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1. Introduction

In recent years, numerous researchers have investigated parallel manipulators and many
studies have been done on the kinematics or dynamics analysis. Parallel manipulators has
been only mentioned in several books, as in (Merlet, 2006; Ceccarelli, 2004, Kong, &
Gosselin, 2007; Glazunov, et al.,, 1991). Reference (Gosselin, & Angeles, 1990) has
established singularity criteria based on Jacobian matrices when describing the various
types of singularity. Then, in (Glazunov, et al. 1990) proposed other singularity criteria for
consideration of these problems the screw theory based on the approach of the screw
calculus, as in (Dimentberg, 1965). Those criteria are determined by the constraints imposed
by the kinematic chains, as in (Angeles, 2004; Kraynev, & Glazunov, 1991), taking into
account some problems the Pliicker coordinates of constraint wrenches can be applied in
(Glazunov, 2006; Glazunov, et al. 1999, 2007, 2009; Thanh, et al. 2009, 2010a).

Dynamical decoupling allows increasing the accuracy for the parallel manipulators
presented as in (Glazunov, & Kraynev, 2006; Glazunov, & Thanh, 2008). It is necessary to
develop optimal structure have combined (Thanh, et al. 2008), as well as algorithms and
multi-criteria optimization (Statnikov, 1999; Thanh, et al. 2010b) obtaining the Pareto set. It
is very important to taking into account possible singularity configurations, to find out how
they influence the characteristics of constraints restricting working space (Bonev, et al. 2003;
Huang, 2004; Arakelian, et al. 2007).

The trend towards highly rapid manipulators due to the demand for greater working
volume, dexterity, and stiffness has motivated research and development of new types of
parallel manipulator (Merlet, 1991). This paper is focused the constraints and criteria
existing in known parallel manipulators in form of a parallel manipulator with linear
actuators located on the base.

2. Kinematic of parallel manipulator

In this section, let us consider a 6-DOF parallel manipulator with actuators situated on the
base. The mechanical architecture of the considered robot is illustrated in Fig. 1.
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360 Serial and Parallel Robot Manipulators — Kinematics, Dynamics, Control and Optimization

Fig. 1. Parallel manipulator with linear actuators located on the base

The parallel manipulator as seen in Fig. 1 is composed of a mobile platform connected to a
fixed base via six kinematic sub-chains (legs) comprising of one prismatic, one universal and
one spherical pair (PUS pairs). Parameters of design of the platform and the base form an
irregular hexagon positioned in the (x-y) plane. A;, B; (i=1,...,6) are coordinates of the points
of the mobile platform (the output link) and of the base respectively. The points A;A3A5 and
A2A4As make form equilateral triangles, the angle g, determines their location and R, is the
radius of the circumscribed circle (Fig. 2, a). Similarly, the angle y, and the radius Ry
determines the location of the equilateral triangles B1B3Bs and B,B4Bs located on the base. Let
the distance between the centers of the universal and spherical pairs A; and C; of the i-th leg
be I;. In addition, the generalized coordinates, which are equal to the distance between the
points B; and C; are designated 0;. The radius-vectors of the points A; and C; are ri(xai, Yai, zai)
and si(xc;, yci, zci) respectively (i=1,...,6). We could note that the coordinates of the points B;
and C; are xci=xsi, Yci=Yysi, zci=0;.

2
|l

Fig. 2. Parametrical and geometrical design of parallel manipulator
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Singularity Analysis, Constraint Wrenches and Optimal Design of Parallel Manipulators 361

With this approach, the linear actuators can be firmly fixed on the base to reduce high
acceleration movements because the power is not used to move heavy actuators but
lightweight links. However, the obstacle is a smaller working space in comparison with a
Stewart platform, due to the movement of the linear actuators. Moreover, forces acting on
the actuator have a perpendicular component, whereas forces exerted upon Stewart
actuators have a longitudinal component.

Let us consider an inverse kinematic problem of position of parallel manipulators, which
has characteristic relation between the numbers of chains. The manipulator with six
kinematic chains offers convenience in optimization of working space in terms of decreased
rigidity and load-bearing capacity.

Likewise, the generalized coordinates of the i-th segment (the length) which are equal to the
distance between the points A; and B;, can be expressed as:

fi= \/(xAi _xBi)2 +(Yai _sz')2 +(z4 —ZBi)2 ,i=1,..,6 1)

By geometrical method, the distance between the points C; and C’; (Fig. 2, b):

gi=y(fi) = (za)*,i=1,..,6 2)

when the length of the link /; is known, the distance between the points A; and C’; (Fig. 2, b):

2 2
hi = ()" —(8) €
We could obtain the generalized coordinate 0; (Fig. 2, c) as follows:
0 = zai = hy 4)

It is the solution of the inverse kinematic problem. The inverse kinematics for parallel
manipulator can be formulated to determine the required actuator heights for a given pose
of the mobile platform with respect to the base. The pose consists of both position and
orientation in the Cartesian system. Actuators are considered to act linearly in the vertical
direction, parallel to the z-axis, in order to simplify the mathematics, although that needs not
be the case.

3. Multi-criteria optimization

Influence of singularities on parameters of the working space of the parallel manipulator is a
significant factor worth investigating. In these singularity configurations, the system is out
of control and that greatly affects its functionality. It is necessary to determine the extent of
the lack of control to see how that affects the parameters of the working space. These
singularity configurations also affect the optimization results.

The constraint wrenches of zero pitch acting to the output link from the legs are located
along the unit screws: Ei=e;+ ye0;, (i=1,...,6) where ¢; is the unit vector directed along the axis
of the line G;A; of the corresponding leg, y is the Clifford factor, y2=0 (for a vector, e; e=0). E;
consists of the unit vector e; and its moment e?;=s;xe; corresponding with eoy; = scyieczi - scziecyi;
€0y = SCzi€Cxi - SCxi€Czi; €%i = SCxi€Cyi - Scyiecxi and can be expressed by Pliicker coordinates E; = (x;,
Vi, Zi, x%, 1%, z¢). These coordinates make form the 6x 6 matrix (E):
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Optimization of parameters of the parallel manipulator with linear actuators located on the
base is considered. Let us take in account three criteria: working volume, dexterity and
stiffness of parallel manipulator. The first criterion N, is the quantity of the reachable points
of the centre of the mobile platform. The second criterion N, is the average quantity of
orientations of the mobile platform in each reachable point. The third criterion D, is the
average module of the determinant |det(E)| in each configuration. Determinant | det(E) |
constructed from coordinate axes of the drive kinematic couples is used as a third criterion
of optimization. Since the value of this criterion is related to one of the important
characteristics of the manipulator - its stiffness or load capacity. If determinant are more
qualifiers, then the manipulator away from the singularity configuration and the stiffness of
the above.

Let us consider optimization of the parameters of the manipulator for different values of the
criterion of proximity to singular configurations, as well as the influence of this criterion in
the optimization results. We set up four coefficients H1, H2, H3 and H4 expressed four
parameters of optimization. The coefficient H1 characterizes the length I = I; of the links A;C;
(i=1,...,6) (in Fig. 2, b). The coefficient H2 characterizes the angle y, (Fig. 2, a) determining
the location of the triangles A;A3As and A>A4A6 of the mobile platform. The coefficient H3
characterizes the angle y;, determining the location of the triangles B:B3Bs and B;B4Be on the
base. Moreover, the coefficient H4 characterizes the relation between the radius R, and the
radius Ry of the circumscribe circles of the platform and of the base respectively.

The algorithm of determination of the Pareto-optimal solutions can be presented as follows:

Step 1. Establish the limits of the parameters of optimization.

Himin < Hp < Hlmux/ Homin < Hp < HZmax/ Hipmin < Hz < HSmax/ Huypin < Hg < Hapgs. The number
of steps of scanning in the space of parameters is 1,. The limits of the scanned Cartesian
coordinates of the centre of the moving platform and the limits of the scanned
orientation angles of this platform in interval are Xuin < X < Xinax, Ymin £ Y < Ymazy Zmin < 2 <
Zmax, Cmin < XS Omaxy Priin < PS Prax, ¥ omin SV < ¥ max- As well as the number 7, of steps of
scanning in the space of these coordinates and the limitation of changing of the
generalized coordinates Oin < 0; < 0; ax (i=1,...,6). The limit of the determinant | det(E) |
> e. At this step assume i=0, by this the parameters are Hig = Himin, H20 = Homin, H30 =
HSmin/ H4O = H4min/ Np = Nc = De= 0.

Step 2. Determine the values of the criteria for all the values of the parameters.

2.1. Determine the parameters Hy;, ..., Ha, assume j=0, by this xo = Xmin, Y0 = Ymin, Z0 =
Zmin, 00 = Omin, BO = Bmin/ YO = Ymin-

2.2. Determine 6; (i=1,...,6) and |det(E)|; if all the 6; min < 6 < 6; max (i=1,...,6) and
| det(E) | = e then Nc= N+ 1, De = De+ | det(E) | ; if x; # Xj1 or yj # yj1 or z; # z.1 then N, =
Np+ 1.
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2.3.j=j+1,if j < n. then go back to 2.2.
2.4. Determine the criteria Npi= Np , Dei= De / N¢, Nei= N¢ / Np; assume N = N = De= 0.
2.5.i=1i+1, if i < n, then go back to 2.1.

Step 3. Determine the Pareto-optimal solutions (matrix (Par)).

3.1. Assume i= 1, (by this Np;= Np1, Dei= De1, Nei= Ne), k= 0.

3.2. Determine Ny;, D.;, N; assume j= 1, the criteria of optimal solution K1=1, K2=0.

3.3. Determine Ny, Dej, Ngj; if Npi > Npj or Dei> Dgj or N> Ngj then K2=1; if Npi= Ny and
Dei= Dej and Ng4= ch then K2=1.

3.4. If K2#1 then K1=0; K2=0; j=j+1; if j < n, then go back to 3.3.

3.5.If KI =1thenk =k + 1, Pary= Hy,, ..., Para= N, i=i+1; if i < n, then go back to 3.2.

Singularity of the manipulator is determined by closeness to zero of determinant of matrix
(E) of Pliicker coordinates of unit wrenches. Let us fix certain value £>0 as a criterion of
singularity (the manipulator is in singular position if |det(E)|<é¢). If &=0 then the
construction of the working space of the manipulator shows that the same results we can get
without singularity constraint. Giving various values of the criterion of the singularity, we
can get interval of the determinant of matrix (E).

Further, analysis influences of the criterion of singularity ¢, | det(E) |<e on the value of the
working volume. With the value of the criterion of singularity is equal to £=0.01 there exist
81 available solutions, but only 8 of them are Pareto-optimal. By the condition of the
criterion of singularity is equal to €=0.01 and the condition =0, there Pareto-optimal set
consists of 6 and 29 solutions correspondingly. Therefore, the value of ¢ influences on the
results of optimization.

Value of the criterion that determines the proximity to singular configurations is equal to
zero, we can assume that the constraints associated with the singularity in general, are not
imposed in the analysis of each specific configuration. However, the criterion for
determining the load capacity occurs. As a result, the number of Pareto-optimal variants
varies very much. Here, 29 variants satisfy the conditions of Pareto set.

Limiting possible module of a determinant of matrix (E) to singularity configurations changes
the Pliicker coordinates of the wrenches transmitted on the output link. Methodology for
analyzing the singularities on optimization appearing in the parallel manipulator and their
impact in the working space is proposed. The practical significance from the fact is the results
obtained in this work increase the effectiveness of design automation.

4. Twist inside singularity

The approach based on matrix (E) consisting of the Pliicker coordinates of the constraint
wrenches allows determining the twists of the platform inside singularity (Glazunov, 2006).
Let us consider the increases of the Pliicker coordinates of the unit screws E; after an
infinitesimal displacement $ = (dp, dr) = (dry, dr., dry, de., de, de.)T of the platform
corresponding to displacement dr; = (dxai, dyai, dza;,)T of the point A; of the manipulator
presented on the Fig. 1.

dx p; = dry +dp,z i — AP,y a;,
dy p; = dry +dp.xa; — Aoz, (6)
dzp; = dr, + Aoy a; — doyx p;
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The generalized coordinate after mentioned infinitesimal displacement (dx;, dy;, dz;) is:

O; +d0; = zp; +dzp; — \/li2 —(xpi +dxp; X )2 ~(Yai +dyai — yCi)2 (7)

After transformations the increase of the generalized coordinate is:

[(xAz' — X )dx p; + (]/Az' —Yci ) dy ;i +(24; — 2ci) dZAi:'

do; = (8)
(zai —2ci)
The unit screw E; can be rewritten as E;+dE; or as ej+de; and e + de;
Using (6), (7), and (8) the coordinates of the de; and de’; can be expressed as:
ox; ox; ox; ox; ox; ox;
dx; = id(px +id(pv +id¢z +idrx +idry +idrz
oo, dp, ° Og, or, or, or,
................................................................................ )
oz} oz] oz} oz! oz} oz}
dz = Zi do, ! P, + %4 , + Zi dr, + Zi dr, + i dr,
0p, op, 0o, or, ar, or,
where
O g O _Zai 06 _ Yai O _ 1o _ 0y
o, op, Il O, i ~or, I or or,
(Vi —2Vci)zai
o (Yai _yCi){ : SR Yai |+ Zcizai
ox; (zai — 2zci)
awx li
(xai —%ci)(2Yci = Yai)2ai
0 ~x; (i ~Yci)
ox; (zai — 2ci)
a(ﬂy li
[(yAi —Yai )xAi —(xa; — % )]/Ai:|(2]/Ci —Yai )
. ~XAiZCi
ox; (zai —2ci)
a¢’z li ,
(yAi “Yai )(2?/(21' - yAi) _
0 _ 2y — 0 B Z¢Ci
oxj _ (xai —%ci)(2¥ci = Yai) oxj _ (zai —2ci)
8rx (ZAi - ch' )ll a?’y li

o _(ai¥ai) ;g

or I

z 1

Other partial derivatives also can be obtained from Egs. (6), (7), and (8).

By means of the properties of linear decomposition of determinants d[det(E)] can be
obtained as the sum of 36 determinants (Glazunov, 2006). From this, d[det(E)] can be
presented as:
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_ 0[det(E)] . o[ det(E)] . d[det(E)] .
opdp,  Opdp,  Opdp,

N o[ det(E)] . o[ det(E)] . o[ det(E)]
or,dr, Or, dr, or,dr,

d[det(E)]
(10)

Using (10) the criterion of the singularity locus can be presented as d[det(E)]=0. This
condition imposes only one constraint. Therefore, there exist five twists of motions of the
platform inside singularity.

For example, let us obtain five inside singularity of manipulator. Set up the coordinates of
the vectors be 1; are r1(-1, 0, 4), r2(-0.5, 1, 4), r3(0.5, 1, 4), r4(1, 0, 4), r5(0.5, -1, 4), 1¢(-0.5, -1, 4); si
are s1(-1.5, 0, 0.866), s»(-1, 1.5, 0.707), s3(1, 1.5, 0.707), s4(1.5, 0, 0.866), s5(1, -1.5, 0.707), se(-1, -
1.5, 0.707). From here, we can see the generalized coordinates as (0.136, 0.305, 0.305, 0.136,
0.305, 0.305). Matrix (E) is determined as:

0.158 0 0988 0 1.618 0
0.148 -0.148 0.978 1.572 1.083 -0.074
—-0.148 -0.148 0.978 1.572 -1.083 0.074
-0.158 0 0988 0 -1.618 O
-0.148 0.148 0.978 -1.572 -1.083 -0.074
0.148 0.148 0978 —1.572 1.083 0.074

The determinant consisting of the Pliicker coordinates of the unit screws is det(E) = 0. Their
partial derivatives are:

oldet(E)] _ oy Oldet(B)] _ o[det(E)] _
or, o ar, ’ or, ’

o[det(E)] _ 0 o[det(E)] _ 0.002 o[det(E)] _ 0
o9, o, s

Using the approach presented above, we find five independent twists inside singularity:
$1(1,0,0,0,0,0), $2(0,0,1, 0,0, 0), $3(0, 0, 0, 0, 1, 0), $4(0, 0, 0, 0, 0, 1), $5(0, 4.433, 0, 1, 0, 0). The
twist-gradient is calculated to be $(-0.02, 0, 0, 0, 0.002, 0). This twist-gradient is practically
important as it offers the highest speed.

5. Dynamical decoupling

In this section, let we consider the reduction of the dynamical coupling of the motors of the
parallel manipulator with linear actuators located on the base. The basic idea is to represent
the kinetic energy as the quadratic polynomial including only the squares of the generalized
velocities (Glazunov, & Kraynev, 2006). The kinetic energy can be expressed by means of the
matrix (E).

Let m be the mass and |, |, J. be the inertia moments of the platform. Assuming that the
mass of the platform is much more than the masses of the legs and using the Egs. (6)-(8), the
kinetic energy T can be expressed as follows (Dimentberg, 1965; Kraynev, & Glazunov,
1991):
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6 2 /6 2 6 2
=5 (ZP?Q‘GI‘J +[Zq:’)@cﬁ] +(Zrio‘9iGiiJ +
i-1 i-1 i-1

2 ] 2 2
]x (ZPz'anJ +_(2q10GzzJ +_(279G11}

i=1 i=1 i=1

(11)

where 91’ are the generalized velocities, p;, g;, 1i, p, g%, r° are the components of the matrix
(E)-1, Gj; are the components of the diagonal matrix (G) (i=1,...,6).
The Lagrange equation of motion for a parallel manipulator can be written as:

d(oT) oT
i e ) 12
dt[aﬁij a6, Qi 12

where Q; are the generalized forces (i=1,...,6).

The dynamical coupling can be determined using the Eq. (11). The expression of each
generalized force comprises all other generalized velocities and accelerations. In order to
reduce the dynamical coupling we represent the kinetic energy as follows:

. 2
Z(pfeicii) +2 2 Pi p?GGue]GJJ +
i=1 i=1,j=1,i#j

6 6
N 7 Oelcn) +2 Y r6G6G;
i=1 i:l,j:l,z;t]

6 6
+] {Z(Pz i zz) +2 2 plp]QZGlZHJG]]] (13)

2 i=1 i=1,j=1,i#j

A 2 ’
bt z(rac) +2 Y 176G0,G;

i=1 i=1,j=1,i#]

According to the Eq. (13) dynamical decoupling can be satisfied if the columns of the
following matrix (D) are orthogonal:

piGuNm . . . . peGeeNm
71Gn Smo 76Ges Jm
WGyNm . . .. 1iGgNm
PGl - - - PGesiTx
mGuyly - - -+ 46GesyTy
1nGqq \/E N e \/E

(D)=

www.intechopen.com



Singularity Analysis, Constraint Wrenches and Optimal Design of Parallel Manipulators 367

Jm 0 0 0 0 0
0 Yym 0 0 0 0
o= | 00 (E)" ()
o 0 0 J, 0 o0
0 0 0 0 J, O
0 0 0 0 o0 4,

(D)=(M)(E)" (G) (14)

Let the axes of the links A;C; be parallel to the axes of the links B;C; and the matrix (G) is unit
matrix. Then in order to satisfy the condition of orthogonal columns of the matrix (D) the
rows of the inverse matrix (D) = (E)(M)! are to be orthogonal. From this, the following
matrix (E) is proposed:

0 0 1 0 ~JTy/m 0
0 0 -1 0 —\/W 0
E=| 1 0 0 0 0 ~JJ./m (15)
-1 0 0 0 0 ~JJ./m
0 1 0 —JI,/m 0 0
0 -1 0 —JI,/m 0 0

The determinant of the matrix (E) (15) can be written as:

det(E) =8, | Iyl /m3 (16)

The matrix (15) corresponds to the Fig. 3. Here the center of the mass of the platform
coincides with the center of the coordinate system xyz and the axes of the links of the legs

Yo——=
Sy /m

7.

Fig. 3. Parallel manipulator with dynamical decoupling
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are parallel to the main central inertia axes of the platform. The proposed approach can be
applicable for manipulators characterized by small displacements and high speeds.
Moreover, this architecture causes partial kinematic decoupling because if the generalized
coordinates corresponding to the opposite legs are equivalent then the moving platform
keeps constant orientation.

6. Pressure angles

The parallel manipulators have singularity configurations in which there is an uncontrolled
mobility because some of the wrenches acting on the output link are linearly dependent. The
local criterion of singular configurations is the singular matrix of the screw coordinates of
the wrenches, such as:

det(E) = &* (17)

where &* is the preassigned minimal determinant value. The pressure angle of the linear
dependent sub-chain is equal to 72, as a reciprocal twist to five-member group of screws
has a perpendicular moment at about any points of the axis. All stalled actuators but one the
manipulator has DOF=1 and its output link can move along some twist Q = o + yo° (32 = 0)
reciprocal to five-member group of the wrenches corresponding to stalled actuators. We can
find this twist from the reciprocity condition:

mom(Q,R;)=0,i=1,..,5 (18)

In general the six-member group of the unit wrenches of zero parameter R;(;, 1) (i=1,...,6) is
acting on the output link of the such manipulators, determinant composed of the screw
coordinates of these wrenches as given in (5).

The velocity of any point A; (i=1,...,6) of the mobile platform can be found as a twist
moment relative to this point:

VA,‘ =a)0+a)><rAi, i=1,..,6 (19)

where r4;is radius-vectors of the points A;.
The pressure angle ¢; for the stalled actuator i-th of the parallel manipulators (Fig.1) can be
determined as:

L i=1,..6 (20)

a; = arccos| ———— |,
‘VA:' “Fl|

where F; is the force vector on the actuator axis. For normal functions of the manipulator it is
necessary that working space be limited by positions:

a; S(ZKP, i=1,...,6 (21)

where axp is maximum pressure angle is defined by friction coefficient.

The manipulator control system must be provided by algorithm testing the nearness to
singular configurations based on the analysis of singular matrix (5) or on the pressure angle
determination.
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7. Manipulator for external conditions

In Fig. 4, (a, b) the six-DOFs parallel mechanisms and their sub-chain has a parallel
connection of links and actuators are shown in (Glazunov, et al. 1999) which were invented
by (Kraynev, & Glazunov, 1991). Such mechanisms may be utilized to manipulate the
corrosive medium at all actuators that are located out of the working space. Existence of
several sub-chains and many closed loops determine the essential complication of the
mathematical description of these mechanisms. Screw calculus using screw groups is
universal and effective for parallel mechanisms analysis. Here, 1 describes the fixed base, 2
describes the output link and 3 describes the actuators. Addition, A; expresses the spherical
joint center situated on the fixed base; B; expresses the center of the spherical joints
combined with translational; C; expresses the output link spherical joint centers; I, d;
expresses the generalized coordinates and s;, f; expresses the link lengths (i=1,...,6; j=1,..., 3).

Fig. 4. The six-DOFs parallel mechanisms

In general, the wrench axis corresponding to i-th stalled actuator is located in the plane
(AiBiC)), passes through center joint C; and is directed perpendicular to its possible
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displacement. With the mechanisms as in (Fig. 3, a) the components of the wrench R; can be
find as:

1

pla+ Sj_{l +1](ﬂi.b]-) bj

fi \fi i) 4

I

=

= pe 22

where p; - vector defining the wrench axis, a; - vector from point A; to point C;, b; - vector
from point D; to point C;and p - radius vector point C;.
]

Besides, with the mechanism as in (Fig. 4, b) the wrench axis (j=1, ...,3) coincides with
actuator axis. The wrench of the i-th stalled actuator (i=, ...,3) is given as

1 lli.b]‘ b]
Z ai—(Tg) z ri0=,0c].><7i (23)

1"1.:

The present approach may be applied for different types of mechanisms such as sub-chains
with varied actuator connection using spherical pairs.

8. Conclusion

Thus in this paper various criteria of design and singularity analysis of parallel
manipulators are presented. The constraint wrenches imposed to the platform by kinematic
chains is proposed to rely on the screw theory by determinants of matrix consisting of the
Pliicker coordinates of the unit screws. Criteria for design and singularity analysis of
parallel manipulators with linear actuators located on the base are presented. The kinematic
criterion of singularity corresponds to linear dependence of wrenches supporting the mobile
platform; the static criterion corresponds to the limitation of pressure angles. The dynamical
decoupling allows increasing the accuracy, parametrical optimization allows designing the
mechanisms with optimal working volume, dexterity and stiffness, determination of the
twists inside singularity allows finding the differential conditions of singular loci.
Furthermore, the use of screw groups in order to determination of the singular zones of the
multi-DOFs parallel mechanisms that make form of continuous areas and manipulators for
external conditions are expressed.
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