252, ε̄zz = 3.46. (48)

Therefore, our design only possesses the real mode. Using COMSOL Multiphysics finite
element based electromagnetic solver 2, we simulate the field distribution of the MSPs mode
shown in Fig. 22 where one can clearly see the exponential decay of the MSPs propagating
at the interface. By substituting Eq. 48 into Eq. 40, the wavelength of the MSPs mode can
be evaluated as 3.947 mm that is in a good agreement with the simulation result (not shown).
Note that such a biaxial magnetic metamaterials depends on designed geometry to determine
the resonance frequency of the MSPs mode, instead of inherent magnetism.

Figure 20. The sandwich unit cell of the biaxial magnetic metamaterials. ax = ay = 6 mm, az = 2 mm.
[37]

Figure 21. The retrieval result of the biaxial magnetic metamaterials. (a) Red curve is μ̄xx; black curve is.
(b) Black curve is ε̄zz. At 13.22 GHz, we have μ̄xx = −4.2, andμ̄yy = −0.252, ε̄zz = 3.46. [37]

6.4. One-dimensional magnetic photonic crystal

In last two sections, the samples are not composed of magnetic materials, and so there
need not be an applied static magnetic field. Now, we basically introduce that a magnetic
metamaterials is composed of YIG rods [29] shown in Fig. 23(a). The structure is like
a one-dimensional photonic crystal (PC), and arranged periodically in a square lattice
embedded within the air. The lattice constant is a = 8 mm and the radius of the YIG rod
is r = 2 mm where axis of the rods is at

�

z axis. Again, an applied magnetic static field is along

the easy axis
�

z . The operating frequency is 5 GHz (i.e. wavelength = 60 mm) that is enough

2 http://www.comsol.com/
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Figure 22. The field distribution of the MSPs mode for a biaxial magnetic metamaterials at 13.22 GHz.
[37]

lager to be regarded this structure as an effective medium. For the reflectivity simulation, the
magnetic permeability of the YIG needs a damping factor that can be modified from Eq. 14:

ω0 → ω0 + iβω (49)

The retrieved effective permittivity and permeability, and band diagram of the bulk
polaritons are plotted in Figs. 23(c) and 23(b), respectively. Note that the condition of the
magnetostatic mode is as same as that for a pure ferromagnet [i.e. see Eq. 17]. In a word, the
condition is μe f f = −1 [see in Fig. 23(c)]. In this work, Liu et al. planed to apply a static
magnetic field upon the PC, which yields to the modeling of the reflectivity as shown in Fig.
23(a). One can observe the reflectivity has ”own” direction at the resonance frequency of the

Figure 23. (a) The line source is transverse magnetic wave with the electric field polarized along the rod,
and is placed near the surface of the magnetic metamaterials (

y
a = 1; x

a = −10) (b) The photonic band

diagram of the magnetic metamaterials with H0 = 900 Oe. The yellow region is photonic band gap. (c)
The retrivevd effective constitutive parameters. The blue dashed curve is εe f f and red solid curve is μe f f .
Note that μe f f = 1 at 5 GHz. [29]
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MSPs. The main mechanism is non-reciprocal dispersion relation of the MSPs because the
left-propagating direction of the MSPs is forbidden.

7. Conclusions

In this study, we review a few important papers that help one to understand the conditions
about the existence of the magnetic surface polaritons (MSPs) modes. Note that ferromagnetic
resonance frequency is typically in the microwave frequency region, and antiferromagnetic
resonance frequency in the far infrared. However, Metamaterials resonance frequency can be
artificially determined.

The MSPs mode can further be considered as two kinds of modes, real mode (magnetostatic
analog) and virtual mode. First, for real mode, we basically summarize those aforementioned

conditions. (a) For a pure uniaxial ferromagnet with
↔
ε = 1, at an external static magnetic field

(H0), the condition is μ0

[

1 + ωm
/

(ω0 − ω)
]

= −1 where ωmsp is locating within the region,
μV < 1. In addition, the dispersion relation of the MSPs mode is non-reciprocal. On the
other hand, without H0, the condition is μ0 [1 − ωm/ω] = −1 and magnetostatic analog starts
at kx = 0 with non-reciprocal dispersion relation. (b) For a pure uniaxial anti-ferromagnet,
without H0, the condition is μxx = −1 where ωmsp is living within the region, μV < 1. The
dispersion relation of the MSPs is reciprocal. On other hand, with H0, numerical calculation
shows there is a possibility to have a magnetostatic analog with non-reciprocal dispersion
relation. (c) For a ferromagnetic superlattices, with H0, there is a magnetostatic analogs for
a
/

b > 0.5. The dispersion relation of the MSPs is non-reciprocal. (d) For an anti-ferromagnetic
superlattices, without H0, the condition is μ̄xx = −1 and μ̄xxμ̄yy = 1. The dispersion relation
of the MSPs mode is reciprocal for a > b. On other hand, with H0, numerical calculation
shows that the magnetostatic analog can exist for a > b.

Second, for the virtual modes, the numerical calculation is necessary, and it is not easy to give
a exact condition. However, for magnetic superlattices, if the ratio of "a" to "b" is less than
0.5, then the virtual modes should exist. Finally, let us comment the conditions for magnetic
metamaterials. The magnetic metamaterials are ability to design their constitutive parameters
by means of a specific the geometry of the sub-wavelength unit cell. Theoretically, one can
well control the real modes or virtual modes, yielding to the versatile devices such as optical
bistability [9, 10, 13], second harmonic generation [19]. Although over the past researches have
less attention to the MSPs modes due to the experimental difficulty compared to electric SPPs,
we expect the MSPs mode will get more attention by means of the magnetic metamaterials in
the future.
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