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1. Introduction

The HOT is a recently developed discrete unitary transform that uses the orthonormal
minimizers of the entropy-based Hirschman uncertainty measure [2]. This measure is
different from the energy-based Heisenberg uncertainty measure that is only suited for
continuous time signals. The Hirschman uncertainty measure uses entropy to quantify the
spread of discrete-time signals in time and frequency [3]. Since the HOT bases are among
the minimizers of the uncertainty measure, they have the novel property of being the most
compact in discrete time and frequency. The fact that the HOT basis sequences have many
zero-valued samples, and their resemblance to the DFT basis sequences, makes the HOT
computationally attractive. Furthermore, it has been shown recently that a thresholding
algorithm using the HOT yields superior frequency resolution of a pure tone in additive
white noise to a similar algorithm based on the DFT [4]. The main theorem in [2] describes
a method to generate an N = K2-point orthonormal HOT basis, where K is an integer. A
HOT basis sequence of length K? is the most compact bases in the time-frequency plane. The
32-point HOT matrix is

7100 1 0 0 1 0 0
010 O 1 0 0 1 0
001 O 0 1 0 0 1
100e /23 0 0 e A4/3 0
010 0 e 727/3 0 0 e 43 0 (1)
001 0 0 e 27/3 0 e /4/3
100e/47/3 0 e /87/3 0
010 0 e /3 ¢ 0 e 8/3
(001 O 0 e 4/3 0 e J/87/3 ]

Equation (1) indicates that the HOT of any sequence is related to the DFT of some polyphase
components of the signal. In fact, we called this property the “1 and 1/2 dimensionality”
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2 Adaptive Filtering - Theories and Applications

of the HOT in [3]. Consequently, for this chapter, we will use the terms HOT and DFT of
the polyphase components interchangeably. The K?>-point HOT requires fewer computations
than the K2-point DFT. We used this computational efficiency of the HOT to implement
fast convolution algorithms [5]. When K is a power of 2 integer, then KzlogzK (complex)
multiplications are needed to compute the HOT, which is half that is required when
computing the DFT. In this chapter, we use the computational efficiency of the HOT to
implement a fast block LMS adaptive filter. The fast block LMS adaptive filter was first
proposed [6] to reduce computational complexity. Our proposed HOT block LMS adaptive
filter requires less than half of the computations required in the corresponding DFT block
LMS adaptive filter. This significant complexity reduction could be important in many real
time applications.

The following notations are used throughout this chapter. Nonbold lowercase letters are
used for scalar quantities, bold lowercase is used for vectors, and bold uppercase is used
for matrices. Nonbold uppercase letters are used for integer quantities such as length or
dimensions. The lowercase letter k is reserved for the block index. The lowercase letter n
is reserved for the time index. The time and block indexes are put in brackets, whereas
subscripts are used to refer to elements of vectors and matrices. The uppercase letter N is
reserved for the filter length and the uppercase letter L is reserved for the block length. The
superscripts T and H denote vector or matrix transposition and Hermitian transposition,
respectively. The subscripts F and H are used to highlight the DFT and HOT domain
quantities, respectively. The N x N identity matrix is denoted by Inx«n or I. The N x N
zero matrix is denoted by Onxn. The linear and circular convolutions are denoted by x*
and *, respectively. Diag [v] denotes the diagonal matrix whose diagonal elements are the
elements of the vector v.

2. The relation between the HOT and DFT in a matrix from

The algorithm that we proposing is best analyzed if the relation between the HOT and DFT
is presented in matrix form. This matrix form is shown in Figure 1, where Iy, Iy,..., Ix_1
are K x K? matrices such that multiplication of a vector with I; produces the i polyphase
component of the vector. The matrix Ix is formed from Iy, Iy,..., Ix_1, i.e.,

L
I

Ix >
[ Tx 1 ]

Since the rows of { Ii} are taken from the rows of the K% x K2 identity matrix, multiplications

with such matrices does not impose any computational burden. For the special case K = 3,
we have

100000000
Ip=1000100000], 3)
000000100
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Figure 1. The Relation between HOT and DFTs of the polyphase components.

(010000000
I,=/000010000], (4)
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[001000000]
I,={000001000]. )
1000000001 ]

The K2-point HOT matrix is denoted by H. It satisfies the following:

HHY = K2, 2, (6)

H=H'. 7)

3. Convolution using the HOT

In this section, the “HOT convolution,” a relation between the HOT of two signals and their
circular convolution, is derived. Let u and w be two signals of length K2. The circular
convolution of the signals is ¥ = w % u. In the DFT domain, the convolution is given by the
pointwise multiplication of the respective DFTs of the signals, i.e., yr(k) = wr(k)up(k). A
similar relation in the HOT domain can be readily found through the relation between the
DFT and HOT. The DFT of u can be written as
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K*-1 P21 g
up(k) = Y u(n)e /@™
n=0
Kl Kol .
=) ele" ) u(IK 4 i) e 1<K, (8)
i=0 I=0

The signal u(IK + i), denoted by u;(1), is the i" polyphase component of u(n) with DFT
given by

K-1 .
wip(k) = Y u;(1)e XM, 9)
I=0
Therefore, the DFT of the signal u can be written in terms of the DFTs of the polyphase
components, or the HOT of u. The relation between the HOT and the DFTs of the polyphase
components is descried in Figure 1. Equation (8) may be written as

K=1 .,
up(k) = Y. e TR (k). (10)
i=0
Define the diagonal matrix
[Tk 0 .0 |
0 e iBki+l)
(k) =| . an
0 0 L]

Then the DFT of the signal can be written in a matrix form

Fx
K-1 | Fx
ur =) Doe1()| . |w (12)
i=0 ;
Fx

The above is the desired relation between the DFT and HOT. It should be noted that equation
(12) represents a radix-K FFT algorithm which is less efficient than the radix-2 FFT algorithm.
Therefore, HOT convolution is expected to be less efficient than DFT convolution. Now, we
can use equation (12) to transform yr = wr ® ur into the HOT domain. The symbol &
indicates pointwise matrix multiplication and, throughout this discussion, pointwise matrix
multiplication takes a higher precedence than conventional matrix multiplication. We have
that
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Fx Frw; Fxu;
K-1 Fx K-1K—- Fxw; FKu]-
Y Doz 1(D) | . |yi=), Z ok2—1(+7) . ® .- (13)
i=0 : i=0 j=0 : :

Fg Fxw; FKl,l]'

The above matrix equation can be separated into a system of K equations

K-1 K-1K-1

Z(:) D,g (r+1)k—1()Fkyi = Z(:) Z(:) D, (4 1)k—1( +]) (Fxw;) ® (FKW]') , (14)
1= 1= ]:

wherer =0,1,...,K —1. Since

. 21 .
D,g (r41)k—1(0) = e T K" Do x1(i), (15)

the HOT of the output can be obtained by solving the following set of K matrix equations:

K-1 o . K=1K= 271
Y~ e ¥ Dy (DFky; = ) Ze FrEIDg (i) (Fews) @ (Fray) - (16)
i=0 =0 j=0

Since the DFT matrix is unitary, the solution of equation (16) can be expressed as
1 KNS o
Do x-1(s)Fkys = ¢ ; ; ; =Dy gy (i + f) (Fxwy) ® (FKuj) . (17)

where
Frys = JEHDg (i +j —5) (Fxw;) @ (FKuj) : (18)

Moreover, as A
Y K1) = Ko(i4j—s), (19)
r=0

where 4(n) denotes the periodic Kronecker delta of periodicity K, equation (18) can be
simplified to

K-1K-1

Fxys = ), ) 0(i+j—s)Dog_1(i+j—s) (Fxw;) ® <FKuj) , (20)
i=0 j=0

where s = 0,1,2,...,K — 1. The pointwise matrix multiplication in equation equation (20)
can be converted into conventional matrix multiplication if we define W; as the diagonal
matrix for Fxw;. We have then that

5
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K-1K-1

FKYS = Z Z (S(Z +j — S)DO,K—l(i —|—j — S)Wl’FKu]'. (21)
i=0 j=0

Combining the above K equations into one matrix equation, the HOT convolution can be
written as

[ Fxyo 7 [ Wo DWg_1 DWg_,---DW, DW; ] [ Fxup ]
Fryi Wi Wo Wi, ---DW3; DW, Frug
FKYZ Wz W1 WO DW4 DW3 FKu2
. = . - . . . ) . (22)
Fxyk—2 Wi Wg3 Wiy -+ Wyg DWg_4 Frug_»
L Fxyk—1 ] | Wg_1 Wgo Wi --- Wi Wy | | Fgug_q |
where
1 O 0
- 27T
O e_]ﬁ e
D=|. . . . (23)
0 0 ... . iBED

Notice that the square matrix in equation (22) is arranged in a block Toeplitz structure.

A better understanding of this result may be obtained by comparing equation (22) with the
K-point circular convolution

[ Yo | [ wp wWg_1 Wg—p - Wy W )
W1 w1 Wy Wk—1 - W3 Wy 51
Y2 wy wp Wy - W4 W3 U
. = ) ) . ) ) ) . (24)
YK-2 WK—2 WK—-3 WK—4 **+ Wy WK—-1 UK—2
L YK—1] | WK—1 WK—2 WK—-3 -+ W1 Wy ] LUK-1 ]

The square matrix in equation (24) is also Toeplitz. However, equation (24) is a pure
time domain result, whereas equation (22) is a pure HOT domain relation, which may be
interpreted in terms of both the time domain and the DFT domain features. This fact can
be explained in terms of fact that the HOT basis is optimal in the sense of the entropic joint
time-frequency uncertainty measure Hy(u) = pH(u) + (1 — p)H(up) for all 0 < p < 1.
Before moving on to the computational complexity analysis of HOT convolution, we make
the same observations about the term DFgw; appearing in equation (22). This term is the
complex conjugate of the DFT of the upside down flipped i polyphase component of w.

It should be noted that equation (22) does not show explicitly the HOT of u(n) and w(n).
However, the DFT of the polyphase components that are shown explicitly in equation (22)
are related to the HOT of the corresponding signal as shown in Figure. 1. For example, the
0th polyphase component of the output is given by
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K-1
yo(k) = F'Towg (k) @ Tpup (k) + F'D Y~ Ix_jwp (k) @ Lug (k). (25)
i=1
Next, we examine the computational complexity of HOT convolution. To find the HOT of the
two signals w and u, 2K210g21< multiplications are required. Multiplication with the diagonal
matrix D requires K(K — 1) multiplications. Finally, the matrix multiplication requires K>
scalar multiplications. Therefore, the total number of multiplications required is 2K*log,K +
K3 + K? — K. Thus, computation of the output y using the HOT requires K> + 3K?log,K +
K® + K2 — K multiplications, which is more than 6K*log,K + K? as required by the DFT.
When it is required to calculate only one polyphase component of the output, only K? +
2K?log,K + Klog, K multiplications are necessary. Asymptotically in K, we see that the HOT
could be three times more efficient than the DFT.

4. Development of the basic algorithm

In the block adaptive filter, the adaptation proceeds block-by-block with the weight update
equation

w(k+1)=w(k)+

=

L-1
Y u(kL+i)e(kL +1i), (26)
i=0

where d(n) and y(n) are the desired and output signals, respectively, u(n) is the tap-input
vector, L is the block length or the filter length, and e(n) = d(n) — y(n) is the filter error.
The DFT is commonly used to efficiently calculate the output of the filter and the sum in
the update equation. Since the HOT is more efficient than the DFT when it is only required
to calculate one polyphase component of the output, the block LMS algorithm equation (26)
is modified such that only one polyphase component of the error in the k™ block is used to
update the filter weights. For reasons that will become clear later, the filter length L is chosen
such that L = K2 /2. With this modification, equation (26) becomes

2]1 K/2-1
w(k+1) =w(k) + e Y u(kL+iK+ j)e(kL + iK + j). (27)
i=0

Since the DFT is most efficient when the length of the filter is equal to the block length [7], this
will be assumed in equation (27). The parameter j determines which polyphase component
of the error signal is being used in the adaptation. This parameter can be changed from
block to block. If j = 0, the output can be computed using the HOT as in equation (25). A
second convolution is needed to compute the sum in equation (27). This sum contains only
one polyphase component of the error. If this vector is up-sampled by K, the sum is just
a convolution between the input vector and the up-sampled error vector. Although all the
polyphase components are needed in the sum, the convolution can be computed by the HOT
with the same computational complexity as the first convolution since only one polyphase
component of the error vector is non-zero.

7
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The block adaptive filter that implements the above algorithm is called the HOT block LMS
adaptive filter and is shown in Figure 2. The complete steps of this new, efficient, adaptive
algorithm are summarized below:

(a) Append the weight vector with K?/2 zeros (the resulting vector is now K? points long as
required in the HOT definition) and find its HOT.

(b) Compute the HOT of the input vector

u(e=18) u (k) w (kS +1) o (k1)K - )}T (28)

Note that this vector contains the input samples for the current and previous blocks.

(c) Use the inverse HOT and equation (22) to calculate the j polyphase component of
the circular convolution. The j polyphase component of the output can be found by
discarding the first half of the j polyphase component of the circular convolution.

(d) Calculate the j polyphase component of the error, insert a block of K/2 zeros,
up-sample by K, then calculate its HOT.

(e) Circularly flip the vector in (b) and then compute its HOT.

(f) Compute the sum in the update equation using equation (22). This sum is the first half
of the elements of the circular convolution between the vectors in parts (e) and (d).

5. Computational complexity analysis

In this section, we analyze the computational cost of the algorithm and compare it to
that of the DFT block adaptive algorithm. Parts (a), (b), and (e) require 3K2 log, K
multiplications. Part (c) requires Klog, K + K2. Part (d) requires Klog, K multiplications,
and part (f) requires K? + K? log, K multiplications. The total number of multiplications is
thus 4K? log, K + 2K log, K + 2K?. The corresponding DFT block adaptive algorithm requires
10K? log, K + 2K? multiplications — asymptotically more than twice as many. Therefore, by
using only one polyphase component for the adaptation in a block, the computational cost
can be reduced by a factor of 2.5. While this complexity reduction comes at the cost of not
using all available information, the proposed algorithm provides better estimates than the
LMS filter. The reduction of the computational complexity in this algorithm comes from
using the polyphase components of the input signal to calculate one polyphase component
of the output via the HOT.

It is worth mentioning that the fast exact LMS (FELMS) adaptive algorithm [8] also reduces
the computational complexity by finding the output by processing the polyphase components
of the input. However, the computational complexity reduction of the FELMS algorithm is
less than that found in the DFT and HOT block adaptive algorithms because the FELMS
algorithm is designed to have exact mathematical equivalence to, and hence the same
convergence properties as, the conventional LMS algorithm. Comparing the HOT block LMS
algorithm with the block LMS algorithms described in Chapter 3, the HOT filter performs
computationally better.

The multiplication counts for both the DFT block and HOT block LMS algorithms are plotted
in Figure 3. The HOT block LMS adaptive filter is always more efficient than the DFT block
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Figure 2. HOT block LMS adaptive filter.

LMS adaptive filter and the asymptotic ratio between their computational cost is almost
reached at small filter lengths. The computational complexity of the HOT filter can be further
improved by relating the HOT of the circularly flipped vector in step (e) to the HOT of the
vector in step (b). Another possibility to reduce the computational cost of the HOT block
algorithm is by removing the gradient constraint in the filter weight update equation as has
been done in the unconstrained DFT block LMS algorithm [9].

6. Convergence analysis in the time domain

In this section, we analyze the convergence of the HOT block LMS algorithm in the time
domain. We assume throughout that the step size is small. The HOT block LMS filter
minimizes the cost

9
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Figure 3. Multiplication counts for both the DFT block and HOT block LMS algorithms.

NI~

)e(kL +ik+)[, (29)

RN

&=

1
i=0

which is the average of the squared errors in the j polyphase error component. From
statistical LMS theory [10], the block LMS algorithm can be analyzed using the stochastic
difference equation [10]

er(k+1) = (1= A )er(k) + ¢(k), (30)

where

L—1
o(k) = —%VH Y u(kL +i) e (KL + i) (31)
i=0

1=

is the driving force of for the block LMS algorithm [10]. we found that the HOT block LMS
algorithm has the following driving force
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K_
ouot (k) = —2% vH 221 u(kL + iK +j) e° (kL + iK + j). (32)
i=0
It is easily shown that
E¢nor(k) = 0, (33)
E¢rior (k) pior (k) = ZP‘ZITI““A (34)
The mean square of the /" component of equation (34) is given by
) 2l 2K 2 2l
Elei(B* = 5750+ (1- k) (\61(0)\ ‘2—%)' (35)

where A; is the I eigenvalue of the input autocorrelation matrix. Therefore, the average
time constant of the HOT block LMS algorithm is given by

12
T=———gF - (36)
2u Y
The misadjustment can be calculated directly and is given by
L 2
ME
M— Y1 ME |e(0)] _ 37)

] min

Using equation (30), one may find E|e;(c0)|? and substitute the result into equation (37). The
misadjustment of the HOT block LMS filter is then given by

M = % 2/\1. (38)

Thus, the average time constant of the HOT block LMS filter is the same as that of the DFT
block LMS filter 1. However, the HOT block LMS filter has K times higher misadjustment
than the DFT block LMS algorithm 2.

The HOT and DFT block LMS algorithms were simulated using white noise inputs. The
desired signal was generated using the linear model d(n) = w’(n) % u(n) + €°(n), where
¢ (n) is the measurement white gaussian noise with variance 107* and W°(z) = 1+ 0.5z7! —

! The average time constant of the DFT block LMS filter is [10] T = L2/2u YF ; A;.
2 The misadjustment of the DFT block LMS algorithm is [10] M = 1%2 YEo AL

1"



12 Adaptive Filtering - Theories and Applications

0.25272 4+ 0.03z72 4+ 0.1z + 0.002z 7> — 0.01z % + 0.007z 7. The learning curves are shown
in Figure 4 with the learning curve of the conventional LMS algorithm. The step sizes of all
algorithms were chosen to be the same. The higher mean square error of the HOT algorithm,
compared to the DFT algorithm, shows the trade-off for complexity reduction by more than
half. As expected the HOT and DFT block LMS algorithms converge at the same rate.

5 T T T T
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Figure 4. Learning curves of the DFT and HOT block LMS algorithms with the conventional LMS filter.

7. Convergence analysis in the HOT domain

Let u(n) be the input to the adaptive filter and

w(k) = {wo(k) wi (k) - we 1(k)} (39)

be the tap-weight vector of the adaptive filter, where k is the block index. Define the extended
tap-weight vector

w(k) = [wT(k)00---0]" (40)
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and the tap-input vector

u(k) = [u((k—n%) ~~u<k%2> u(k%erl) -..u((k+1)1<72—1)f. 41)

Denote the HOT transforms of u(k) and w(k) by ug(k) = Hu(k) and wgy(k) = Hw(k),
respectively, where H is the HOT matrix. The 0" polyphase component of the circular
convolution of u(k) and w(k) is given by

K-1
Fyyo(k) = Fxwo(k) @ Fxug(k) + D ) Fxwg_;(k) ® Fxu;(k). (42)
i—1

Using Fru;(k) = LHu(k) = Lijug(k), equation (42) can be written in terms of the HOT of
u(k) and w(k). The result is given by

K-1
Fryo(k) = Iowy (k) @ Ioug (k) + D ) Ig_jwy (k) ® Lug (k). (43)
i=1

The 0 polyphase component of the linear convolution of W(k) and u(n), the output of the
adaptive filter in the k" block, is given by the last K/2 elements of yo(k). Let the desired
signal be d(n) and define the extended 0™ polyphase component of the desired signal in the
k™ block as

do(k) = [aggk)] : (44)

The extended 0 polyphase component of error signal in the k" block is given by

K-1
X [I()WH<k) ® IouH(k) +D Z IK—iWH(k) &® IiuH(k)] . (45)
i=1

Multiplying equation (45) by the DFT matrix yields

Freo(k) = Fy | - Fe | D5
K€0 = K | A — 'K
do (k) 0§><§

R

1

K—
X [IQWH(k) ® IouH(k) +D Z IK_,'WH(k) ® IiuH(k)] . (46)
i=1

13
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Define uf; (k) = Hu‘(k), where u(k) is the circularly shifted version of u(k). The adaptive
filter update equation in the k™ block is given by

Iee 2 0k
where ¢y (k) is found from
[ TIopm(k) 7 [Freo(k)] [ Touf(k) T
L ¢r (k) Fyeg(k) Lyug; (k)
Lo (k) Fyeg(k) Lug (k)
: - : ® : ’ (48)
Ix_2¢pn (k) Fyeg(k) Ix_puf, (k)
L Ix—10n (k) | | Fxeo(k) | [Ix—quf(k)
as
[Fxeg(k)] [ Toug(k) 7
FKEOEkg Ilu%gk;
Freg(k Lu$, (k
bn (k) = It ‘ 0 | H . (49)
Fyeq(k) Ig_puf (k)
| Freo(k) ] [Ix—qufy(k)

Finally, the HOT block LMS filter in the HOT domain can be written as

[ Freg(k) 7 [ Toup(k) T
FKeo(llz) 11“24(2)
I 0 F I
KZ—ZXKT OK—ZXK—Z : :
Ix—1e9(k) Ix_pu (k)
[ Ixk—1eo(k) | [Ix—qufy(k)

Next, we investigate the convergence properties of equation (50). we assume the following
linear statistical model for the desired signal:

d(n) =w’(n)*xu(n) +e’(n), (51)
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where w° is the impulse response of the Wiener optimal filter and ¢°(n) is the irreducible
estimation error, which is white noise and statistically independent of the adaptive filter

input. The above equation can be written in the HOT domain form

-
dO(k) ngg I%x%
K-1
x [IOW‘I’{(k)Q@IOuH(k)—I-D Y 1w (k) @ Lug (k) + Fxe§ (k)| . (52)
i=1

This form will be useful to obtain the stochastic difference equation that describes the
convergence of the adaptive algorithm. Using the above equation to replace the desired

signal in equation (46), we have

0k
Fyxeg(k) = Fx 0
2

1
X [IOEH(k) @ Ioug (k) +D ) Ix_jey (k) ® Lug (k) + Fxed(k) |, (53)
i=1

where ep(k) is the error in the estimation of the adaptive filter weight vector, i.e., ey (k)
w9, — wyy (k). The it block in equation (50) is given by

Freo (k) ® Ijuj; (k) = Diag [Lyup; (k)] Fxeq(k). (54)
Substituting equation (53) into equation (54) yields
Freo (k) ® Tu€, (K) = Diag [Tu, (k)] F | 575 05%5 [ gt
K€0 vy = g vy K OKXKIKXK K
2 2 2 2
K-1
Diag [Ioug (k)] Ioers (k) + D ), Diag[Ig—jup (k)] Liep (k) + FKeo(k)] : (55)
i=1
Upon defining
(56)

T, = Diag [Luf; (k)] LiDiag |Lup (k)| ,

where
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X

X

0
Lx = Fx 0

NN NIR
NIR NIR
NIR IR

X
NIR Nl

X

the it block of equation (50) can be written as

Fre® (k) ® Lugy (k) = [Tio Tix—1 Tix_o - Ti1]

+ Diag [I;ufy (k)] Lge’ (k).
Using the fact that

Diag [v] R Diag [u] = (vu!) ® R,

equation (56) can be written as

T, = (1us,®) (Jup®) ) @ L

Define
X7 Xy
Then

WH(k+ 1) = WH(k)

IoeH(k) i [ Diag [Iou%(k)}
DIleH(k) Dlag [Ilu%(k)}
+uUps Ille Dley (k) +ou UKZIIZ1 Diag |I,u$, (k)|

The matrix T can be written as

T = (1xxk X Lg) ®

Tou$, (k) [Toug (k)] Tou$, (k) [Ix_qup(k)]"
Luf; (k) [Toup (6] Tus, (k) [Ix_qup (k)]

Le_ru, (6) Tour (6] T_yus, () (g rup (0] - -

| DIx_qep(k) |

_DIK,16H(k) ] _Diag [IK,lu%(k)] ]

Lpep (k)
DI ep (k)
Dlyey (k)

LKeO (k)

Tous, (k) [Lyug (k)]
TyuS, (k) [Tug(k)]”

1w, (6) [Lug (0]

(57)

(58)

(59)

(60)

(61)

(62)
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where x denotes the Kronecker product and 1x « g is the K x K matrix with all element being
equal to one. The matrix T can be written as

[ Toug(k) 7 [ Toup(k) !
Iiug (k) Ix_qup(k)
T = X (1K><K X LK) = (IKu%(k)uIT{(k)If(T> & (1K><K X LK>,
Ix_ouf, (k) Luy (k)
[ Txquf (k) ] L Lyug(k)
where I
. Ix 1
I

Finally, the error in the estimation of the adaptive filter is given by
_ -1 c T (p\ge. T D
en(k+1) = (I — nUgelg (IKUH(k)“H(k)IK ) ® <1K><K X LK>IK> ep (k)

[ Diag[Iguf; (k)]
Diag|I uf; (k)]

—uUpI ! Lye’(k), (64)

Diag[IK;zu% (k)]
| Diag[Ix_juf; (k)]

where

SR

DI,

P = ik (65)
K= . :

DIg >
| DIk 1 |

Therefore, the adaptive block HOT filter convergence is governed by the matrix

Lie e 0 g

¥Y=H [0;; Y X,fz ] H 1! (IKEu%(k)uE(k)I%T) ® <1K><K X LK>IIL<)- (66)

2 X3 7 X3
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The structure of ¥ is now analyzed. Using the relation between the HOT and the DFT
transforms, we can write

It can be easily shown that

Then we have

and

FKuf = {

IS, (k)u

T
H

C
IKuK =

(1] =

H

H
D*FK Ug_1

r c

C
C
L FKuK,1 J

H
D*Flug_q

D*Fiup
D*Fluy

H

D*Fllu,

D*Flu,

Taking the expectation of equation (70) yields

FgEuougFK

I vty (k) uly ()1 =

ifi=0,
D*Ffug_; ifi#0.

_ T
Fxuy

Frug_1

Fxup
| Fxuy

F?Euouﬁ_lFK
D*FEEHK—lugFK D*F?EUK_luI];_lFK e D*F?EuK_lulTFK

D*FlEuulFx  D*FYEwjul  Fg

(67)

(68)

(69)

(70)

F?EuoulTFK

D*F?EululTFK

Each block in the above equation is an autocorrelation matrix that is asymptotically

diagonalized by the DFT matrix.

Each block will be also pointwise multiplied by Lg.

Three-dimensional representations of Lx for K = 16 and K = 32 are shown in Figures 5 and
6, respectively. The diagonal elements of Lx are much higher than the off diagonal elements.
Therefore, pointwise multiplying each block in the previous equation with Lx makes it more



Hirschman Optimal Transform Block LMS Adaptive Filter 19
http://dx.doi.org/10.5772/51394

diagonal. If each block is perfectly diagonal, then Ix (IxEu$;(k)ul,(k)I{) ® (1kxk x Lg)IR
will be block diagonal. Asymptotically the HOT block LMS adaptive filter transforms the K?
modes into K decoupled sets of modes.

Figure 5. Three-dimensional representation of Lie.

Figure 6. Three-dimensional representation of Lg;.
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8. Conclusions

The “HOT convolution,” a relation between the HOT of two signals and their circular
convolution was derived. The result was used to develop a fast block LMS adaptive filter
called the HOT block LMS adaptive filter. The HOT block LMS adaptive filter assumes that
the filter and block lengths are the same. This filter requires slightly less than half of the
multiplications that are required for the DFT block LMS adaptive filter. The reduction in
the computational complexity of the HOT block LMS comes from using only one polyphase
component of the filter error used to update the filter weights. Convergence analysis of the
HOT block LMS algorithm showed that the average time constant is the same as that of the
DFT block LMS algorithm and that the misadjustment is K times greater than that of the DFT
block LMS algorithm. The HOT block LMS adaptive filter transforms the K> modes into K
decoupled sets of modes.
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