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Application of Hankel Transform for
Solving a Fracture Problem of a Cracked
Piezoelectric Strip Under Thermal Loading

Sei Ueda
Osaka Institute of Technology

Japan

1. Introduction

In this chapter, an example of the application of Hankel transform for solving a fracture
problem will be explained. In discussing axisymmetric problems, it is advantageous to use
polar coordinates, and the Hankel transform method is powerful to solve the general
equations in polar coordinates. A brief account of the Hankel transform will be given. Here
f is a function of r, its transform is indicated by a capital F, ], is the v th order Bessel
function of the first kind, and the nature of the transformation either by a suffix or by a
characteristic new variable s. It will be assumed without comment that the integrals in
question exist, and that, if necessary, the functions and their derivatives tend to zero as the
variable tends to infinity. The Hankel transform of order v>-1/2, H, [f(r)] or F,(s), of a
function f(r) is defined as

H[f(NI=F,(s)= [ 1], (sr) f(r)dr

and its inversion formula is

£(r)= [ s],(s1)F, (s)ds

Also, integrating by parts twice gives

ar?  rdr 12

H, |:—+———— :I = —5%F, (s)

provided that rf(r) and rdf(r)/dr tend to zeroas r >0 and as r - .

The piezoelectric materials have attracted considerable attention recently. Owing to the
coupling effect between the thermo-elastic and electric fields in piezoelectric materials,
thermo-mechanical disturbances can be determined form measurement of the induced
electric potential, and the ensuing response can be controlled through application of an
appropriate electric field (Rao & Sunar, 1994). For successful and efficient utilization of
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208 Fourier Transform — Materials Analysis

piezoelectric as sensors and actuators in intelligent systems, several researches on piezo-
thermo-elastic behavior have been reported (Tauchert, 1992).

Moreover a better understanding of the mechanics of fracture in piezoelectric materials
under thermal load conditions is needed for the requirements of reliability and lifetime of
these systems. Using the Fourier transform, the present author studied the thermally
induced fracture of a piezoelectric strip with a two-dimensional crack (Ueda, 2006a, 2006b).

Here the mixed-mode thermo-electro-mechanical fracture problem for a piezoelectric
material strip with a penny-shaped crack is considered. It is assumed that the strip is under
the thermal loading. The crack faces are supposed to be insulated thermally and electrically.
By using the Hankel transform (Sneddon & Lowengrub, 1969), the thermal and electro-
mechanical problems are reduced to a singular integral equation and a system of singular
integral equations (Erdogan & Wu, 1996), respectively, which are solved numerically (Sih,
1972). Numerical calculations are carried out, and detailed results are presented to illustrate
the influence of the crack size and the crack location on the stress and electric displacement
intensity factors. The temperature, stress and electric displacement distributions are also
presented.

2. Formulation of the problem

[
L

h1 T1o

-h2 Tz

Fig. 1. Penny-shaped crack in a piezoelectric strip

A penny-shaped crack of radius ¢ is embedded in an infinite long piezoelectric strip of
thickness h =h; +h, as shown in Figure 1. The crack is located parallel to the boundaries
and at an arbitrary position in the strip, and the crack faces are supposed to be insulated
thermally and electrically. The cylindrical coordinate system is denoted by (r,8,z) with its
origin at the center of the crack face and the plane r—@ along the crack plane, where z is
the poling axis. It is assumed that uniform temperatures T}, and T,, are maintained over
the stress-free boundaries. In the following, the subscripts r,6,z will be used to refer to the
direction of coordinates. The material properties, such as the elastic stiffness constants, the
piezoelectric constants, the dielectric constants, the stress-temperature coefficients, the
coefficients of heat conduction, and the pyroelectric constant, are denoted by c;;, ey, &,
A (k,1=1,2,3), k,, k,,and p,, respectively.

The constitutive equations for the elastic field are
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ou,; u, ou 0o
Opi =Cp— - +Cp—+C3——+ex—— M1},
or r 0z
u u ou 0o,
Ogoi =Cro—ten—+e3——+ex— — ATy,
0z 0z .
(i=1,2) 1)
u ri auzi a¢1 T
O =Cp3— -+ 03—+ 03—+ e —— A3 T},
0z 0z
ou, ou, 0o
le) c 2y lte—t
zri 44 ( or oz j 15 or

where T,(r,z) is the temperature, ¢.(r,z) is the electric potential, u,(r,z), u,(r,z) are the
displacement components, o,,/(7,z), Oyi(r,2), 0,,;(r.2), 0,(r,z)(i=1,2) are the stress
components. The subscript i =1,2 denotes the thermo-electro-elastic fields in 0 <z <h; and
—h, <z<0, respectively. For the electric field, the constitutive relations are

or 0z o’
(i=1,2) 2)
ou.; U, ou,; ¢
D =€y — ey L+ Can—2 — Gan——+p, T,
=617, 31 37, 375, pii

where D,;(r,z), D,(r,z) (i=1,2) are the electric displacement components.

The governing equations for the thermo-electro-elastic fields of the medium may be
expressed as follows:

2 2
K 6—7;41@ +6—§‘:o (i=1,2) (3)
or r or 0z
Pu, lou; ou, Pu, P u, &¢ . T
e o2 +; o 2 +C44§+(Cl3+c44)%+(e31+615)%_/111§'
c Ot Lo | —azu2i+(c +0yy) Oy Lo, ﬁ+1% +e ﬁ—ﬂs % 4
a2 ra) Ba2 P MWlam ra) Pla? ra) ol 3az’(i=1,2)()

u,;, 1ou, Qu, Pu, 1ou, ¢ 104 ¢ oT,
e5| — 2 +——= |[+epg—Z +(e5+e Ly |—¢ F+—— |-¢& -=—p,—
15[ o rar) PR (e 31)(&& r azJ 52 T | BT iy

where ¥ =k, / k.

The boundary conditions can be written as

%Tl(r,0)=0 (0<r<o) (5)

T, (r,0) =T,(r,0) (c<r <o)
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210 Fourier Transform — Materials Analysis

Ty (r.hy) =Ty,
0 0

T(r0) == T(n0),f (057 <o) ©)

Ty(r,—hy) =Ty

for thermal loading conditions and

O'ZZ1(T,0)=O (OST’<C) ;
U, (r,0) =u,(r,0) (c£r<oo)} 7)

Gzrl(i’,O):O (037’<C) o
u,1(r,0) =1u,,(r,0) (C§7’<OO)} ©)

D,,(r,0)=0 (0<r< c)} o)
5(1.0) = h(r,0) (<7 <)

0,1 (1’,0) =0y ’0 7 Oz (T,hl) = 0' 0,20 (r’_hZ) = 0/

(r,0)
Ozr1 (1’,0) = Ger(V,O), Ozr1 (r’hl) = 0’ O-er(Y’_hZ) = O’ (O sr< OO) (10)
D,1(r,0)=D,5(r,0), D,(r,h)=0, D,y(r,~h,)=0

for the electromechanical conditions.

3. Temperature field

For the problem considered here, it is convenient to represent the temperature as the sum of
two functions.

Ti(r.2) =TV (2)+ T (r,2) (i=12) (11)

where T (z) satisfies the following equation and boundary conditions:

2(1)
Ty (12)
dz?
T(l)(hl) = TlOf (13)
T(l)(_hz) = Tzo

and T?(r,z) (i=1,2) is subjected to the relations:

o*T® 18T® ) &*T®
2 .
K iy 42 o0 (i=1,2 (14)
( ot r or 0z° ( )
o o d
ZTPr0)=——TD0) (0<r<c
P (r,0) = 0) ( ) (15)

T r,0)=T?(r,0)  (c<r<w)
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T{(r.hy) =0,
21,0 =210(r,0),! (0<r<w) (16)
0z 0z

T (r,~hy) =0
It is easy to find from Eqgs.(12) and (13) that

1
T(l)(z) “hh {(Tw ~Tyy)z+Typhy + T20h1} (17)
1+

By applying the Hankel transform to Eq.(14) (Sneddon & Lowengrub, 1969), we have

2 .
#W@=;ngmwwwww$<wLm (18)
i=
where Dj(s) (i, j = 1,2) are unknown functions to be solved and 7;; (i,j =1,2) are given by
(19)

T11 =T = —’f/}

T1p =101 =K

Taking the second boundary condition (15) into consideration, the problem may be reduced
to a singular integral equation by defining the following new unknown function Gy(r)
(Erdogan & Wu, 1996):

E{Tf)(r,O) ~TP(r,0)} (0<r<0)

GO (7’) =4q0r (20)

0 (c<r <o)

Making use of the first boundary condition (15) with Egs.(16), we have the following
singular integral equation for the determination of the unknown function G(t):

MO @) __ 2T -Ty
[H{MEO(Er) + MP (£7)] Gy (Bt = ey (0<r<c) 21)

In Eq.(21), the kernel functions M(()l)(t,r) and M(()Z)(t,r) are given by

2 21 2E(£j (r<t),
MEP(t,r) = e (22)
2 ;E(i}ll{i) (r>
m|t(t?=r?) \r) rt \r
MEP(t,r)= _.[(:o S{zpjc,(oso)(psz)(S) i 1}]0 (s7)]1(st)ds (23)

where K and E are complete elliptic integrals of the first and second kind, and
Pi(s) (k=0,1,2) are given by
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212 Fourier Transform — Materials Analysis

Po(5) = P () {1~ exp(~2sity )} — py (5) {1~ exp(-2sxT )},
(24)

pi(s) =1,y —Tpexp(-2sxh;) (i=1,2)

Once Gy(t) is obtained from Eq.(21), the temperature field can be easily calculated as
follows:

(r,2)= ZT(Z (r,z) (i=1,2) (25)
where

T§ (r,2) jR (s)Ro(s)]o(sr)exp(styz)ds  (i,j=1,2) (26)

with

5)= [, tGo(B)] (st)dt

Ru@)=-28, Ry, =2 exp(-a5en), 27)
,00 (s) Po(s)
Ru()=-28),  Ryy(s)= 2 exp(-2nhy)

Po(s)

On the plane z =0, the temperatures T-(Z)(r,()) (i=1,2) are reduced to

1

T2 (r,0 1’ [ Gyt + [ {Z&(s) - ’} Ro(s)Jo(sr)ds  (i=1,2) (28)

4. Thermally induced elastic and electric fields

The non-disturbed temperature filed T™"(z) given by Eq.(17) does not induce the stress and
electric displacement components, which affect the singular field. Thus, we consider the
elastic and electric fields due to the disturbed temperature distribution Ti(z)(r,z) (i=12)
only. It is convenient to represent the solutions u,(r,z), u,;(r,z) and ¢(r,z) (i=1,2) as the

sum of two functions, respectively.

1 2
uy,(r,z)= ugi)(raz) + ”gi )(r,z),

i (r,z)=uP(r,2)+ulP(r,2), ¢ (=12) (29)

8,(r.2) = ¢V (r,2) + ¢ (r.2)

)(r,z) , uﬁ)(r,z) , ¢i(1)(r z)(i=1,2) are the particular solutions of Eqs.(4) replaced
2, and ugf)(r,z), u<2>(r,z), ¢ ( z) (i=1,2) are the general solutions of
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homogeneous equations obtained by setting T; =0 (i =1,2) in Egs.(4). In the following, the

superscripts (1) and (2) indicate the particular and general solutions of Egs.(4).

Substituting Eqgs.(29) into Egs.(1) and (2), one obtains stress o,,;(r,z), Oppi(1,2), 0,,(1.2),
0,i(r,z) and electric displacement D, (r,z), D,(r,z) (i =1,2) expressions.

Using the displacement potential function method (Ueda, 2006a), the particular solutions
can be obtained as follows:

2 o0
oLl(r.2)= Z [, PR (9)Ro(s)To(sr)exp(s;z)ds,

zrl (7’ z ZI p21] ij )RO( )]l(sr)exp(srijz)ds,

DY(r,2) =" j PSR ; (5)Ro (5)Jo (s7) exp(stiz)ds,
= (i=1,2) (30)

2 % 1
u(r,2)= 2 [ PRy (IR () o sr)exp(sz2)ds,
j=1
2 . 1
) (r.2) = Z Jo ;pg%}Ri,(s)Ro (8)]1(s7)exp(styz)ds

Z J PG Ry (IR () o s7) exp(szz)ds

where the constants p,(;j) (i,j=1,2,k=1,2,..,6) are given in Appendix A. The general
solutions are obtained by using the Hankel transform technique (Sneddon & Lowengrub,
1969):

221 1’ Z ZI Splz] ]O sr)exp(syl] )dS,
0@(1,2)= 3 [ 24, O (sr)exp(s72)ds,
j=1

6 o0
DY (r,2) = Z Jy 55456 ]o(sr)exp(syz)ds,
(i=12) (31)
uld(r,z) = j P A (s) o (s7)exp(sy;z)ds,
]7

6 o0
WD (r,2) =Y [ P5)Ay(s)a(sr)exp(sy;z)ds,
j=1

6 o0
$2(rz2) == [ Pl A (6)]o(sr)exp(sy;z)ds

j=1

where A, ]( )(i=1,2,7=1,2,..,6) are the unknown functions to be solved, and the constants
7 and pkl] (1=1,2,j,k=1,2,...,6) are given in Appendix B.
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214 Fourier Transform — Materials Analysis

Similar to the temperature analysis, the problem may be reduced to a system of singular
integral equations by taking the second boundary conditions (7)-(9) into consideration and
by defining the following new unknown functions G,(r) (1=1,2,3):

0 {uﬁ)(r,O) - uizz)(r,O)} (0<r<o)

Gy(r)=1ar (32)
0 (c<r <o)
Gy (r) = r%{%{u%)(rﬁ) - uﬁ?(r,O)}} (0<r<c) (33)
0 (c<r<o)
G3(1’)= _§{¢1(2)(7’,0)_¢2(2)(7’,0)} (OS7’<C) (34)
0 (c<r<m)

Making use of the first boundary conditions (7)-(9) with Egs.(10), we have the following
system of singular integral equations for the determination of the unknown functions
G(t)(1=1,2,3):

Jo HZEMEP () + My (4.1 Gy (1) + My ()G () +

(35)
HZEMP (1) + My (1)} Ga (D]t = 0,0(r) (07 <)
[ Mo (£1)G1 (B +{ZHMP () + My (£:7)] Go (1) + 6)
+ My (t,1)Gs(t)]dt = 0,0(r) (0<7<c)
[0 H{Z5MED (1) + Moy (£7) Gy (1) + Mg (£,1)Go (1) + -

HZEME(Er) + My (1,1)| G (Bt =D (r) (07 <0)

where the kernel functions Mﬁl)(t,r), M, (t,r) and the constants Z; (k,I =1,2,3) are given by

I - o e v W ) RS

T )2 ) e

EN
—~
1))
~
|
N
=8

o
—
n
~
~—
~—

—_

—~~
n
~

~—"
=
n

(k=1,3,1=1,3),

Zy(s) = ZyyJo(sr)]a(st)ds - (k=1,3,1=2),

My (t,r)= (39)

| |
| |

[ s{Zu) - Z5 L styds - (k=2,1=1,3),
| |

[7s24(s) - Z5 | L (sn)a(styds (k=2.1=2)
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- @)
Zy(s) = Z pkljdl]’l(s)' Zy = ll_r)?ozkl(s) (k,1=1,2,3) (40)
j=1

In Eq.(40), the functions d,;(s) (j =1,2,...,6,] =1,2,3) are given in Appendix C.

The functions o,,o(r), o0,0(r) and D,y(r), which correspond to the stress and electric
displacement components induced by the disturbed temperature field Ti(z)(r,z) (1=1,2) on
the r -axis in the plate without crack, are obtained as follows:

0220 1’) Jl RO {zplljdlj Zplllej )}]O(Sr)dsl
j=1

2
020 1’) Jl RO {z p21]d1] +zp21]R1] S)}]l ST")dS, (41)
j=1

n=|" RO(S){Z P11 (5) Zpé?]Rl] }Io(Sf)
= =

where the functions d i(8) (j=12,..,6) are also given in Appendix C. These components
are superficial quantities and have no physical meaning in this analysis. However, they are
equivalent to the crack face tractions in solving the crack problem by a proper
superposition.

To solve the singular integral equations (21) and (35)- (37) by using the Gauss-Jacobi
integration formula (Sih, 1972), we introduce the following functions @,(t)(1=0,1,2,3):

c+t 1z
G,(f) = (:J @,(t) (1=0,1,2,3) (42)

Then the stress intensity factors K;, Kj and the electric displacement intensity factor K
may be defined and evaluated as:

Ky = lim+{27r(c — 1} 20,(r,0) = (7e) 2 {Zﬁ@l(c) + Zi%@éa(c)}/

Ky = 11m{27r(c 7’)}1/2 0,1(1,0) = (”5)1/2222¢2(C) (43)

i’*)C

Kp = lim {27(c = )} D, (1,0) = (w0)"* {Z5,0, (¢) + Z535(c)}

r—>c

5. Numerical results and discussion

For the numerical calculations, the thermo-electro-elastic properties of the plate are assumed
to be ones of cadmium selenide with the following properties (Ashida & Tauchert, 1998).

The values of the coefficients of heat conduction for cadmium selenide could not be found in
the literature. Since the values of them for orthotropic Alumina (ALOs) are
K, =21.25[W/mK] and «, =29.82[W/mK](Dag, 2006), the value K2 = K, /k,=1/15 is
assumed. To examine the effects of the normalized crack size ¢/h and the normalized crack
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216 Fourier Transform — Materials Analysis

location h; /h on the stress and electric displacement intensity factors, the solutions of the
system of the singular integral equations have been computed numerically.

¢y =741x10°[N/m?,  ¢p =45.2x10°[N/m?],
13 =39.3x10°[N/m?], ¢33 =83.6x10°[N/m?],
¢y =13.2x10°[N/m?],
ey =—0.16[C / m?], e33 =0.347[C/m?], (44)
e15 =—0.138[C / m?],
£ =82.6x107?[C/Vm], &, =903x10"?[C/Vm],
Ay =0.621x10°IN /Km?], A5 =0.551x 10°[N / Km?],
p, =-294x10°[CK'm 2]

In the first set of calculations, we consider the temperature field and the electro-elastic fields
without crack. Figure 2 shows the normalized temperature (T;(x)—T,5)/T, (i=1,2) on the
crack faces (0<r<c,z—>0") and the crack extended line (c<r<2c,z=0) for h;/h=0.25
and c¢/h=05, where T, =T, —T,, . The maximum local temperature difference across the
crack occurs at the center of the crack.

Figure 3 exhibits the normalized stress components (o ,,(r),0,,0(*))/ 4331, and the electric
displacement component D, (r)/p,I;, on the r-axis in the strip without crack due to the
temperature shown in Figure 2. The maximum absolute values of o,,,(r) and D,y(r) occur
at the center of the crack (r/c=0.0), whereas the maximum value of o,,)(r) occurs at the
crack tip (r /c=1.0).

o
}_ 1
= /
o 1
|_:\1 0.6 —
= h,/h=0.25
041 .- -~ c/h=0.5
—i=1(z—0
----1i=2 (z—0)
0.2 : '
0 1 2
r/c

Fig. 2. The temperature on the crack faces and the crack extended line for ¢/h=0.5 and
hy/h=0.25

In the second set of calculations, we study the influence of the crack size on the stress and
electric displacement intensity factors. Figures 4(a)-(c) show the plots of the normalized
stress and electric displacement intensity factors (Kp,Kyy)/ AasTy ()%, Kp /;vZTO(ﬂc)l/2
versus c/h for h; /h=0.25, 0.5 and 0.75. Because of symmetry, the values of K; and Ky
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' | - 0.01
0.06 |-  hy/h=0.25 P
c/h=0.5 ’ 10

r/c

Fig. 3. The stress components o,,,, o,,, and the electric displacement component D, on the
r -axis without crack due to the temperature shown in Fig. 2

0.02 T T T 0.04 T T T
a
L (@) - L (b) hy/h=0.50 -
hy/h=0.25
« 001 - . - N
s 5 0.03 hy/h=0.25, 0.75
H o0 — B 0.02F s
M N
0.01[ 7 0.01F _
I hy/h=0.75 |
-0.02 - . - 0 - 1 -
0 1 2 0 1 2
c/h c/h
0.02 T T ;
(©
h/h=0.75
0.01
o)
&
= 0
&
v
-0.01
h,/h=0.25
-0.02 . ' .
0 1 2
c/h

Fig. 4. (a) The effect of the crack size on the stress intensity factor K;. (b) The effect of the
crack size on the stress intensity factor Kj; . (c) The effect of the crack size on the electric
displacement intensity factor Kp
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for 1y /h=05 are zero, and [Kl]hl Jh=0.25 :_[Kl]hl Jh=0.75" [KH]hl /h=025 =[KH]hl Jh=0.75

[KD]hl/h=O.25 :_[KD]h]/h:O%' The absolute value of K;/A;;Ty(zc)"? for hy/h=025 and

0.75 monotonically increases with increasing ¢/ h , but the value of Kj; / ATy (c)"? and the

)1/2

absolute value of Ky /p,T)(7c) '~ increase at first, reach maximum values and then decrease

with increasing c/h . The value of K; for h;/h=0.75 becomes negative so that the contact

of the crack faces would occur. The results presented here without considering this effect
may not be exact but would be more conservative. Since the contact of the crack faces will
increase the friction between the faces and make thermo-electrical transfer across the crack
faces easier, the stress and electric displacement intensity factors would be lowered by these
two factors.

In the final set of calculations, we investigate the influence of the crack location on the
intensity factors. Figure 5 indicates the effect of the crack location on K;, K;; and Kp for
c/h=05. As h;/h increases, the values of K; and K tend to decrease or increase
monotonically. The value of Ky / ATy(zc)"? decreases if the crack approaches the free
boundaries (h; /h— 0.0 0r 1.0), and the peak value of Ky / A3;Ty(7c)*=0.0277 occurs at
hy/h=0.5.

0.03 0.02
<002}
g . 0.01Q
\-o/ I F/\
[ (&)
80011 0 <
S | 1° 5
X =

- (a)]
< or X
—= i --0.01

-0.01 | .

st ) | ) | ) | ) -0.02
0 0.2 0.4 0.6 0.8 1

hy/h

Fig. 5 The effect of the crack location on the stress intensity factors K;, K;; and the electric
displacement intensity factor K

6. Conclusion

An example of the application of Hankel transform for solving a mixed-mode thermo-
electro-elastic fracture problem of a piezoelectric material strip with a parallel penny-shaped
crack is explained. The effects of the crack size (c/h) and the crack location (h;/h) on the
fracture behavior are analyzed. The following facts can be found from the numerical results.

1. The large shear stress occurs in the strip without crack due to the disturbed temperature
field.

2. The normalized intensity factors are under the great influence of the geometric
parameters h; /h and c/h.
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3. For the case of h;/h>0.5, mode I stress intensity factor becomes negative so that the
contact of the crack faces would occur.
4. The intensity factors of crack near the free surfaces due to the thermal load are not so

large.

Appendix A

The constants p,((}j) (i,j=1,2,k=1,2,...,6) are

where

with

€33811 — €15€33

€33811 —€15€33

www.intechopen.com

P%]) (C13 C33kij7ij2 )Cij —exTiiNy — Agz,

P3z] (331 €33k )C + 537Ny + P,

Cyp€éaz + €156
4433 1533
H,, = ,

C13€33 1+ €31633
H3 S —

1
p(21]) =Cyy (1 + ki )rl]Cl] + elSNij/

(1 (1
p4z]) = _k iTij Cl]’ P5,] 1]’ p61]) = Nij

! ! 2
by, — bzzf“
(2)7

i~ m) +km
m;j
nt1 +kn(12)
—”— (i.j=1.2)
] +km

rsn( )+nf] 1)
l” = —_——
j 2 nl(]12) N ”1(122)

ij

2
a's1—a' 4T,

= (awr) ~ )7,

= {(Hy, + Ha, )b = baar ) + Hyi
P = (Hy + Ha) (b = baar )+ HoomD |75,
({1 - P
-|

(.~ v« P

2 2
g —_‘mtntés o Ca Tl

1z — 7 2r 7
615833 — €33811 €33811 — 15633

C13811 T 615631 P.eas — Aa3éas
H, =817 g 2387780

3z r
615833 — €33811 €33811 ~ 15633

(,j=12)

(i,j=1,2)
HZZ =

615833

H,, P-€15

615833

C33611 t €15633

V4
— 63381
_ —Axén

— €338

(A1)

(A.2)

(A.3)

(A4)
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a'41="C11, a4 =Cy + (€5 +e3)(Hy, + Hy,),
a'i3=C3+Cy (655 +e3)Hy,, a'aa=(e5+e3)Hy,, (A.5)
b’ =41, b'n =—(e5 +e3)Hy,

Appendix B

The constants Yij (1=1,2,j=1,2,...,6) are the roots of the following characteristic equations:

(fa85 + 8af3)75 +(fa80 + f285 + 84S0 + 8213 )73t +

, ’ / =) , , (i=1,2,j=12,..6) (B.1)
+(£280 + fo82 + 8214 +80f2)7j +(fo80+ 80f5)=0
where SR[7’1]’] < m[71j+l]/ ER[7’2]'] > SR[7’2]‘+1](]‘ =12,..,5) and
f1=cues3,
fo =(c13 +caa)(e15 +€31) —C11€33 —Caslys,
fo=cneis, (B.2)
f2 =cs3(e15 +€31) —€33(C13 +Caa),
fo =—cu(e15 +e3)+ep5(cr3 +Caq)
84 =Cy4833/
g =—(e;5+ 331)2 —C11€33 —Cpa€11
8o = 11611/ (B.3)
8§ = e33(ey5 +e31) + E33(C13 +Caa ),
80 = —€5(e15 +e31) —&17(C13 +C44)
The functions sz] ( )(i=1,2,j,k=1,2,...,6) are
2
Pj(u]) C13dij +7ij (033 - e33bi-),
Pzzj =Cys (71‘]"11']' - 1) + e15b;,
(2..)=e A + 7| earn + Eaanbii ),
P3ij = €314; i’q( 310 T €330 1]) (i=1,2,j=1,2,...6) (B.4)
Pguj) =1,
p51) = El
@
p61]) = bi
where a;j and b,»j (i=1,2,j=12,..,6) are given by
857i + 8
N e gt r gy
4y TS0y TS0 (i=1,2,j=1,2,..6) (B.5)

2
(Caa?ij —C11)5 — C13 — Cay

€15 + €31
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Appendix C
The functions dj; (s) (i=1,2,j=12,..,6,k=1,2,3) are given by
dljk(s) = qj,k+9(s)/
(j=12,..,6,k=1,2,3) (C.1)
i (5) =16 +9(5)

where the functions g, ,(s) (j,k =1,2,...,12) are the elements of a square matrix Q = A of
order 12. The elements &;(s) (j,k =1,2,...,12) of the square matrix A are given by

8 x(5)=plkexp(syyn)  (j=1,2.3),
S1a3s6(5) = POk exp(=syply)  (j=1,2.3),

, (k=1,2,...,6) (C.2)
5j+6,k(5) = Pﬁi (j=12,...,6),
Oirekr6(S) = _Pgi (j=12,..,6)
The functions dzg (s)(i=12,j=1,2,..6) are
dl] Z dik (s)uy(s)
(J' =12,..6) (C.3)

dgj(s) = kz ﬂlj+6,k(5)“k(5)
=1

where
o(s
)z ,91)]121] s)exp(sty i) (k=1,2,3),
2
uk+3 (S) = Rz] S) eXp ST?_]hz) (k = 1, 2, 3), (C.4)
j=1
2
o(s
Uy, o (s )Z {p,d]Rl](s kaJRZJ(s)} (k=1,2,...,6)
j=1
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