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1. Introduction

Over last 20 years great scientific attention has been paid to nanostructures and nanocompo‐
sites based on nanoparticles of semiconductor materials (1eV<Egap<3eV) since they exhibit a
wide range of nonlinear properties and can be used in various applied fields [1-5]. However,
the history of active investigation of dielectric nanostructures’ properties started only recently
[6-8]. These structures are the heterogeneous medium formed by liquid or solid dielectric ma‐
trices (e.g., polymer glasses and oils) and nanoparticles of dielectrics (Al2O3, SiO2, MgO, etc.).

As some experiments have shown [6,8,9], such structures have nonlinear optical properties,
whose dependence on the intensity and optical radiation wavelength is not typical of previ‐
ously known nonlinear optical media [10-14]. The anomalous nonlinear optical properties
are manifested in the fact that, firstly, the nanostructures’ optical response on the radiation
is of a non-thermal nature and occurs at radiation intensities below 1kW/cm2 [9]. Second, de‐
spite the wide band gap of nanostructures’ components (Egap>3eV), this response takes place
in the visible and infrared region of light spectrum, and reaches a maximum then decreases
to zero under increasing intensity [8,9,15-17].

The dielectric nanostructures show other unexpected nonlinear optical properties. The non‐
linear interaction of high-intensity radiation of different frequencies results in the generation
of harmonics in conventional dielectric media. In the case of propagation of the low-intensi‐
ty radiation of different frequencies in the dielectric nanostructures, the nonlinear interac‐
tion is manifested in the dependence of the light beam intensity on the intensity of another
collinearly propagating light beam [18]. The two-frequency interaction observed in nano‐
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structures does not prevent the generation of harmonics, but this process requires radiation
intensities four orders of magnitude higher.

The optical nonlinearity of dielectric nanostructures allows one to believe that they will be
used to develop and create new optoelectronic [19-24] and fibre-optic devices to control [11],
process and transmit the information [25]. Of no less interest are the prospects of using such
nanostructures in new optical materials with controlled optical properties, in particular,
photonic crystals [26] and the media generating optical solitons at low intensities. In addi‐
tion, several international research groups have proposed using these structures to create
the elements of electrical circuits, since the nonlinear properties appear in the range of THz
and GHz radiation and under the influence of an electric potential [27-30].

The study of nonlinear optical properties of dielectric nanostructures containing nanoscale
objects of different chemical natures, shapes and sizeshas shown that the existence of a low-
threshold optical response is due to a number of conditions. The first is the presence of de‐
fect levels in the band gap of nanoparticles' charge carriers and this is manifested in the
form of absorption bands in the nanoparticles' transmission spectrum [8,9,31-33]. Second,
the radiation forming the nonlinear response of the nanostructure must have a frequency ly‐
ing within the absorption band [8,9]. Third, the size and shape of the nanoparticles have to
lead to the formation of a wide range of exciton states due to the quantum size effect
[10,34-38]. Fourth, the matrix permittivity must be less than that of nanoparticle material,
since the chemical nature of the matrix material significantly affects the formation of long-
lived exciton states [9,31,39-42]. Fifth, the value of electric dipole moments induced by elec‐
trons phototransition should be substantially larger than dipole moments in the bulk
material. It allows observing the optical nonlinearity of nanostructures with a low concen‐
tration of nanoparticles under low-intensity optical fields.

The theoretical description of the observed effects [43-45] is based on the fact that the occur‐
rence of nontypical optical nonlinearity requires the existence of defect levels and the broad
band of exciton states in the energy band gap of charge carriers. The radiation causes the elec‐
tron transitions from the defect to the exciton levels, thereby creating the photo-induced pop‐
ulation difference. This process is accompanied by the appearance of the nanoparticle electric
dipole moment, herewith its module depends nonlinearly on the intensity and light wave‐
length. The theory conclusions and theoretical modelling of transmission spectrum and the
behaviour of the nonlinear refractive index are very similar to the experimental results [9].

It follows from the theory that the nature of the nonlinearity is determined not only by the
behaviour of the photo-induced dipole moment module in an external field, but also by the
nanoparticle’s orientation along the vector E. However, this orientation has a minor contribu‐
tion to the nonlinearity, so the observed nonlinear optical response can take place in the case
of unpolarized light and solid nanostructures, which is in agreement with the experiment.

This chapter is an original quantitative study of the nonlinear refraction and absorption of
continuous low-intensity laser radiation in different heterogeneous dielectric nanostructures
and compares these data with theoretical ones. In addition, the theory of nonlinear light
transmission by dielectric nanostructures is discussed.
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2. Experimental Chapter

2.1. Dielectric Nanocomposite Preparation and Spectral Features

To study the changes of optical characteristics of the heterogeneous dielectric nanostructur‐
esunder continuous low-intensity radiation we used the dielectric Al2O3, SiO2, TiO2 and ZnO
nanoparticles with 7,2; 8; 3,4 and 3,3eV band gaps of the bulk samples respectively [46].
The nanoparticles were purchased from Sigma Aldrich Company and investigated by AFM
microscopy (Figures 2,3). The Al2O3 nanoparticles were used from work [9]. The averaged
dimensions of nanoparticles are 45nm in diameter and 6nm in height for Al2O3, 20nm in di‐
ameter and 10nm in height for SiO2,  15nm in diameter and 5nm in height for TiO2  and
50nm in diameter and 40nm in height for ZnO. As a matrix for nanoparticles, dielectric im‐
mersion and transformer oils were used. The immersion oil consists of weak polar mole‐
cules and is based on cedar resin witha negative temperature gradient of refractive index
|dn/dT|=4*10-4. The transformer oil is a PDMS (polydimethylsiloxane) liquid having an op‐
tical transparency up to 200nm, chemical inertness,  a high heat resistance (|dn/dT|<10-7)
and high stability of dielectric characteristics.

Figure 1. The nanoparticles suspension in isopropyl alcohol and distilled water.
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The nanopowders were dissolved in isopropyl alcohol to precipitate the particles sticking to‐
gether (Figure 1). After precipitation the upper isopropyl alcohol layers containing separate
nanoparticles with small deviation in size were added into the oil (Al2O3 into immersion oil;
SiO2, TiO2 and ZnO into PDMS) pre-heated to 40°C. Slow heating of the mixture to 60°C re‐
sulted in the appearance of convection currents which, in turn, form the uniform nanoparti‐
cles’ distribution over the entire suspension volume and lead to alcohol evaporation. Then
heterogeneous dielectric nanostructures (hence forth called the HDN) with nanoparticle vol‐
ume concentration >1% were placed in a quartz cuvette 5 mm thick and 18.7 mm in length.

The nonlinear response of the medium on the radiation of certain frequencies can take place
if this medium has nonlinear spectral characteristics that are related directly to the energy
spectrum structure of charge carriers. When dealing with a nanoparticle we can expect the
energy spectrum of its charge carriers to depend on the form and degree of nanoparticle sur‐
face development. Besides, the energy spectrum will depend on the matrix material and, to
a greater extent, on its permittivity ε. Therefore, we studied the transmission spectra of
Al2O3 (permittivity of the bulk sample is εstat=10), SiO2 (εstat=4,5), TiO2 (εstat>86) and ZnO
(εstat=8,8) nanoparticles suspended in isopropyl alcohol (εstat=24), distilled water (εstat=80) and
oil (εstat=2,5).

As it follows from the transmission spectra figures (Figure 4), the nanoparticles of broad-
band dielectrics (Al2O3 and SiO2) suspended in oil have a non-symmetric broad absorption
band that is formed by exciton states with high density. The asymmetry of the absorption
band is explained due to the broadening of the exciton levels. This band is not observable
either in the bulk sample or in the nanoparticles’ array suspended in other media.This can
be explained by the fact that the electronic structure of nanoparticles embedded in a matrix
depends strongly on the ratio between the permittivity of matrix ε1 and nanoparticles ε2

[39,40]. Given ε1/ε2>1, polarization interaction leads to attraction of positive charges to the
inner surface of the nanoparticles and to the destruction of defect states by virtue of interac‐
tion the nanoparticle electrons from these levels with high-polarized matrix molecules. If
ε1/ε2<1, polarization interaction causes repulsion of charges from the nanoparticle’s surface
into the interior, thus preserving these states. So, the propagation of visible radiation
(2,1eV<E<3,1eV) into the HDN based on oil and Al2O3 nanoparticles results in electron tran‐
sition from defect to exciton levels (Figure 5). In the case of water and alcohol matrixes there
are no free electrons on the defect level, therefore, electron transition under ultraviolet radia‐
tion (E>4eV) is available. The same situation is exists for the HDN based on oil and SiO2

nanoparticles: the exciton generation occurs under visible and ultraviolet radiation
(2eV<E<6eV), however, less probable electron transitions from valence band to exciton levels
can take place provided E>2eV (Figure 5).

The TiO2 and ZnO nanoparticles’ array transmission spectra (Figure 6) inform that the nano‐
particles of narrow-band dielectrics suspended in oil have a blurred edge of fundamental
absorption that is formed by exciton states without any absorption band within
(400-700)nm. The matrix permittivity effects only the position of fundamental absorption.
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Figure 2. AFM images of Al2O3 and SiO2 nanoparticles precipitated on a mica place. Defined dimensions are 45nm in
diameter and 6nm in height for Al2O3, 20nm in diameter and 10nm in height for SiO2.

Figure 3. AFM images of TiO2and ZnOnanoparticles precipitated on a mica place. Defined dimensions are15nm in di‐
ameter and 5nm in height for TiO2, 50nm in diameter and 40nm in height for ZnO.
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Figure 4. Transmission spectra of Al2O3 (A) and SiO2 (B) nanoparticles’ array dispersed in H2O (green curve), isopropyl
alcohol (red curve) and oil (blue curve). The curves were obtained by division of the T spectrum of nanoparticle sus‐
pension by that of the matrix.

Figure 5. The energy band gap structure of Al2O3 and SiO2 nanoparticles’ array.

Figure 6. Transmission spectra of TiO2 (A) and ZnO (B) nanoparticles’ array dispersed in H2O (green curve), isopropyl
alcohol (red curve) and oil (blue curve). The curves were obtained by division of the T spectrum of nanoparticle sus‐
pension by that of the matrix.
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2.2. Z-scan Experiment

The experimental study of the dependence of the HDN nonlinear optical response on the la‐
ser radiation of variable intensity was performed using the standard z-scan technique with
open and closed apertures [47,48] (Figure 7). Since the nonlinear optical response of the
HDN appears under low-intensity optical fields we used the semiconductor lasers provid‐
ing focal intensities of up to 500 W/cm2 for green and violet radiation. Such low intensities
are at least four orders of magnitude lower than the pulsed mode intensity required for ap‐
pearance of the nonlinear response in previously known environments [10-14].

In the z-scan experiments, the HDN based on Al2O3, SiO2, TiO2 and ZnO nanoparticles can
be considered as thin experimental samples, since the interaction length of radiation with
the samples is equal to L=5mm, being less than minimum Rayleigh range [47] Z0=(πω0

2)/
λ=8.7mm.

The values the changes in refractive index Δn (I,λ) and absorption coefficient Δα(I, λ) one
can calculate by the following:

Δn(I , λ)=
λΔΤpvln

I0
I

0.812π(1− S )0.27L (1− I

I0
) (1)

Δα(I , λ)=
2 2ΔΤ
L

(2)

that has been derived from the number of expressions:

ΔΤpv ≈0.406(1−S )
0.27|ΔΦ0| (3)

ΔΦ0=
2π
λ n2I0L eff (4)

where λ is a radiation wavelength and I0 and Iare the input and output intensities, respec‐
tively. S is a fraction radiation transmitted by the aperture in the absence of the sample
(S=0.04 and 0.06 provided the HDN based on Al2O3 in green and violet optical field, respec‐
tively; S=0.22 and 0.35 provided the HDN based on SiO2, TiO2, ZnO in green and violet opti‐
cal field, respectively), Leff=L*(1-e-αL), L and α are the sample length and absorption
coefficient, respectively and ΔΤ is a normalized change in integral transmitted intensity. The
ratio of I/I0 was determined due to the transmittance characteristics of the HDN (Figure 8).
Since I/I0=(PoutS0)/(PinS), where Pin and Pout are input and output radiation powers, S0 and S
are the beam squares into the sample, and near the outer surface, the ratio Pout/Pin was de‐
fined from Figure 8 and S/S0 negligibly exceeds the unite.

Linear behaviour of the HDN transmittance under increasing optical field is not reflected in
the real behaviour that was most detailed in the study by z-scan with open aperture and will
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be discussed below. However, the z-scans have shown the changes of absorption ΔT<5%
that is absolutely imperceptible in Figure 8.

It is necessary to clarify that the z-scan of low-intensity continuous radiation gives informa‐
tion about the total impact of all physical processes, excited by radiation in the matrix and
nanoparticles, on the optical properties of the HDN.Thus, we have to divide the matrix ef‐
fect from the nonlinear response caused by presence of nanoparticles.

Figure 7. The experimental setup used for z-scan experiments. Setup includes: semiconductor sources of coherent
continuous radiation (wavelengths of 532 and 442 nm with maximum power 22 and 35mW and beam diameters 1,1
and 0,95 mm, respectively); the PD-power photodetector; 75mm (focus diameters ω0=71mkm for the green radiation
and 92mkm for the violet) and 50mm (ω0=46 mkm for the green radiation and 90 mkm for the violet) lens; Z is z shift
and PC is a computer.

Figure 8. The integral output power Pout as a function of input power Pin of green and violet radiation propagating in
the oil (red curve) and the HDN (blue curve).
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The results of measurements of the change in Δn of the HDN based on Al2O3 nanoparticles
obtained by z-scan are shown in Figure 9. Considering the absorption of radiation, we used
z-scans with open aperture [9].The obtained results demonstrate a linear absorption of green
radiation in the samples of pure oil and the HDN (normalized transmittance is equal to 1 for
all z) within intensity range (0; 300) W/cm2.However, the experiments revealed an absorp‐
tion saturation of violet radiation. These experimental data have been used to adjust the nor‐
malized transmittance curves obtained with the use of the closed aperture technique, in
accordance with the well-known method [47,48].

The results of the z-scan with closed aperture revealed the negative thermal change in the
matrix refractive index and nonlinear negative change in the HDN refractive index. Since all
physical processes in the matrix and nanoparticles, forming the change of the HDN refrac‐
tive index under optical field, can be considered to a first approximation as independent
processes ΔnHDN = Δnmatrix+Δnnanopart, so we can assume that Δn (I,λ) for the HDN is a nonlin‐
ear function of input radiation intensity (Figure 9).

To study the effect of the matrix static permittivity on the electronic structure and optical
properties of nanoparticles’ array, we also investigated Al2O3nanoparticles suspended in iso‐
propyl alcohol and distilled water according to the z-scan technique.The experiment
showed a total absence of the nonlinear response in these media, being in agreement with
our description in the introduction.

Figure 9. Change of refractive index Δn (I,λ) of the HDN based on Al2O3 nanoparticles under green (A) and violet (B)
radiation. The curves were obtained by division of Δn for the HDN by Δn for the immersion oil.

The results of measurements of the refractive index and absorption coefficient of the HDN
based on SiO2 obtained by z-scan are shown in Figures 10 and 11. Since the transformer oil
characteristics are not significantly changed within intensity range (0;500) W/cm2, so the z-
scan with close and open aperture informs only about changes in the HDN optical parame‐
ters caused by nanoparticles. The obtained results demonstrate the nonlinear refraction of
laser radiation (Figure 10A,C and 11A,C) in the HDN within intensity range (0; 300)W/cm2.
In addition, the experiments revealed the nonlinear absorption of green and violet radiation
in the HDN (Figure 10B,D and 11B,D) within the same intensity range. However, the HDN
based on the nanoparticles of the narrow-band dielectrics (TiO2 and ZnO) did not reveal any
nonlinear changes in refraction and absorption under continuous low-intensity radiation.
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Figure 10. Change of refractive index Δn (A) and absorption coefficient Δα (Β) of the HDN based on SiO2 nanoparticles
under green radiation; C and D are the approximation of z-scan results with close and open aperture, respectively.

Figure 11. Change of refractive index Δn (A) and absorption coefficient Δα (Β) of the HDN based on SiO2 nanoparticles
under violet radiation; C and D are the approximation of z-scan results with close and open aperture, respectively.
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3. The Theory of The HDN Nonlinear Transmittance

3.1. Preface

The theoretical description of the physical and optical properties of heterogeneous nano‐
composites containing nanoparticles is a complex problem. In fact, it seems impossible to
correctly calculate the physical characteristics of an individual nanoparticle as a system con‐
sisting of a great number of particles obeying the quantum mechanics laws. Attempts to ap‐
ply the well-known methods of solid state physics to describe the nanoparticles’ properties
run into problems, since it is not possible to disregard the effects caused by surface defects,
as well as crystal lattice defects. It is known that the optical properties of a quantum me‐
chanical system are associated with the features of the energy spectrum of charge carriers
(electrons and holes).

At the present time, it is beyond all question that the optical and electric properties of nano‐
particles have wide differences with that of the bulk samples due to the features of the ener‐
gy spectra. These differences are caused by three effects. First, the band gap of nanoparticle
charge carriers contain the allowed energies zone, herewith, the energy structure defined by
the high density of surface structural defects and the irregular shape of nanoparticles. Sec‐
ond, the excitons and discrete energy spectra are formed below and into the conduction
band due to the small nanoparticle size and size-quantization effect, respectively. In turn,
the size quantization effect is caused by spatial confinement of the charge carriers’ wave
functions. Third, the electric dipole moments of electronic transitions in such quasi zero di‐
mensional systems can be larger than that of the bulk sample. The formation of the above
mentioned states is of threshold character, herewith, the threshold depends on the nanopar‐
ticle dimensions. Specifically, for a spherical nanoparticle (with the permittivity ε2) dis‐
persed in a medium (ε1), such states can be formed if the nanoparticle radius αis smaller
than some critical radius αc:

α ≤αc=6|β|
−1αe,h (5)

where

ε1− ε2
ε1 + ε2

(6)

Here αe,his the Bohr radius of charge carriers in the nanoparticle material [49].

Some properties of the quantum states’ spectrum can be clarified by studying the nanocom‐
posites’ transmittance spectra. As a rule, experimental studies are concerned with the trans‐
mittance spectra of nanoparticles’ arrays embedded in a solid matrix or deposited on the
transparent material surface. In this case, the electronic structure of nanoparticles is substan‐
tially influenced by the matrix material and the interaction between nanoparticles. Because
of these effects, it is not possible to consider the transmittance spectra as the spectra of no
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interacting nanoparticles’ arrays. Nanocomposites containing low concentrations of nano‐
particles almost satisfy the condition for the lack of the above mentioned interactions, how‐
ever, to study the optical properties of such composites, one cannot take into account the
effects of the optical field on the distribution of the particles throughout degrees of freedom.
In this case, given the low-intensity radiation, the optical field effect on the coordinates of a
gravity centre of a nanoparticle can be disregarded, that cannot be said about the distribu‐
tion of particles throughout the rotational degrees of freedom.

At the present time, there is no well-known theoretical approach taking into account not on‐
ly the characteristic of nanoparticle dimensions, but also the orientation of nanoparticles in
the external field of laser radiation, the dependences of the scattering and absorption cross
sections on the propagating radiation intensity. In this context, it is necessary to develop a
theoretical model of the scattering and absorption cross sections in dielectrics nanocompo‐
sites with the above mentioned features of such systems.

In this study, we suggest a semiphenomenological model of the optical transmittance of the
array of noninteracting small sized (α<αc) dielectric nanoparticles embedded in the dielectric
matrix. We show that the basic mechanisms of low-threshold effects of nonlinear scattering
and absorption of laser radiation in the HDN are: the photo induction of electric dipole mo‐
ments of nanoparticles in the external optical field; the orientation of nanoparticles along the
polarization direction of this field. In addition, we will discuss the behaviour of the HDN
transmittance in the central frequency vicinity of the absorption band and the dependence of
the band depth on the radiation intensity.

3.2. The Theoretical Approach

We consider the HDN consisting of the low concentration (the number of nanoparticles N
per unit volume) of dielectric nanoparticles embedded in an isotropic transparent dielectric
matrix with a small coefficient of viscosity and linear optical properties within the visible
spectral range. In our case, the multiple scattering of radiation by nanoparticles and the
nanoparticles’ interaction with each other can be neglected. Let us introduce two coordinate
systems with the same origin (Figure 12).

Figure 12. The coordinate system used in the theoretical study.
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One of the systems {α1, α2, α3} corresponds to the coordinates coinciding with the principle
axes of the particle polarization tensor with the unit vectors (n1, n2, n3). The other system is
the Cartesian laboratory coordinate system {x, y, z} with the unit vectors (nx, ny, nz). We sug‐
gest that the electromagnetic wave polarized along the zaxis E ={0,0,E} is incident on the
composite. We chose the xaxis to be directed collinearly with a wave vector.

The optical transmittance of the HDN depends on the extinction coefficient, the path of the
light beam in the material and the optical reflectance from the HDN boundary. For normal
incidence of the light beam onto the boundary of the planar nanocomposite layer arranged
normally to the xaxis, the transmittance expression can be written as [50]

T (ω, N )= (1− R 2)2 e βL

1− R 2 e −2βL
(7)

Here, β is the extinction coefficient, R is the optical reflectance of the boundary (in experi‐
ments R is much smaller than unit) and L is the interaction length of light beam with the
HDN.

In the case of single scattering approximation, the extinction coefficient can be expressed in
terms of the scattering σs(ω,a) and absorption σa(ω,a) cross sections of the HDN unit volume as

β(ω, a)=σ a(ω, a) + σ s(ω, a) + α m(ω) (8)

where αm(ω) is the extinction coefficient of the matrix material and a is the characteristic of
nanoparticle dimension. For the above indicated orientation of the nanocomposite layer, the
scattering and absorption cross sections in the laboratory coordinate system can be ex‐
pressed in terms of the polarizability component of the HDN unit volume χzz(ω,a) by the re‐
lations [50,51]

σ a(ω, a)= 4πω
c Imχzz(ω, a)

dσ s(ω, a)= ω 4

c 4 |χzz(ω, a)| 2sin2θ dΩ
(9)

Here θ is the angle of the vector directed along the scattering direction and cis the light
speed in vacuum.

We introduce the effective polarizability tensor for nanoparticle in the matrix α ={αij} in such
a way that the components of the nanoparticle electric dipole moment Pinduced by the ex‐
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ternal plane polarized monochromatic electromagnetic field E with the frequency ω are de‐
termined directly in terms of the external field rather than the local field Pi=αijEj. In the
coordinate system {α1, α2, α3}, the polarization vector of the nanoparticle is

P =∑
j

3
αij(njE)nj (10)

If the vector E is directed along the z axis, the zcomponent of the polarization vector is

Pz =∑
j

3
αijE (njnz)2∑

j

3
αijEcos

2θj (11)

Here θj is the angle between vector E and the αj axis; this angle specifies the nanoparticle
orientation in the external electromagnetic field in the laboratory coordinate system. Since
the nanoparticles are randomly oriented, we assume that the polarizability tensor of the me‐
dium χ={χij} is diagonal and the polarization vector of the HDN unit volume in the laborato‐
ry coordinate system is Pz=χzzE. Comparing this expression with (11), we obtain

χzz =N (α11cos2θ1 + α22cos2θ2 + α33cos2θ3) (12)

After simple transformation, taking into account that cos2θ1+ cos2θ2+ cos2θ3=1, we can obtain
an expression that relates the component of χzz in the laboratory coordinate system with the
diagonal components of the nanoparticle polarizability tensor in the principle axes system:

χzz =N (α0 + Δα1Q1 + Δα2Q2) (13)

where

α0=
α11 + α22 + α33

3

Δα1=α11−α33
Δα2=α22−α33

(14)

The values averaged over all possible orientations

Q1= cos2θ1−
1
3

Q2= cos2θ2−
1
3

(15)
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are the orientation order parameters of the nanoparticles ensemble in the external field. The
angle distribution function of nanoparticles and, hence, the order parameters Q1 and Q2, de‐
pend on the laser radiation intensity and, via the components αij, on the radiation frequency.
The quantities Q1 and Q2 as functions of the intensity exhibit the saturation at I>Ip irrespec‐
tive of the matrix material.

The low-threshold nonlinear optical response takes place if the transmittance spectrum of
the nanoparticles’ array exhibits the broad absorption bands lacking in the bulk sample
spectrum [31-33]. The polarizability tensor components αijof the nanoparticle are to reach
their maxima corresponding to dipole transitions of charge carriers from the state <n|to the
state |g> within this frequency region. In addition, it is known that the diagonal tensor com‐
ponents in the coordinate system of the principal axes within this frequency region can be
expressed as [52]

α jj(ω)=∑
n,g

| n| erj | g | 2

฀(ω−ωng + iΓng) Δρng
(16)

The summation is performed over all allowed optical transitions of charge carriers of the
nanoparticles with the frequency transition ωngfrom the states <n|to the states |g>, being the
component of the electric dipole moment of the transition pj ng=<n|erj|g> and the transitions
width Γng. We can write the expression for only one nonzero polarizability tensor compo‐
nent in the laboratory coordinate system related to the individual nanoparticle using expres‐
sions (13) and (16), and introducing the definition Δωng=ω−ωng :

χ(ω, Q1, Q2)=N∑
n,g

AngΔωng
฀(Δωng2 + Γng2 )

− i
AngΓng

฀(Δωng2 + Γng2 )
Δρng (17)

The next definition is included into the expression (17)

Ang(Q1, Q2)=
1
3 | png | 2 +Q1(| p1ng | 2− | p2ng | 2) +Q2(| p3ng | 2− | p2ng | 2) (18)

The quantity Ang is proportional to the squared magnitude of the dipole moment of transi‐
tions from the state <n|to the state |g> provided certain optical radiation intensities, fre‐
quencies and specified parameters of the nanocomposite matrix. The population difference
induced by radiation between the states <n| and |g> is a function of the incident radiation
intensity. Using a two-level system approximation [52], this difference is

Δρng(I )= (1− I
IS

Δωng
2 + Γng

2 (1 + I IS )
Γng
2 )Δρng0 (19)
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where Δρ0 ng is the thermal-equilibrium difference and IS is the intensity of saturation, when
the Δρ/2 carriers are in the upper energy level. Separating the real and imaginary parts of
the polarizability tensor component (17) and taking into account the expression (19) we in‐
troduce the definitions

P = ∫sin2θdΩ

Bng(ω, T )=

I
IS

Δωng
2 + Γng

2 (1 + I IS )
Γng
2

(20)

we obtain the integrated scattering and absorption cross sections of the united volume of the
HDN in a single scattering approximation:

σa(ω, a, I )=
4πωN
c฀ ∑

n,g

AngΓngΔρng
0

Δωng
0 + Γng

2 (1−Bng) (21)

σS (ω, a, I )=

ω 4PN 2

c 4฀2 ∑
n,g
∑
k ,l
{AngAkl (ΔωngΔωkl + ΓngΓkl)Δρng0 Δρkl0(Δωng2 + Γng2 )(Δωkl2 + Γkl2)

(1−Bng)(1−Bkl)} (22)

The dependence of the cross sections on the nanoparticle dimensions can be found by know‐
ing the function of the relation between Ang and the nanoparticle dimension. Given α<αc the
dipole moment of the nanoparticle is proportional to its dimension. Therefore, as follows
from expression (18), we can separate out the dependence of Angon the nanoparticle dimen‐
sion as Ang=Sng(I)a2. Here, Sng(I) is a function of the radiation intensity and depends on the
nanoparticle shape.

Let us estimate the ratio between the scattering and absorption cross sections. We assume
that transitions occur from only one level <n| and the width of the excited level Γg has a low-
dependence on g. Taking into account that the frequencies ω and ωg are of one magnitude
order and the thermal equilibrium difference between the states is close to unity, and fol‐
lowing the expressions (21) and (22), we obtain the next

σS (ω, a)
σa(ω, a)

≈ NPω 3a 2

4πc 3฀Γ ∑
n,g
{Sng(I ) (1−Bng(I ))} (23)

The quantity of σS/σa does not exceed N*10-9 in any intensity region provided the nanoparti‐
cle dimensions α=(10;100)nm in the frequency range (1013;1016)Hz and Γ=109Hz. Given
N*10-9<1, the scattering cross section can be omitted from the expression for the extinction
coefficient.
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We can define Sng(I)=cngI and follow the expression (21) within radiation intensities region I/
IS<<1, we obtain the next

σa(ω, a, I )≈
4πωN
c฀ a 2I∑

n,g
cng

Γng
(Δωng2 + Γng2 )2

Δρng
0 (24)

The absorption cross section reaches a maximum at some intensity I=Ip under increasing ra‐
diation intensity, that follows from equation (21). It corresponds to the complete nanoparti‐
cle’s orientation along the electric vector of the optical field and to the maximum value of
Ang(I). This effect is responsible for a sharp enhancement of radiation absorption by the
HDN unit volume. A further intensity increasing yields a noticeable increase of Bng(ω,I) and
decrease of the absorption cross section at a constant value of Ang(I). Given I>>IS the value of
Bng(ω,I) becomes approximately equal to unity resulting in an increase of the HDN transmit‐
tance. In this case, the absorption cross section can be written as

σa(ω, a, I )≈
4πωN
c฀ a 2∑

n,g
Sng

IS
I Γng

Δρng
0 (25)

i.e., it is inverse proportional to the radiation intensity.

The broad optical absorption bands are manifested in the electronic structure of dielectric
nanoparticles and absent in the corresponding bulk sample. In addition, the allowed elec‐
tron energy sub-band (excitons, impurities, etc.) with the width Δω1 lying in the band gap
and adjoining the conduction band bottom, as well as the size-quantization levels (mini‐
bands) with the width Δω2 in the conduction band, are typical for the electronic structure of
HDN electrons.Taking into account the electronic structure of the nanoparticle, we substi‐
tute the summation over |g> states with integration from (ωn – Δω1) to (ωn + Δω2) with state
densities of exciton g1 and quantum-size g2 levels, respectively. Let us choose one of the ab‐
sorption bands as an example. Changing the summation by the integration over the frequen‐
cy in (21) and introducing the definitions

Δωn=ω−ωn

F (I )=
IS

I + IS

(26)

we obtain the expression for the absorption cross section of light within the absorption
band:
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σa=
4πωNa 2
c฀ F (I ) g1S1arctan( Δω1ΓnF (I )

Γn
2 + F 2(I )Δωn(Δωn + Δω1)

)
+g2S2arctan( Δω2ΓnF (I )

Γn
2 + F 2(I )Δωn(Δωn−Δω2)

) (27)

The quantities S1 and S2 are defined as the average form factors of nanoparticles Sng(I) for
transitions to the upper and lower energy bands, respectively.
We may obtain the expression for the HDN optical transmittance in the absorption band
with the central frequency ωn from expression (7) and (27):

T (ω, N , I )≈exp{− L 4πωN
c฀ DF (I )} (28)

where

D=a 2g1S1arctan( Δω1ΓnF (I )

Γn
2 + F 2(I )Δωn(Δωn + Δω1)

)
+a 2g2S2arctan( Δω2ΓnF (I )

Γn
2 + F 2(I )Δωn(Δωn−Δω2)

) (29)

3.3. The Theoretical Outputs and Discussion

It follows from expression (28) that the optical transmittance of the HDN essentially de‐
pends on the laser radiation intensity I (Figure 13). This dependence exhibits a minimum Ip

corresponding to the lowest light transmittance of the HDN. As intensity is changed near Ip,
we can see the effect of limitation of low-intensity radiation. The insert in Figure 13 is the
experimental result obtained from Figure 10B. Since Iout=Iine-αL and T=Iout/Iin provided low re‐
flection and absorption, we suppose T=e-αL and use data of α from Figure 10B. The theoreti‐
cal and experimental results are in good agreement.

Curves from Figure 14 point out the basic features of the dependences of the HDN transmit‐
tance on the radiation wavelength. In the general case, the transmittance spectrum is asym‐
metric, since there is the difference between Δω1 and Δω2. The insert in this figure is the
experimental spectrum of the HDN based on SiO2 nanoparticles (Figure 4B). The behaviour
of the experimental curve reflects the features of the theoretical one.

The largest dipole moment is induced at the central frequency ωn in the absorption band. The
expression for D at the central frequency of the absorption band (ω=ωn, Δωn=0) is given by

D=a 2gS {arctan( Δω1F (I )Γn
) + arctan( Δω2F (I )Γn

)} (30)
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Therefore, the HDN transmittance near the central frequency can be written as

T (I )=exp{− L 4πωnN
c฀ a 2gS {arctan( Δω1F (I )Γn

) + arctan( Δω2F (I )Γn
)}F (I )} (31)

Figure 13. The theoretical dependence of the HDN transmittance on the intensity of input radiation. The insert is the
experimental dependence of the HDN transmittance according with Figure 10B.

Figure 14. The theoretical dependence of the HDN transmittance on the wavelength of input radiation (I1>I2>I3). The
insert is the experimental spectrum of the HDN based on SiO2 nanoparticles (Figure 4B).
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As one can see from expression (31), the depth of the absorption band in the transmittance
spectrum depends on the radiation intensity and the nanoparticle dimension. The orienta‐
tion of nanoparticles along the vector E requires high radiation intensities provided a solid
HDN. In the case of a liquid matrix, this situation corresponds to the range of intensities I>Ip.
Here we may assume that all particles are oriented along the direction of the vector E of the
external optical field, so the order parameters are constant and Snare independent of the in‐
tensity. This indicates that the behaviour of the transmittance of solid and liquid matrices is
similar. Therefore, the transmittance at the central frequency is

T (I )=exp{− L 4πωnN
c฀Γn

a 2(gSn)g=n(Δω1 + Δω2)F
2(I )} (32)

Expression (32) exponentially approaches to unity rapidly when the radiation intensity is in‐
creased and nanoparticle dimension, the summation (Δω1 + Δω2) and multiplication of gS,
become larger.

Apart from transmittance, scattering and spectral properties of the HDN, the theory can de‐
scribe the behaviour of light refraction in the HDN (Figures 15,16). Using expressions (16)
and (19), we can obtain the theoretical dependence of the refractive index on the intensity.
Since the value of Δn(I) is negligible, the medium refractive index can be written as follows:

n(I , λ)≈n0 +
2πχzz(I , λ)

n0
(33)

where n0 is the HDN refractive index in the absence of radiation and χzz is defined by ex‐
pression (13).

Since χzz is determined by αjj, so we may simplify equation (16) to carry out the integration
over frequency, herewith, to assume Γng=Γn and the state density g1 (g2) and the values of Q1

(Q2) are independent of the frequency ω. Picking out the refraction real part from the result‐
ing expression, we obtain [9,45]

n(I , ω)=n0 +
฀
2 ∑

n {Ang(Q1, Q2)Δρ 0 (g1ln (ω− (ωn−Δω1))2 + Γn2(1 + I IS )(ω−ωn)2 + Γn2(1 + I IS )
+

+g2ln
(ω−ωn)2 + Γn2(1 + I IS )

(ω− (ωn + Δω2))2 + Γn2(1 + I IS )
)} (34)

where Ang(Q1,Q2) is determined by expression (18).

Equation (34) indicates that the term Ang does not vanish in the case of propagation of unpo‐
larized light through the medium (Q=0) and the nonlinear response of the dielectric nano‐
composite is not equal to zero even in case of a solid matrix.
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The important conclusion from equations (18) and (34) is that the modulus of photo-induced
electric dipole moments |png| mainly defines the magnitude of nonlinear optical response
under continuous low-intensity radiation. In general, the orientation parametersand dipole
moment modulus reach their maxima with the increase of input power, however, this in‐
crease diminishes the population difference; hence the change of Δn tends to zero. It is these
two competing processes that define the nonlinear features of the HDN refractive index.

The numerical simulation of the change in the HDN refractive index was carried out using
equation (34). Since the photon energy is less than nanoparticle band gap, so, the dipole
transition of electrons to the exciton state is most probable (g2=0). In the case of the low-in‐
tensity continuous radiation and low concentration of nanoparticles, equation (34)can be re‐
written as follows [9]:

Δn(I , ω)≈A(I )ln
(ω − (ωn −Δω1))2 + Γn

2(1 + I

IS
)

(ω −ωn)2 + Γn
2(1 + I

IS
) (35)

where the factor A(I) defines the dependence of Ang on the radiation intensity as follows:

A(I )=A0 Δρ 0(1− e −αI ) (36)

This dependence takes into account the magnitude of Ang, which varies from zero to its max‐
imum value with the increase of the external radiation intensity. The theoretical curves (Fig‐
ures 15,16, solid lines) of the dependence Δn on the radiation intensity have been
constructed by means of equation (35) for the HDN based on Al2O3 and SiO2 nanoparticles,
irradiating by green and violet radiation. The parameters for good approximation were cal‐
culated according to the next considerations: Γ was taken from T spectrum (Figure 4); IS, α
and A0Δρ0 were calculated by means of the three-equation system (35) with known parame‐
ters I and Δn (Figures 9 A-B, 10A, 11A, dotted curves).

The lack of nonlinear refraction and absorption of low-intensity continuous visible laser ra‐
diation in the HDN based on the nanoparticles of narrow-band dielectrics is caused by the
absence of absorption band in the used frequency range (200;700)nm. So, in order for the
nonlinear optical properties of such HDN to be observable we must use high-energy pulsed
radiation or change the input radiation frequency. On the one hand, if we use the pulsed
radiation we may get the typical nonlinearity of the nanocomposites, caused by nonlinear
behaviourof excitons near the edge of fundamental absorption (Figure 6). The high energy is
required, since there is the small dipole moment of electron transition to exciton states. On
the other hand, if we change the input radiation frequency it is possible to find the defect
energy levels in the HDN infrared spectrum. So, the nontypical nonlinearity can take place
under low-intensity infrared radiation.
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Figure 15. Theoretical curves of dependence of refraction index of green (A) and violet (B) radiation on its intensity in
the HDN based on Al2O3 nanoparticles (dotted curves are the experimental results from Figure 9).

Figure 16. Theoretical curves of dependence of refraction index of green (A) and violet (B) radiation on its intensity in
the HDN based on SiO2nanoparticles (dotted curves are the experimental results from Figures 9A and 10A).
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4. Conclusion

The experimental study of changes of optical characteristics of the dielectric nanostructures
based on Al2O3, SiO2, TiO2, ZnO nanoparticles and theoretical description of these character‐
istics allows estimating the conditions of observing the low-threshold optical nonlinearity
under low-intensity optical fields.

The ability to observe this nonlinearity is directly connected with the peculiarities of the en‐
ergy spectrum of nanoparticle charge carriers. Because of the wide band gap of the bulk die‐
lectric material, it is not possible to excite electron transitions to the conduction band by a
visible light. The energy spectrum of nanoparticle electrons is of a different structure: the
band gap has defect levels containing a lot of electrons due to a high density of crystal de‐
fects on the nanoparticle’s surface; the small size and shape of nanoparticle leads to strong
broadening of the band of high-density exciton states from the bottom of the conduction
band up to defect levels. The existence of an absorption band in visible light spectrum is ob‐
served only for nanoparticles of broad-band dielectrics (Al2O3, SiO2). The absorption band in
the energy spectrum of electrons of narrow-band dielectric (TiO2, ZnO) nanoparticles is not
manifested in a visible light spectrum, however, it can be manifested within the infrared re‐
gion and adjoins the bottom of the conduction band.

Comparing the experimental and theoretical results we conclude that the low-threshold
nonlinearity of the HDN optical parameters (Δn, Δα and the scattering cross section) is
caused, mainly, by transitions of electrons from defect levels to exciton states and, hence,
photo excitation of electric dipole moments. However, experiments have shown that the
nonlinear behaviour of the HDN optical parameters takes place when the matrix permittivi‐
ty εstat is less than that of the nanoparticles (e.g., oil permittivity). Otherwise, the positive po‐
larization charges, concentrated along the nanoparticle’s inner surface, destroy the defect
states. This explains the absence of nonlinear optical properties in the HDN based on water
and alcohol matrices.

In view of the effect of giant oscillator strength, the magnitude of the photo excited dipole
moment is enormous. It is the great value of the oscillator’s strength for electron transition
to the exciton states that is responsible for the low-threshold of the nonlinearity. As it fol‐
lows from the theory, the dipole moment orientation along the external E field makes a mi‐
nor contribution to the nonlinearity, therefore, this response can also be observed under
pulsed and unpolarized laser radiation in solid matrices.

In addition, a qualitative agreement between experimental and theoretical results was also
obtained and the proposed theory model of optical nonlinearity can be applied to explain the
number of phenomena in physics of nanoscale dielectrics, e.g., proteins and blood bodies [53].
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