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1. Introduction

The Free Electron Laser (FEL) can be considered a laser, even though the underlying
emission process does not occur in an atomic or a molecular system, with population
inversion, but in a relativistic electron beam, passing through the magnetic field of an
undulator. Several parameters (such as gain, saturation intensity, etc.) are common to both
devices and this allows a unified description. The origin of Laser traces back to the
beginning of the last century, when Planck derived the spectral distribution of the radiation
from a "blackbody" source, a device absorbing all the incident radiation and emitting with a
spectrum which only depends on its temperature. A perfectly reflective cavity, with a little
hole, can be considered a blackbody source; the radiated energy results from the standing
wave or resonant modes of this cavity. The Planck distribution law, yielding the equilibrium
between a radiation at a given frequency ® and matter at a given temperature T, is the
following:

I(w)do = hay do M)

22 ho
2901
T C |:eXp(kT) :|
h

h=—,w=2nv,v = frequency .
2r

I(w)dw is the energy per unit surface, per unit time, emitted in the frequency interval
o,0+do . Its fundamental nature can be stressed by noting that it crucially depends on
three constants h, k and c the Planck, the Boltzmann constants and the light velocity,
respectively. Its derivation required the assumption that the changes in energy are not
continuous, but discrete. The Plank theory prompted Bohr to make a further use of the
discretization (or better quantization) concept to explain the atom stability. He assumed that
the electrons, in an atomic system, are constrained on a stationary orbit, whose energetic
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2 Free Electron Lasers

level is fixed and can only exchange quanta of radiation with the external environment. This
point of view allowed Einstein to formulate the theory of spontaneous and stimulated
emission, which paved the way to the laser concept. An atomic system with two states of
energy E, and E, is shown in Fig. 1, 1 being the lower energy state.

E,  Absorption can occur
only when

E =hv

photon

Fig. 1. Absorption process of a photon and consequent state excitation

The excitation of the system to the higher state (see Fig. 1) can result, with a probability B, ,,
from the absorption of a photon with an energy of:

E2 _El

e=how, 0= ()
The principle of minimum energy requires that the system, in the excited state, decays to the
lower state spontaneously, by emitting a photon of the same energy (see Fig. 2). The crucial
step, made by Einstein, was the assumption that there is another process of decay, referred
as stimulated, for which the transition to the lower state (see Fig. 3) occurs, with probability
B, 1, in the presence of a photon of energy equal to the energy difference between the two
states as defined in Eq. (2).

We consider now a system of N atoms, among which N; are in the lower state and N, in

the higher state (N; + N, =N ), in interaction with an electromagnetic field of intensity
(o).

Belore During After emission
Atom in excited state
B £2
F\-"‘L\rnub

Photon hy

= E|
Atom in ground
state

Fig. 2. Spontaneous emission process
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Atom in eccited state
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Incident Photon hv
photon hv
AN\
Photon hy

Atom in ground
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Fig. 3. Stimulated emission process
The equilibrium condition of the atomic system with the radiation is therefore given by:
N1B pI(@) = N3B, 11(@) + Ny Ay 4 ()

where A,; represents the spontaneous emission contribution, independent of I(®). In the

conditions of thermodynamic equilibrium at temperature T, the number of atoms per unit
volume in a given state of energy E; is described by the Boltzmann distribution law:

_iE, . . . LNy .
N, oc e5'XT From this relation, one can derive the ratio ~ in terms of energy difference
2

and absolute temperature, namely % = exp(i—?j , which combining with Eq. (3), yields:
2

A2,1

B1,23xp(%) —-B,,

4)

Assuming that the absorption and stimulated emission processes are perfectly symmetric,
ie. that B, , =B, ,, , and using the Wien law, the spontaneous emission can be written as:

n,m 2 2 -mmn (5)

Eq. (4) provides therefore the Planck distribution law. The importance of this result stems
from the fact the Planck distribution has been derived on the basis of an equilibrium
condition and on the new concepts of spontaneous and stimulated emission. The main
difference between the two processes is that, in the case of the spontaneous emission, the
atoms decay randomly in time and space, generating photons uncorrelated in phase and
direction; in the other, the atoms decay at the same time, generating “coherent” photons,
with phases and directions corresponding to those of the incident photon. Given a certain
number of atoms, all (or most of them) in the higher level, one can get a substantive
amplification process from one single photon (see Fig. 4).
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4 Free Electron Lasers
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Fig. 4. Stimulated emission

We consider a medium of N;+N, =N systems of two states, in interaction with an
electromagnetic field with the energy of a single photon %Zw=E,-E;. During the
propagation in the z direction (see Fig. 5), the variation of the number of photons n of the
field is driven by a differential equation deriving from Eq. (3):

dn

T (Ny = Nq)bypn+a; 1N, (6)

F 74  rdr
N\ .

o)

Fig. 5. Increment of the radiation

The coefficients of emission and absorption have been redefined to take into account the
physical dimensions. The solution of Eq. (6) is:

) = oexplecz) + L 6o (N, =N 8= N, )
where 1, is the initial number of photons of the field. Eq. (7) consists of two parts, and one
(the spontaneous emission term) is independent of the initial number of photons. We
consider the case in which the spontaneous emission contribution can be neglected. If
N, <Ny, i.e. if there are less atoms in the excited than in the ground state, then o <0 and
Eq. (7) becomes: n(z)= noexp(—|a|z) , corresponding to the Beer-Lambert law of absorption
and the coefficient o can be interpreted as a coefficient of linear absorption. When N, =N,
the number of photons remains constant. The amplification is possible if N, > N;, i.e. when
a population inversion has occurred (namely the system has been brought to the “excited”
state through some mechanism). In this case, the coefficient « is understood as the small
signal gain coefficient. The amplification can be seen as a chain reaction: a photon causes the
decay of the excited state, creating a "clone", and, following the same process, both lead to
the "cloning" of other two photons, and so on. Adding the spontaneous emission, the chain
can be started without the need of an external field.

These few introductory remarks provide the elements of the light amplification, we will see
how it can be implemented to realize a laser oscillator.
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2. Laser oscillator

The radiation amplification, based on the stimulated emission mechanism, requires an
active medium in which population inversion occurs and an environment which can
provide a feedback to maintain the system in operation as an oscillator (see Fig. 6).

Fig. 6. Components of an oscillator laser: 1) Optical active medium, 2) Energy delivered to
the optical medium, 3) Mirror, 4) Semi-reflective mirror, 5) Output laser beam

Without entering into the details of the population inversion mechanism, we can notice that
it cannot be obtained simply by heating the active medium. Indeed, if we consider a two
states system, the electrons obey the statistics of Fermi-Dirac and we have:

N 1
N (). ®)
1 ®
exp| — |[+1
(k7
The population inversion process is not the result of a heating. At a temperature close to 0°
K, the higher state is depopulated while at high temperature (T — +o0) % = % , i.e. the two

states are equally populated. An extensively used mechanism for population inversion is the
optical pumping: the active medium is slightly more complex than a two states system,
which remains a convenient abstraction, but hardly actually feasible.

Since the spontaneous emission is essentially isotropic (see Fig. 7), a first direction selection
can be operated by embedding the medium in an optical cavity, consisting, in its most
simple configuration of two facing mirrors.

Light Amplification by Stimulated Emission of Radiation

1L

Fedy
v

100% reflective Qo5 reflective
miror Mirror

Fig. 7. Selection of the transverse mode in the optical cavity

The emitted photons result selected according to their direction, increasing the spatial
coherence of the radiation at each pass in the cavity. Being assumed the existence of a gain,
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6 Free Electron Lasers

one expects the radiation intensity to increase and that, at each reflection on the semi-
reflective mirror, a fraction of this radiation is extracted off the cavity. Since only a part of
the radiation is reflected, the evolution of the system will strongly depend on the losses of
the cavity and we can expect a saturation mechanism that will drive the system to an
equilibrium state. As for other physical systems, the saturation mechanism is nonlinear and
controlled by the radiation intensity itself. We can now write the rate equations, i.e. the
evolution equations of the laser intensity inside the cavity:

Lya =1, =[(1=mG(1,) - 11, ©)

n represents the number of round trips inside the optical cavity and 7 the cavity losses (we
do not yet distinguish the active and the passive ! losses, so that 7 are the total losses). In
order to take into account the effects of saturation, we assume that the gain G(I) is a
decreasing function of the intensity, namely

G =45 (10
15

I, introduced in a phenomenological way, is a quantity of paramount importance
representing the saturation intensity. For [ =1, the gain corresponds to one half of the
small signal gain g, which we no longer refer to as « to take into account the fact that the
active medium is not a simple two sates system. Using the following approximation

In+1_In ETRE (11)
dr
Equation (11) can be rewritten in terms of a differential equation:
dl
- ~lA=mG(0)=nll. (12)

7is a dimensionless time related to the actual time ¢ and to the length of the optical cavity
2L
L, according to: 7 ZTL , Ty :TC , with T; the duration of a round trip in the cavity.
R
Transforming Eq. (12) into:

dX1 = dr (13)
glA-n)1x-rIX
X = i,r =
I, g

it becomes obvious that for X <<1, ie. far from saturation, the intensity evolves
exponentially:

The active losses correspond to the transmission of the radiation to the external environment, while the
passive losses correspond to the absorption of the radiation by the medium and the cavity mirrors.
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X = Xoexp([(1-1)g —nle) (14)
It is also obvious that the equilibrium (”;—)f = 0) is reached when the intensity in the cavity is
such that G(I) = 1 T and therefore
-1
1-
I = [T”g ~1]1, (15)

Since in most cases 77 << 1, the extracted power at equilibrium (assuming that the losses are
only active losses) is given by:

Iout = ”IE = gls (16)

This relation is an additional evidence of the importance of the saturation intensity, which
along with the gain defines the power which can be extracted from the cavity. The evolution
of the laser power inside the cavity as a function of the number of round trips is reported in
Fig. 8.

10

Intensity (Arb. units)

0 "11.:[] _'-‘t-]u ifinr
Number of roundirips

Fig. 8. Laser intensity (arb. unit) vs round trip number for g=15% and h=2%

The intensity first increases exponentially and then slows because of the saturation
mechanism. When the gain equals the losses, the system reaches a stationary state and the
power can be extracted off the cavity.

Despite not mentioning it before, the population inversion requires a sufficient level of
power, which we refer to as pump, that will be further partially transformed into laser
power. The ratio between the extracted laser power and the pump power represents the
efficiency of the system.

We have seen that the optical cavity is an essential element of an oscillator, since it confines
the electromagnetic radiation, selects the transverse and longitudinal modes, thus creating
the spatial and temporal coherence of the radiation.

The radiation field inside the optical cavity, whose components have a small angle with
respect to the cavity axis, is successively reflected by the mirrors. This enables to select the
components travelling in a direction parallel to the cavity axis. The interfering of the waves
in the cavity leads to the formation of stationary waves at given frequencies, depending on
the distance between the mirrors. In the case of planar and parallel mirrors, separated by a
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distance L, the stationary condition for the wave frequencies is: v, =n

£
2L 7

n being integer.

The various frequencies obtained, varying n, are referred as longitudinal modes of the
cavity. For each longitudinal mode, various transverse sections are possible, which modify
the transverse intensity distribution in the plans perpendicular to the optical axis. Those are
referred as transverse modes. From a conceptual point of view, an optical cavity consists of

two parallel mirrors (see Fig. 9).

R, == Plane-parallel Ry=o

- L -
Ry=L2 Coneentric (spherical) R,=L72
|
R,=L Contfocal Ry=L
(]
R=L 7 Hemispherical Ry=L
—
R\=L Concave-convex Ry=L-R,

s

Fig. 9. Examples of optical cavities

Plane of
constant phase

Beam waist

L-R >

-

ey

Fig. 10. Gauss-Hermite mode and main reference quantities

The mirrors configuration sets the field shape inside the cavity, as illustrated in Fig. 9. Two
flat mirrors, i.e. with an infinite radius of curvature, lead to a constant transverse mode
distribution. When the mirrors are confocal, the transverse mode has a parabolic
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longitudinal profile, which we will discuss more in details later. Additional configurations
are shown in Fig. 9. In the case of a confocal cavity, the transverse modes are the Gauss-
Hermite modes and, as previously mentioned, the longitudinal profile of the mode is
parabolic (see Fig. 10).

The fundamental mode corresponds to a Gaussian distribution defined as:

2

__2r
Wo

I(r,z) = Iy(—2)%e ", (17)

w(z)

where 7 is the distance to the axis, w is the rms spot size of the transverse mode:

z AL Tw?
w(z)=w0[1+(—)2] y Wy ==/ 2R = /10

- > (18)

w, is the beam waist, i.e. the minimum optical beam transverse dimension, z; the Rayleigh

length, corresponding to the distance for which w(z)=+2w, . For the fundamental mode,

zg =L /2 . The divergence of the mode is related to the former parameters according to:

0= (19)

2
Wy

0is referred as the angle of diffraction in the far field approximation.
The longitudinal modes are equally separated in frequency by Af, which depends on the

cavity length according to:

A == (20)

“«— Due to filter
Saturated gain

'
v ! - 5 .
At <«—— Small signal gain

Longitudinal | T TS l ‘ ‘ ‘ ‘ ! ‘ i |

modes
— | —

Af=c/21
Laser output ‘

— —— —>
Frequency

Fig. 11. Gain and loss spectra, longitudinal mode locations, and laser output for single mode
laser operation
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10 Free Electron Lasers

The gain bandwidth of the active medium performs the mode selection and therefore allows
the amplification of the modes within this bandwidth only. Those modes oscillate
independently with random phase and beating. A longitudinal mode-locking enables to fix
the longitudinal modes phases so that they all oscillate with one given phase [2]. It seems
obvious that, in theory, varying the losses and therefore the gain profile would allow to
suppress the competition in between modes and choose for instance the one with higher
gain, as illustrated in Fig. 11.

But it’s also obvious that this is obtained to the detriment of the output laser power. We will
now discuss alternative and less drastic methods to suppress the destructive mode
competition using the previously mentioned mode-locking.

In a mode-locked laser, the output radiation does not fluctuate in a chaotic manner. It
consists of a periodic train of pulses (see Fig. 12), with specific duration and temporal
separation.

a) Intensity

-
"‘:\E—"‘ i A " |

|
i1\ | (1 |
| | |

(LTSN, T SN R TSRS

Time
b) Intensity

~N

Time
Fig. 12. Gain and loss spectra, longitudinal mode locations, and laser output for single mode

laser operation(a) Mode-locked laser output with constant mode phase. (b) Laser output
with randomly phased modes

We consider an electromagnetic field in an optical cavity consisting of N,, longitudinal
modes locked in phase with a Af frequency gap?:

Npy-1

2 ,
A(Z,t) _ EO Z emeAf(t—z/c) (21)

—_ Nm_l
m==-—

For simplicity, we assumed that all the modes have the same amplitude E;. The sum can be

-1
m al—1
a =

performed using the identity , which leads to:

m=q

2One can notice that the frequency gap is not always the one given in Eq. (30). It can be larger if some
modes are suppresses using for instance an etalon.
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sin[zN,,Af (t—z/c)] (22)

Alzh)=E sin[zAf (t -z / c)]

The intensity of the laser is defined as the squared moduleus of the former expression,
which gives, at z =0:

I(t) oc ES[M 2 (23)
sin[ZAf .t]
The result of Eq. (23) is illustrated in Fig. 12. The radiation consists of a train of peaks,
. I . 1 . . .
separated by a distance T = AF with a width N A The intensity of the peaks is

proportional to the square of the number of involved modes I, « N2E3 , while the average

intensity is proportional to N,,, i.e. I,; N, E5 . Finally, it is important to notice that in the
case of random phases, the output laser intensity corresponds to the average intensity of the
mode-locked laser and that the fluctuations have a correlation time equal to the duration of
one single pulse of the mode-locked laser. Since the former remarks are of notable interest
for the laser applications and for further discussions, we provide with additional precisions
on the radiation pulse train presented in Fig. 13.

(B-1)E, nT (n+1)T,

Fig. 13. Periodic pulse train

The train is characterized by an energy per pulse E,, a delay between pulses T,, a pulse

duration J; (full width half maximum), an average power P, and a peak power P, 3. All

E
these quantities are linked as it follows: Pp = 5—p AR, = Pp ?—’, the ratio T—T corresponds to
T R R

the duty cycle. The mode-locking techniques allow to generate ultra-short pulses.
Laser devices are usually said to provide light with temporal and spatial coherence.

The temporal coherence is a measure of the degree of mono-chromaticity of an
electromagnetic wave. As a consequence, we can write:

T Af =1 (24)

P
*We recall that the electric field is Ep = /2201 p with I = AL the peak intensity and Aeﬁ the effective
area of the optical mode, and Z,, is the vacuum impedance. ”
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12 Free Electron Lasers

In the case of a mode-locked laser, the coherence time is essentially given by the distance in
between the radiation packets. The coherence length . can be calculated using Eq. (24):

2

le(=cr.)=

= (25)

The spatial coherence of a wave is the measurement of the temporal auto-correlation
between two different points of a same transverse plane of the wave (see Fig. 14).

b

aj

.

Bl
_.'J
L=
slit measurement
screen (A) sereen ()
> [+ —
- : ] L)
’ 5 &
=0 =]
al @) - Pill = 22
¥ 8=
=i =
R e NS T P -
source =2 —_—
: .

L

Fig. 14. Examples of wave-fronts with a) infinite and b) finite coherence length c) Coherence
area

The spatially coherent part, belonging to the so called coherent area, of a wave passing
through a slit produces a diffraction figure. The concept of coherence area can be quantified
using the Van Cittert Zernike theorem, which states that the coherence area of a light source
is given by:

a2

c =
7Z'El2

S

with L the distance to the source and d its diameter.

The former discussion allowed to give a general idea of the issues relative to conventional
lasers. We will now discuss analogous issues relevant to FEL devices.
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3. The free electron laser

In this and in the forthcoming sections we will discuss laser devices operating with an active
medium, consisting of free relativistic electrons [3,5]. A few notions and a glossary of
relativistic kinematics are therefore necessary. The total energy E of a particle of mass m
moving with a velocity v is given by:

1 v
E=myyc’,y =——=,f=—
J1-/2 c

p is the reduced velocity and y the relativistic factor. The total energy corresponds to the

(26)

sum of the kinetic and mass energy, the mass energy being given by n1,c® . The factor yis a

measure of the particle energy, and y-1 of the kinetic energy. In addition: g = |1 —lz.

In the high energy case y >>1, the reduced velocity becomes =1 - 1

2y
and the particle is said “ultra-relativistic”.

We now consider the main characteristics of the electrons: a charge || =1.6x10 " Canda
mass m,=0.51 MeV (1 MeV=10°eV, 1 eV=1.6x10 " J). The adjective relativistic is used
when the kinetic energy of the electrons is of the order of a few MeV. Finally, a charged
particle beam is associated to a power equal to the product of its energy with its current:

P(MW) = I(A)E(MeV). 27)

A 20 MeV beam with a current of 2 A has a power of 40 MW. Such power is delivered to the
beam by the accelerator. From now on, we will refer to LINAC accelerator, i.e. linear
accelerators, where the acceleration is performed in radiofrequency cavities. The electron
beam power corresponds in the case of free electron lasers, to the pump power in the case of
conventional lasers.

Free electrons passing through a magnetic field produces flashes of Bremsstrahlung
radiation. Synchrotron light sources rely on this process. We consider the case of a magnetic
field delivered by an undulator:

B = B,(0, sin(Tz),O) (28)
Such field is oscillating in the vertical direction with a peak value B, and a periodicity 4, . It

can be obtained with two series of magnets with alternative N-S orientation, as illustrated in
Fig. 15.

The Lorentz force, due to the undulator field, introduces a transverse component in the
electron motion, initially exclusively longitudinal. The electron motion in the magnet is
governed by (Gaussian units):
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14 Free Electron Lasers

W _ 5k (29)
C

Output radiation

Spent electron
beam

Injected electron
beam micropulse

Fig. 15. Electron motion in an undulator

Averaging over one undulator period, one can derive the transverse and longitudinal
velocities:

Y K = EBO;i’M

v ~c[1—L] yE=
TR gy \/1+1<72’ 27y

U~CK
x—\/E]/

The K parameter is introduced to take into account the effect of the transverse motion on the
longitudinal velocity. The electrons moving in the undulator emits radiation and this
process can be viewed as a kind of spontaneous emission, The frequency selection
mechanism can be understood by referring to Fig. 16.

—y—
o . &, T
S NS NS N

L] . L] L

| [
|
i i ! i

Fig. 16. Phase advance of the radiation with respect to the electrons

After one undulator period, the emitted radiation, travelling at the light velocity, has slept
ahead of the electron beam by a quantity

5~(c—vz)%=2’1;2(1+1<2/2) (30)

Since o represents a phase advance of the electromagnetic wave, constructive interference
with the radiation emitted at the next undulator period, requires the condition:

§=nA, (31)

n being an integer. From Equation (30) and Eq. (31) finally comes the definition of the
undulator radiation wavelength:
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p) K?

A =—=(1+— 32

oz (32

n=1 represents the fundamental wavelength, while n>1 represent the higher harmonics. In a
first step, we just consider the radiation on the fundamental and we try to characterize it,
giving an evaluation of its relative bandwidth. The radiation pulse at the end of the
undulator has a structure of a step function with a length No, corresponding to a pulse
. N6 : YR .
duration A7 of: A7 =——, the corresponding spectral distribution is given by the Fourier
c

transform of this pulse (see Fig. 17), and the spectral width Aw results defined according to
the Parseval relation A7A@ = 7.

. 03 A
I Tﬂ“ /-; ’1!th(0))

/ 5 .
vT, > 0.1
(!)Tp >

fit=1 -T,<t<t, l/7, F(o)=(sinwt,/noT,)

f(t)=0 [t[z7,
Fig. 17. Step function and corresponding Fourier transform
Thus getting for the relative bandwidth

Ao _ 1 (33)
o 2N

The spectral intensity profile of the radiation emitted by a single undulator is therefore just
given by

f0) o 2R 22 @ (34)
2 “
f(v) isillustrated in Fig. 18 and can also be written as:
1 —ivt
f(v)=2Re jo (1-t)e™dt] (35)

v, the so-called detuning, is a very useful parameter, which is used to define the spectral
profile with respect to the central reference wavelength. Since v is a dimensionless
parameter, the width of the profile at half of the maximum intensity is close to 2.
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16 Free Electron Lasers

2

(Arb. units)

0
-10 0 10
Fig. 18. Function f(v)

An oscillator FEL is similar to a conventional laser oscillator. Indeed, we find again a
spontaneous emission process from a free electron beam in an optical cavity, the storing of
the radiation inside the cavity, and the amplification of this radiation throughout a
mechanism of stimulated emission. Fig. 19 also shows that during the interaction between
the electrons and the radiation, the electron beam is being modulated in energy which
results in a spatial modulation (bunching) at the radiation wavelength.

: -
Electron bunch
F

\ Cutput pulse

Random electron phase: Electrons bunched at
incoherent emission radiation wavelength;
coherent emission

Fig. 19. Oscillator FEL

This modulation enables the production of coherent radiation. The mechanism of interaction

in between the electrons and the radiation of a FEL can be considered as the combination of
two competing effects:

Energy loss from the electron and then amplification of the incident photon, absorption of
the stimulating photons with consequent yielding of energy to the electrons.
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Such mechanism can be understood quite easily using a reference system in which the
electrons are nonrelativistic. In such system, the electrons see two electromagnetic fields: the
laser field travelling in the same direction, and the undulator field, which proceeds in the
opposite direction ("Virtual quanta" model of Weizsacker and Williams). In Figure 20, we
reported the processes of stimulated emission and absorption, similar to the processes of
stimulated emission in conventional lasers.

1. the stimulated absorption can be interpreted as a backward scattering of the photons by
the laser field. The electrons gain energy, which corresponds to a negative gain;

2. the stimulated emission can be interpreted as a forward scattering of the photons by the
undulator field, with a frequency close to the laser frequency. The electrons loose
energy, corresponding to a positive gain.

a)

IR e

it | U): ..lj-'_g )

P
“1J|.5,|]‘ ‘,r|~,£|:| H"’l'—Kl} 'E:-EJ'
b) Fi— (05.K,) ey (0K ]

- [{'-]}_k_i_:] — e

e ot~ R
(®,K) (€.} ; (€5.P5)

Fig. 20. Stimulated emission and absorption processes, similar to the stimulated emission
process in the case of conventional lasers. wi=c /ki /= laser frequency; m=c /k, /= undulator
radiation frequency; €;,p1= initial energy and moment of the electrons; &, p>= final energy
and moment of the electrons. a) Backward stimulated scattering (negative gain). b) Forward
stimulated scattering (positive gain

The spontaneous emission process is interpreted using Fig. 20 as the scattering of
“undulator photons”, without the presence of co-propagating electrons.

Within such a context the gain process can be viewed as the balance between stimulated
absorption and emission processes, namely

G(v) e f(vi) = f(v.) (36)
f(v,,_) refers to the cases illustrated in the Figure, to emission and absorption.

Since v, —v_«JdE,,., where OE,. represents the energy loss of one single electron via
recoiling, the expansion of Eq.(36) at the lowest order leads to (this assumption holds for
low gain devices as we will discuss later):

G(v)oc =L M) (37)

Taking into account that the radiation is emitted by an electron beam at a given current, the
gain can be eventually expressed as follows
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Sf(v)

G(v) = -0 10 = 2mg [ #(1 - Dsin(vi)dt , g, = 4l Ny k2
v Iy y
4z mc® A K*? K*? . K
Iy =——=1.704510*A, f, = Jo(————)-J;(————) K'=— 38

go is the small signal gain coefficient, I, the Alfven current. The gain curve is reported in
Fig. 21 (one can note that the maximum of the gain does not correspond to the maximum of
the spontaneous emission intensity, but located at v, = 2.6). ] is the current density of the
electron beam and f; the Bessel factor which takes into account the non-perfectly sinusoidal
trajectory of the electrons in the linear polarized undulator.
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Fig. 21. FEL gain curve

It is worth mentioning that the gain curve is asymmetric. It consists of one part of positive
gain and one part of absorption where the electrons, instead of giving energy to the
radiation, absorb some energy from the radiation.

Now that the existence of a gain is clarified, we will determine the saturation intensity. The
FEL process consists in a power transfer from the electron beam to the laser. The gain curve
is asymmetric but the FEL process is maintained until the Kinematic conditions are such that
a positive gain is guaranteed and that a sort of saturation is reached. The energy loss can be

deduced from the width of the positive gain region, related to the detuning parameter (see
Fig. 33 and Eq. (36)) by:

Av=4zN2L =0p (39)
y

This equation yields the energy variation of the electron beam induced by the FEL
interaction:

= — (40)
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We finally get the expression of the power, transferred from the radiation to the electrons
(see Eq. (27)):

p ~—E (41)

According to what we discussed for conventional lasers and assuming that a similar
dynamics is valid in the case of FEL, the saturation intensity can be expressed as:

=te g _UIE
2Ng, e
or in more practical units:
IS[MV;/ 1=6.9312.10% S (Y4 (4, [em]K* £,) (42)
cm 2'N

In conclusion, we demonstrated that an oscillator FEL behaves like a conventional oscillator
laser and therefore that most of the relevant theoretical description can be applied to the FEL.

4. FEL Oscillator model

In the former paragraph, we have shown a full parallel (in terms of gain and saturation
intensity) between FEL and conventional lasers. Pursuing the analogy we can write the
saturation of the FEL gain as (we impose an upper limit on the small signal gain coefficient
to fix the limit of validity of this treatment)

G(X) = %X = Ii
(43)

Gy =0.85%,, for g, <0.3

Gy, represents the maximum gain calculated at v, = 2.6 and:

F(X)=1+aX+pX%a+B=1a=2(2-1),=3-22 (44)

One can notice that in the case of the FEL, the saturation results slightly different from the
conventional laser (presence of a quadratic term), but this is just a technical detail which
does not modify the physics of the process. The use of rate equations as defined in Eq .(9)
enables to obtain the evolution of the laser power in the cavity as

Ly =1, =[(A=m)G(X;) =1L, (45)

As already seen, the signal increases initially in the exponential mode, then the increase
slows down and finally stops (or nearly) when the gain equals the losses. The equilibrium

power in the cavity is obtained from the condition I,,; =I, , which implies:

G(X,)=—1— (46)
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Together with Eq. (43) and (44), this leads to the expression of the equilibrium intensity in
the cavity:

I, =(V2+1)( “T”GM 1)l (47)

The solution of Eq. (45), (46) and (47) can be written as:

I,=1I
F e - )Gy 1)) -1

I, is the initial radiation intensity, due for instance to the spontaneous emission. An
example of evolution of the laser signal in the cavity is presented in Fig. 22.
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Fig. 22. Example of FEL signal evolution in the cavity up to saturation. Comparison between
simulation (continuous line) and analytic calculation (dotted line). The lower curve
represents the gain reduction due to the increase of the intracavity intensity.

The evolution is typically sigmoidal, as in the case of the conventional lasers.

We discuss the mechanism of mode-locking in the case of oscillator FEL. From the gain
curve, whose width is given by:

c

(Af )FEL = m

(49)
can be retrieved the number of coupled modes:

_ M) _ L (50)
"), Na
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It is worth noticing that such value is inversely proportional to the slippage NA. The
physical meaning of this relation will be discussed later. In the absence of a specific
mechanism of coupling of the longitudinal modes, the oscillator FEL modes also oscillate
independently producing a fluctuating output radiation. But in the case of oscillator FEL,
there is a natural coupling mechanism, resulting from the electron packets themselves,
delivered by the accelerator with a pulse train structure of finite duration.

In Figure 23 is illustrated the structure of an electron beam delivered by a Radio-Frequency

accelerator, which consists of a series of macro pulses themselves composed by a train of
2

1 _Zz

e >,
\V2ro, )

The current of a micro pulse corresponds to the peak current, while the current of the macro
pulse corresponds to the average current. The case is similar to the one discussed for pulses
in conventional lasers.

micro pulses which we assume to be Gaussian ( f(z) =

Macropulse .
\ Craussian or T
¥ "l
“normal

distribution
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Fig. 23. Structure of an electron beam delivered by a Radio-Frequency accelerator

The gain process is determined by micro pulses and is therefore highly dependent on the
electron beam finite distribution. As illustrated in Fig. 24, if the FEL process is determined
by a pulsed electron beam structure, each packet of electrons will provide a packet of
radiation. This is the basis of the FEL mode-locking mechanism. In order to understand it,
the electron beam pulse must be considered as a gain filter.

This can be done considering the Fourier transform of the electron beam in the frequency
domain of the FEL

- 1 o o
f(Vaﬂc)=EJ._w f(z)e ")z (51)
2
1 0 Yz 1 _VZ A
=——| f(z)e Vdz, « e ™, u=—;A=NA
\/E.‘-—oo ¢

N2rp, o,
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A is referred as the slippage length. The Fourier transform of f(z) is Gaussian too and in the
V2
2

following, we will use the normalized form: f(v,u.)= 2

x/_uc

Electron hunch %
F 4

_\- Electron bunch

NN

Random clectron |'-]n“ Lleetron bunched at radiation
incoherent cmission wavelength: coherent cmission

— —

Fig. 24. Formation of a laser pulse from an electron beam pulse

The filter, representing the electron beam, is therefore regulated by the quantity ., referred
as longitudinal coupling coefficient. This quantity has an all-purpose physical meaning,
which will be discussed in detail later. Here, we just highlight that when . increases, the
number of coupled modes increases, and that for a continuous beam (o, > ) the
operation becomes essentially single mode. The distribution derived from the former
equation becomes a Dirac peak. The gain "filtered" by the electron beam can be written in
terms of a convolution:

Gy(v.tt) = G + ) F (ot )y =27, || (1~ Bysin(vye " 2t (52)

It appears from this relation that for positive coupling coefficient values, the gain is
decreased, simply because there are more modes oscillating in phase, and according to Eq.
(52) that those coupled modes are within the rms band: o, = 4..

5. FEL equations

The previous considerations are essentially qualitative, to make the forthcoming arguments
quantitative we cast the FEL field evolution equation in the form

a . —ive 1
Z=ingy| vac-v)e " dr a,=a,|e% |aP=82"1L (53)
dr 0 s
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The previous equation can be exploited to specify the field growth before the saturation. It
must be stressed that it contains something more, with respect to the considerations leading
to the definition of the gain curve derived in the previous section, which were based on the
assumption that the field remains constant during the interaction inside the undulator. Eq.
(53) holds under more general assumptions, it includes the effects of high gain, i.e. the
corrections associated to the fact that the field can vary significantly during the interaction.

The FEL gain is the relative variation of the input field in one interaction (G =

The FEL gain curve can be derived from Eq. (88), using the low gain approximation
satisfactory for small signal gain coefficient values lower than 30 % . For higher values, the
gain curve is no more anti-symmetric. The maximum gain is no more simply proportional to
8o and further corrections should be included, namely

Gy =G(gy) = 0.85, +0.192¢5 +4.23x107° g5, g, <10 (54)

Eq. (53) considers an ideal electron beam, i.e. one with all electrons at the same energy. In
reality, the energy distribution of the electron beam can be assumed

2
1 e 2%, =270 with o, being the electron beam relative energy

N2ro, Y0
spread. The energy distribution induces an analogous distribution in the frequency domain
of the FEL gain:

Gaussian: fle)=

2

< 1 _Z(V 2
VU )=———¢ ™), u =4No, 55
f( ) I, (70 (55)

Following the same procedure of convolution, as in the case of the longitudinal modes
distribution, Eq. (53) is modified as following;:

oa f ; —1(7[/12')
—=1'7Z'g0J.T'61(Z'—Z")€7WT€2 S dr (56)

The reduction of the gain due to the energy distribution is similar to the reduction of the
gain due to the inhomogeneous broadening in conventional lasers and the parameter u, is

one of the inhomogeneous broadening parameter of the FEL. The reduction of the gain due

to such effect can be quantified according to G;G—MZ, u, <<1- Further sources of
1+1.7u

inhomogeneous broadening will not be considered here.

&

The inclusion of the electron packet shape and of the consequent optical pulse
phenomenology can be done by taking into account the fact that the photon packet, having a
higher velocity that the electrons, slips over the electron packet (see Fig. 38). Therefore,
Equation (56) should be modified according to:

da(z,7)

3 =iﬁg0(z+Ar)Ir'a(z+Ar',r—r‘)e_i”'e_g(”ﬂgf) dr' (57)
T
0
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Qo(z+ A7) is the small signal gain coefficient which takes into account the electrons
2

\/2_1 e > and the slippage. The former equation is sufficiently
7o,

general to describe the dynamics of the pulse propagation with the effects of a high gain.

distribution f(z), f(z)=

The coupling parameter x. has an additional physical meaning which is worth mentioning;:

it measures the overlapping of the electron beam with the photon beam. A very short
electron beam remains superimposed to the photon beam for a very short time, which
drives another reduction of the gain. The reduction of the gain due to the multi-mode
coupling and spatial overlap can be quantified as following*: G = 15—3—?4;1 .
3 e
An important aspect of the FEL dynamics is the non-linear harmonic generation, resulting
from the bunching mechanism, which itself is a consequence of the energy modulation
mechanism (see Fig. 25). When the electrons are micro-bunched at a wavelength which
corresponds to a submultiple of the fundamental wavelength, coherent emission is
produced at higher order harmonics, throughout the mechanism of nonlinear harmonic
generation.

Sample
electrons
in bunch d
\
" FEL
interaction
Longitudinal particle Bunching on FEL wavelength A
distribution and higher harmonics
Bunched
electrons

Coherent radiation
on A and higher
harmonics

\

Fig. 25. Bunching mechanism induced by the FEL interaction. Bunching is performed at the
resonant wavelength and on higher harmonics, allowing radiation production on the
fundamental and higher harmonics

The intra cavity evolution of the fundamental and of the higher order harmonics is
presented in Fig. 26.

4Both Egs. (97) and (100) are valid in the case of small gain ( g, < 0.3). For more general hypothesis, the
expressions are slightly more complicated and will not be reported here for simplicity.
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Fig. 26. Example of intra cavity evolution of the fundamental and of the high order
harmonics (third and fifth). The Figure also reports the energy spread increase. Continuous
lines: numerical calculation. Dashed line: analytical approximation

The dynamics of the process is understood as follows: the fundamental increases, until it
reaches a sufficiently high power level to induce a bunching, that can lead to non-linear
harmonic generation. The saturation mechanism comes from the combined effects of the
energy loss and energy spread increase of the electron beam due to the same interaction.
The maximum harmonic power is related to the maximum of the fundamental power
according to’:

1+vn |n-1 P,
Pr==_ |——o —E 58
"I AN 2 SN (58)

where g, is the small signal gain coefficient of the harmonic 7. Note that the coefficient

f—l’i] is the maximum power P, achievable on the fundamental. The higher order harmonics,
opposite to the fundamental, are not stored in the cavity. Therefore the powers presented in

Fig. 26 are relative to the harmonic generation in one single round trip.

The non-linear harmonic generation mechanism is similar to the frequency-mixing
mechanism in the case of non-linear optics. Eq. (58) can be understood as the non-linear
response of the medium (the electron beam) to the laser electric field, so that it can then be
written in terms of amplitude of the harmonics electric field:

5Note that in the linear polarized undulators, radiation is emitted on-axis only at odd order harmonics
(35...)
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E, = 1.EL (59)

\/gOn Jn n-1

Before concluding this paragraph, we will describe the profile of the pulses in a FEL
oscillator and the method which can be implemented to shape the pulses simply using the
cavity parameters.

7. Self amplified spontaneous FEL

One of the limiting factors of the FEL oscillator are the mirrors, which restrict the spectral
range to wavelengths longer than a few hundreds of nm. Therefore, the soft X-ray region
seems out of the range of operation of the FEL oscillator. It is possible to implement high
gain mechanism which enables to reach saturation in one single pass in the undulator. One
possible scheme is given in Fig. 27. A high peak current electron beam is injected in a long
undulator, and amplifies the signal emitted in the first periods of the undulator. Such FEL
configuration is referred as Self Amplified Spontaneous Emission (SASE) FEL. The main
steps of the process are: Spontaneous emission, Energy modulation, Longitudinal bunching
of the electrons over a distance of the order of the spontaneous radiation wavelength,
Coherent emission, Saturation

~
Electron huEC.I.‘d.l.,:,.?:,_ _ﬁl}—‘lii‘:: bunch
Sced laser -E -—
mmm

(E22E]

L]

il £5 8

Random clectron phase: Electrons bunching Elgctrons bunched af seed
Coherent seed Seed being .unpllf'n.tl wavelength:
Caoherent seed amplified to saturation
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Fig. 27. SASE FEL process. Microscopic image of the bunching mechanism and laser signal
increase along the undulator
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In order to understand these steps, we go back to the integral form of the FEL equations (see
Eq. (63) ), which can be rewritten as follows:

ef”%=mgog(f—r')a(r')e"”'dr' (60)

¢ o la(r)e
dr

vt ]
D;? indicates an integration (or a negative derivative) repeated twice.

We also used the following Cauchy equality for the integrations

(D)= (nfl)! [Fa-erf @, B =] doy [ d, fx,)).

Deriving both parts of Eq. (60) with respect to the temporal variables, the former integral
equation can be transformed into an ordinary third order equation:

(D2 +2ivD2—v?D,)a(r) = ingya(r)

L, d"
Dy= (61)

n
dr"

A A2
al.—o=ay,Dl,-0=0,D7a,2o=0

The solution of this equation is obtained with a standard method and can be written as
following:

a4
3(v+p+q)

~Zijyr

o3 o SPraT

(=v+p+q)

a(r) =

22V +p+ q)eé(pwr(cosh(g(p —q)7)

3y sinh(\@

p—q 6

(p—q)7) (62)

+i

(R

= L] =[]

r=27mg,-2v>,d=277g, [277zg0 - 41/3}

It is not so easy to handle from the analytical point of view, nor easy to interpret from the
physical point of view. A more transparent form can be obtained with v =0 in Eq. (61). This
is justified since we are considering solutions with a high gain, and that since in this case,
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maximum gain is reached for small values of the detuning parameter. In the v =0 case, Eq.
(61) becomes much more simple:

Dla(r) =i gya(r) (63)

The general solution is a linear combination of the three roots which is given by:
a(r)=>). a;R;(r) = > aje§fr (64)

d; are the three complex roots of (7g, )% . The solution is then finally given by:

NI

1
a(7) oc 780 27 (65)

Z

In addition, using 7 = N the former relation becomes:
u

A oo LRy (66

47r\/§p P 47" N3

—z
a(z)oce’e Lg=

L; is referred as the gain length, while p is referred as the Pierce parameter and constitutes
one of the fundamental parameters of the SASE FEL. Finally, including the three roots in the
expression, the evolution of the power in the small signal gain regime is given by:

2, Az) = %(3 + 2cosh(Li) + 4cos(§ LZ Yeosh(——))

g1 g,1 2Lg,1

|a(7) |= A(2)|ag

This relation enables to describe the initial zone of non-exponential growth.

The former equation only describes the intensity increase of the laser, not its saturation. The
physical mechanism which determines the saturation is not different from the one which
has been previously discussed in the case of the oscillators. To simplify the treatment, we
assume that the evolution is just the one relative to the exponential growth, so that we can
write the differential equation relative to the growth process as following;:

d P(z P(z

Lpe)-22a-22), po)-p,

dz L, Pr
A quadratic non linearity has been added in order to take into account the effects of
saturation. Pr indicates the final power in the saturation regime, that we will specify later.

The solution of the former equation can be obtained easily, using the transformation:

iT(z) = —L(T(z) —i),T(z) _ 1 and can be written:
dz Lg,l Py Pi(z)
z/L
P e ¢
P(z)=-% 67)
O=9 1 (
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Fig. 28. Comparison between exact and approximated solutions, the upper curve represents
the comparison with eq. (67) the mid curve provides the intensity growth (reduced by a
factor 100 to avoid overlapping) predicted by eq. (68), the lower curve yields the evolution
of the FEL induced energy spread.

In the more general case, the exponential is substituted by A(z):

(68)

The saturation power still remains to be defined. We already noted that when the gain
coefficient increases, nonlinear elements tend to modify the maximum of the gain curve and
its anti-symmetric shape.

(=20)2
)
1 3

e
N2 p

The relative width of the gain curve results proportional to the p parameter. According to

what has been discussed in the former paragraphs, one expects the ratio between the FEL
power and the electron beam power to be as well proportional to p.A more accurate

analysis demonstrated that this is true, though with an additional numerical factor [6]:

G(w) = (69)

P =2pP; (70)

The saturation length is obtained by imposing P(z) = Pr in Eq. (67), thus finding
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Zp = ln(gpﬁng (71)

0

Corresponding to the number of periods N, = 1
Yo,

To get some numerical examples, we can note that if one limits the undulator length to a few
tens of meters, given that the undulator period is of the order of a few centimetres and that

Pr 210° Py, the value of the p results around 107 . A comparison between “analytical” and

numerical predictions is given in Fig. 28.

8. SASE FEL and coherence

In the former paragraphs, we saw that the longitudinal coherence in FEL oscillators
operated with short electron bunches, is guaranteed by the mode-locking mechanism. In the
case of the FEL operated in the SASE regime, since there is no optical cavity, we can no
longer talk about longitudinal modes, strictly speaking. Nevertheless, we can repeat the
same argumentation on the filter properties of the electron beam to understand if something
analogous to mode-locking can be defined for the cases of FEL operated in the SASE regime.
As we already saw in the case of the oscillators, the effect of mode-locking is guaranteed in
the interaction region where the electrons see a field with constant phase. This region is
limited to one slippage length. We repeat the same procedure of Fourier transform which

w— o,
9 and

enabled to obtain Eq. (52). Using for the frequency domain the variable &= p
0

changing the variable for the space domain according to 7 = f , A being the slippage length,

we obtain the integral:

F@oe——=[" fl)e iz (72)

from which:

~ 1 _;2 . A
(&) =—=—e ™" f,=—
V27 i, ° po,
We used the approximation p= % The former relation ensures that a coherence length 1.

exists and that it is around A/p (a more correct definition will be given later). If the

electron beam length is about the coherence length, there would not be any problem of
longitudinal coherence because all the modes inside the gain curve would be naturally
coupled. Since in practical cases A/ p<<o, and since there is no clear definition of the

longitudinal modes, we should define "macro modes", ie. a sort of extension of the
longitudinal modes. The number of "macro modes" is given by:

My

1N

z. 73)
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Such macro modes introduced in the FEL Physics at the end of the 70’s by Dattoli and
Renieri are referred as supermodes (see [4] and references therein).

Each of these modes have a spatial distribution given by:

22
o e A
N27l, " 4x3po,

The relevant Fourier transform (&) provide us with the frequency distribution. The total
spectrum is given by:

m(z) =

M,
5(¢) =2 () (74)
n=1

The phase of each component is totally random. The spatial distribution of the optical pulse
is given by the Fourier transform of the spectrum and the results is shown in Fig. 29.
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Fig. 29. Temporal and spectral distribution of the SASE FEL

Each randomly phased supermode makes one optical pulse which results in a series of
spikes separated by a fixed distance: the coherence length (see Fig. 30).

The evolution of each supermode is nearly independent from the others. There is only the
slippage which enables to create a coherence zone (of the same order of the coherence

length) and produces a sort of smoothing of the chaos, while the field increases along the
undulator (see Fig. 31).
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Fig. 30. Coherence length and spikes distribution

Dealing with a partially chaotic phenomenon, we should also define a probability
distribution of the energy of these spikes [7]:

_ M M1, M ._ E
P(E)_(M—l)!x e , x—<E>

Such distributions are shown in Fig. 32. it is obvious that, when the number of supermodes

increases, the distribution narrows and the average quadratic deviation is oy = —

=
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Clarified the notion of longitudinal coherence, we move on to the definition of the
transverse coherence. As previously, the problem of the definition of a transverse coherence
results from the fact that there is no more optical cavity, which prevent us from defining
strictly speaking transverse modes. We should note that in the high gain case, we will no
longer be able to talk about free modes but guided modes, because of the strong distortion
in the propagation caused by the interaction itself. An example of such behaviour is given in

Fig. 33.
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Fig. 33. a) Gaussian mode and b) guided mode

The Figure also illustrates the gain guiding mechanism, which becomes relevant as soon as
the Rayleigh length becomes longer than the gain length. It is obvious that even in this case
the p parameter plays a fundamental role. Indeed, the condition for the guided modes can

be written as follows:

A A
p>>—t 75
PREN o 7)
Without optical cavity, the waist is essentially related to the transverse section of the
electronic beam.

Before concluding this section, we note that the effects of inhomogeneous broadening and
relative reduction of the gain in SASE can be treated using the same procedure given in the
case of a FEL oscillator. In the case of energy spread, the parameter which quantifies the
importance of the associated inhomogeneous broadening is

‘ (76)
The macroscopic consequence is an increase of the saturation length given by:

V3

Ly=xly 2=1+0185"27 (77)
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The analysis of a SASE FEL system can then be done calculating quantities such as the
saturation length and saturation power. One possible combination of the various parameters
is given in Fig. 34, where we reported the saturation length, the power and the wavelength
of a SASE FEL.
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Fig. 34. Saturation length, power and wavelength as a function of the K parameter for a
SASE FEL operating with a 2.8 cm period undulator and a 1 GeV energy, 5x10 energy
spread and 1 kA current electron beam

9. FEL in the SASE regime and example of application

Several SASE FEL have been proposed as fourth generation light sources. These FEL will
deliver radiation in the extreme ultraviolet and X-ray ranges, with a brightness at least 10
orders of magnitudes times larger than the one presently available on the synchrotron light
sources. The evolution of the brightness in time is represented in Fig. 35. The so-called
brightness is defined by Number of photons per second per source unit area, per unit solid angle,
per 0.1% bandwidth ( photons / sec / mm?* / mrad” / 0.1%Aw ).

The 10 orders of magnitude jump offered by the SASE FEL results from:

1. While conventional synchrotron light sources use the simple principle of spontaneous
emission, SASE FEL are based on stimulated emission which guarantees a photon gain
NG
of G=ten™” r
with respect to the conventional sources, the photon flux is higher by roughly eight
orders of magnitude.

, with L, =N/, the undulator length. Assuming Np = 1, one gets that
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2. The conventional sources use electron beams accelerated in a storage ring, while SASE
FEL use an electron beam accelerated in a LINAC (linear accelerator) of high energy. The
transverse dimensions of the emitting source (the electron beam) is therefore 100 times
smaller in the case of the SASE FEL that in the case of the synchrotron sources. According
to what has been said in (1) and given that the brightness is inversely proportional to the
transverse section of the beam, the magnification factor reaches ten orders of magnitude.

Another interesting aspect of the SASE FEL is the pulse duration of the radiation: as
illustrated in Fig. 36, SASE FEL can produce ultra-short radiation pulses.
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Fig. 35. Evolution of the brilliance of the X-ray conventional sources over the years and
perspectives offered by FEL sources

The shortness of the X-ray pulse is related to the duration of the current pulse, which
generated it. The electron beam length can be understood as follows. Assuming a maximum
charge of 1 nC (10~° C) and given that a SASE FEL needs currents of at least 1 kA to obtain a
reasonable saturation length, it turns obvious that the duration of the electron beam should
be smaller than a few ps.
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Fig. 36. Average brightness vs pulse duration of the SASE FEL sources

In conclusion: the SASE FEL can provide radiation in the X-ray range with duration of the
order of the ps with extremely high brightness. Such characteristics make the SASE FEL
sources of high interest for various types of applications.
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