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1. Introduction

Due to the lack of water resources, the problem of water management and minimizing the
losses becomes an attraction for many researchers. Although some problems have been
already solved in the theoritical point of view, only few of the proposed solutions have
been effectively tested in a real situation (Litrico et al., 2003). Limitations of water control
technology have been discussed in (Gowing., 1999). However, there are problems that
have not been solved yet, as reported in (Bastin et al., 2009). Those problems concern
both technological applications and mathematical challenges. To solve water management
problems, the so-called St. Venant equations (De Saint-Venant., 1871) are often used as a
fondamental tool to describe the dynamics of canals and rivers. They are composed by a
2 x 2 system of hyperbolic partial differential equations.

For a long time, the matter of controlling water level and flow in open canals has been
considered in the literature. Various methods have been used to design boundary controllers
which satisfy farmers or navigability demands. Among those different methods, we have:
LQ (Linear Quadratic) control that has been particularly developped and studied by (Balogun
et al., 1988), and (Malaterre., 1998) (see also (Weyer., 2003) and (Chen et al., 2002)). (Weyer.,
2003) has considered LQ control of an irrigation canal in which the water levels are controlled
using overshot gates located along the canal. A LQ control problem for linear symmetric
infinite-dimensional systems has been considered by (Chen et al., 2002). PI (proportional
and integral) control method has been used by (Xu & Sallet., 1999) to propose an output
feedback controller using a linear PDE model around a steady state. Such an approach
has been considered by (Litrico et al., 2003), where the authors expose and validate a
methodology to design efficient automatic controllers for irrigation canals. Riemann and
Lyapunov approaches are also considered (Leugering & Schmidt., 2002), (De Halleux et al.,
2003), and recently by (Cen & Xi., 2009) and (Bastin et al., 2009).

For networks of open canals, many results have been shown by researchers using some
of the methods mentionned above. For example, (De Halleux et al., 2003) have used the
Riemann approach to deduce a stabilization control, for a network made up by several
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370 Problems, Perspectives and Challenges of Agricultural Water Management

interconnected reaches in cascade (also (Cen & Xi., 2009) and reference cited therein). (Bastin
et al., 2009) have used the Lyapunov stability approach to study the exponential stability
(in L2-norm) of the classical solutions of the linearised Saint-Venant equations for the same
network with a sloping bottom. (Leugering & Schmidt., 2002) have studied stabilization and
null controlability of pertubations around a steady state for a star configuration network. Star
configuration network can also be found in (Li., 2005) and (Goudiaby et al., -). (Goudiaby et
al., -), have used a new approach to design boundary feedback controllers which stabilize the
water flow and level around a given steady state.

Concerning network made up by several interconnected reaches in cascade, we have noticed,
in the theoritical point of view, two approaches that are the Riemann invariants (De Halleux
et al.,, 2003) and Lyapunov Analysis approaches (Bastin et al., 2009), (Cen & Xi., 2009).
The purpose of this paper is to apply the approach given in (Goudiaby et al., -) to that
network. The approach is applied to a network of two reaches but it can be generalize.
Choosing a different type of network requires different treatment of junction where canals met
together. On the other hand, the Saint-Venant equations considered in the present paper are
in the non-conservation form. We consider the velocity at the boundaries as the controllable
quantities.

The approach consists in expressing the rate of change of energy of the linearized problem, as
a second order polynomial in terms of the flow velocity at the boundaries. The polynomial
is handled in such a way to construct boundary feedback controllers that result in the water
flow and the height approaching a given steady state. The water levels at the boundaries and
at the junction are used to build the controllers. After deriving the controllers, we numerically
apply them to a real problem, which is nonlinear, in order to investigate the robustness and
flexibility of the approach.

The paper is organized as follows. In section 2, we present the network and the equations.
We discuss how to determine a steady state solution and derive the linearized system and
corresponding characteristic variables, on which controllers are built. We also formulate
the main result, stating controllers and corresponding energy decay rates. In section 3, we
demonstrate the approach by proving a corresponding result for a single reach, while the case
of the network is proven in section 4. Numerical results obtained by a high order finite volume
method (Leveque., 2002; Toro., 1999) are presented in section 5.

2. Governing equations and main result

The network can be given by Figure 1 or by any type of network where several reaches are
interconnected in cascade (see (Bastin et al., 2009; De Halleux et al., 2003) ). In Figure 1, M is
considered as the junction node. The network model is given by the 1D St. Venant equations
in each reach (i = 1,2) and a flow conservation condition at M. The following variables are
used: h; is the height of the fluid column (m), v; is the flow velocity (ms~1), L; is the length of
the reach (m). The one dimensional St. Venant equations considered in the present paper are
the following:

oh; ~ d(v;h;

a—t’+—<alx’) =0, in [0,L;]

1)
av; 1 av% oh;

i )
E ig gg = O, m [O,LZ]
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Fig. 1. The cascade network
together with a flow conservation condition at M,

hl(t, Ll)vl (t, Ll) = hz(t,O)Uz(t,O), (2)
initial conditions

hi(0,) = h)(x),  0i(0,x) = o] (x), 3)

and boundary conditions

v1(t,0) = v10(t), ©v1(t,L1) =01,1,(t), ©v2(t, L2) = vo1,(t). (4)

The results in the present paper concern a linearized system around a desired steady state.
The controllers are built using that linear system and will be applied numerically to the above
nonlinear model.

2.1 Steady state

The goal is to achieve a prescribed steady state (h;, 7;), with the help of the controllers, when
time goes to infinity. From (1), the steady state solution (h;, 7;) satisfies:

( 00; .
a—xl = O, m [0, Li]/
oh; . 5
Ti—o, in [0,L;]. ©)
h1(L1)31(L1) = h2(0)32(0) at M.

The steady state is such that

hy < hy. (6)
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To determine the stady state (5), one gives /i1, 7 and hp. On the other hand, using the flow
direction (Figure 1) and the subcritical flow condition, one has

7; >0 and gﬁi > ;. (7)

2.2 Linearized model

We introduce the residual state (h;, 7;) as the difference between the present state (h;,v;) and
the steady state (h;,0;): h;(t,x) = hi(t,x) —hi(x), i(t,x) = v;i(t,x) — 0;(x). We use the
assumptions |h;| < h; and |9;| < |7;| to linearize (1)-(4). Therefore, the solution (h;, ¥;)
satisfies

oy L3t
(a) 5p +hay +0ig0

v

=0,

(c) 771f11(t/L1) + 01 (t, L1) = O2ha(£,0) + Iata(£,0)  at M
together with the initial condition
hi0,x) = I} (x), ,(0,%) = & (x), ©)

and the boundary conditions as control laws

01(t,0) =010(t), 01(t,L1) =011, (t), a(t, L) = Va1, (t). (10)
The functions v o(t), U1 1, (t) and ¥ 1, (t) are the feedback control laws to be prescribed in
such a way to get an exponential convergence of (fli, ¥;) to zero in time.
2.3 Eigenstructure and characteristic variables

The following characteristic variables are used to build the controllers:

and Cin =0; + fli & (11)

Cll _Ul_h Ei

Sog

The characteristic velocities are
Ajp = 0; — \/E and  Ap =0; + 1/ ¢h;.
The subcritical flow condition and the flow direction give
A1 <0< Ap and A +Ap >0, (12)
respectively. The characteristic variables satisfy

dgij  9Gj 9Gjj
i o My

=0, ij=1,2 (13)
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2.4 Main result

To build the feedback controllers, we express outgoing characteristic variables at the free
endpoints and at the junction M in terms of initial data and the solution at the endpoints
and at the junction M at earlier times. For reach 1, the outgoing characteristic variable at the
endpoint x = 0is ¢11. For reach 2, the outgoing characteristic variable at the endpoint x = L,
is ¢7p. Concerning the junction M, ¢1p and &y are the outgoing characteristic variables. In
section 4, we will see that

gén((t, 0)) Zl Et%
t,L | ¢
éﬁ(t, Li) - b;(t) ’ (14)
¢21(t,0) by(t)

where b;,i = 1,2,3,4 depend only on the initial condition and the solution at the endpoints
and at the junction M at earlier times T = t — 6t with 6t > min (/{‘—112, )%—222> .

Let us consider 6; : RT —]0, 1] satisfying:

.
01(t) > A

Z (15)

and 6,, 03 : R™ —]0,1] two arbitrary functions. We choose the feedback controllers as

follows:
a0 = =4 (Vi-ei-1),

tn0 == (1-e0)-1), (16)

o) = 50 (1-6s() 1),

where ,

_ A _ 20 20
azmw0+%ﬁ, WFMW(%—%%-MMWMO—J>U%

and b;, i =1,2,3,4, are given by (14). Therefore, defining

Ly L2>
T = max —_— Y, |, (17)
(|7\11| | Aot

and the energy of the network by

we get the main result of this paper:
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Theorem 1. Let ti = kT, k € IN, where T is given by (17). Assume that the flow in the
network is subcritical, the initial condition (E?,q?) is continuous in |0, L;[, ¥10,01,1,, V2,1, Satisfy
(16), 0y satisfies (15) and Aj; + Ajp > 0. Then (8)-(10) has a unique solution (IZ,-, §;) continuous in
[tk, tki1] X0, L;[ satisfying the following energy estimate:

E(ter1) < (1-0O%E(k), (19)

where E is given by (18) and
©% = min (T},1%) € [0,1],

. . 20 _ (02— 01)
I = min | inf (9 t +L ——1>,4v ~—= 27,
1 <xe}o,L1[ 1t |A11!) A12 " A

. . A ‘ Ly —x 209 (272 — 271) 20>
Y = min inf (‘AG t + + —) 22— 11— —= .
(xe]O,Lz[ A 20 A ) A A2 A

Remark 1.

1. In addition to (19), within the interval |ty, ty. 1|, the energy is non-increasing.

2. The controllers (16) tend to zero when time goes to infinity. This is due to (19) and the fact that
they are built on the solution at earlier times.

3. Estimation (19) can be written as

E(ty) < E(0)exp (—yk tk) :
15
k

stabilization rate for the exponential decrease.

1 . 1
where 1 = v and v = —In ((l —0)h > Thus, the functions 6 can be viewed as
0

3. Building the controller for a single reach

We construct a stabilization process for a single canal, which should drive the perturbations
h and 0 to zero exponentially in time. We consider the 1D Saint-Venant equations (1) without
the index i standing for the reach number:

oh  d(vh)
T T 0.
(20)
o 1w oh
o " 29x Sax T
together with initial conditions
h(0,x) = h(x), ©(0,x) =2%(x) (21)
and boundary conditions
v(t,0) =vo(t), o(t, L) =or(t). (22)
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The steady state solution (h,3) satisfies:

" W0 T=0 i D
>0 and /gh > 0. (23)
The linearized model is
(@) 2172 4o g, o
(b) %Jrz?g—z +gg—z =0,
together with initial conditions
h(0,x) =h(x), (0,x) =), (25)
and the boundary conditions
0(t,0) = Tp(t), (¢, L) =73L(t). (26)

The functions 9y (t) and ¥(t) are the feedback control laws to be prescribed in such a way to
get an exponential convergence of (11, 7) to zero in time.

The characteristic variables are:
G=0—h /S and EH=v+h/E 27)
with the characteristic velocities
M=0—4/gh and /\2:5%—\/@.
The subcritical flow condition and the flow direction give
AM<0<A and A;+A >0, (28)

respectively. Considering the characteristic variables (27), system (24) is written as two
independant equations:

d(:j a(:j a‘:j .

3.1 A priori energy estimation

Let E be the energy of (24) defined as
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We consider the following system as a weak formulation of (24)

(g, ¢) € H'(J0,L[),
Lol I () L a(y)
/0 gledX—gh/o dex—gv/o thX_F
ghip(L)oL(t) — ghp(0)do(t) + goy (L)AL (t) — g0y (0)hg(t) =0, (31)
Lo oo oo rba(g) o rhag)
/0 hgbadx—hv/o vwdx—gh/o hW dx

\ +Iog (L5, (1) — Fog(0)do (1) + gh (LYhr (1) — ghip(0)ig () = O,

together with boundary and initial conditions.

We estimate the variation of the energy E on the canal in order to define the controllers v/ (¢)
on {x = L} and 9y(t) on {x = 0}. To this end, we let (¢, ¢) = (h,7) in (31) to get

5 EW) = =203 (6) = SR (, L) — ghh(t, L) (1)
(32)
+503(6) + SR (1,0) + ghi(t, 0)do (1)
The difference among control methods depends on how the energy is defined and its variation
handled to obtain a convergence of the perturbations / and v to zero in time (see (Bastin et al.,
2009; De Halleux et al., 2003)).
3.2 Controllers and the stabilization process

The feedback control building relies on the fact that we can express the height at the
boundaries in terms of the flow velocity and outgoing characteristic variables. Using (29)

tA

—L/ A |
L/A,
T

&
&>

o Yo L X
Fig. 2. Characteristic variables.

and refering on the characteristic variables indicated in figure 2, one has:

(2E0) = (o), o
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where

610, |M|m), » < |A_L1\ &0, L—Am), T < 4,
bi() = . by(my) = . ) (34)
G — L), ==y, &2(t —15,0), & = 3

From (27), one derives

. h
h(t, L) = (CZ(TLL) H UL(T1)> Y (35)
- h
h(1,0) = < —C1(1,0) + UO(T2)> i3 (36)
Considering the energy equation (32), one deduces from (34)-(36) that
1dE . . . o
5 E(f) = ayT5(t) — arby ()T (t) + c1(t) + a0 () — azba ()L () + ca(t) (37)
where
. _ ho ho ,
a1 = h/\z, ap = h|)\1|, Cl(t) = Tbl(t)’ Cz(t) = —?bz(t), (38)

by (t) and by (t) are given by (34).

The RHS of (37) is treated in such a way to get an exponential decrease of the energy. For this
propose, the following observation for second order polynomials is used.

Lemma 1. Consider a second order polynomial P(q) = av® + bv, where a > 0. For any 6 € [0,1]

P (E(M—m) __P (39)

——0.
2a 4a

If the flow velocity at the boundary is prescribed as follows:

z?L(t):—sz<t)< 1—92(1‘)—1) and 50(t):—b17(t)< 1—91(t)—1), (40)

where 61,0, : RT™ — [0,1], then by Lemma 1, (37) becomes

1dE b2 (t b2
2ot = -Tet) 1o - 2o +er
= 2 (M (6) ~ 20)B3(6) — 1 (IAaleat) +20)3(0) @)

In order to get an energy decrease, we chosse 6, such that the RHS of (41) is non-positive. In
fact we choose 6; as follows:

61 (t) > (42)

F|

20 20
Note that this choice of 6, is always possible since A—v < 1. Indeed A—U < 1, because the
2 2

subcritical flow condition (23) gives A; = /gh + @ > 23. Thus, we get the following result
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Theorem 2. Let ty = kL/|A1|, k € IN. Assume that (28) holds, the initial condition (h°, %) is
continuous in |0, L[, (o, 91) satisfies (40) and 6, satisfies (42). Then (24)-(26) has a unique solution
(h,¥) continuous in [ty, ty,1]x]0, L[ satisfying the following energy estimate:

E(ter1) < (1-0O%E(t), (43)

where E is given by (30) and

, , M L—x 277) , < X 277)
ef = £ (2o, (¢ =), inf (61(+——)=22) ] €[0,1].
m (xglf(l),L[ ( )\2 2( kT /\2 ) T )Lz xelf(l),l‘[ 1( Kt |/\1|) AZ [ [

Proof: The existence and uniqueness of the solution follow by (27) and construction (33).

Integrating (41) from O to t;, we have

ho rL/|M| h o rL/|M|
E(L/|A1]) = E(0) —g ; (A261(t) —20)b3(t) dt — g/o (|A1]62(t) +20)b3(t) dt,
ho rL/|M|
< E(0) —g o (M0 —20)&5(0, |Aq]t) dt
hoL/As
=3/, (|A1]02(t) +28)E3(0,L — Aqt) dt,
h L
< E(O)—m/o <A291(ﬁ)—25)§%(0,x)dt

h L L—x
s b (mleat=
L x

]jl L L—x _ 2
_E ; <|A1|62( " )+2v>§2(0,x)dt,

)+ 25) &3(0,x) dt,

h (L X 20
<k -5 [ (B - 1) Gona

(/\—292( )\2 )—}‘)\_2)62(0,3() dt,

-5 /.
h rL
<EO) -3 [ [B0x)+80x)] 0, (44)
where
: . M|, L—x, 20 . X 20
0 = g (Pl Eox —), f (9 —_—> .
o (xé]%,L[( Ao 2 Ao )+7\2 xel]r(ll,L[ 1(|)\1|) A2
0 . X 20 20
We have @Y € [0, 1], since we get 0 < 6; (m) -3 < 1 from (42) and the fact that o < 1.
1 2 2
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On the other hand, one has the following estimation

2 2
2(0,x) + (0, x) = <z§0(x) —EO(x)\/% + (ﬁo(x) +0(x) %) ,
=2 () + FH @R = 2 (PP +g0))?). @
Therefore we deduce from (44)-(45) that

E(L/|)) < E©) - ©° [ ) (A& ()2 +g(i(x))?) dx < (1-O")EQ).  (46)

0

In order to generalize (46) with respect to time, we consider the time t; = kL/|A1]| as initial
condition. Then, we let

bi(t) = St [MI(E—t)), if te€ ]t e+ L/

ba(t) = ot L — Aot — 1)), if tE€ftx+L/Ad,

and
A L—x, 20 x 20
@ =min | inf <|—19 b+ +—), inf (9 e+ o ——) € [0,1].
(xE]O,L[ Aa 2tk Ap ) A2 ) " xeloL 1t |)t1|) Ay 0,1
And, by integrating from ¢t to f;, 1 and using the same arguments as for the interval [0, t1],
the proof of Theorem 2 is finished. O
Remark 2.

1. Using the weak formulation (31) and the fact that C°(]0, L) is dense in VLZ(]O, L), it is possible
(using the arguments of (Goudiaby et al., -)) to prove that for initial data (h°,°) in (L*(]0, L[))?,
the solution (h,¥) of (24)-(26) satisfies (43) and the following reqularity

h 4 .
(Fz6+5h>’ (5z7+g13) € H{div,Q), “7)
where Q =]ty tr11[x]0, L],

o d

div = (a, py

) and H(div,Q) = {v e L?2(Q)?; divy € L*(Q) }

2. It is also possible to stabilize the reach by acting only on one free endpoint as in (Goudiaby et al., -).

3. Only the initial condition and the on-line measurements of the water levels at the endpoints are
required to implement the feedback control law (40).

4. For an application need, in order to implement the controllers (40), one can use two underflow gates
located at the left end (x = 0) and the right end (x = L) of the canal (see Fig 3). Denote by Iy and
I} the gates opening. A relation between under flow gates opening and discharge is given as follows
(see (De Halleux et al., 2003; Ndiaye & Bastin., 2004)).

Ih(t,0)0(t,0) = Io()kiy/2g (Hup — h(1,0)), (48)

h(t, Lyo(t, L) = I (t)kay/ 28 (h(t, L) — Hapun), (49)
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where, 1 is the width of the reach (m), ky, ky are gate coefficients, v(t, x) = 0(x) +9(t, x), h(t, x) =
h(x) + h(t,x), Hup and Hgpyy, are the left and right water levels outside the canal, respectively.
Hyp and Hg,yy, are supposed to be constant and satisfy Hyp > h(t,0) and h(t, L) > H oy

Upstream gate

T

«— Downstream gate

Hup L | h (t,x)

T Hdown

X

Fig. 3. A canal delimited by underflow gates
4. Building the controller for the cascade network
In this section, we use the idea of section 3.2, to build feedback control laws for the network.

4.1 Energy estimation and controllers building

Consider the energy of the network given by

2 L; . -
E = Z Ei/ E,‘ = /0 (gl’llz(t) —+ I’llﬁlz(t))dx (50)
i=1
Arguing as in section 3.1, from the weak formulation of (8), we deduce
1d hioy 01y . 3
s () = _%U%,Ll(t) < ngh%(t, L1) — ghihy(t, Ly)vy 1, (t)
h9q 71 + . 5
+=22R 0 (1) + ELI(1,0) + gl (£,0)51,0(t)
hy 0y 802 ¢ T oy
5 5 1, () — Th%(t, L) — ghaha(t, Lp)0a 1, (1)
hy0y Dy + _ 3
+220 (1) + S22 H3(1,0) + ghalia (1, 0) ().

Using (13) and refering to figure 4, we express outgoing characteristic variables in terms of
initial data and the solution at the endpoints and at the junction M at earlier times, i.e (14) is
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A

& &1y &1 =
o 1,
0 L,
Fig. 4. Characteristic variables for the cascade network
satisfies with,
L
¢11(0, [Ault), # < iy, (0, Ly — Amt), t< 42,
bi(t) = . . by(t) = . .
éll(t—m/Ll), ik Cn(t—52,0), t= 2.
. (52)
.
612(0, L1 — )\ut), t < %, ‘:21(0/ ‘)‘Zl’t)/ t< Mzzl\’
by(t) = . . by(t) = . .
| C12(t—x5,0), t= L. Gop(t — M—;‘,Lz), E> o

On the other hand, using (11) we also express the height at the boundaries and at the junction
in terms of the flow velocity and outgoing characteristic variables:

hi(t, Li) = <Ci2(tr Li) — Uz‘,L,-(t)) \/;

(53)
hi(t,0) = ( —&in(t,0) + Ui,o(t)> \/g-
Plugging (53) into (51), one gets
1dE ! 5 “ )
EE(t) = a107 o (t) — arby (£)01,0(t) + c1(t) +a0; | (t) — aaba (t) Vo1, (F) + ca(t)
(54)
+a30 | (1) —asba(t)Ty, 1, (#) + c3(t) + asd () — aaby(t)d20(t) + ca(t)
where
a1 = A, ay = hy| Az, a3 = hi|A1], ag = hoAn,
. - - . (55)
hyo hy h,o hyo
e1(t) = 5 bi (1), ealt) = =52 B3 (1), ea(t) = — =SB (H), ealt) = —2UE(1),

b;,i = 1,2,3,4 are given by (52).
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The flow conservation condition (8.c) is used to express ¥ in terms of ¥ 1, and outgoing
characteristic variables. From (8.c) and (53), one has

Up0(t) = adyr, () + Bbs(t) + Sba(t). (56)

An| [hy hy
_ Ml [ 57
A\ hy % )\22 ©7)

Thus, the last six terms of (54) can be expressed as follows:

a307 1, (t) — agbs ()01, (t) + c3(t) + ag05 o (t) — agha(t)V20(t) + ca(t)
=00 1, () + 7 ()DL, (F) + p(t), (58)

where

where

- A
o = (a3 + a®ay) = Iy | Ay (1 + I—ll|> (59)
A2

v(t) = (2a40f — I |A11])b3(t) + a(2a40 — hpApp)bu(t)

20 20
= Iy |A11] <—1 - 1> b3(t) + [A11|y/ B P (—2 — 1) (t) (60)

hy191

plt) = (a8 —thzza+h222)b4<t> (nap? —T)b%u)
+B(2ay — hpAop)bs(t)by(t)

oty (20, N o oy (200 .\ 2
) <7\22 1)b4()+ 2 \ A 1) 500

011/l (% _ 1) by (£)ba (8).

Taking into account (58), the energy law (54) becomes

1dE
Eﬂ(t)

(61)

= 1103 o (t) — arby (£)D1,0(t) + c1(t) + a0 (t) — agby ()1, (1) + c2(t) 62)
+o it L (8) + (DT, () +e(t).

If we prescribe the velocity at the boundaries as follows,
st = -0 (0 -1),
o by (t
) = -2 (Yi-ea0 1), )

o0 = 52 (/16 1),

www.intechopen.com



An Algebraic Approach for Controlling Cascade of Reaches in Irrigation Canals 383

where 01, 05, 63 : RT — [0,1], it follows from Lemma 1 that

1dE .\ _ b b3(t)

2
32 0) =~ 010+ en(t) - 2 0a(0) + ealt) - L1

40

05(t) + p(t). (64)

Let us calculate explicitely the RHS of (64). On the one hand, using (a1, c1) and (a3, ¢p) given
in (55), we have

b% 1y _ N2
— —4[11 01 +c1 = vy ()\1291 — Zvl)bl(t), (65)
and
- b—§9z +o = h (IA21162 + 20) b3 (¢). (66)
4a, 4 2

On the other hand, from (59)-(61) and using the fact that 63 €]0, 1] we have

2 T _ T _
0% hyDy (20, 2 hi19, (204 2
_ < p—= L2222 S ik R
40,03 + pP=p 2 <)\22 1> b4(t) + 2 /\22 1 b3(t)
(67)

Since % <1, we get

(20 hio 20 hyo 20
011/ Il (A—Z - 1) b (£)by(t) < % (1 - Tzi) v3(t) + % (1 - A—;) b3(t). (68)

22
Combining (68) and (67), one has

4o A2

Using (65), (66) and (69), the energy law (64) becomes

2 _ = _
Y 9,40 < Fzmub%(t) e (22(52 —91) — (52 —171)> bi(t).  (69)

1dE I 2 _(02—71) 5
§E(t) S ((7\1291 —207) by (t) + 40, /\—2253@
(70)
h 20
—22(2(5y —57) (1= 52 ) B3(t) + (|A21 02 +202) B3 (1) ) -
4 A2
The way the steady state (hy, 01, hp, 0) is chosen (see (6)), yields that
Oy > 01. (71)
The function 60 satisfies a condition similar to (42), i.e
01(t) > 20 (72)
M2

Using the fact that % < 1, (71) and (72), the RHS of (70) is non-positive. Thus we give the
proof of Theorem 1.
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4.2 Proof of theoreme 1
The existence and uniqueness of the solution follow by (11) and constructions (14).

Integrating (70) from O to t1, one has

]711 t _ 5
E(h) < E©0)— 3 [ (Mabr (1) —201) / 10,2 2 2y
hy [h 20 h
_32 [ 2(02-71) (1—A—2§)b4()dt—§ " (|Aa1]02 + 28,) B3 (1)t

(52) By
< E0) =5 [ (Mafr (1) — 200) 23 (0, | A 1)t

h Up — 0

21 o 45, %ﬁz(t,h — Appt)dt

22
hy

T 20
= | 20— o) (1——A 2)621@ [An|)dt
22

h; % (a0 +202) (0, L — A,
h 2
< E(0) — 21 <91(Vi1|) A?i)ffn(o x)dx
b (5
—31 5 4?71—(1;\222/\ )‘312(0 x)dx
hy ’/\21| —Xx, 20
2 [ (P2 32 0,
hy (L2 (95— 2
—?2 i 2—(02)\2201)( Uz>§2l( x)dx
h
< BO) - 7 [31(0,2) + Ba(0,0)] 1
hy (L2, 2 0
—2 [ [,(0,%) + &1(0,x)] Tdx, (73)

where
. . 20 _ (00— 1)
Y = min | inf (9 * oy —1> ,40——2 ],
1 (xE]O,Ll[ i |7\11|) A2 Y A

) ) A | Ly —x 209 (772 — 771) 209
'Y = min inf (| 21 —l——),Z— 1-—= .
2 <xe}0,Lz[ A2 Ol A2 ) A2 A2 A»
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Arguing as for (45), we get

&3 (0,%) + &h(0,%) = ,% (A (30 ()% + (i (x))?) 74)
Therefore, using (74) in (73), one has
E(t) < (1-0%)E(0) (75)
where ; . N ' g 20,
©" = min (1"1,1"2) €[0,1], since 0< 91(W) T <1
In order to generalize (75) with respect to time, we consider the time t; = kT as initial

condition, with T given by (17). Then, we let
b1(t) = Guilte, [Anl(t—tk)), t € ]t bk + Lo/ [An]],

bo(t) = Cooltk, Lo — Aop(t — 1)), t €t e + Lo/ An|,
b3(t) = Cia(ty, L1 — Aot — 1)), t € Jtg, t+ L1/ A,
b3(t) = Con(te, [A2nl(t — 1)), t € bty + Lo/ | A1l

. . 20, (0 — 1)
¥ — min | inf (0 te+ —— > 49—~ |,
! (xE}O,Ll[ 1tk |/\11| )~ Ao o AxnAin
) A | Ly —x 207 (772 — 771) 20,
X(x) =min [ inf <|21 t 4+ —=——— —|——),2— 1-—= .
2(%) (xE]O L[ \ A2 2t A2 ) A2 A A2

© = min (rk,r§> € [0,1].

Therefore, by integrating from t to t;,1 and using the same arguments as for the interval
[0, 1], the proof of Theorem 1 is completed. O

and

5. Numerical results

Numerical results are obtained by using a high order finite volume method (see Leveque.
(2002); Toro. (1999)).

5.1 A numerical example for a single reach

In this section, we illustrate the control design method on a canal with the following
parameters. Lenght L = 500m, width [ = 1m. The steady state is §(x) = 1m®s~! and
h(x) = 1m and the initial condition is /(0, x) = 2m and (0, x) = 3m3s~1. The spatial step size
is Ax = 10m and the time step is At = 1s. We also set H,, = 2.2m and H,,,, = 0.5m and use
relations (48)-(49) for gates opening.

We have tested a big perturbation in order to investigate the robusness and the flexibility of the
control method. One sees that the bigger the 6’s are, the faster the exponential deacrease is (Fig
5). Increasing 0’s also produces some oscillations of the gates opening with heigh frequencies
(Fig 6). We then notice that for the gates opening, choosing 0’s between 0.5 and 0.7 gives a
quite good behaviour of the gates opening (Fig 7-(b)). Generally, depending on the control
action (gates, pumps etc) used, we can have a wide possibilities of choosing the 0’s.
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Fig. 6. Gate openings for different values of 8; and 6,.
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Fig. 7. Evolution of the energy (a) and gates opening (b) for 6; = 6, = 0.5.

5.2 A numerical example for the cascade network

We consider two reaches of Lenght L1 = L, = 1000m, width [ = 1m. The steady state is
g1(x) = 1.5m3s~1, hy(x) = 1.5m and hy(x) = 1m and the initial condition is /1 (0, x) = 2m,
71(0,x) = 3m3s~1, hy(0,x) = 1.5m, g2(0, x) = 3m3s~!. The spatial step size is Ax = 10m and
the time step is At = 1s. We also set Hy,, = 3m and Hy,,, = 0.5m. We have noticed as in
the case of one single reach, that the bigger the 0s are, the faster the exponential decrease is.
In figure (8), we have plotted the energy decay and the gates opening for 6; = 6, = 63 = 0.7.
Although, the perturbations for reach 1 and 2 are different, the controllers act in such a way
to drive the perturbations to zero simultaneously (Fig (9).
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Fig. 8. Energy evolution (a) and gates opening (b) for 6; = 6, = 63 = 0.7.
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