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Magnonic Metamaterials 
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School of Physics,  

University of Exeter, Exeter,  
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1. Introduction 

A large proportion of the recent growth of the volume of electromagnetics research has been 
associated with the emergence of so called electromagnetic metamaterials1 and the 
discovered ability to design their unusual properties2,3 by tweaking the geometry and 
structure of the constituent “meta-atoms”4. For example, negative permittivity and negative 
permeability can be achieved, leading to negative refractive index metamaterials2. The 
negative permeability could be obtained via geometrical control of high frequency currents, 
e.g. in arrays of split ring resonators5, or alternatively one could rely on spin resonances in 
natural magnetic materials6,7, as was suggested by Veselago in Ref. 2. The age of 
nanotechnology therefore sets an intriguing quest for additional benefits to be gained by 
structuring natural magnetic materials into so called magnonic metamaterials, in which the 
frequency and strength of resonances based on spin waves (magnons)8 are determined by 
the geometry and magnetization configuration of meta-atoms. Spin waves can have 
frequencies of up to hundreds of GHz (in the exchange dominated regime)6-9 and have 
already been shown to play an important role in the high frequency magnetic response of 
composites10-14. Moreover, in view of the rapid advances in the field of magnonics9,15,16,, 
which in particular promises devices employing propagating spin waves, the appropriate 
design of magnonic metamaterials with properties defined with respect to propagating spin 
waves rather than electromagnetic waves acquires an independent and significant 
importance.  
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In this Chapter, we review the recent advances in studies of magnonic metamaterials and 
challenges that have to be overcome in order for the rich opportunities of exploitation of 
such metamaterials to be realised. We start from a discussion of the notion of a metamaterial 
and its relevance to areas beyond that of common electromagnetics. We introduce band gap 
and effectively continuous magnonic metamaterials and demonstrate their properties and 
functionalities, presenting either experimental or theoretical evidence as appropriate for the 
illustration.  

2. What makes a metamaterial?  

To answer the question in the title in the most general sense (i.e. going beyond the topic of 
more common electromagnetic metamaterials), one has to learn first what makes standard 
(i.e., “nature-made”) materials. One talks about a material when many atoms or ions are 
joined together to collectively create a novel quality with properties that are not observed in 
the constituent atoms in isolation. For example, isolated atoms have discrete electronic 
energy levels and associated discrete electromagnetic spectra. In a material consisting of 
many of such atoms, each discrete electronic level is split into a continuous “electronic 
band”, and accordingly the electromagnetic spectrum of the material is also continuous.  

As a result of joining into a material, atoms also collectively acquire new properties that are 
less trivially connected with those of isolated atoms. Firstly, different classes of materials are 
formed, including e.g. dielectrics, semiconductors, or metals, ferro-, piezo-, or segneto-
electrics, dia-, para-, antiferro- or ferro-magnets, superconductors, materials with a range of 
different mechanical properties, etc. Secondly, new classes of waves (excitations) and their 
quanta (so called quasi-particles) are observed, including plasmons, magnons, phonons, 
excitons etc. One can also distinguish many “hybrids” of the solid state quasi-particles 
among themselves as well as with photons, e.g. surface plasmon-polaritons, magneto-
excitons etc.  

A material does not have to have a periodic arrangement of atoms and can be amorphous or 
quasi-crystalline. The classification of materials and their properties often does not have 
strict boundaries, while the differences are often quantitative. For example, dielectrics and 
semiconductors are different only by the size of the band gap; the same material can be 
ferromagnetic below and paramagnetic above a certain temperature, etc. Some electronic 
energy levels can remain discrete, therefore retaining their atomistic character. Materials can 
also consist of rather complex building blocks, e.g. molecules, crystal unit cells (often 
consisting of many atoms or ions), or crystallites. The most complex nature-made (truly 
functional!) materials – biological tissues – consist of living cells composed of millions of 
atoms.  

This brings us to the idea of a metamaterial – an artificial assembly of “man-made” building 
blocks with tailored properties. Living aside static properties and biological tissues, the most 
practical ways to “tailor” properties of the building blocks are via their geometrical shaping 
and compositional modulation. The former leads to confinement of solid state excitations 
(e.g. those listed above) and hence to formation of a discrete spectrum of the allowed modes. 
Brought sufficiently close together, the blocks can form a metamaterial with the discrete 
spectrum split into a band structure.  
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Some metamaterials (e.g. arrays of voids) are simpler to consider as created by geometrical 
modification of previously continuous materials. This however does not exclude their 
treatment as if they were constructed from building blocks considered above. Also, one has 
to note that, from the point of view of electromagnetic waves, vacuum is a continuous 
material in that important sense that it supports propagation of electromagnetic waves. 
Therefore, even arrays of entirely disconnected blocks are metamaterials for electromagnetic 
waves. This distinguishes electromagnetic waves from the other excitations.  

Generally, various dynamical properties of metamaterials can be considered relative to 
excitations with wavelength either comparable to or much greater than the characteristic 
size of the building blocks. The former case is associated with studies of artificial “band gap 
crystals”, e.g. photonic17, plasmonic18, phononic19, and magnonic20 crystals. The latter case 
allows one to study the metamaterials as some effectively continuous media. The physical 
object under study is nonetheless the same in both cases. For example, metamaterials with 
artificial periodic modulation of the refractive index with periodicity comparable to the 
wavelength of electromagnetic waves in the visible range are known as photonic band gap 
structures, using which it is possible to enable propagation of light in particular directions, 
to localize it in chosen channels or zones, or even to completely prohibit its propagation. In 
the microwave frequency range, the same structures would behave as effectively continuous 
materials.  

In a particular frequency region of interest, the same metamaterials can behave differently 
with respect to excitations of different kinds, e.g. electromagnetic, sound or spin waves. 
Attractive opportunities arise from use of one excitation, with respect to which the sample 
behaves as a discrete structure (e. g. a band gap metamaterial), to design a resonance feature 
for another excitation, with respect to which the structure behaves as quasi-continuous 
metamaterial. For example, plasmonic resonances can be used to alter effective 
electromagnetic properties in THz to visible frequency range. Magnonic and LC resonances 
can be used for the same purpose in GHz-THz and GHz frequency ranges, respectively.  

A thorough reader will probably find that, although term “metamaterial” emerged recently 
as a result of ever increasing pressure to spice up funding applications and publications in 
high profile journals, the underpinning research can be sometimes traced back to the middle 
or even beginning of the 20th century. Yet, one can also argue that it is the recent advances 
in nanofabrication and experimental tools that justify the boom by allowing researchers to 
revisit the established notions at reduced length scales and to apply results to modern 
technology.  

3. Spin waves and effectively continuous magnonic metamaterials  

The main reason for electrically neutral atoms to be able to interact with electromagnetic 
radiation is that they themselves possess electrical structure. Indeed, each atom consists of 
positively charged core and negatively charged electrons. The core and electrons are not 
rigidly coupled, and so, the atom can be electrically polarised by and thereby interact with 
an external electric field.  

However, the electric charge is not the only property responsible for the interaction of atoms 
or materials with electromagnetic radiation. In particular, spins and associated magnetic 
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moments of elementary particles are responsible for their interaction with an external 
magnetic field. Being always electrically neutral, some atoms still have a net magnetic 
moment and hence are called “magnetic”. Generally, electromagnetic field interacts with 
charges more strongly than with spins, and so, the associated resonance frequencies are 
weaker in spin resonance experiments. However, via the quantum mechanical Pauli 
Exclusion Principle, the electron spin governs the order in which the electronic bands are 
populated by electrons, and thereby strongly affects the electromagnetic spectrum. As the 
other side of the same phenomenon, the Pauli Exclusion Principle and electrostatic 
interaction result in the exchange interaction between spins and are therefore responsible for 
the ordering of spins observed in e.g. ferromagnetic materials. The perturbations of the 
magnetic ordering are called spin waves – the central object of magnonics and magnonic 
metamaterials.  

Spin waves exhibit most of the properties inherent to waves of other origins, including the 
excitation and propagation21,22,23, reflection and refraction24,25,26,27,28,29, interference and 
diffraction30,31,32,33,34,35, focusing and self-focusing36,37,38,39,40,41, tunnelling42,43, Doppler 
effect44,45,46, and formation of spin-wave envelope solitons47,48,49,50. Spin-wave quantization 
due to the finite size effect was discovered in thin films51,52 and more recently in laterally 
confined magnetic structures53,54,55,56,57,58, with their effect upon the high frequency 
permeability and the observation of a negative permeability discussed in Refs. 7 and 59, 
respectively.  

The possibility of using spin waves for the design of high frequency permeability follows 
already from their first direct observation in cavity ferromagnetic resonance (FMR) 
experiments60. In the latter measurements, the precession of magnetisation60 is detected by 
measuring spectra of the absorption of microwaves in the cavity containing the magnetic 
sample under study. The spectra are determined by the density of states of spin waves that 
can resonantly couple to the microwave field. The very long wavelength of microwaves, as 
compared to the length scale of magnetic structures of interest, limits the application of the 
FMR technique to studies of magnonic modes with significant Fourier amplitude at nearly 
zero values of the wave vector52. However, this also mimics potential applications in which 
either the electromagnetic response of a magnonic device containing nano-structured 
functional magnetic elements is read out by the effectively uniform electromagnetic field, or 
the magnonic (meta-) material61 is supposed to absorb the incident electromagnetic 
radiation. Continuous magnetic materials and arrays of non-interacting magnetic elements 
appear preferred for such applications near the frequency of the uniform FMR. However, 
more sophisticated micromagnetic engineering is required to push up the frequency of 
operation of such materials e.g. using the exchange field62, which originates from the 
strongest of the magnetic interactions, rather than the uniform anisotropy or applied 
magnetic field. An example of using the concept can be found e.g. in Ref. 7 and is also 
illustrated in Figure 1.  

The FMR is conventionally used to study magnetisation dynamics at frequencies up to 
about 100 GHz. At higher frequencies, the mismatch between the linear momentum of free 
space electromagnetic radiation (photon) and that of a magnon increasingly prohibits an 
efficient coupling. Therefore, higher frequencies require one to use different experimental 
and technical concepts by which to interrogate and measure e.g. THz magnons. Here, 
methods, known e.g. from plasmonics, might help to couple light to magnons. For example, 
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the attenuated total reflection technique has been successfully applied to studies of magnons 
in antiferromagnets63. However, this field of research is still at its infancy and is not 
reviewed here to any significant extent.  
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Fig. 1. (b) The effective permeability calculated for the structure shown in (a) is plotted as a 
function of the frequency for cases of in-plane (1) and out-of-plane (2) magnetizations. The 
solid and dashed lines denote the real and imaginary parts of the effective permeability, 
respectively. The structure under study represents an array of CoFe films with thickness of 5 
nm. The filling factor of ρ = 0.25 is assumed. The spins are perfectly pinned at one side of 
each film and are free at the other. (After Ref. 7)  

The VNA-FMR technique represents a relatively new twist in the FMR spectroscopy where 
VNA highlights the use of a broadband vector network analyser (VNA) operated in the GHz 
frequency regime. Microwaves applied to a waveguide locally excite spin waves that in turn 
induce a high-frequency voltage due to precessing magnetisation (Figure 2 (a)). The VNA-
FMR technique measures spectra of both the amplitude and phase change of microwaves 
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passing through a magnetic sample integrated with the waveguide64,65,66. The geometrical 
parameters of the waveguide determine the spatial distribution of the rf magnetic field and 
therefore the wavelength spectrum addressed by the microwave field. Hence, the VNA-
FMR can be also referred to as a “near field” FMR. Due to the large penetration depth of 
microwaves, both thin film and bulk samples can be successfully investigated using this 
technique.  

(a)  

(b)  

Fig. 2. (a) Sketch of a coplanar waveguide (CPW) integrated to an antidot lattice prepared 
from a thin Permalloy film. The CPW consists of three metallic leads (ground-signal-ground 
leads). Adjusting the dimensions of the CPW allows one to vary the profile of the magnetic 
field generated by microwave current irf supplied by the VNA. This defines the wave vector 
transferred to the sample. The same CPW picks up the voltage induced by precessing spins. 
The CPW is isolated from the ferromagnet by an insulating layer (not shown). (b) Simulated 
spatial distributions of spin precession amplitudes reflecting two different standing spin-
wave excitations. The film is assumed to be 26 nm thick. The period (hole diameter) is 490 
(240) nm. A magnetic field of a few 10 mT is applied in horizontal direction. The mode 
pattern shown on the right belongs to a localized mode that has frequency higher than that 
of the extended mode shown on the left. (After Ref. 91) Bright colours correspond to large 
amplitudes. The holes are shown in white.  

An experimental insight into the structure of magnonic modes in nanostructured 
magnonic metamaterials, e.g. such those shown in Figure 2, can be achieved with state of 
art dynamic magnetic imaging techniques, e.g. the time-resolved scanning Kerr 
microscopy (TRSKM)61. In a TRSKM experiment, the sample is pumped so as to excite 
spin waves, with the pump stimulus being both repetitive and coherent, i.e. having a 
well-defined phase with respect to the probe beam. To probe, one uses ultrashort optical 
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pulses and controls their arrival time relative to the pump. By changing the optical path of 
the probe pulse one can trace the time evolution of the excited dynamics. By scanning the 
position of the optical probe on the surface of the sample, one acquires images of the 
dynamic magnetisation with a spatial resolution of down to 250 nm in real space67-70, and 
is suitable for studying both continuous and nanostructured samples, as demonstrated in 
Figure 3. The temporal resolution of TRSKM can be well on the sub-ps time scale, 
therefore offering the detection of spin waves in the THz frequency regime. The TRSKM 
performs a 3D vectorial analysis of the time dependent magnetization71 and is therefore 
phase sensitive. Alternatively, one can combine the magneto-optical detection with a 
VNA-FMR setup to image spin wave modes in the frequency rather than time domain72.  
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Fig. 3. The fast Fourier transform (FFT) power spectrum calculated from a time resolved 
Kerr signal acquired from the center of a 4 x 4 μm2 array of 40 x 80 nm2 stadium shaped 
ferromagnetic elements at a bias magnetic field of 197 Oe is shown on a logarithmic scale 
together with the fit to a Lorentzian 3-peak function.  The inset shows images of the modes 
confined within the entire array and corresponding to the peak frequencies identified from 
the fit. The darker shades of gray correspond to greater mode amplitude. With respect to the 
long wavelength spin wave modes, the array acts as a continuous element made of a 
magnonic metamaterial. Such arrays will also act as metamaterials with respect to 
microwaves. After Ref. 61.  
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4. Band gap magnonic metamaterials  

Periodically modulated magnetic materials have been shown to form magnonic crystals, i.e., 
a magnetic analogue of photonic crystals. Indeed, the spin wave spectrum is modified by 
patterning73 and shows a tailored band structure in periodic magnetic materials74. The band 
spectrum consists of bands of allowed magnonic states and forbidden-frequency gaps 
(“band gaps”), in which there are no allowed magnonic states. One of the first attempts to 
study the propagation of spin waves in periodic magnetic structures was made by Elachi75. 
Nowadays, the number of studies on this topic has surged and continues to grow at a fast 
pace.  

The recent advances in the studies of the band gap magnonic metamaterials are associated 
with advances in the Brillouin light scattering (BLS) technique, which has proved to be a 
very powerful tool for the investigation of magnetization dynamics in magnonic 
structures76. Thanks to the wave vector conservation in the magnon–photon interaction, one 
has the possibility to measure the dispersion relation (frequency versus wave vector) of spin 
waves. In particular, the BLS technique is suitable for measuring the magnonic band gap 
dispersion, provided that the periodicity of the magnonic crystal is such that the Brillouin 
zone (BZ) boundary lies in the accessible wave vector range (up to 2.2x105 rad/cm). The 
magnonic dispersion can be measured in different scattering geometries that differ by the 
relative orientation of the exchanged wave vector and direction of the applied magnetic 
field. So planar 1D magnonic crystals formed by arrays of closely spaced Permalloy stripes 
of identical77 or alternating width78 were studied, showing the existence of tuneable band 
gaps. Furthermore, alternating stripes of two different magnetic materials were studied in 
Ref. 79. In addition, it has recently been shown that, using a large aperture microscope 
objective, BLS can be used as a scanning probe technique, therefore permitting the map-out 
of the spatial distribution of magnonic normal modes with a lateral resolution of down to a 
few hundred nanometres80,81.  

The studied sample consist of long chains of Permalloy rectangular dots with rounded 
corners and lateral dimensions of 715 x 450 nm2, thickness of 40 nm, edge-to-edge separation 
∆ = 55 nm. The magnetic material was deposited on Silicon substrate at room temperature. 
In our calculations, each dot was divided into cells with size ∆x × ∆y × ∆z = 5 nm × 5 nm × 40 
nm. The ground state was obtained using a micromagnetic code. The magnetization was 
assumed to be uniform in each cell and to precess around its equilibrium direction along 
effective field Heff. Contributions arising from the external (Zeeman), demagnetising and 
exchange fields were included in Heff. The following magnetic parameters obtained from the 
fit to the BLS frequencies of the Damon-Eshbach mode in the reference 40 nm thick 
continuous Permalloy film were used: saturation magnetization 4π Ms = 9 kG, γ/2π = 2.94 
GHz/kOe, and A = 1.1 10-6 erg/cm with A being the exchange stiffness constant.  

First, the collective dynamics was studied in the Voigt geometry, namely with the wave 
vector q perpendicular to the applied magnetic field H and with q = K , where K is the Bloch 
wave vector.  

The collective modes of the array of dots were studied by using the Dynamical Matrix 
Method (DMM) extended to periodic magnetic systems82. On the basis of the number and 
the direction of nodal planes n = 0,1,2,.. of the dynamic magnetization inside each dot, we 
have classified collective modes into: the F mode with no nodal planes, Damon-Eshbach-like 
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(nDE) modes characterized by nodal planes parallel to the applied magnetic field H, 
Backward-like (nBA) modes with nodal planes perpendicular to H and nEnd-Modes (nEM) 
localized at the edges of each dot with nodal planes of the DE type.  

Figure 4 (a) shows a scanning electron microscopy (SEM) image of the studied sample 
together with a reference frame and the directions of q and H. In Figure 4 (b) black lines 
denote frequencies of magnonic modes for q = 0, while the frequency curves corresponding 
to the edge of the first Brillouin zone (1BZ) at qBZ = π / a with a the periodicity are indicated 
by dashed red lines83.  
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Fig. 4. (a) SEM image of the sample: Permalloy rectangular dots have lateral dimensions 715 
× 450 nm2 and interdot separation ∆ = 55 nm. A reference frame with the direction of H 
along the y-axis (easy axis) and of the wave vector q is also shown. (b) Calculated frequency 
behaviour vs. interdot separation for the sample of dots 715 x 450 nm2 in the Voigt geometry 
for an applied magnetic field of magnitude H = 1 kOe. Full black lines: frequencies at q = 0. 
Dashed red lines: frequencies at q =π / a.  

As expected, for large interdot separations, each mode is characterised by a single frequency 
value and frequency is independent of q. On decreasing the separation, interdot coupling 
gives rise to the appearance of bands. Due to the effect of stray magnetic field within each 
band the frequency of the collective modes depends on q. The largest band width is that of 
the F mode that has the largest stray field at any separation. Another significant feature is the 
narrowing of the band gaps, as ∆→ 0, either at q = 0 or at qBZ = π / a. In particular, the band 
gap between the F and the 1DE mode is smaller for qBZ = π / a, while that between the 1DE 
and the 2DE mode is smaller for q = 0. As a matter of fact, for small separation the energetic 
cost required to excite the F mode at qBZ = π / a, namely in the anti-phase configuration, is 
almost the same as that of the 1-DE mode. The difference is represented by the band gap 
between the two modes at the 1BZ boundary. As an example the band width for a small 
interdot separation ∆ = 10 nm of the most representative modes shown in panel (b) was 
estimated. Calculated band width of the F mode turned out to be about 3.8 GHz, the largest 
one among those of most representative modes, but note that also the other collective modes of 
the spectrum have an important calculated band width in this limit (larger than 0.8 GHz).  
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Finally, the investigation was completed by assuming the Bloch wave vector parallel to the 
applied magnetic field84. This geometry corresponds to the so called backward volume 
magnetostatic spin-wave (BWVMS) geometry. In Figure 5, the dependence of the spin-wave 
frequencies on ∆ calculated at q = 0 is compared to the case of q = π / a , i.e. at the edge of the 
1BZ. As it can be seen, for separation values of about 300 nm, the frequencies at the centre 
and at the edge of the 1BZ are almost degenerate and both tend to the value of the mode 
frequency of an isolated dot. On reducing the value of ∆, however, the dynamic dipolar 
magnetic coupling becomes strong enough to remove the degeneracy. This leads to the 
appearance of magnonics bands whose widths increase with decreasing the interdot 
distance. Also in this geometry there is a narrowing of band gaps, as ∆ → 0, between given 
couples of adjacent modes, either at q = 0 or at qBZ = π / a.  
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Fig. 5. Calculated mode frequencies behavior vs. interdot separation in the BWVMS 
geometry, i.e. for q parallel to H. Black lines: frequencies for q = 0. Dashed (red) lines: 
frequencies for qBZ = π / a. A magnetic field of intensity H = 1.5 kOe was applied along the 
x-axis (hard axis) for the sample shown in Fig. 4 (a). The wave vector q was along the chains. 
The direction of q and H is also shown.  

In particular, among the modes shown, there is a narrowing at qBZ = π / a between the 1BA 
and the F mode. Interestingly, for ∆ < 100 nm, the frequency increment of the 0EM is much 
more accentuated than that of collective modes in the higher part of the spectrum. This 
behaviour (which also concerns the others n-EM, not shown here) is related to the fact that 
the nEM are localized at some portions (typically one corner) of the adjacent edges of 
neighbouring dots.  

2D magnonic crystals were proposed in Refs. 85,86, where the spectrum of dipole-exchange 
spin waves propagating in the plane of a magnonic crystal was discussed. The magnonic 
crystal consisted of periodically arranged infinitely long ferromagnetic cylinders embedded 
in a matrix of a different ferromagnetic material. The position and width of band gaps in the 
magnonic spectrum were investigated as a function of the period of the structure and the 
depth of modulation depth (“contrast”) of the magnetic parameters. It was found that the 
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depth of modulation of the exchange parameter has a drastic effect upon the position and 
width of the band gaps. Collective dynamics of lattices of magnetic vortices was studied in 
Refs. 87,88. FMR and time resolved scanning Kerr microscopy (TRSKM) were used to study 
localisation of spin waves in an array of antidots formed in a metallic ferromagnetic film in 
Ref. 89. VNA-FMR measurements and micromagnetic simulations were used to 
demonstrate a control of spin wave transmission through a similar array of antidots by an 
external magnetic field in Refs. 90,91 (Figure 2).  

The BLS technique has been exploited to achieve a complete mapping of the spin-wave 
dispersion curves, along the principal symmetry directions of the first BZ, for a 2D 
magnonic crystal consisting of a square array of 50 nm thick NiFe disks (Figure 6 (a)). The 
disks have a diameter d = 600 nm and are arranged in a square matrix with the edge-to-edge 
interdot separation of 55 nm (period a = 655 nm). This corresponds to a square first BZ of 
side 2π/a = 2x4.8·104 rad/cm. The spin-wave frequency dispersion was studied along the 
principal directions of the first BZ, i.e. ΓX, ΓY, XM and YM, as shown in Figure 6 (b), for 
external field H = 1.0 kOe applied along the [10] direction of the disk array.  

In Figure 6 (c), the dispersion curves of the most representative modes are shown along the 
symmetry directions of the first BZ, showing a very good agreement between experimental 
points and calculated curves. Since the magnetic modes maintain a symmetry character 
similar to those found for the isolated dot, they can be labelled in the same way. Depending 
on the number m (n) of nodal lines perpendicular (parallel) to the direction of the 
magnetization (x direction), the modes are named as backward-volume-like modes m-BA 
(Damon-Eshbach-like n-DE), while modes with mixed character are denoted as m-BA×n-DE. 
The mode without nodal lines is classified as the fundamental mode (F), while modes with 
dynamic magnetization localized at the ends of the particle92 are labelled as n-EM, 
depending on the number of nodes n. The mode type, i.e. the two indices m and n, together 
with the Bloch wave vector K, uniquely identifies the excitation.  

Figure 6 (c) shows that several modes exhibit an appreciable dispersion and are therefore 
propagating modes, while other modes show a frequency that remains almost constant with 
the wave vector, at least within the frequency resolution of the experiment. The width of 
each magnonic band (allowed miniband) is proportional to the mean square dynamic 
magnetization inside a single dot as found by DMM approach. Hence, the dispersion is 
largest for the F mode, while it decreases rapidly for the higher order modes, which are 
characterised by an increasing number of oscillations within the single dot. Starting from the 
Γ point, the measured frequency of the F mode increases (decreases) along the ΓY (ΓX) 
direction, reaching its maximum (minimum) at the Y (X) point. This behaviour reflects the 
properties of the dipole-exchange spin waves in the reference continuous film (open squares 
in Figure 6 (c)). However, the F mode is significantly downshifted with respect to the spin 
waves in the continuous film, which is due to the static demagnetizing field in the array 
along the applied field direction (x-direction). As a consequence of this in-plane anisotropy 
induced by the applied field, one can see that the frequency of the DE mode in the 
continuous film coincides near the Y-point with that of the 1-DE mode of the array. At the 
same time, the backward volume spin wave in the continuous film has a frequency that is in 
the middle of the band gap of the array, i.e. quite far from that of the corresponding 1-BA 
mode at X-point. In the latter point, an overlap between the F and 1-BA bands is observed.  
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Fig. 6. (a) SEM image of the array of Permalloy disks is shown. BLS spectra were measured 
applying the external field H along the [10] array direction (x-axis) and changing the qx and 
qy components of the in-plane transferred wave-vector q. (b) Surface BZ of the 2D periodic 
array is shown. The behaviour of the dynamic magnetization of the fundamental mode is 
schematically shown in four point of the BZ for a 3x3 sub-matrix of dots. The two different 
colours represent out-of-plane dynamic magnetization of opposite sign. (c) Measured 
frequencies (dots) are shown as a function of the spin-wave wave vector along the principal 
direction of the first BZ, for an external magnetic field H = 1.0 kOe. The calculated dispersion 
curves of the most significant modes are also reported. Bold, solid or dotted lines refer to 
modes whose calculated cross section is comparable, smaller than 1/10 or smaller than 1/100 
with respect to that of the F mode, respectively. For the sake of comparison, the experimental 
dispersion of the DE mode of the unpatterned film is also reported as open squares.  

In Ref. 93 the dispersion of different modes was interpreted in terms of effective wave vector 
keff introduced as an auxiliary variable that includes and replaces the band index, i.e. the 
mode type, and the Bloch wave vector. It can be defined in the extended zone scheme as: 

 eff 1 ( ) 1 ( )ˆ ˆ( )
2 2

π π− −   
= + + + +      

k K
P m P n

P(m) m P n n
a a
x y  (1) 

where P(i) is the parity function (=+1,-1 for i even or odd, respectively), m-BA×n-DE is the 
mode type, and K is assumed to vary in the reduced BZ. The effective wave vector 
represents the overall oscillation of the magnetization in the array, taking into account the 
oscillation within the dot due to the mode character (second and third terms in Eq. (1)) and 
the change between adjacent dots due to the Bloch wave vector (first term). The introduction 
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of keff helps to understand the frequency dispersion of the magnonic crystal, because, in the 
limit of a continuous medium, keff becomes the real wave vector of the spin excitation of the 
continuous film, whose dispersion curves have the following properties. The mode 
frequency increases (decreases) when the modulus of the wave vector increases in a 
direction perpendicular (parallel) to the applied field, corresponding to the MSSW 
(MSBVW) geometry.  

To realize band gap magnonic metamaterials with a band structure of higher in-plane 
symmetry arrays of circular nanomagnets have been considered where an out-of-plane 
magnetic field stabilizes the so-called vortex state in each of the unit cells of the periodic 
nanodisk lattice. The dipolar interaction via nanoscale air gaps leads to allowed minibands 
and forbidden frequency gaps which exhibit a four-fold symmetry in in-plane directions if 
nanodisks are arranged in a square lattice 94. This higher symmetry goes beyond the 
magnonic crystals where an in-plane field governs the symmetry of the band structure.  

5. Theory of band gap magnonic metamaterials 

The knowledge of the physical mechanisms which govern the dynamical behaviour of 
nanoscale magnetic elements is of fundamental importance for understanding the general 
properties of metamaterials. Because of that, the theoretical derivations of the frequency and 
the spatial profile of magnonic modes become necessary to gain a physical understanding of 
the processes observed at a macroscopic level95-97. Several analytical and numerical methods 
are used to derive the profile of normal modes. Analytical models require some preliminary 
assumptions (approximations) regarding the mode profiles98,99. Numerical tools based on 
micromagnetic simulations has been developed for solving the equation of motion in the 
time domain and to successively perform a Fourier analysis of that output signal100,101. The 
same equation can also be solved in the frequency domain. The Dynamical Matrix Method 
(DMM)102 belongs to the latter approach, in which the sample is subdivided into cells and 
the linearized Landau–Lifshitz equation of motion is recast as a generalized eigenvalue 
problem, which is numerically solved by means of a finite-element method. Band structures 
of periodic composites can then be calculated with the help of the Bloch theorem, which 
reduces the number of independent variables of a periodic system to that of the 
corresponding unit cell82.  

The band structures of spin-waves in materials with discrete translational symmetry can be 
calculated also by the plane wave method (PWM). The PWM is a popular tool commonly 
used for studying electronic, photonic and phononic crystals because of its conceptual 
simplicity and applicability to any type of lattice and shape of scattering centers. The method 
was also adapted to the calculations of the magnonic band structures and is constantly 
improved, with its field of application extending to new problems85,103. Recently, the PWM has 
also been used for the calculation of spin-wave spectra of 1D magnonic crystals of finite 
thickness104 and 2D thin-film magnonic crystals105. Only very recently, the PWM has been 
employed for the first time for calculating spin-wave spectra of 2D antidot arrays based on a 
square lattice with a good agreement with experimental results obtained106.  

The 2D magnonic crystals composed of two ferromagnetic materials in thin film geometry 
were studied theoretically in Refs.105,107. The plane wave method with supercell 
formulation was used to study the edge effect in magnonic crystals in Ref. 105. It was shown 
that localisation at the edges of corners of the 2D magnonic crystals with finite lateral 
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extension is possible. The PWM was powerful to remodel the magnonic miniband formation 
in short-period antidot arrays as well as the tunable metamaterial properties of large-period 
antidot arrays prepared in Ni80Fe20 106,108. 
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Fig. 7. The magnonic spectrum of periodic slab of finite thickness composed of the Ni 
inclusions embedded in Fe matrix (a) is strongly dependent on the filling fraction: the ratio 
of inclusion volume to the volume of unit cell, and depend on the lattice type. The 
maximum of the width of the first magnonic gap is reached for the intermediate values of 
the filling fraction (b). Note that the first absolute magnonic gap is wider for the triangular 
lattice (c) than for the square lattice (d).  

The results of a comparative study of 2D magnonic crystals with square and triangular 
lattice of the Ni inclusions in Fe matrix are shown in Figure 7. The magnonic band structures 
for triangular and square lattices are shown in Figure 7 (c) and (d), respectively. We find 
that in the range of small lattice constants the triangular arrangement of cylindrical dots 
support opening of a magnonic gap. This gap exists for a greater range of filling fraction 
values and is much wider for a triangular lattice (see Figure 7 (b)). This is similar to the 
results of similar studies of photonic and phononic crystals. An increase of the lattice 
constant results in changes in mutual relation between the exchange and magnetostatic 
interactions. This leads to lowering frequencies of spin waves and decreasing the gap width 
up to closing it. In the magnetostatic regime, i.e. when the magnetostatic interactions 
dominate, the nonuniformity of the demagnetizing field is crucial for low frequency spin 
waves, especially for edge modes.  
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The elliptical deformation of cylindrical dots in 2D magnonic crystals was investigated in 
Ref. 107 by means of the plane wave method. The use of rods in the shape of elliptic 
cylinders as scattering centres in 2D magnonic crystals implies the introduction of two 
additional structural parameters: the cross-sectional ellipticity of the rods and the angle of 
their rotation in the plane perpendicular to the rod axis (the plane of spin-wave 
propagation). In contrast to the lattice constant, a change of which will strongly modify the 
magnonic spectrum, these new parameters allow fine tuning of the width and position of 
the bands and band gaps. For specific in-plane rotation angles, changing the rod ellipticity 
will modify the position, width, and number of bands (Figure 8). Thus, an appropriate use 
of rods of elliptical cross section offers additional possibilities in the design of magnonic 
filters with precisely adjusted passbands and stopbands.  

 
Fig. 8. Fine tuning of the magnonic band structure in the thin film 2D magnonic crystal. (a) 
Schematic view of the 2D magnonic crystal under study, section in the plane of periodicity. 
(b) High-symmetry path over the 2D Brillouin zone for ellipses arranged in a square lattice. 
(c)-(d) The lowest magnonic gaps (shaded) vs. rod ellipticity for 2D YIG/Fe magnonic 
crystals with two angles of the in-plane rotation of the rods: (c) α = 0° and (d) α = 45°. The 
other parameters are: lattice constant 10 nm, filling fraction 0.5, film thickness 50 nm, and 
external magnetic field 0.1 T.  

3D band gap and effectively continuous metamaterials are the least studied objects in 
magnonics, due to both increased difficulty of their theoretical treatment and currently 
limited outlook for their fabrication and experimental investigation. Collective spin wave 
modes in 3D arrays of ferromagnetic particles in non-magnetic matrices were studied in 
Refs. 109,110. Magnonic band structure of 3D all-ferromagnetic magnonic crystals was 
calculated by Krawczyk and Puszkarski111,112. Here, again the depth of modulation of 
magnetic parameters is essential to generate magnonic bands and forbidden-frequency gaps 
of significant width.  

An example of magnonic band structure for a 3D magnonic crystal resulting from the 
numerical solution of Landau-Lifshitz equations with the plane-wave method is shown in 
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Figure 9. The assumed value of the simple cubic (sc) lattice constant was 10 nm; the 
magnetic parameters of the matrix material were close to those of YIG, and the magnetic 
parameters of the ferromagnetic material of the spheres corresponded to iron. Two 
magnonic gaps in the resulting spectrum were observed. The first magnonic gap is 
delimited by the two lowest spin-wave excitations, one localized in the Fe spheres and the 
other in the matrix branches I and II, respectively (Figure 9 (b) and (c)). Among three cubic 
structures studied in Ref. 112 the magnonic crystal with face centred cubic (fcc) lattice is 
most suitable for gap opening.  

In Ref. 113, a detailed study of all the possible combinations of 3D magnonic crystal 
component materials from: Co, Ni, Fe, and Py for spheres and matrix was performed to find 
optimal material configurations for which either absolute or partial magnonic gaps occur in 
the magnonic spectrum of the 3D magnonic crystal with hexagonal structure. Among the 
MCs considered in this study, an absolute magnonic gap is obtained in a crystal with Ni 
spheres embedded in Fe.  

 
Fig. 9. (a) The magnonic band structure of a simple cubic (sc) magnonic crystal with a 
lattice constant of 10 nm. The magnonic crystal is composed of Fe spheres of radius 26.28 
Å disposed in sites of the sc lattice and embedded in YIG. Blue circles indicate the 
beginnings of the first two branches at point at which profiles of spin-waves are shown in 
(b) and (c). (b) and (c) Profiles of squared dynamic magnetization component in two 
adjacent planes, (002) and (001) right and left column, respectively. The planes are shown 
in the inset on the top-right. White colour corresponds to maximum values of amplitudes 
dynamic magnetization. Reproduced from Ref. 112. Copyright 2008, American Physical 
Society. 

www.intechopen.com



 
Magnonic Metamaterials 

 

357 

Using the method from Refs. 112 and 113, we performed calculations for 3D magnonic 
crystals based on magnetoferritin crystals (mFT) described in the next section. In the 
calculations, we assumed mFT spheres (diameter 8 nm) in fcc lattice (with lattice constant 14 
nm) immersed in Co. Assuming magnetic and structural parameters taken from literature 
for dehydrated mFT crystals and cobalt, we showed in Figure 10 (a) that a wide absolute 
magnonic band gap should exist in the magnonic spectrum of the structure, well above 100 
GHz. It means that replacing the protein shell in magnetoferritin crystals with ferromagnetic 
metals should allow for opening the magnonic band gap. The gap is absolute and wide, and 
so, it is very promising for application of 3D magnonic crystals.  

 
Fig. 10. (a) The magnonic band structure of fcc magnonic crystal with lattice constant of 14 
nm is shown. The magnonic crystal is composed of magnetoferritin spheres of diameter 8 
nm embedded in Co. The external bias magnetic field 0.1 T is applied along z-axis. (b) First 
Brillouin zone of the fcc lattice, with the path along which we calculate the magnonic band 
structure in (a).   

The magnonic dispersion can also be calculated from the results of micromagnetic 
simulations by Fourier transforming them in both temporal and spatial dimensions into the 
reciprocal space. For 1D samples, the method was realised in Ref. 16, and then used in a 
number of further studies114,115. So, Figure 11 shows the magnonic dispersion of a stack of 
dipolarly coupled magnetic nanoelements, studied in Ref. 115. The sign of the magnonic 
dispersion along the stacking direction is determined by the spatial character and ellipticity 
of the corresponding modes of an isolated nanoelement. Moreover, there exists a critical 
value of the ellipticity at which the sign of the magnonic dispersion changes from negative 
to positive in a discontinuous way. The discovered effect suggests a novel way of tailoring 
the dispersion of collective spin waves in magnonic bandgap metamaterials, unique to 
magnonics.  

Reprogrammable dynamic response has been demonstrated through different remanent 
states of planar arrays of nanomagnets116. The reconfiguration of a 1D magnonic crystal has 
recently been demonstrated via variation of the orientation of neighbouring ferromagnetic 
nanowires from a parallel to anti-parallel magnetic states (Figure 12)117,118. Experiments and 
simulations have shown that spin waves propagating perpendicular to the long axis of such 
coupled nanowires experience different artificial magnonic band structures in 
configurations (a) and (b). Magnonic dispersions have thus become reprogrammable.  

(a) (b) 
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Fig. 11. The magnonic dispersion is shown for a stack of 240 stadium shaped magnetic 
elements with dimensions of 100x50x10 nm3. The inset schematically shows the studied 
sample and geometry of the problem. After Ref. 115.  
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(a)   

(b)  

Fig. 12. Two different remanent magnetic configurations of a 1D magnonic crystal formed 
by interacting ferromagnetic nanowires are shown for (a) parallel and (b) anti-parallel 
alignment of neighbouring nanowires. In (b), the magnetic unit cell of the magnonic crystal 
is twice as large as the geometrical one, leading to zone folding effects of magnon 
dispersions in the reciprocal space [117].  

6. Theory of effectively continuous magnonic metamaterias 

The theory of the effective properties of magnonic metamaterials in situations when they 
behave as “effectively continuous” can often be derived as the long wavelength limit of the 
corresponding band gap theory. The latter can however be quite complex, so that it becomes 
more practical and useful to develop the effectively continuous theory without a reference 
to the band gap one. In the case of the effective permeability of magnetic composites and 
metamaterials, the majority of analytical models employ the so-called macrospin 
approximation, in which each magnetic inclusion within a non-magnetic matrix is 
considered as a single giant spin and is therefore characterized by a single magnetic 
resonance. However, it is well known that the spin wave spectrum of magnetic nano-
structures and nano-elements has a complex structure, featuring series of resonances due to 
spatially non-uniform spin wave modes54-56,61,64,67-69,71,92-99,115,119. Each of the resonances is 
expected to contribute to the susceptibility tensor of the magnetic constituents and 
correspondingly to the permeability tensor of the whole metamaterial. The resonance 
frequencies can be controlled and reconfigured by the external magnetic119-121 and 
electric122,123 fields, and the same functionalities should therefore be inherited by the 
magnonic metamaterials.  

A method of calculation of the effective permeability that takes full account of the complex 
spectrum of the metamaterial’s individual magnetic constituents has been demonstrated in 

www.intechopen.com



 
Metamaterial 

 

360 

Ref. 59. In this method, the susceptibility tensor of an isolated inclusion is calculated 
numerically and then used as an input to an analytical expression (a so-called “mixing rule”) 
for the permeability of the whole metamaterial. Finding the susceptibility tensor of the 
isolated inclusion is a standard problem for micromagnetics, and can be addressed using a 
number of different approaches. For example, full-scale numerical micromagnetic 
simulations could be performed using one of the available micromagnetic packages (e.g. 
Nmag124, OOMMF125, or MicroMagus126). Alternatively, the dynamical matrix method, 
which has already been introduced above, can be used a form modified to facilitate the 
susceptibility calculations. The results of the application of the method to a model 
metamaterial representing an array of magnetic nanodisks embedded into a non-magnetic 
matrix (inset in Figure 13) is shown in Figure 14. Figure 13 shows the region of geometrical 
parameters of such a metamaterial, in which one of the components of the permeability 
tensor becomes negative within a certain frequency range. The method also presents a 
useful way by which to compare the different micromagnetic methods in order to evaluate 
the accuracy to be expected from micromagnetic simulations. In particular, we find that the 
results produced by the state-of-art micromagnetic simulations agree with each other within 
an error bar of about 5%, which has to be taken into account when micromagnetic 
calculations are used to model experimental data.  
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Fig. 13. The range of values of the in-plane edge-to-edge separation (b) and the distance 
between layers (c) in which yyµ  component of the permeability becomes negative near the 
frequencies of the dominant magnonic resonances. The inset shows the geometry of the 
metamaterial consisting of magnetic discs in a non-magnetic matrix. The discs are located in 
nodes of a hexagonal lattice. The disk diameter is d = 195 nm, the in-plane edge-to-edge 
separation is b = 20 nm, the distance between the layers is c = 140 nm and is much greater 
than disk thickness l = 5 nm.  
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Fig. 14. The real and imaginary parts of the four components of the effective permeability 
tensor are shown as functions of frequency for the metamaterial depicted in Figure 13. The 
filling factor is 2.48% and the constant external magnetic field is Hbias = 933 Oe. The field is 
applied in the plane of the layers along the x axis. The insets show the spatial profiles of the 
mode amplitude (top) and phase (bottom) for the two dominant modes.  

7. Bottom-up technologies for metamaterials 

In the context of nanostructured magnonic metamaterials, the main nanomanufacturing 
challenge is to fabricate large-scale periodic structures consisting of or containing magnetic 
materials precisely and controllably tailored at the nanometre scale. Being at the limit of 
current lithographic tools, the challenge requires bottom-up technologies be exploited 
instead. For example, protein based colloidal crystallisation techniques can be used to 
produce macroscopic 3D ordered magnetic arrays127,128.  

There are a number of possible ways to achieve a periodic 3-dimensional magnetic 
structure. Apart from top-down lithography, which is generally limited to structures with a 
height much less than their in-plane dimensions, self-assembly offers a number of 
promising routes. For example, a number of researchers have used colloidal crystallization 
to generate periodic 3-dimensional arrays of magnetic nanoparticles129. A variation of this 
approach, which has the advantage that it separates nanoparticle functionality and array 
formation, exploits the ability of certain proteins both to act as templates for nanoparticle 
formation and to crystallize. The first demonstration of this method used the ubiquitous iron 
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storage protein ferritin as a template for the growth of ferrimagnetic magnetite-maghemite 
nanoparticles127,130. Ferritin consists of a spherical protein shell with an outer diameter of 12 
nm and an inner diameter of 8 nm, and the in vivo incorporation of Fe into apoferritin 
(ferritin without its mineral core) is achieved by the oxidation of Fe2+ ions transported 
through its ion channels.  

Following magnetite nanoparticle synthesis, the magnetoferritin (this is the name given to 
ferritin containing a synthetic ferrimagnetic core) is purified by ion-exchange 
chromatography, and then passed through a stainless-steel-packed column in a uniform 0.7-
0.8 T magnetic field to separate any protein including non- or poorly-magnetic nanoparticles 
from the magnetoferritin. In a further purification stage size-exclusion chromatography is 
used to separate magnetoferritin monomers from dimers and oligomers before 
crystallization, which used the sitting-drop vapour diffusion technique and Cd2+ as a 
crystallization agent. A schematic of this process is shown in Figure 15.  

Nanoparticle

Protein molecule

(a)

(b)

Fig. 15. (a) Schematic showing how crystallizing a protein used as a template for 
nanoparticle growth gives a periodic 3D array of nanoparticles. (b) Optical image showing 
magnetoferritin crystals. Each crystal is a periodic 3-dimensional array of magnetite 
nanoparticles.  

To study the metamaterials properties of several magnetoferritin crystals in parallel, fifty 
of the as-prepared crystals were mounted on a coplanar waveguide (CPW) in order to 
perform all electrical spin-wave spectroscopy131,132. In contrast to earlier studies on 
nanoparticle arrays where a microwave cavity at a fixed frequency was used133,134, the 
CPW-based technique allows one to measure over a broad frequency range. The CPW 
with the magnetoferritin crystals on top of it is shown in Figure 16. Using a VNA, which is 
connected to the CPW via microwave probe tips, we apply a microwave current to the 
CPW. This provokes a microwave magnetic field hrf around the inner conductor of the 
CPW. Considering the frequencies ranging from 10 MHz up to 26.5 GHz, we address spin 
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excitations in the magnetoferritin crystals when exploring the metamaterials properties. 
Using a 20 µm wide inner conductor, we excite spin waves with a distribution of wave 
vectors k given by the current distribution through the CPW135. Experiments are carried 
out in a cryogenic setup allowing us to perform measurements over a wide temperature 
range with an external field of up to 2.5 T. The field is applied in a direction perpendicular 
to the plane of the CPW. This direction is chosen so that torque τ ~ M x hrf is maximised 
when M (hrf) is out-of-plane (in-plane). Torque τ excites the spin waves.  

We start our discussion from room temperature data taken at 290 K (Figure 16). We measure 
the dynamic response as a function of applied external field. We observe pronounced 
absorption with a linear dependency indicated by the white dashed line. Interestingly, the 
resonance starts to appear at fields larger than 0.1 T, whereas at 0 T there is no resonance 
observed. We attribute the observed behaviour to the paramagnetic response of the protein 
crystals, in which the magnetization vectors of the nanoparticles are randomly aligned at 
zero field. An anisotropy term does not seem to be present to provoke a non-zero resonance 
frequency at small field. The individual nanoparticles show superparamagnetic behaviour, 
which is expected for particles of this size.  

 

250 µm 

Coplanar 
waveguide 

 (9 mm long)

Ferritin crystals  
(about 50 crystals)

Coplanar 
waveguide 
contact pads 

 
Fig. 16. (Top) Microscopy image of the 9 mm long coplanar wave guide containing 50 
magnetoferritin crystals as shown in Figure 15. (Bottom) Spectroscopy data taken at 290 K 
(left) and 5 K (right) as a function of perpendicular magnetic field. Dark colour indicates 
spin-wave excitation. The broken lines are guides for the eyes reflecting both the field 
dependency at 290 K to facilitate comparison.  

The data at 5 K show a different behaviour, as we observe a clear absorption peak even at 
zero field. Here, the resonance is measured to be at 6 GHz. For fields larger than about 0.5 T, 
we observe a linear dependence of the resonance frequency with the applied field as well, 
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but it is slightly shifted towards higher frequencies if compared to the room temperature 
measurement (white dashed line). The resonance frequency at zero field implies an 
anisotropy term aligning spins even without external field.  

In order to use 3D nanoparticle assemblies as all-magnetic metamaterials, it would be 
relevant that researchers combine the protein based nano-manufacturing with advanced 3D 
material deposition techniques such as atomic layer deposition (ALD)136 and 
electrodeposition tailored for use with multiple magnetic materials. From this all-
ferromagnetic 3D magnonic metamaterials might result. ALD film growth is self-limited, 
thereby achieving atomic scale control of the deposition. Recently, ALD was used to deposit 
ferromagnetic thin-films (such as Ni, Co, Fe3O4) into deep-etched trenches and 
membranes137,138,139. The complementary topology is also possible by, e.g., conformal coating 
of templates consisting of tailored nanowires140. Such possibilities make ALD a promising 
tool by which to fabricate 3D magnonic devices. Electrodeposition is also very well suited 
for deposition into complex templates141. It is fast and thereby suitable for scaling-up to 
produce large numbers of devices. For example, arrays of cylindrical magnetic nanowires 
deposited electrochemically within porous membranes142,143,144 have attracted much 
attention due to their potential for use as microwave145 and THz13 devices.  

8. Conclusions  

The modern research on fundamental properties of materials is increasingly driven by their 
anticipated potential for technological applications. In this Chapter, we have reviewed 
research that has been conducted within the MAGNONICS project funded by the European 
Commission to reveal the potential of magnonic metamaterials nanoscale building blocks of 
which are made of magnetic materials. A particular attention is devoted to the use of spin 
wave resonances tailored in magnonic crystals for design of novel features in the 
electromagnetic properties in the GHz-THz frequency range. These entirely new 
electromagnetic metamaterials could be designed to tune the transmission, absorption and 
reflection of electromagnetic radiation in the GHz-THz frequency range. Such magnonic 
metamaterials could also find their use within magnonic filters and logic gates.  

The field of magnonics and magnonic metamaterials is very young. However, the growing 
community of magnonics researchers has already demonstrated that they are up to the 
challenges existing in the magnonics science and technology. In particular, this Chapter 
demonstrates important advances recently achieved in the direction of the development of 
effectively continuous and band gap magnonic metamaterials.  
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