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1. Introduction

Linear spectral transform techniques such as the discrete Fourier transform and wavelet
analysis over real and complex fields have been routinely applied in the literature (Burrus
et al. (1998); Strang & Nuygen (1996)). Furthermore, extensions of these techniques over finite
fields (Blahut & Burrus (1991); Caire et al. (1993)) have led to applications in the areas of
information theory and error control coding (Blahut (2003); Dodd (2003); Sakk (2002); Wicker
(1994)). The goal of this chapter is to review the Galois Field Fourier Transform, the associated
convolution theorem and its application in the field of error control coding. In doing so, an
interesting connection will be established relating the convolution theorem over finite fields
to error control codes designed using finite geometries (Blahut (2003); Lin & Costello (1983);
Wicker (1994)).

While a complete exposition of the field of error control would be out of context for this
chapter, we refer the interested reader to the recent characterizations of Low-Density Parity
Check (LDPC) codes (Pusane et al. (2011); Smarandache et al. (2009); Xia & Fu (2008)). Such
formulations have led to a resurgence of interest in the design (Kou et al. (2001); O.Vontobel
et al. (2005); Tang et al. (2005); Vandendriesscher (2010)) and decoding (Kou et al. (2001); Li
et al. (2010); Liu & Pados (2005); Ngatched et al. (2009); Tang et al. (2005); Zhang et al. (2010))
of finite geometry codes. The formulation in this chapter is meant to serve as a guiding
principle relating finite geometric properties to algebraic ones. The vehicle we have chosen
to demonstrate these relationships is an example from the field of error control. In particular,
we show how a generalized Fourier-like convolution theorem can be applied as a decoding
methodology for finite geometry codes.

We begin in Section 2 by reviewing the Galois Field Fourier Transform (GFFT) followed by
an overview of error control coding in Section 3. In addition, in Section 3.1 it is demonstrated
how the GFFT can be applied within the context of error control coding. Section 4 then goes on
to generalize these results to linear transformations using Pascal’s triangle as an example. The
combinatorics of such a transformation naturally lead to the design of codes derivable from
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232 Fourier Transform Applications

finite geometries. Finally, Sections 5 and 6 conclude this chapter by deriving and applying the
generalized convolution theorem.

2. The Galois Field Fourier Transform

We are particulary interested in the case of finite fields where p is a prime number and a &
GF(p™) is an element of order n. The Galois Field Fourier Transform (GFFT) and its inverse
of a vector v = {vg, vy, ..., v,_1} over GF(p) of length n can be related via the equations:

nil ..
Vi=) oo j=0,.,n—1
i=0

and

For any vector f over GF(p) where the above equations hold true, we define
.F(U) =V= {Vo, Vl/---/ Vn—l} (1)

as the GFFT of v and

‘F_l(v) =0v= {00/7)1/"'1011—1} )
as the inverse GFFT of F.
Using this formulation, given two vectors

U= {UO/ vlr A4 Un—l}

w = {wy, w1, ..., w1}

®)

over GF(p) and their associated transforms

F(U) =V = {Vo, V1,..., Vn—l}

(4)
F(w) =W = {Wo, Wq, ..., Wy_1},

the familiar convolution theorem can be demonstrated to hold true for the finite field case.
Specifically, computing
n—1
5= T oy ®)
k=0
is equivalent to computing

x; = F L (V;Wj). 6)

3. Error control coding

Given a message encoded as a vector y of length k over GF(p), the goal of error control coding
(ECCQ) is to transform the message vector into a code vector C of length n > k in a way that
causes C to be robust to errors arising over a communication channel (such as a wireless
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link, fiber optic cable, etc). Rather than the message vector y, it is the code vector C that is
transmitted over a channel where the receiver is only able to observe a received vector C.
Ideally, in the absence of any noise, it should be the case that C = C. On the other hand, if
noise is present on the channel, the method used to transform (i.e. ‘encode’) the message u
into the code vector C provides a way to recover y from C. The basic strategy behind ECC is,
given a message,

a. Embed a k dimensional message vector y in a larger vector space of dimension 7 to create
the code vector C.

b. The addition of channel noise converts C into the received vector C.

c. If the channel noise does not cause C to be confused with other possible encodings, the
original code vector C can be recovered using some predetermined decoding scheme.
Conceptually speaking, the C that lies within a predefined noise sphere’ with respect to
the original C will be decoded as the (ideally) unique C; hence,  can be recovered as well.
The size of the noise sphere (which is designed as part of the code) determines how many
errors can be corrected.

The general idea behind ECC then is to find a C that minimizes ||C — CH ; however,
numerically determining the minimum distance solution is wrought with dimensionality
issues that can lead to computational intractability. Hence, classes of codes have been devised
that relate the message encoding method to the decoding algorithm. Such algorithms are often
iterative (Blahut (2003); Lin & Costello (1983); Wicker & Kim (2003)) and converge upon the
optimal solution by exploiting the mathematical structure designed into the code.

Two important quantities in the field of ECC are the Hamming weight and the Hamming
distance. Consider two vectors v and w of length n over GF(p).

Definition 3.1. The Hamming weight wy(v) of a vector v is defined as the number of non-zero
components in .

Definition 3.2. The Hamming distance between v and w is defined as the number of components that
differ between v and w.

For example, over GF(3), assuming n =5,v ={02102} and w = {02 2 1 2}, according to
the above definitions we have that wy (v) = 3, wy(w) = 4 and dy (v, w) = 2.

An important quantity for defining the noise sphere is referred to as d,,; which is the
minimum Hamming distance between all code vectors defined in the code class. To correct
up to t errors in any code vector, it turns out that d,,,;,, = 2t + 1. Furthermore, when the ECC
is a linear code, a major simplification arises where d,,;,, is simply the minimum Hamming
weight computed over all non-zero code vectors in the code class.

3.1 Application of the GFFT to Reed-Solomon codes

The GFFT and the convolution theorem have been applied in the field of error control coding
for the construction of a class of linear codes known as Reed-Solomon codes (Blahut (2003);
Wicker (1994)). The algorithm for encoding a message vector y over GF(p™) of length k is
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234 Fourier Transform Applications

quite straightforward. To be able to correct up to t errors, create a vector of length n by
appending y with 2t consecutive zeros. The code vector C is then derived by computing the
inverse GFFT of the appended construction. One approach to proving that this construction
is capable of correcting up to t errors involves applying the GFFT convolution theorem.
Specifically, given a code vector C, a locator vector A must be defined such that C;A; = 0 for
allj =0, ,n. Letting c and A denote the GFFT of C and A, the convolution theorem implies
c+* A = 0. Based upon the convolution approach, the conclusion can be reached that the
inverse GFFT construction leads to Reed-Solomon codes capable of correcting up to t errors
in the code vector (Blahut (2003); Wicker (1994)).

The key feature of the GFFT approach to constructing Reed-Solomon codes described above is
that restrictions are placed on the position and the number of zeros appended to the message
vector. To summarize:

i. Addition of zeros to the message vector u of length k is performed at prescribed locations.
ii. The resulting vector is then inverse transformed in order to compute the code vector C.

iii. The error correcting properties of this code can be demonstrated by applying the
convolution theorem.

In this work, one our of goals is to demonstrate that, given other linear transformations
inducing a convolution theorem, the above steps can be generalized to other classes of
codes. As we shall see, the key is to define the transform and the structure of how zeros
are introduced into the message vector.

4. Pascal codes

4.1 The Pascal matrix over finite fields

Let us now focus our attention on the case of GF(p) where p is prime. Our starting point will
be:

Definition 4.1. Let p be a prime number, then the ij'" entry of a p™ x p™ m™ order Pascal matrix
Pyn over GF (p) is defined as

pij = (IN(G— i)t~ mod p
' )
= (Z) mod p
fori,j=0,1, .. p" —1and, by convention, if i > j, then p;; = 0.
In other words, Py» is an upper triangular matrix whose non-zero entries are the elements of

Pascal’s triangle taken mod p. For the purposes of this work, it is useful to observe that Pyn
also has a Kronecker product description (Sakk & Wicker (2003)):

Ppn = Pp @ Ppw-1 mod p (8)

where Pp is a 15! order Pascal matrix.
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Example 4.2. Consider the binary case where p = 2 and m = 3. Equation (8) gives

(11111111
01010101
00110011
00010001
00001111
00000101
00000011

10000000 1]

P23:

Example 4.3. Consider the ternary case where p = 3 and m = 2. Equation (8) gives

11111111 1]
012012012
001001001
000111222
Py= 1000012021
000001002
000000111
000000012
00000000 1]

4.2 The inverse of the Pascal matrix

As Section 5 will require understanding Qpm = PF;ﬂl, we introduce the following.

Observation 4.4. Let p be prime and let Q) be the p x p matrix defined by

gij = {( V™) mod p ifj=i forij=0,1, ..., p-1. )

0 otherwise
Then Qp = P;'! mod p.

This result easily follows from the integer case (Call & Velleman (1993); Heller (1963)).
Furthermore, it has been demonstrated that (Sakk (2002)):

Observation 4.5. If p is prime and Py, is a 15 order Pascal matrix over GF(p), then
Pg mod p = I (10)
where I, = p x p identity matrix.

Hence, it easily follows that

Corollary 4.6. If p is prime and Py is a Pascal matrix over GF(p), then

Qp = PP_1 mod p = Pg_l mod p. (11)
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236 Fourier Transform Applications

Example 4.7. A Pascal matrix over GF(5) and its inverse:

[11111] [14141]
01234 01331

_ _ p4 _
P,=100131|, Qy=P;=100121
00014 00011
00001] 00001]

Based upon Equation (8), it should be clear that
Qpn = Qp @ Qpu mod p. (12)
Finally, based upon Equation (10), it also follows that, for the mt" order case,
P, mod p = Iy (13)

where [,n = p™ x p™ identity matrix. In a manner similar to the m = 1 case, this
characterization provides a path to computing the m!"* order inverse

Qpn = Pyl mod p = Pgm_l mod p. (14)

4.3 Error control codes designed from Pascal matrices

In a manner similar to the GFFT approach to Reed-Solomon codes summarized in Section
3.1, it has been pointed out that Py» can also be used to transform message vectors with the
appropriate coordinates set equal to zero (Sakk & Wicker (2003)). More precisely, we have the
following;:

Definition 4.8. Consider an m*"* order Pascal matrix over GF(p) and let r be an integer such that
0 <r<m(p—1). Also, consider the p-ary expansion of an index
i=iop’ +irp" + - A i p™

where 0 < i]- <p-—1for0<j<m—1. A codeword c for an rth order Pascal code of length p™,
denoted by Py (r,m), is generated by
C = uPpn (15)

where
w= (s e
is a message vector of length p™ — 1 such that y; € GF(p),

{.”i:O if wp(i)>r

Wi A0 if wpi)<r (16
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and

m—1
wp(i) =) i
=0

Error control codes derived from the m!" order Pascal matrix over GF(2) (i.e. binary data) have
been related (Forney (1988); Massey et al. (1973)) to a class of codes known as rth order binary
Reed-Muller codes RM(r, m) of length 2" (MacWilliams & Sloane (1977); Wicker (1994)). In
addition, it has been further demonstrated (Sakk (2002)) that P>(r, m) codes over GF(2) are
equivalent to RM(r, m) codes with minimum distance d,,,;;, = 2™~". These observations have
been extended where it has been demonstrated that P, (r, 1) codes over GF(p) are equivalent
to generalized Reed-Muller codes (GRM) codes (Sakk (2002)).

To place this class of codes in the same context as that outlined in Section 3.1, we must
show how to introduce zeros into the message vector, apply the Pascal matrix as the linear
transformation and, based upon this transformation, introduce a convolution theorem. From
the definition above, a given code is specified by choosing p, m and a value of 0 < r <
m(p —1). The code vector length then becomes n = p™; and, for this class of codes, a given
value of r defines the length k of the message. The rest of the n — k components of y must be
set to zero in a systematic way that leads to the minimum distance property of the code.

Example 4.9. Consider Py in Example 4.2 (hence, n = 23 = 8) and a message vector u =
(Mo, M1, -, My) and let s be the number of consecutive zeros in the vector u for a given value of
r:

r=0(dpyn=8): s=7  u=(uo, 0,0,0,0,0,0,0) (k=1)
rzl(dmm:4) s=3 V:(VO/ Hi, M2, 0, H4, 0,0, 0) (k:4>
r=2(dpin=2): s=1 p=(po, p1, 42, 43, Ha, s, s, 0) (k=7)
r=3dyin=1): s=0pu= (4o, ¥1, K2, U3, 4, M5, He, #7) (k=38)

Example 4.10. Consider Py in Example 4.3 (hence, n = 3> = 9) and a message vector y =
(Mo, M1, ..., Ms) and let s be the number of consecutive zeros in the vector u for a given value of
r:

r=0( 9): s=8 #=(po, 0,0,0,0,0,0,0,0) (k=1)
r=1( 6): s=5  u=(po, 11,0, u3,0,0,0,0,0) (k=3)
r=2(dpin =3): s=2 p=(po, p1, P2, 3, pa, 0, ps, 0, 0)  (k=6)
r=3( 2): s=1 p=(po, p1, M2, U3, P4, V5, Mo, 7, 0) (k=8)
r=4( 1): s=0p=(no, p1, M2, 13, P4, U5, e, M7, pg) (kK =9)

In the above examples, d,,,;;, is shown in parentheses for each value of r; furthermore, observe
that d,,,;,, = s + 1. Recalling for a moment the GFFT approach to Reed-Solomon code design,
the minimum distance of a code where the message vector has n — k consecutive zeros can
be shown to be d,,,;;, = n — k + 1 (Blahut (2003); Wicker (1994)). It is apparent that, by using
a Pascal matrix as the transform, a result similar to that of the GFFT can be ascertained. The
major difference is that, for Reed-Solomon codes, the string of zeros must occur at the end of
the message vector before applying the GFFT to create C. For P(r,m), in addition to the string
of consecutive zeros, based upon the structure of Pym, zeros must also be dispersed in other
positions within y to form code vectors C = puPyn.
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238 Fourier Transform Applications

5. Extensions of the Fourier convolution theorem over finite fields

The convolution operation involves relating the componentwise product of two vectors in
one domain to the convolution of their transforms (Blahut & Burrus (1991)). Many linear
transforms have well-defined convolution operations. For instance, the Hadamard transform
yields the so-called logical or ‘dyadic” convolution operation (Ahmed et al. (1973); Dodd
(2003); Robinson (1972)). In this chapter, we develop extensions of the convolution theorem
that can be used to reveal useful properties of other classes of codes. As an example, we
demonstrate how the GFFT approach can be applied to describe generalized Reed-Muller
codes (Blahut (2003)).

To begin the formulation, we consider the componentwise product ; = p;A; of two vectors
= (po ... hy—1) and A = (Ag ... A,,_1). Furthermore, we consider matrix transforms such that
C = uPyn and A = APy or, equivalently, y = CQ,» and A = AQ,n» where (Pyn) ™! = Qpn.
(here, "u’ denotes the message vector and 'C” denotes the code vector). We demonstrate a
formulation analogous to the convolution operation that describes y = I'Qpm:

n—1

ri = 2 'Y]P]z mod p i = 0,1, ..,n—-1

=0
n—1

— (Plj)\j)Pji mod p
j=0
n—1 n—1

=Y (Y Axqij)pji mod p (17)
j=0 k=0
n—1 n—1

= Y Al Y pjdipji) mod p
k=0  j=0
n—1

AkTi,k mod p = O, 1, ey N — 1

T
(e}

where n = p™.

Notice that if we are dealing with familiar spectral transforms such as the Fourier or the
Hadamard transform (where P denotes the forward transform and Q denotes the inverse
transform), T; takes on a simple form. This is because the product g;pj; in 27:_01 HidkiPji
reduces to a term that enables us to take the transform of y as Cy(; ) = %(Z;’;()l HiPif(ik))-
For the case of the Fourier transform f(i, k) =i —kand T;; = C(i—k); as expected, one ends
up with the convolution theorem (Blahut (2003); Wicker (1994)). In the case of a Hadamard
transform, f(i,k) = i & k (wWhere & denotes bit-by-bit addition of the binary expansions of i
and k) and T = C(jqr). Here, the bit-by-bit addition & of the binary expansions of i and k
over GF(2) would result in the dyadic convolution (Ahmed et al. (1973); Robinson (1972)).

For the codes in this presentation, the g;p;; term in the above summation leads to a
convolution theorem that depends on the matrix Py». Furthermore, this theorem can also
be applied to demonstrate how to decode C to recover the message vector u. In Equation (17)

www.intechopen.com



The Fourier Convolution Theorem over Finite Fields:
Extensions of Its Application to Error Control Coding 239

Qkj = (—1)]'_]‘(;;) mod p and pj; = (;) mod p; therefore, the product g;;p;; will not lead to an
expression that readily reduces the inner summation to a single term. To see why, let’s write

out T;  as follows:

Ti = (Tio Tig - Tin—1)

qooPoi q10Poi T q(n—1)0P0i
qo1P1i q11P1i - q(n—1)1P1i
= (Mo p1 - pin—1) : : .
L90(n—1)P(n—1)i Ni(n—-1)P(n—-1)i """ 4(n-1)(n-1)P(n—1)i (18)
[ poi qoo qi0 " 4mn-1)0 |
P1i qo1 qi1 - 4m-1)1
= (po p1 - Pn—1) : . : :
| Pn-1)il [Go(n—1) 91(n—1) " 4(n—1)(n—-1)_
= uD;Qpn

where T denotes the matrix transpose.

Observation 5.1. The components of the vector T; = (T;o Tiq ... Tj ,—1) can be written as a linear
combination of the components of C = (Cp ... C,_1).

Proof: Let
M; = D;Qpn (19)

where D; is defined in Equation (18) and

Aj = QpnM; = QpnD;Qpn

(20)
= Mi = Ppm Ai-
Then,
Combining this result with Equation (17) we conclude
n—1
Ii=)Y ATy modp i=0,1,..,n—1
k=0 (22)

n—1
=) A(CA)y modp i=0,1,.,n-1
k=0

So, instead of T;; reducing to one single component of the vector C (as one might expect
from a typical convolution operation), the Pascal convolution requires a linear combination of
the components of C. Although this operation is slightly more complicated than the Fourier
approach, the identity in Equation (8) does induce a simplification.

Observation 5.2. (Symbolic Computation of Pascal Convolution)
For the 1st order case where n = pand i = 0, .., p — 1, using Equation (19) let ]\7[,- = M,
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240 Fourier Transform Applications

using Equation (18) let D; = D; and let A; = QpMi. Then, for any 0 < j < p™ — 1 where
j=jop’ + jipt + e+ jmo1p™ L and Aj = QpnM;,

PR p— . T
where M; = D]me.
Proof: The statement is clearly true for the first order case m = 1 since j = jy. By induction
letj = jop® +jip* + ... + jm_1p™ ! and assume that
D;=D;, , ®..®@Dj ®Dj

where 0 < jy < p—1foral k = 0, .., m—1. Consider any i = jopo + ..+
jm—1p" "1 + jmp™ and apply Equation (18) along with Lucas’ theorem to obtain the
following intermediate result:

D]'m (29 D]'m71®... ® Djo = D]'m ® D]'
&) @
D) )
= . ® .
(") (1)
- e b e (24)
G
(h)
L (ﬁ"’ll—l)_
=D

Therefore, D; = D]-mfl ®.Q Djl ® Djo is true. Next, successively apply the identity (AC) ®
(BD) = (A® B)(C ® D) to obtain:

N

M, , ® .. @ M;, @ Mj, = (D, ,Qp) ®..@ (D;,Q) ® (D;,Q))
=(D;, ,®..9D;, ®D;)(QF ® QT ®..® Q)
= DjQpr
= M;

Finally, we arrive at the desired conclusion

(Aj, ,®.. @A @A) =(QpM;, ) ®..® (QpM,) ® (QpM;,)
= (Q®Qp®..Qp) (M, , ®..0 M ® M)
= QprM;
= A;.
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Observation 5.2 tells us that, in order to calculate T] = CAj for arbitrary n = p™, one need
only calculate Ai fori =0, ..., p —1and then take successive Kronecker products. The initial
set of A; fori =0, ..., p — 1 can easily be calculated by referring back to Equation (20) where

A; = QpM; = QpD;Q}.
An interesting property concerning the A; is that the sum

pm 1 pm -1

Y A=Y QbQ]
i=0 i=0

(where the sum is taken mod p) is a matrix of ones. This follows from two observations. First,
from the definition of D; in Equation (18), Zfzo_ ! D; is a matrix whose (p™ —1,p™ — 1) entry

is one and all other entries are zero. Second, it can also be demonstrated that the last column
of Qpn must be a column of ones. Therefore, Q, Zf:(; ! Dng = Ef:(; ! A; is a matrix of ones.

Example 5.3. For p = 2, the 1st order case n = p gives i = 0,1, hence, over GF(2),

11 11
B o] er=m=lo)

R X 117 [10][10 10
Ao = QpDoQy = [o 1} {oo] [1 1} - {00}

A A 11110} (10 01
_ T _ _
A =QDiQp = [01] {01] [11] - L 1}
From Observation 5.2, to obtain the Aj forn = pz and j = 0,1,2,3, one need only take successive
Kronecker products as:

we calculate

100 0] 01007
o= hodo= 1000, - hod=|1200)
10000 10000
[0010T] (00017
mhiodo= 2999 as-ho ki 01
10000 11111]

As expected, the A; are symmetric matrices. Also, notice, as mentioned above, that Zf’:ﬂo_ ! Ajisa
matrix of ones. For the case where n = p?, let us now apply Observation 5.1 to calculate the Pascal
convolution of the vectors C = (Co, Cq, Ca, C3) and A = (Ao, A1, Ay, A3). Using Equation (22), we
have:

o =AoCo+ A1(0)  +  A(0) + A3(0)
I =ACr + A1 (Co+Cp) + A(0) + A3(0) (25)
I =AgCo +  A(0) + A(Co+Cp) + A3(0)

I3 = AgCs + A1(Ca+C3) + Ax(Cq +C3) + A3(Co+ Cq + Co + Cs).
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242 Fourier Transform Applications

To close this section, we draw some immediate conclusions from Equation (25):

* Because of the Kronecker product, a good deal of self-similar structure can be observed in
the resulting vector I'. For instance, the coefficients of the A; can be computed by iteration
starting with the initial 'seed” generated by Agand A;. As an example, the coefficient of
A7 in T'; can be computed by adding the coefficient of Ag in I'y to the coefficient of Ag in
I'1. The coefficients of Ay and Az in I'; and I's can be computed by adding the coefficients
of Ag and A7 in I’y and I'y to the coefficients of Ay and A7 in I'; and I's, and so on.

* Looking at the result columnwise, the set of coefficients associated with a given A; appear
to be the checksums for an R(7, 2) binary Reed-Muller code (MacWilliams & Sloane, 1977,
p-385-388), (Wicker, 1994, p.155-165)). As pointed out in the next section, although this
observation is true for the binary case, an orthogonal set of checksums for p > 2 will not
come about by this method. It is the dual of the Pascal convolution that will lead to the
decoding of GRM codes.

6. Majority logic decoding using Pascal convolution

GRM codes fall into a larger category of codes known as Euclidean geometry codes (Blahut
(2003); Lin & Costello (1983); MacWilliams & Sloane (1977); Wicker (1994)) where it is
well-known that a technique known as 'majority logic decoding” (MLD) can be used to
recover the message vector. Based upon statements made in Section 4, it should be clear
that Pascal codes are also MLD. However, the role played by the Pascal convolution in the
decoding strategy is worthy of mention. As pointed out in the conclusions of Example 5.3, the
checksums of a majority logic decoding (MLD) scheme for GRM codes can be derived using
the dual of the convolution relation derived above. We now demonstrate this observation
more clearly.

Because of the similar forms of Pyn and Qp» the dual convolution relation is easily derived
from the inverse transform. Consider the componentwise product I'; = C;A; of two vectors
where C = pPyn and A = APpm:

n—1
yizzquj,- modp i:O,l,...,n—l
0

]:

n—1
= )_(GiAj)gji mod p
=0
n—1 n—1
= Y Gi( Y Akprj)gji mod p (26)
=0 k=0
n—1

n—1
A(Y_ Cipijgji) mod p
=0

T
_ O

3
I

Aksi,k mod p i = O, 1, ey N — 1

T
(@)
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where n = p™. Similar to Equation (18), one can also show that

i = (5i05i1 - Sin—1)

(27)
= CAPy
which can also be written as
si = UPp APy (28)
where A; is a diagonal matrix with elements (qo; q1; - ‘7(n—1)z‘) along its diagonal.
Furthermore, if we define
B, = ppmAipgm (29)

then results similar to Observations 5.1 and 5.2 can also be demonstrated. However, in
proving the dual of Observation 5.2 there is one difference be aware of. Since g;; = (—1)""/ (;),

the Kronecker product in the dual of Equation (24) will contain extra factors of (—1)"~/. To
achieve the equality A; = A]-m_l ®..® Ah ® A]-O where j = jop® +j1pl + . + jm_1p™ ! the
following identity will be required:

(_1)k = (—1)k0p0+klpl+...+km71p77171
= (—1)k0((_1)p)k1((_1>p
— (~1)Thath

for any 0 < k < p™ — 1 where we have applied a? = a for any a € GF(p). Then, following
the proof of Observation 5.2, it is straightforward to show that for any 0 < j < p™ — 1 where

j=jor® +apt 4 A jmerp™ L,

Bj = Bjmq X...® le ® Bjo (30)
where
D A T
B]-k = PpA]-ka.

In Section 4, we explained that the form of message vectors when applying P,» as the
transformation where the message vector 1 = (pg, ..., ppm_1) should have all components
uj = 0if wy(j) > r (see Examples 4.9 and 4.10). To see how this formulation can lead to a
decoding scheme, let us examine the case where p = 2, m = 2andr = 1 (ie. -a 15t order
binary Reed-Muller code of length 4). Consider first using Equations (26) and (27) to calculate
Pascal convolution of the vectors u = (po, 1, pio, #3) and A = (Ag, A1, Ap, A3):

00: 9= AoCo + A1(0) + A2(0) + A3(0)
01: 791 =A(Co+Cy) + MG+ A2(0) 4 A3(0)
100 12=2(Co+C)+ M) + MG  +A3(0)
11: 93 = Ao(ECi) + M(Cr+C3) + A2(C2+C3) + A3C3

(31)

www.intechopen.com



244 Fourier Transform Applications

where the binary expansion of the o index has been explicitly written out at the beginning of
each row. Next, consider Equations (26) and (28) to calculate the same convolution:

00: 70 =Aopo+ AM(O0) + X200 +  A3(0)
01: 71 =Aop1 + M(po+p) + 1200  +  A3(0)
10 : Y2 = )\0“1/[2 -+ /\1 (0) -+ )\2(‘1/[0 -+ ]/12) -+ )Lg(O)
11 y3 = Aopz + A1(po + ps) + Ao(ur +pa) + As(To i)

Since, for P»(1,2), 1 = (po, 1, p2, 0), this set of equations can be simplified as

00: 790= Aogpo + A1(0)  +  A(0)  + A3(0)
01: 97 =Xop1 +A(po+m) + A0  + A3(0) (32)
10: 72 = Aopa +  A1(0)  + Ao(po +p2) + A3(0)

11: 93 = /\0(0) + AL’MZ + A211 + /\3(}10 +u + }42)

Equations (31) and (32) must hold for any vector A. Therefore, for a specific y;, we can equate
the coefficients of the A; in Equation (31) with those in Equation (32). So, for example, we end
with the result that

Hy = Cop+C

Hp =C1 +GCs
and

m =Co+C

1 = C + GCs.

For this first order r = 1 code, we can generate a set of checksums using a simple algorithm.
Start at an index i of 7y such that w, (i) = 1 and equate Equations (31) and (32) along a diagonal
path in order to ‘collect” all checksum equations associated associated with ;. For example,
the bold symbols in Equation (32) generate the checksums for ;. It turns out that these
diagonal equations actually generate what are known as the ‘incidence vectors” of the MLD
strategy (Blahut (2003); MacWilliams & Sloane (1977); Wicker (1994)).

We now provide an algorithm for GF(p) to show how the Pascal convolution approach is
equivalent to a typical MLD using finite Euclidean geometry ((Wicker, 1994, p.155-165)).
The interesting aspect of this algorithm is that the Pascal convolution generates the correct
checksums for any GF(p). Consider a Py(r,m) code where C = pPyn such that p; = 0 if

wy(j) >

(0) Letj=r.

(1) LetS; be the set of indices i such that wp (i) = j.
(2) Apply Equation (27) to calculate .

(3) Apply Equation (28) to calculate 7y (these equations will simplify based upon which of
the y; are zero).
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(4) For each i € §;, start at A associated with ; and construct checksum equations by
equating the result in Step (2) with that of Step (3) along a diagonal path (i.e. - starting at
k=0, choose the coefficient of A associated with ;).

(5) Fori € §j, create estimates ji; by a majority logic decision on the checksums.
6) j=j—1.1fj <O, stop.

(7) Remove the estimated components as:

@]
I

Py

o
Il

(8) Adjust u to reflect the change in step (7) as follows. Construct a new vector fi where
fi; = p;iifi € Sj and fi; = 0 otherwise. Then let

p=pu—f.
9) LetC = Cand u = fi and go to Step (1).

As with typical MLD schemes, this algorithm starts with the highest order r to obtain estimates
of the code vector components and then successively estimates the lower order components.

Example 6.1. Let p = 3, m = 2 and r = 2. Consider decoding a P5(2,2) code. From Example 4.10,

u = (po, M1, w2, 43, ta, 0, pe, 0, 0).

Also, we know that P3(2,2) has d,;,, = 3 implying that we can correct a single error. Therefore, we
expect that the MLD equations should have at least three checksums.

(0) Start with j = 2.
(1) Let Sp = {2,4,6} (i.e. -i =iy + i1p such that w3 (i) = 2).
(2,3,4) Rather than write out the equations for 7y;, we summarize by equating the results of step (2)
and step (3):
M2 =Cotc1+e
i=2: M2 =C3+C4+0C5
M2 =Ce +C7+cCs

Mg =co+2c1+2c3+¢cq
21y = 2¢1 + ¢ + ¢4 + 2c5

P=4: 2uy = 2¢3 + ¢4 + g + 2c7
Mg = C4 + 205 +2c7 + ¢y

He = €0+ 3+ Ce

i=6: He = C1+ 4+ 07

e = C2 +C5+Cg
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After estimating the message components dictated by Sy (step (5)), remove the code estimates from
C (step (7)) and begin work on Sy where now (step(8)) y; = 0 if wy(i) > 1. For Sy, we have the
checksums:

M1 = 2co +c1
211 = c1 + 20
U1 = 2c3 +cq
P=1 211 = ¢4 + 2c5
U1 = 2c6 +c7
2p1 = c7 + 2cq
M3 = 2co+c3
p3 =2c1+cy
Uz = 2cp +cs5
1=3:
2u3 = c3 + 2c6
213 = ¢4 +2c7
2u3 = c5 + 2cg

After estimating the message components dictated by Sq, once again, remove the code estimates from
C and begin work on Sq where now p; = 0 if wy (i) > 0. At this stage, with all other components of
u = 0 except pg, we are left with y = C (i.e. - nine estimate of the check on ).

7. Conclusions

When considering the design of error control codes, it is interesting to look for guiding
principles that can account for whole classes of codes. In this presentation, we have shown
how the GFFT convolution approach to Reed-Solomon codes can be extended to other classes
of codes such as generalized Reed-Muller codes.

Code Convolution Principle| Decoding Strategy
Reed-Solomon GFFT-based iterative
GRM generalized iterative

Table 1. Comparison of Fourier and generalized convolution techniques.

Instead of applying a Fourier matrix to encode the message, we have applied a Pascal matrix
and extended the convolution theorem over finite fields. In doing so, we have observed
that this formulation leads to the well-known majority logic decoding algorithm. Additional
investigations have also considered codes in the context of the wavelet transform (Sakk
& Wicker (2003)). The block codes addressed in this chapter have been shown to lend
themselves to graph-based iterative decoding strategies (see Table 1). The results derived
above suggest that the generalized convolution approach is useful for understanding the
systematic introduction of redundancy for the sake of error control.
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