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1. Introduction

Historically, the modifications to standard electrodynamics were introduced for preventing
the appearance of infinite physical quantities in theoretical analysis involving electromagnetic
interactions. For instance, Born-Infeld [1] proposed a model in which the infinite self energy
of point particles (typical of linear electrodynamics) are removed by introducing an upper
limit on the electric field strength and by considering the electron an electrically charged
particle of finite radius. Along this line, other Lagrangians for nonlinear electrodynamics were
proposed by Plebanski, who also showed that Born-Infeld model satisfy physically acceptable
requirements [20], due to its feature of being inspired on the special relativity principles.
Applications and consequences of nonlinear electrodynamics have been extensively studied
in literature, ranging from cosmological and astrophysical models [22] to nonlinear optics,
high power laser technology and plasma physics [25].

In this paper we investigate the polarization of CMB photons if electrodynamics is inherently
nonlinear. We compute the polarization angle of CMB photons propagating in an expanding
Universe, by considering in particular cosmological models with planar symmetry. It is
shown that the polarization does depend on the parameter characterizing the nonlinearity
of electrodynamics, which is thus constrained by making use of the recent data from WMAP
and BOOMERanG (for other models see [26]). It is worth to point out that the effect we are
investigating, i.e. the rotation of the polarization angle as radiation propagates in a planar
geometry, is strictly related to Skrotskii effect [27]. The latter is analogous to Faraday effect
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2 Space Science

obtained for radiation propagating in a magnetic field. The effect on the CMB radiation as
predicted by NLED is polarization circular in nature. This is a unique and very distinctive
feature which can be falsified with the upcoming results to be released by the PLANCK
satellite collaboration.

2. Some Lagrangian formulations of nonlinear electrodynamics

To start with, it is worth to recall that according to quantum electrodynamics (QED: see [7, 8]
for a complete review on NLED and QED) a vacuum has nonlinear properties (Heisenberg &
Euler 1936; Schwinger 1951) which affect the photon propagation. A noticeable advance in
the realization of this theoretical prediction has been provided by [Burke, Field, Horton-Smith
, etal., 1997), who demonstrated experimentally that the inelastic scattering of laser photons
by gamma-rays in a background magnetic ield is definitely a nonlinear phenomenon. The
propagation of photons in NLED has been examined by several authors [Bialynicka-Birula &
Bialynicki-Birula, 1970; Garcia & Plebanski, 1989; Dittrich & Gies, 1998; De Lorenci, Klippert,
Novello, etal., 2000; Denisov, Denisova & Svertilov, 2001a, 2001b, Denisov & Svertilov, 2003].
In the geometric optics approximation, it was shown by [Novello, De Lorenci, Salim &
etal., 2000; Novello & Salim, 2001], that when the photon propagation is identified with the
propagation of discontinuities of the EM field in a nonlinear regime, a remarkable feature
appears: The discontinuities propagate along null geodesics of an effective geometry which
depends on the EM field on the background. This means that the NLED interaction can
be geometrized. An immediate consequence of this NLED property is the prediction of
the phenomenon dubbed as photon acceleration, which is nothing else than a shift in the
frequency of any photon traveling over background electromagnetic fields. The consequences
of this formalism are examined next.

2.1 Heisenberg-Euler approach

The Heisenberg-Euler Lagrangian for nonlinear electrodynamics (up to order 2 in the
truncated infinite series of terms involving F) has the form [16]

LH−E = −1

4
F + ᾱF2 + β̄G2 , (1)

where F = FµνFµν, with Fµν = ∂µ Aν − ∂ν Aµ, and G = 1
2 ηαβγδFαβFγδ = −4�E · �B, with greek

index running (0, 1, 2, 3), while ᾱ and β̄ are arbitrary constants.

When this Lagrangian is used to describe the photon dynamics the equations for the EM
field in vacuum coincide in their form with the equations for a continuum medium in which
the electric permittivity and magnetic permeability tensors ǫαβ and µαβ are functions of the
electric and magnetic fields determined by some observer represented by its 4-vector velocity
Vµ [Denisov, Denisova & Svertilov, 2001a, 2001b; Denisov & Svertilov, 2003; Mosquera Cuesta
& Salim, 2004a, 2004b]. The attentive reader must notice that this first order approximation

is valid only for B-fields smaller than Bq = m2c3

eh̄
= 4.41 × 1013 G (Schwinger’s critical B-field

[1]). In curved spacetime, these equations are written as

Dα
||α = 0, Bα

||α = 0 , (2)

Dα
||β

Vβ

c
+ ηαβρσVρ Hσ||β = 0, (3)
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Nonlinear Electrodynamics Effects on the Cosmic Microwave Background: Circular Polarization 3

Bα
||β

Vβ

c
− ηαβρσVρEσ||β = 0 . (4)

Here, the vertical bars subscript “||” stands for covariant derivative and ηαβρσ is the
antisymmetric Levi-Civita tensor.

The 4-vectors representing the electric and magnetic fields are defined as usual in terms of the
electric and magnetic fields tensor Fµν and polarization tensor Pµν

Eµ = Fµν
Vν

c
, Bµ = F∗

µν
Vν

c
, (5)

Dµ = Pµν
Vν

c
, Hµ = P∗

µν
Vν

c
, (6)

where the dual tensor X∗
µν is defined as X∗

µν = 1
2 ηµναβXαβ , for any antisymmetric

second-order tensor Xαβ.

The meaning of the vectors Dµ and Hµ comes from the Lagrangian of the EM field, and in the
vacuum case they are given by

Hµ = µµνBν, Dµ = ǫµνEν , (7)

where the permeability and tensors are given as

µµν =

[

1 +
2α

45πB2
q

(

B2 − E2
)
]

hµν −
7α

45πB2
q

EµEν , (8)

ǫµν =

[

1 +
2α

45πB2
q

(

B2 − E2
)
]

hµν +
7α

45πB2
q

BµBν . (9)

In these expressions α is the EM coupling constant (α = e2

h̄c = 1
137 ). The tensor hµν is the metric

induced in the reference frame perpendicular to the observers determined by the vector field
Vµ.

Meanwhile, as we are assuming that Eα = 0, then one gets

ǫα
β = ǫhα

β +
7α

45πB2
q

BαBβ (10)

and µαβ = µhαβ. The scalars ǫ and µ can be read directly from Eqs.(8, 9) as

ǫ ≡ µ = 1 +
2α

45πB2
q

B2 . (11)

Applying condition (8) and the method in ([14]) to the field equations when Eα = 0, we obtain
the constraints eµǫµνkν = 0 and bµkµ = 0 and the following equations for the discontinuity
fields eα and bα:

ǫλγeγkα
Vα

c
+ ηλµρν Vρ

c

(
µbνkµ − µ′λαBνkµ

)
= 0 , (12)

bλkα
Vα

c
− ηλµρν Vρ

c

(
eνkµ

)
= 0 . (13)
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4 Space Science

Isolating the discontinuity field from (12), substituting in equation (13), and expressing the
products of the completely anti-symmetric tensors ηνξγβηλαρµ in terms of delta functions, we
obtain

bλ(kαkα)2 +

(

µ′

µ
lβbβkαBα +

βBβbβBαkα

µ − βB2

)

kλ +

(

µ′

µlαbα
(kβVβ)2(kαkα)2 −

βBαbα(kβkβ)2

µ − βB2

)

Bλ −
(

µ′

µ
lµbµkαBαkβVβ

)

Vλ = 0 . (14)

This expression is already squared in kµ but still has an unknown bα term. To get rid of it, one
multiplies by Bλ, to take advantage of the EM wave polarization dependence. By noting that
if Bαbα = 0 one obtains the dispersion relation by separating out the kµkν term, what remains is
the (-) effective metric. Similarly, if Bαbα �= 0, one simply divides by Bγbγ so that by factoring
out kµkν, what results is the (+) effective metric. For the case Bαbα = 0, one obtains the
standard dispersion relation

gαβkαkβ = 0 . (15)

whereas for the case Bαbα �= 0, the result is

[(

1 +
µ′B
µ

+
β̃B2

µ − β̃B2

)

gαβ − µ′B
µ

VαVβ

c2
+

(
µ′B
µ

+
β̃B2

µ − β̃B2

)

lαlβ

]

kαkβ = 0 , (16)

where (′) stands for d
dB , and we have defined

β̃ =
7α

45πB2
q

, and lµ ≡ Bµ

|BγBγ|1/2
(17)

as the unit 4-vector along the B-field direction.

From the above expressions we can read the effective metric g
αβ
+ and g

αβ
− , where the labels

“+” and “-” refers to extraordinary and ordinary polarized rays, respectively. Then, we need
the covariant form of the metric tensor, which is obtained from the expression defining the
inverse metric gµνgνα = δα

µ. So that one gets from one side

g−µν = gµν (18)

and from the other

g+µν =

(

1 +
µ′B
µ

+
βB2

µ − βB2

)−1

gµν

+

⎡

⎣
µ′B

µ(1 +
µ′B
µ +

βB2

µ−βB2 )(1 +
βB2

µ−βB2 )

⎤

⎦
VµVν

c2
+

⎛

⎝

µ′B
µ +

βB2

µ−βB2

1 +
µ′B
µ +

βB2

µ−βB2

⎞

⎠ lµlν . (19)

The function
µ′B
µ can be expressed in terms of the magnetic permeability of the vacuum, and

is given as
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Nonlinear Electrodynamics Effects on the Cosmic Microwave Background: Circular Polarization 5

µ′B
µ

= 2

(

1 − 1

µ

)

. (20)

Thus equation (19) indicates that the photon propagates on an effective metric.

2.2 Born-Infeld theory

The propagation of light can also be viewed within the framework of the Born-Infeld
Lagrangian. Such theory is inspired in the special theory of relativity, and indeed it
incorporates the principle of relativity in its construction, since the fact that nothing can travel
faster than light in a vacuum is used as a guide to establishing the existence of an upper limit
for the strength of electric fields around an isolated charge, an electron for instance. Such
charge is then forced to have a characteristic size [5]. The Lagrangian then reads

L = − b2

2

[(

1 +
F

b2

)1/2

− 1

]

. (21)

As in this particular case, the Lagrangian is a functional of the invariant F, i.e., L = L(F), but
not of the invariant G ≡ BµEµ, the study of the NLED effects turns out to be simpler (here

again we suppose E = 0). In the equation above, b = e
R2

0
= e

e4

m2
0c8

=
m2

0c8

e3 = 9.8 × 1015 e.s.u.

In order to derive the effective metric that can be deduced from the B-I Lagrangian, one has
therefore to work out, as suggested in the Appendix, the derivatives of the Lagrangian with
respect to the invariant F. The first and second derivatives then reads

LF =
−1

4
(

1 + F
b2

)1/2
and LFF =

1

8b2
(

1 + F
b2

)3/2
. (22)

The L(F) B-I Lagrangian produces an effective contravariant metric given as

g
µν
eff =

−1

4
(

1 + F
b2

)1/2
gµν +

B2

2b2
(

1 + F
b2

)3/2
[hµν + lµlν] . (23)

Both the tensor hµν and the vector lµ in this equation were defined earlier (see Eqs.(9) and (16)
above).

Because the geodesic equation of the discontinuity (that defines the effective metric, see the
Appendix) is conformal invariant, one can multiply this last equation by the conformal factor

−4
(

1 + F
b2

)3/2
to obtain

g
µν
eff =

(

1 +
F

b2

)

gµν − 2B2

b2
[hµν + lµlν] . (24)

Then, by noting that

F = FµνFµν = −2(E2 − B2) , (25)
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6 Space Science

and recalling our assumption E = 0, then one obtains F = 2B2. Therefore, the effective metric
reads

g
µν
eff =

(

1 +
2B2

b2

)

gµν − 2B2

b2
[hµν + lµlν] , (26)

or equivalently

g
µν
eff = gµν +

2B2

b2
VµVν − 2B2

b2
lµlν . (27)

As one can check, this effective metric is a functional of the background metric gµν, the
4-vector velocity field of the inertial observers Vν, and the spatial configuration (orientation
lµ) and strength of the B-field.

Thus the covariant form of the background metric can be obtained by computing the inverse
of the effective metric g

µν
eff just derived. With the definition of the inverse metric g

µν
effgeff

να = δ
µ

α,
the covariant form of the effective metric then reads

geff
µν = gµν −

2B2/b2

(2B2/b2 + 1)
VµVν +

2B2/b2

(2B2/b2 + 1)
lµlν , (28)

which is the result that we were looking for. The terms additional to the background metric
gµν characterize any effective metric.

2.3 Pagels-Tomboulis Abelian theory

In 1978, the Pagels-Tomboulis nonlinear Lagrangian for electrodynamics appeared as an
effective model of an Abelian theory introduced to describe a perturbative gluodynamics
model. It was intended to investigate the non trivial aspects of quantum-chromodynamics
(QCD ) like the asymptotic freedom and quark confinement [28]. In fact, Pagels and Tomboulis
argued that:

“since in asymptotically free Yang-Mills theories the quantum ground state is not controlled by
perturbation theory, there is no a priori reason to believe that individual orbits corresponding to minima
of the classical action dominate the Euclidean functional integral. ”

In view of this drawback, of the at the time understanding of ground states in quantum
theory, they decided to examine and classify the vacua of the quantum gauge theory. To
this goal, they introduced an effective action in which the gauge field coupling constant g is

replaced by the effective coupling ḡ(t) · T = ln
[

Fa
µν Fa µν

µ4

]

. The vacua of this model correspond

to paramagnetism and perfect paramagnetism, for which the gauge field is Fa
µν = 0, and

ferromagnetism, for which Fa
µνFa µν = λ2, which implies the occurrence of spontaneous

magnetization of the vacuum. 1 They also found no evidence for instanton solutions to the
quantum effective action. They solved the equations for a point classical source of color spin,
which indicates that in the limit of spontaneous magnetization the infrared energy of the field
becomes linearly divergent. This leads to bag formation, and to an electric Meissner effect
confining the bag contents.

This effective model for the low energy (3+1) QCD reduces, in the Abelian sector, to a
nonlinear theory of electrodynamics whose density Lagrangian L(X, Y) is a functional of the

1 This is the imprint that such theory describes nonlinear electrodynamics.
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Nonlinear Electrodynamics Effects on the Cosmic Microwave Background: Circular Polarization 7

invariants X = FµνFµν and their dual Y = (FµνFµν)⋆, having their equations of motion given
by

∇µ (−LX Fµν − LY
∗Fµν) = 0 , (29)

where LX = ∂L/∂X and LY = ∂L/∂Y. This equation is supplemented by the Faraday
equation, i. e., the electromagnetic field tensor cyclic identity (which remains unchanged)

∇µFνλ +∇νFλµ +∇λFµν = 0 . (30)

In the case of a simple dependence on X, the equations of motion turn out to be [24] (here we

put C = 0 and 4γ = −(Λ8)(δ−1)/2 in the original Lagrangian given in [28])

Lδ = −1

4

(
X2

Λ8

)(δ−1)/2

X , (31)

where δ is an dimensionless parameter and [Λ] = (an energy scale). The value δ = 1 yields
the standard Maxwell electrodynamics.

The energy-momentum tensor for this Lagrangian L(X) can be computed by following the
standard recipe, which then gives

Tµν =
1

4π

(

LX gabFµaFbν + gµνL
)

(32)

while its trace turns out to be

T = −1 − δ

π

(
X2

Λ8

)(δ−1)/2

X . (33)

It can be shown [24] that the positivity of the T0
0 ≡ ρ component implies that δ ≥ 1/2.

The Lagrangian (31) has been studied by [24] for explaining the amplification of the primordial
magnetic field in the Universe, being the analysis focused on three different regimes: 1) B2 ≫
E2, 2) B2 ≃ O(E2), 3) E2 ≪ B2. It has also been used by [23] to discuss both the origin of the
baryon asymmetry in the universe and the origin of primordial magnetic fields. More recently
it has also been discussed in the review on " Primordial magneto-genesis" by [17].

Because the equation of motion (29) above, exhibits similar mathematical aspect as eq. (35)
(reproduced in the Section), it appears clear that the Pagels and Tomboulis Lagrangian (31)
leads also to an effective metric identical to that one given in equation (40), below.

2.4 Novello-Pérez Bergliaffa-Salim NLED

More recently, [21] Novello, Pérez Bergliaffa, Salim revisited the several general properties of
nonlinear electrodynamics by assuming that the action for the electromagnetic field is that of
Maxwell with an extra term, namely2

S =
∫

√
−g

(

− F

4
+

γ

F

)

d4x , (34)

2 Notice that this Lagrangian is gauge invariant, and that hence charge conservation is guaranteed in this
theory.
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8 Space Science

where F ≡ FµνFµν.

Physical motivations for bringing in this theory have been provided in [21]. Besides of
those arguments, an equally unavoidable motivation comes from the introduction in the
1920’s of both the Heisenberg-Euler and Born-Infeld nonlinear electrodynamics discussed
above, which are valid in the regime of extremely high magnetic field strengths, i.e. near
the Schwinger’s limit. Both theories have been extensively investigated in the literature (see
for instance [22] and the long list of references therein). Since in nature non only such very
strong magnetic fields exist, then it appears to be promising to investigate also those super
weak field frontiers. From the conceptual point of view, this phenomenological action has the
advantage that it involves only the electromagnetic field, and does not invoke entities that
have not been observed (like scalar fields) and/or speculative ideas (like higher-dimensions
and brane worlds).

At first, one notices that for high values of the field F, the dynamics resembles Maxwell’s
one except for small corrections associate to the parameter γ, while at low strengths of F it is
the 1/F term that dominates. (Clearly, this term should dramatically affect, for instance, the

photon-�B field interaction in intergalactic space, which is relevant to understand the solution
to the Pioneer anomaly using NLED.). The consistency of this theory with observations,
including the recovery of the well-stablished Coulomb law, was shown in [21] using the
cosmic microwave radiation bound, and also after discussing the anomaly in the dynamics
of Pioneer 10 spacecraft [22]. Both analysis provide small enough values for the coupling
constant γ.

2.4.1 Photon dynamics in NPS NLED: Effective geometry

Next we investigate the effects of nonlinearities in the evolution of EM waves in the vacuum

permeated by background �B-fields. An EM wave is described onwards as the surface of
discontinuity of the EM field. Extremizing the Lagrangian L(F), with F(Aµ), with respect
to the potentials Aµ yields the following field equation [20]

∇ν(LFFµν) = 0, (35)

where ∇ν defines the covariant derivative. Besides this, we have the EM field cyclic identity

∇νF∗µν = 0 ⇔ Fµν|α + Fαµ|ν + Fνα|µ = 0 . (36)

Taking the discontinuities of the field Eq.(35) one gets (all the definitions introduced here are
given in [14]) 3

LF f
µ

λ kλ + 2LFFFαβ fαβFµλkλ = 0 , (37)

which together with the discontinuity of the Bianchi identity yields

fαβkγ + fγαkβ + fβγkα = 0 . (38)

3 Following Hadamard’s method [15], the surface of discontinuity of the EM field is denoted by Σ. The
field is continuous when crossing Σ, while its first derivative presents a finite discontinuity. These

properties are specified as follows:
[
Fµν

]

Σ
= 0 ,

[

Fµν|λ
]

Σ

= fµνkλ , where the symbol
[
Fµν

]

Σ
=

limδ→0+ (J|Σ+δ − J|Σ−δ) represents the discontinuity of the arbitrary function J through the surface Σ.
The tensor fµν is called the discontinuity of the field, kλ = ∂λΣ is the propagation vector, and the
symbols "|" and "||" stand for partial and covariant derivatives.
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Nonlinear Electrodynamics Effects on the Cosmic Microwave Background: Circular Polarization 9

A scalar relation can be obtained if we contract this equation with kγFαβ, which yields

(Fαβ fαβgµν + 2Fµλ f ν
λ )kµkν = 0 . (39)

It is straightforward to see that here we find two distinct solutions: a) when Fαβ fαβ = 0, case

in which such mode propagates along standard null geodesics, and b) when Fαβ fαβ = χ. In
the case a) it is important to notice that in the absence of charge currents, this discontinuity
describe the propagation of the wave front as determined by the field equation (35), above.
Thence, following [19] the quantity f αβ can be decomposed in terms of the propagation vector
kα and a space-like vector aβ (orthogonal to kα) that describes the wave polarization. Thus,

only the light-ray having polarization and direction of propagation such that Fαβkαaβ = 0
will follow geodesics in gµν. Any other light-ray will propagate on the effective metric (40).
Meanwhile, in this last case, we obtain from equations (37) and (39) the propagation equation
for the field discontinuities being given by [22]

(

gµν − 4
LFF

LF
FµαF ν

α

)

︸ ︷︷ ︸

effective metric

kµkν = 0 . (40)

This equation proves that photons propagate following a geodesic that is not that one on
the background space-time, gµν, but rather they follow the effective metric given by Eq.(40),

which depends on the background field Fµα, i. e., on the �B-field.

3. Minimally coupling gravity to nonlinear electrodynamics

The action of (nonlinear) electrodynamics coupled minimally to gravity is

S =
1

2κ

∫

d4x
√
−gR +

1

4π

∫

d4x
√
−gL(X, Y) , (41)

where κ = 8πG, L is the Lagrangian of nonlinear electrodynamics depending on the invariant
X = 1

4 FµνFµν = −2(E2 − B
2) and Y = 1

4 Fµν
∗Fµν, where Fµν ≡ ∇µ Aν − ∇ν Aµ, and

∗Fµν = ǫµνρσFρσ is the dual bivector, and ǫαβγδ = 1
2
√−g

εαβγδ, with εαβγδ the Levi-Civita

tensor (ε0123 = +1).

The equations of motion are

∇µ (−LX Fµν − LY
∗Fµν) = 0 , (42)

where LX = ∂L/∂X and LY = ∂L/∂Y,

∇µFνλ +∇νFλµ +∇λFµν = 0 . (43)

After a swift grasp on this set of equations one realizes that is difficult to find solutions in
closed form of these equations. Therefore to study the effects of nonlinear electrodynamics,
we confine ourselves to consider the abelian Pagels-Tomboulis theory [28], proposed as an
effective model of low energy QCD. The Lagrangian density of this theory involves only the
invariant X in the form

L(X) = −
(

X2

Λ8

) δ−1
2

X = −γXδ , (44)
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10 Space Science

where γ (or Λ) and δ are free parameters that, with appropriate choice, reproduce the well

known Lagrangian already studied in the literature. γ has dimensions [energy]4(1−δ).

The equation of motion for the Pagels-Tomboulis theory follows from Eq. (42) with Y = 0

∇µFµν = −(δ − 1)
∇µX

X
Fµν . (45)

In terms of the potential vector Aµ, and imposing the Lorentz gauge ∇µ Aµ = 0, Eq. (45)
becomes

∇µ∇µ Aν + Rν
µ Aµ = −(δ − 1)

∇µX

X
(∇µ Aν −∇ν Aµ) , (46)

where the Ricci tensor Rν
µ appears because the relation [∇µ,∇ν]Aν = −R

µ
µ Aµ.

We work in the geometrical optics approximation (this means that the scales of variation of
the electromagnetic fields are smaller than the cosmological scales), so that the 4-vector Aµ(x)
can be written as [29]

Aµ(x) = Re
[

(aµ(x) + ǫbµ(x) + . . .)eiS(x)/ǫ
]

(47)

with ǫ ≪ 1 so that the phase S/ǫ varies faster than the amplitude. By defining the wave
vector kµ = ∇µS, which defines the direction of the photon propagation, one finds that the
gauge condition implies kµaµ = 0 and kµbµ = 0. It turns out to be convenient to introduce the
normalized polarization vector εµ so that the vector aµ can be written as

aµ(x) = A(x)εµ , εµεµ = 1 . (48)

As a consequence of (48), one also finds kµεµ = 0, i.e. the wave vector is orthogonal to the
polarization vector.

To leading order in ǫ, the relevant equations are

(2δ − 1)k2 = 0 → kµkµ = 0 , (49)

for δ �= 1
2 , hence photons propagate along null geodesics, and

kµ∇µεσ =
δ − 1

δ
kµ

[
∇σεµ − (ερ∇ρεµ)εσ

]
. (50)

4. Space-time anisotropy and magnetic energy density evolution

In what follows we consider cosmological models with planar symmetry

ds2 = dt2 − b2(dx2 + dy2)− c2dz2 , (51)

where b(t) and c(t) are the scale factors, which are normalized in order that b(t0) = 1 = c(t0)
at the present time t0. As Eq. (51) shows, the symmetry is on the (xy)-plane.

We shall assume that photons propagate along the (positive) x-direction, so that kµ =
(k0, k1, 0, 0). Gauge invariance assures that the polarization vector of photons has only two
independent components, which are orthogonal to the direction of the photons motion.
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By defining the affine parameter λ which measures the distance along the line-element, kµ ≡
dxµ/dλ, one obtains that ε2 and ε3 satisfy the following geodesic equation (from Eq. (50))

1

k0
D ln(bε2) = − δ − 1

δ

(

− ḃ

b
+

ċ

c

)

(cε3)2 , (52)

1

k0
D ln(cε3) = − δ − 1

δ

(

− ċ

c
+

ḃ

b

)

(bε2)2 . (53)

where D ≡ kµ∇µ. Moreover, the difference of the Hubble expansion rate ḃ/b and ċ/c can be
written as

ḃ

b
− ċ

c
=

1

2(1 − e2)

de2

dt
(54)

where we have introduced the eccentricity

e(t) =

√

1 −
( c

b

)2
. (55)

The polarization angle α is defined as α = arctan[(cε3)/(bε2)]. By introducing the reference
time t, corresponding to the moment in which photons are emitted from the last scattering
surface, and the instant t0, corresponding to the present time, one finally gets

∆α = α(t)− α(t0) =
δ − 1

4δ
Ke2(z) , (56)

where K is a constant. Here we have used e(t0) = 0, because of the normalization condition
b(t0) = c(t0) = 1, and log(1 − e2) ∼ −e2.

Notice that for δ = 1 or e2 = 0 there is no rotation of the polarization angle, as expected.
Moreover, in the case in which photons propagate along the direction z-direction, so that
k̄a = (ω0, 0, 0, k), we find that the NLED have no effects as concerns to the rotation of the
polarization angle.

4.1 Eccentricity evolution on cosmic time

The time evolution of the eccentricity is determined from the Einstein field equations

1

1 − e2

d(eė)

dt
+ 3Hb(eė) +

(eė)2

(1 − e2)2
= 2κρB , (57)

where Hb = ḃ/b and

ρB =
B2

8π

(
B2

2Λ4

)δ−1

. (58)

It is extremely difficult to exactly solve this equation. We shall therefore assume that the
e2-terms can be neglected. Since b(t) ∼ t2/3 during the matter-dominated era, Eq. (57) implies

e2(z) = 18Fδ(z)Ω
(0)
B , (59)

where we used 1 + z = b(t0)/b(t), e(t0) = 0, and

Fδ ≡ 3

(9 − 8δ)(4δ − 3)
− 2 − 3(1 + z)4δ−3

(9 − 8δ)(4δ − 3)
+ 2(1 + z)

3
2 . (60)
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Ω
(0)
B is the present energy density ratio

Ω
(0)
B =

ρB

ρcr
=

B2(t0)

8πρcr

(
B2(t0)

2Λ4

)δ−1

≃ (61)

10−11

(
B(t0)

10−9G

)2 (B2(t0)

2Λ4

)δ−1

,

with ρcr = 3H2
b (t0)/κ = 8.1h210−47 GeV4 (h = 0.72 is the little-h constant), and B(t0) is the

present magnetic field amplitude.

From Eq. (56) then follows

∆α =
δ − 1

4δ
K e2(zdec) . (62)

where e(zdec)
2 the eccentricity (59) evaluated at the decoupling z = 1100.

4.2 Constraints on extragalactic B strengths

To make an estimate on the parameter δ, we need the order of amplitude of the present
magnetic field strength B(t0). In this respect, observations indicate that there exist, in cluster
of galaxies, magnetic fields with field strength (10−7 − 10−6) G on 10 kpc - 1 Mpc scales,
whereas in galaxies of all types and at cosmological distances, the order of magnitude of the
magnetic field strength is ∼ 10−6 G on (1-10) kpc scales. The present accepted estimations is
(see for example [30])

B(t0) � 10−9 G . (63)

Moreover, for an ellipsoidal Universe the eccentricity satisfies the relation 0 ≤ e2 < 1. The
condition e2 > 0 means Fδ > 0, with Fδ defined in (60). The function Fδ given by Eq. (60)
is represented in Fig. 1. Clearly the allowed region where Fδ is positive does depend on the
redshift z. On the other hand, the condition e2 < 1 poses constraints on the magnetic field
strength. By requiring e2 < 10−1 (in order that our approximation to neglect e2-terms in (57)
holds), from Eqs. (59)-(61) it follows

B(t0) � 9 × 10−8G . (64)

It must also be noted that such magnetic fields does not affect the expansion rate of the
universe and the CMB fluctuations because the corresponding energy density is negligible
with respect to the energy density of CMB.

5. Stokes parameters, rotated CMB spectra and constraints on parameter Λ

The propagation of photons can be described in terms of the Stokes parameters I, Q, U,
and V. The parameters Q and V can be decomposed in gradient-like (G) and a curl-like
(C) components [31] (G and C are also indicated in literature as E and B), and characterize
the orthogonal modes of the linear polarization (they depend on the axes where the linear
polarization are defined, contrarily to the physical observable I and V which are independent
on the choice of coordinate system).
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Fig. 1. In this plot is represented Fδ vs δ for δ ≤ 1 (upper plot) and δ ≥ 1 (lower plot). The
condition that the eccentricity is positive follows for Fδ > 0.
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The polarization G and C and the temperature (T) are crucial because they allow to completely
characterize the CMB on the sky. If the Universe is isotropic and homogeneous and the
electrodynamics is the standard one, then the TC and GC cross-correlations power spectrum
vanish owing to the absence of the cosmological birefringence. In presence of the latter, on
the contrary, the polarization vector of each photons turns out to be rotated by the angle ∆α,
giving rise to TC and GC correlations.

Using the expression for the power spectra CXY
l ∼

∫
dk[k2

∆X(t0)∆Y(t0)], where X, Y =
T, G, C and ∆X are the polarization perturbations whose time evolution is controlled by the
Boltzman equation, one can derive the correlation for T, G and C in terms of ∆α [32]

C′ TC
l = CTC

l sin 2∆α , C′ TG
l = CTG

l cos 2∆α , (65)

C′ GC
l =

1

2

(

CGG
l − CCC

l

)

sin 4∆α , (66)

C′ GG
l = CGG

l cos2 2∆α + CCC
l sin2 2∆α , (67)

C′CC
l = CCC

l cos2 2∆α + CGG
l sin2 2∆α . (68)

The prime indicates the rotated quantities. Notice that the CMB temperature power spectrum
remains unchanged under the rotation. Experimental constraints on ∆α have been put from
the observation of CMB polarization by WMAP and BOOMERanG

∆α = (−2.4 ± 1.9)◦ = [−0.0027π,−0.0238π] . (69)

The combination of Eqs. (69) and (62), and the laboratory constraints |δ − 1| ≪ 1 allow to
estimate Λ.

5.1 Estimative of Λ

To estimate Λ we shall write

B = 10−9+b G b � 2 , (70)

Fδ = 2z3/2 z = 1100 ≫ 1 . (71)

The bound (69) can be therefore rewritten in the form

10−3

A � |δ − 1| � 10−2

A , (72)

where

A ≡ 9K

14
FδΩ

(0)
B ≃ (73)

≃ K × 10−6+2b

[

0.24 × 10−56+2b

(
GeV

Λ

)4
]δ−1

.

The condition |δ − 1| ≪ 1 requires A ≫ 1. Setting A = 10a, with a > O(1), it follows

Log

[
Λ

GeV

]

=

(

−14 +
b

2

)

− a − 2b + 6 − LogK

4(δ − 1)
. (74)
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Fig. 2. Λ vs K for different values of the parameter δ − 1, a and b. The parameter a is related
to the range in which δ − 1 varies, i.e. −10−3−a � δ − 1 � −10−2−a, while b parameterizes
the magnetic field strength B = 10−9+b G. The red-shift is z = 1100. Plot refers to Planck
scale Λ = 10Λx GeV, with Λx=Pl = 19. Similar plots can be also obtained for GUT
(ΛGUT = 16) and EW (ΛEW = 3) scales.

The constant K can now be determined to fix the characteristic scale Λ. Writing Λ = 10Λx

GeV, where Λx=Pl = 19, i.e. Λ is fixed by Planck scale, Eq. (74) yields

K = 10a−2b+6−ζ ,

ζ ≡ 4(δ − 1)Λx

14 − b/2
≪ 1 .

(75)

In Fig. 2 is plotted Log(Λ/GeV) vs K for fixed values of the parameters a, b and δ − 1. Similar
plots can be derived for GUT and EW scales.

6. Discussion and future perspective

In conclusion, in this paper we have calculated, in the framework of the nonlinear
electrodynamics, the rotation of the polarization angle of photons propagating in a Universe
with planar symmetry. We have found that the rotation of the polarization angle does depend
on the parameter δ, which characterizes the degree of nonlinearity of the electrodynamics.
This parameter can be constrained by making use of recent data from WMAP and
BOOMERang. Results show that the CMB polarization signature, if detected by future CMB
observations, would be an important test in favor of models going beyond the standard
model, including the nonlinear electrodynamics.
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Moreover, an interesting topic that deserves to be studied is the possibility to generate a
circular polarization in nonlinear electrodynamics. As well know there is at the moment
no mechanism to generate it at the last scattering, provided some extension of the standard
electrodynamics [33]. Recently, Motie and Xue [34] have discussed the photon circular
polarization in the framework of Euler-Heisenberg Lagrangian. It is therefore worthwhile
to derive a circular polarization in the framework of the Pagels-Tomboulis nonlinear
electrodynamics described by (44) and for a background described by nonplanar geometry.
It is expected, however, that the effects are very small [35].

As closing remark, we would like to point out that the approach to analyze the CMB
polarization in the context of NLED that we have presented above can also be applied
to discuss the extreme-scale alignments of quasar polarization vectors [36], a cosmic
phenomenon that was discovered by Hutsemekers[37] in the late 1990’s, who presented
paramount evidence for very large-scale coherent orientations of quasar polarization vectors
(see also Hutsemekers and Lamy [38]). As far as the authors of the present paper are awared
of, the issue has remained as an open cosmological connundrum, with a few workers in the
field having focused their attention on to those intriguing observations [35].

7. Appendix

A. Light propagation in NLED and birefringence

In this Appendix we shortly discuss the modification of the light velocity (birefringence effect)
for the model of nonlinear electrodynamics L(X). According to [39], one finds that the effect
of birefringent light propagation in a generic model for nonlinear electrodynamics is given by
the optical metric

g
µν
1 = X gµν + (Y +

√
Y −XZ)tµν , (76)

g
µν
2 = X gµν + (Y −

√
Y −XZ)tµν , (77)

where the quantities X , Y , and Z are related to the derivatives of the Lagrangian L(X) and
tµν = FµαFν

α. For our model, expressed by Eq. (44), we infer (K1 = LX , K2 = 8LXX) [29]

g
µν
1 = K1(K1gµν + 2K2tµν) , g

µν
2 = K2

1gµν.

which show that birefringence is present. This means that some photons propagate along the
standard null rays of spacetime metric gµν, whereas other photons propagate along rays null
with respect to the optical metric K1gµν + 2K2tµν.

The velocities of the light wave can be derived by using the light cone equations (effective
metric). The value of the mean velocity, obtained by averaging over the directions of
propagation and polarization, is given by

〈v2〉 ≃ 1 + (δ − 1)R + (δ − 1)2S , (78)

R ≡ 4

3

T00

[4X + 2(δ − 1)t00]
,

S =
4

3

S
2

[4X + 2(δ − 1)t00]2
,
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where S is the energy flux density.

The high accuracy of optical experiments in laboratories requires tiny deviations from
standard electrodynamics. This condition is satisfied provided |δ − 1| ≪ 1.
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