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Computing and Updating Principal Components
of Discrete and Continuous Point Sets

Darko Dimitrov
Freie Universitit Berlin
Germany

1. Introduction

Efficient computation and updating of the principal components are crucial in many
applications including data compression, exploratory data analysis, visualization, image
processing, pattern and image recognition, time series prediction, detecting perfect and
reflective symmetry, and dimension detection. =~ The thorough overview over PCA’s
applications can be found for example in the textbooks by Duda et al. (2001) and Jolliffe (2002).

Dynamic versions of the PCA applications, i.e., when the point set (population) changes, are
of big importance and interest. Efficient solutions of those problems depend heavily on an
efficient dynamic computation of the principal components (eigenvectors of the covariance
matrix). Dynamic updates of variances in different settings have been studied since the sixties
by Chan et al. (1979), Knuth (1998), Pébay (2008), Welford (1962) and West (1979). Pébay (2008)
also investigated the dynamic maintenance of covariance matrices.

The principal components of discrete point sets can be strongly influenced by point clusters
(Dimitrov, Knauer, Kriegel & Rote (2009)). To avoid the influence of the distribution of the
point set, often continuous sets, especially the convex hull of a point set is considered, which
lead to so-called continuous PCA. Computing PCA bounding boxes (Gottschalk et al. (1996),
Dimitrov, Holst, Knauer & Kriegel (2009)), or retrieval of 3D-objects (Vrani¢ et al. (2001)), are
typical applications where continuous PCA are of interest.

The organization and the main results presented in this chapter are as follows: In Section 2, we
present a standard approach of computing principal components of discrete point set in R?. In
Section 3, we present closed-form solutions for efficiently updating the principal components
of a set of n points, when m points are added or deleted from the point set. For both operations
performed on a discrete point set in RY, we can compute the new principal components in
O(m) time for fixed d. This is a significant improvement over the commonly used approach of
recomputing the principal components from scratch, which takes O(n + m) time. In Section 4
we consider the computation of the principal components of a dynamic continuous point set.
We give closed form-solutions when the point set is a convex polytope R3. Solutions for
the cases when the point set is the boundary of a convex polytope in R? or R3, or a convex
polygon in R?, are presented in the appendix. Conclusion and open problems are presented
in Section 5.
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264 Principal Component Analysis

For implementation and verification of some the theoretical results presented here, we refer
interested readers to Dimitrov, Holst, Knauer & Kriegel (2009) and Dimitrov et al. (2011).

2. Basics. Computing principal components - discrete case in R4

The central idea and motivation of PCA is to reduce the dimensionality of a point set by
identifying the most significant directions (principal components). Let P = {p1, P2, ..., Pn} be a
set of vectors (points) in RY, and ji = (yq, 2, ..., #a) € RY be the center of gravity of P. For
1 <k < d, we use p; to denote the k-th coordinate of the vector p;. Given two vectors i and
7, we use (ii,7) to denote their inner product. For any unit vector 7 € R?, the variance of P in
direction T is ,

Z (1)

var(P,?)

:I»—\

The most significant direction corresponds to the unit vector ¥ such that var(P,7;) is
maximum. In general, after identifying the j most significant directions 7y,...,7;, the
(j + 1)-th most significant direction corresponds to the unit vector @1 such that var(P, 7} 1)
is maximum among all unit vectors perpendicular to 71,7, . .., 7}.

It can be verified that for any unit vector 7 € RY,
var(P,7) = (X7, 7), (2)

where ¥ is the covariance matrix of P. X is a symmetric d X d matrix where the (i, j)-th
component, ;;, 1 <i,j <d,is defined as

1 n
o= k;(Pi,k —wi)(Pjk — 1) 3)

The procedure of finding the most significant directions, in the sense mentioned above, can
be formulated as an eigenvalue problem. If Ay > A, > --- > Aj; are the eigenvalues of %,
then the unit eigenvector 7; for A; is the j-th most significant direction. Since the matrix X is
symmetric positive semidefinite, its eigenvectors are orthogonal, all A jS are non-negative and
Aj = var(X, 7).

Computation of the eigenvalues, when d is not very large, can be done in O(d®) time, for
example with the Jacobi or the QR method (Press et al. (1995)). Thus, the time complexity of
computing principal components of 1 points in R is O(n + d®). The additive factor of O(d®)
throughout the paper will be omitted, since we will assume that d is fixed. For very large d, the
problem of computing eigenvalues is non-trivial. In practice, the above mentioned methods
for computing eigenvalues converge rapidly. In theory, it is unclear how to bound the running
time combinatorially and how to compute the eigenvalues in decreasing order. In Cheng &
Y. Wang (2008) a modification of the Power method (Parlett (1998)) is presented, which can give
a guaranteed approximation of the eigenvalues with high probability.

3. Updating the principal components efficiently - discrete case in R?

In this section, we consider the problem of updating the covariance matrix X of a discrete
point set P = {§,72,..., P} in R?, when m points are added or deleted from P. We give
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Computing and Updating Principal Components of Discrete and Continuous Point Sets 265

closed-form solutions for computing the components of the new covariance matrix ¥’. Those
closed-form solutions are based on the already computed components of . The recent result
of Pébay (2008) implies the same solution for additions that will be presented in the sequel.
The main result of this section is given in the following theorem.

Theorem 3.1. Let P be a set of n points in RY with known covariance matrix X. Let P’ be a point
set in R?, obtained by adding or deleting m points from P. The principal components of P’ can be
computed in O(m) time for fixed d.

Proof. Adding points

uy, ;42,...,;421).

Let Py, = {Pn+1, Put2, - - -, Pn+m | be a point set with center of gravity ji" = (
< j < d, of the center of

We add Py, to P obtaining new point set P’. The j-th component, ;4;.,
gravity ji’ = (y’l,y’z, ..., W) of P'is

n+m n+m " -
- Zpk] (Zpk]+ Z Pk]) .u]'"’ V;’n'

n+m n+m k1 n+m n-+m

The (i, j)-th component, o7 i 1 <1i,j < d, of the covariance matrix ¥/ of P’ is

/ 1 o / /
% (sz_.”)(Pk,j_l/‘j)
) Dt S s K)o 1)
= )(Prj — ;) + Pii = Hi)(Pkj — 1j)-
1 g ! n+mk:n+1 l ] !
Let
U;j = ‘71'/]',1 + Uz{j,Z/
where,
& /
1]1 pk] 7"])/ (4)
and
o= nin (P = 1) (P — 1) (5)
7 - ’1 4 '
gl ntm, o= ! S
Plugging-in the values of j} and y} in (4), we obtain:
1 & m n m
1] _ m - m
Thia = mk; Pri— n+m# M P = oy = )
i m mo m mo
= mk; Phoi = Wi i = e ) (P = o by = )
n n m m m
_"+mk21 Pri = 1i) (Prj — V])+n+mk221(pk,z—uz)(n+—mm—n+mﬂj)+
1 &, m m
n+mk21n+m i~ et (P = Hj)
1 &, m m.o ., M mo
n—l—mzn—}—m i n+mﬂi)(n+my]_n+myj)’
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266 Principal Component Analysis

Since Y ' _1(pxi — i) = 0,1 <i < d, wehave

1’11’112

(n+m)3

ol = —
1T n 4 m

oij + (i = ") (uj — i) (6)

Plugging-in the values of 1} and ;4;- in (5), we obtain:

1 B n m n m
/| | C L N\ m . . m
T = Hmk_;ﬂ(pk,z i T M P = e )
1 e m n m n m m n
= n+mk:;+l(pk,i—ui oM ) P i e )
1 n—+m 1 n—+m
— .y ™)+ L ym m_ ) +
n+mk§+l(pkﬂ 1) (pej — #') n+mk§+l(pk,l ) s = 1)
! nin D — ) (P — 1)+
" — i) (prj — 1
n4m, o n+m ! ]
1 n—+m n n
). (W — i) —— (1" — )
nt+m, S n+m ! n+mJ
Since ZZ;“}TH(pk,i —u") =0,1<i<d wehave
/ _ m m an m m 7
Yijp = i T (n+m)3(ﬂi—ﬂi ) (i — 1), @)
where
1 nEm m m ..
off = — Y (pei = 1) P — 1), 1<ij<d,
k=n+1
is the 7, j-th element of the covariance matrix X, of the point set Py,. Finally, we have
ol =0l o, = ——(noy 4+ ma™) + T — ) (g — ). 8)
ij ij,1 ij,2 n+m 1 ij <n+m)2 1 i ] j

Note that (Ti’]’?, and therefore o’ j, can be computed in O(m) time. Thus, for a fixed dimension d,
the covariance matrix X also can be computed in O(m) time.

The above derivation of the new principal components is summarized in Algorithm 3.1.

Deleting points

Let Pyy = {Pn—m+1, Pn—m, - -, Pn} be a subset of the point set P, and let ji"" = (uf', u3', ..., uy')
be the center of gravity of P,. We subtract P, from P, obtaining a new point set P’. The j-th
component, y}, 1 < j <d, of the center of gravity ji’ = (p}, iy, ..., 1) of P’ is

1 n—m 1 n n n m m
n_mk;pk,j—n_m(k;f’k,j_ )3 Pk,j)—n_m.u]_ Hj -

k=n—m+1 n—m

M =
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Algorithm 3.1 : ADDINGPOINTS(P, i, 2, Py;)

Input: point set P, the center of gravity yu of P, the covariance matrix X of P,
point set P, added to P
Output: principal componenets of P U Py,

1: compute the center of gravity ji" of Py,
2: compute the covariance matrix 2™ of Py,
3: compute the center of gravity ji’ of P U Py,:

. /I n ) m .
4: yj—H—my]%—H—my;ﬁ,forlg]gd
5: Compute the covariance ¥/ of P U Py;:
6
7

0} = o (noj + moii') + gz (#i

: return the eigenvectors of ¥’/

—ui") (pj —

y}”),forlgi,jgd

The (i,j)-th component, o7 i 1 <1i,j < d, of the covariance matrix ¥/ of P’ is

7 = )(prj— 1)
3 / 1 . / /
= YPrj=1) == ) (Pri— B Pk — ).
k=n—m+1
Let
‘Tz'lj = Uilj,l - ‘Tilj,2r
where
n
1]1 n—m 2 Pk,i — pk,] ;l/l;), )
and
o=t Y (i K)ok 1) (10
R Pki — Hi)\Pk,j — Hj)-
k=n—m+1
Plugging-in the values of i and y; in (9), we obtain:
a{‘_li('_n.+mm)('_n'+mm
i1 n—mkzlpk” Py e S RN ) o AL —
1 & mo mo
—n_mk:Z:l(pk,z_.uz‘l’n_sz_n_mVi)(Pk,]_i/‘]+n il —#")
1 n n -
—n_mlgl(Pk,i_Vi>(Pk,j_Vj)+n_mk:1<l9k,z'—l/‘i)(n_m — )+
1 &, m mo
n—mk;(n—my’ bt ) (Prj = 1) +
1 i( m_ . m my( m_ - m m)
n—mkzln—myl n—m' =T =t
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Since Y ' _1(pxi — i) = 0,1 <i < d, wehave

2
/ n nm m

Tijp = it (n_m)g(ﬂi — 1) (i — 1) (11)

Plugging-in the values of 1} and ;4;- in (10), we obtain:

1 m n m

n
r —~__" . m - . L
‘71],2— n_mk_n§1+1<pk,z n—mﬂl+n—myl )(pk,] n_mV]+n_mV] )
L1 n m noo. n m ot n
= n_mk_Z (Pri = 1" + " = ) (P = W'+ ' = ——— )
=n—m+1
- fj (Pri — 1) (i — ) + — nfjﬂ (Pri — 1i") (" = pj) +
n=m T o 1 o J n=m . Tn g Pn—m !
1 1 n m m
— Y W =) (P — i)+
k=n—m+1
1 ! n m n m
n_mk_Z n—m(yi _F‘i)n_m(ﬂj — 1j)-
=n—m+1
Since ZIT{Z:nferl(pk,l‘ —u") =0,1<i<d wehave
n n’m
O-in,Z = n— mO-iTJI? + (1’1 _ m)g (,ul - V;n)(.u] - .u]m)/ (12)
where .
1 ..
of =— 2 (pi—w")pej—p"), 1<ij<d,
k=n—m+1
is the 7, j-th element of the covariance matrix X, of the point set Py,.
Finally, we have
ol =0l o, = ——(noy — mo™) — (g — ™) (s — ™) (13)
ij = 0ij1t 02 = —— ij i) T h—m)? Hi— Hi )\Hj— Hj )

Note that (71?}’, and therefore 0'1-/ ., can be computed in O(m) time. Thus, for a fixed dimension d,
the covariance matrix X also can be computed in O(m) time. O

As a corollary of (13), in the case when only one point, p,, is deleted from a point set P, the
elements of the new covariance matrix are given by

m m
0j; = 0ji1 — 0jjn = ol (n—1)2 (Pei — 1i)(Pej — 1j), (14)

and also can be computed in O(1) time.

Similar argument holds in the case when only one point is added to a point set P, and then
the new covariance matrix also can be computer in constant time.
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Algorithm 3.2 : DELETINGPOINTS(P, u, Z, Py,)

Input: point set P, the center of gravity yu of P, the covariance matrix X of P,
point set Py, deleted from P
Output: principal components of P \ Py,

compute the center of gravity ji" of Py,

compute the covariance matrix =™ of Py,

compute the center of gravity i’ of P\ Py:
Hj= #y]’— 1 y}”,forlgjgd

n—m

compute the covariance ¥/ of P\ Py;:

0fy = Of1 0 = i (103 — mof!) — G (i = ") (yj — ) for 1 <, j < d

return the eigenvectors of ¥/

The above derivation of the new principal components is summarized in Algorithm 3.2.

Notice, that once having closed-form solutions, one can obtain similar algorithms, as
presented in this chapter, when the continuous point sets are considered. Therefore, we will
omit them in the next section and in the appendix.

4. Computing and updating the principal components efficiently -
mboxcontinuous case R3

Here, we consider the computation of the principal components of a dynamic continuous
point set. We present a closed form-solutions when the point set is a convex polytope or the
boundary of a convex polytope in R? or R3. When the point set is the boundary of a convex
polytope, we can update the new principal components in O(k) time, for both deletion and
addition, under the assumption that we know the k facets in which the polytope changes.
Under the same assumption, when the point set is a convex polytope in R? or IR?, we can
update the principal components in O(k) time after adding points. But, to update the principal
components after deleting points from a convex polytope in R? or R® we need O(n) time. This
is due to the fact that, after a deletion the center of gravity of the old convex hull (polyhedron)
could lie outside the new convex hull, and therefore, a retetrahedralization is needed (see
Subsection 4.1 and Subsection 6.2 for details). Due to better readability and compactness of
the chapter, we present in this section only the closed-form solutions for a convex polytope in
IR3, and leave the rest of the results for the appendix.

4.1 Continuous PCA over a convex polyhedron in R3

Let P be a point set in R3, and let X be its convex hull. We assume that the boundary
of X is triangulated (if it is not, we can triangulate it in a preprocessing step). We choose
an arbitrary point 0 in the interior of X, for example, we can choose 0 to be the center of
gravity of the boundary of X. Each triangle from the boundary together with ¢ forms a
tetrahedron. Let the number of such formed tetrahedra be n. The k-th tetrahedron, with
vertices Xj i, Xpk, X3k, Xax = 0, can be represented in a parametric form by Qi(s, tu) =
Xyj+s(Xp;—Xy;)+t(Xp; —Xg;) +u(X3; —X4;), for0 <s,t,u <1,ands+t+u < 1. For
1 <i<3, weuse Xijk to denote the i-th coordinate of the vertex J_C’j of the tetrahedron Qk.
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The center of gravity of the k-th tetrahedron is

I “*(@( £))Qi(s, £) du dt ds
e 17 o0(Gr(s, 1)) du dt ds

Jo

where 0(Qx (s, 1)) is a mass density at a point Qy (s, ). Since we can assume p(Q (s, t)) = 1,
we have

ﬁ fO 1 =7 Q (S t) dudtds \_ fl,k + fZ,k + f3,k + 3?4’]{
k = .
o J = S dudtds 4

The contribution of each tetrahedron to the center of gravity of X is proportional to its volume.
If My is the 3 x 3 matrix whose I-th row is ¥; j — X, ¢, for [ = 1...3, then the volume of the k-th

tetrahedron is
det(My)|

3!
We introduce a weight to each tetrahedron that is proportional to its volume, define as

v = volume(Qy) =

Ok vk
7
Zk 1 Ok 4

Wi =
where v is the volume of X. Then, the center of gravity of X is
n
= ) Wik
k=1
The covariance matrix of the k-th tetrahedron is

g, Jodo o (@it ) — 1) (el ) — ) dudt s
Jo 70 5 dude ds

4
20(22 T — 1) (T — 1) + ;(f]’,k—ﬁ)(fj,k—ﬁ)T)
fa

j=1h=

The (i, j)-th element of X, i,j € {1,2,3}, is

1 4 4 4
Tijk = E(; E Xik = i) (Xj ke — i) + l;(xi,l,k — i) (Xj 1 — 14;)),
with ji = (pq, pio, p3). Finally, the covariance matrix of X is

n
Y = Z wiZ,-,
i=1

with (i, j)-th element
n

1 4 n 4
Uij:E<Zzzwlelk ) (X — 1)+ Y Y wilxipe — (;lk—ﬂj)>-

k=11=1h=1 k=11=1
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We would like to note that the above expressions hold also for any non-convex polyhedron
that can be tetrahedralized. A star-shaped object, where 0 is the kernel of the object, is such
example.

Adding points

We add points to P, obtaining a new point set P’. Let X’ be the convex hull of P’. We consider
that X’ is obtained from X by deleting n,, and adding n, tetrahedra. Let

n+n, n+n;+ny n+n, n+n,+ny
U—ka—i— Z U — Z U =0+ 2 U — 2 k.
=1 k=n+1 k=n+n,+1 k=n-+1 k=n+n,+1

The center of gravity of X’ is

n—+n, n—+n,+ny

Zka’kJr Y wilc— ), wifi

k=1 k=n+1 k=n+n,+1

n-+n, n-+n,+ny

=y<zvkﬂk+ Yo wfik— ), Ukﬁk)

k=n+1 k=n+n,+1

1 n-+n, n+ng+ny
== o+ ) oilk— Y, vk - (15)
k=n+1 k=n+n,+1
Let

1 n—+n, 1 n—+ng;+ny
o=~ Y wfiy, and jig=— ) oy
k=n+1 k=n+n,+1

Then, we can rewrite (15) as

=/

[£— -
W= it e — - (16)
The i-th component of fia and jiy, 1 < i < 3, is denoted by y;, and y; 4, respectively. The

(1,j)-th component, & 1], 1 <i,j < 3, of the covariance matrix ¥’ of X’ is

n 4 4 n 4
o= 5 (22 3wk (i = 1) (i — )+ 1 L0 — ) (i — 1)) +

k=11=1 k=11=1
n+n, 4 4 , n+n, 4 , , ,
Yo Y ) wp (i — )(xj,h,k — )+ Yo ) wi(xix - i) (Xj, — Hj) —
k=n-+11=1h=1 k=n+11=1
n+n,+n; 4 4 / ,
)3 Z wi (k= 1) (k= H7) —
k=n+n,+11=1h=1
n+n,+ng; 4

Yoo Y wi(xige — uh) (xj 0 — V}))-

k=n+n,+11=1

Let
‘Tz'lj = 2()( i1 10, ]12 +0 ]21 +0 ]22 i/j,31 _‘71'/]',32)r
where
, n 4 4 , , .
gin = 2 2 2 Wilxipe — 1) (xjuk — 1), (17)
k=11=1h=1
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n 4
Tij12 = 22 wh (i, — 1) (X6 — 17, (18)
4

n+n,

Oin= ) ) Z Wi (k= 1) (X0 — H7), (19)

k=n+11=1h=

n+n,

Giin= ), Zwi ik = 1) (Xj 0k = 1)), (20)

k=n+11=

n+n,+ny

Cim = M Z Z Wy (Xi k= 1) (X — 1), (21)

k=n+n,+11=1h=

n+ng+ng

‘Tilj,sz = Z Zwk Xilk — ( Xjlk — P‘;) (22)
k=n+n,+11=

Plugging-in the values of ; and y} in (17), we obtain:

Il
1=
agls
agls

/ / v %
i1 Wi (Xipk = M = Hia + Pia) (k= 71— Hia + Hjd)

e
I
—_
~
Il
—_
=
I
—

I
=
ngls
ngls

0
wi (i — pi + pi(1— y) — Mig+Hid) -

T
—_
~
Il

—_
=
I

—_

0
(i —pj+pj(1— g) — Hja+ Hid)

I
=
ngls
ngls

wi (X — i) (Xj e — 1) +

T
[y
—
I

[y
=
I

[y

1=
1=
gl

0
w (216 — i) (p(1 — y) — Hja+ Mja) +

=
I
—_
—
Il
[y
=
I
—_

=
agls
agls

0
wy (i (1 — o)~ Mia T i) Gk — ) +

.
Il
—_
~
I
—_
i
—_

1=
ngls
ngls

(Y (Y
Wi (i1 = ) = pia + pia) (41 = ) = Bja + i), (23)

T
—_
~
I

—_
i
—_

Since Y}, 2?:1 wy (%1, — pi) = 0,1 <i <3, wehave

/
Tijin =

|
Ql\lp_\
™=
1=
1=

>\~
I
—_
—
I
—_
=
I
—_

Ok (X — #i) (X ke — 1) +

SH
1=
ngls
ngls

T
[N
i

I,
=
i

I,

0 0
oe(pi(L = ) = pia + 1ia) (151 = 5) = Hja + Hja)

I
SHJ
D=
7=
7=

»
I
—_
I
p—
=
I
—_

Ok (X 1k — i) (X ok — 1) +

—_
(@)Y
| <
Py
=
=
—_
|

CﬁlQ}

0
7) = Mia t Hig) (i1 — g) — Hja T Hja)- (24)

G\
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Plugging-in the values of j} and y; in (18), we obtain:

, v v
Wi (X = M = Pia + Pia) Xk = 71— Hja T Hjd)

I
1=
1=

/
Tija2

»
I
—_
—
I
—

I
=
agls

0
wy (xi e — pi + pi(1— ;) — Hig + Mig) -

T
—_
—
I

[y

(%
(i = pj + 1L = 5) = pja + pja)

I
M=
Nl
=

(i gk — i) (Xj ke — 1) +

T
—_
—
Il

[y

M=
Nl
S

0
(i = pa) (i (L= ) = pja + Wja) +

w
I
—_
—
I
—_

M=
Nl
8
B
=

0
(1= 25) = i+ pia) (e — i) +

T
N
-
i

I\

M=
Nl
=

0 0
(i(1 = —5) = pia + Hia) (i (1= 5) = Hja + pja). (25)

>
Il
—_
—
Il
o

Since Y7y Y wh(x;1x — i) = 0,1 < i <3, wehave

O (X1 — 1i) (Xj i — 1) +

SR
1=
7=

=
I
—
—
I
—_

no_
Tiji2 =

0 0
(1= 25) = pia + i) (151 = 25) = Hja + pja)

.
I
—_
—
I
—_

Q}\l —_
1=
agls
=
gy
RS

O (X 1k — Hi) (X g — 1) +

I
L
1=
agls

T
[N
-
i

I\

>
Q!\l Q

—~

=

A
—_

0 0
= o)~ Hia T M) (1= 5) = ja o+ pa)- (26)

U/
From (25) and (26), we obtain

Uij1 = 011 T 0ij12 = 0jj +205(P‘i(1 T J) — Hig + tig) (i1 — y) — Hjat+Hja) (27
Note that o/ .1 can be computed in O(1) time. The components ¢’ i1 and o7 20 CAN be computed

1
in O(n,) time, while O(n;) time is needed to compute (71.’]-/31 and o} i 30- Thus, ' and

!/ ]‘ / / / / / /
vij = E(‘Tij,ll + 012 + Oijp1 + Oi20 + Gij 31 1 0l 3)

1 / / /
= 50 (%ij + Tijo1 + Gijn + Ciia1 + 0ij32) +
1% 0 0
o Wi = 5) = Hig + pia) (i (1= ) = pja + 1ja) (28)

can be computed in O(n, + ny) time.
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Deleting points

Let the new convex hull be obtained by deleting 1, tetrahedra from and added 7, tetrahedra
to the old convex hull. If the interior point 0 (needed for a tetrahedronization of a convex
polytope), after several deletions, lies inside the new convex hull, then the same formulas and
time complexity, as by adding points, follow. If ¢ lie outside the new convex hull, then, we
need to choose a new interior point ¢, and recompute the new tetrahedra associated with it.
Thus, we need in total O(#n) time to update the principal components.

Under certain assumptions, we can recompute the new principal components faster:

* If we know that a certain point of the polyhedron will never be deleted, we can choose ¢
to be that point. In that case, we also have the same closed-formed solution as for adding
a point.

¢ Let the facets of the convex polyhedron have similar (uniformly distributed) area. We
choose 0 to be the center of gravity of the polyhedron. Then, we can expect that after
deleting a point, 0 will remain in the new convex hull. However, after several deletions,
0 could lie outside the convex hull, and then we need to recompute it and the tetrahedra
associated with it.

Note that in the case when we consider boundary of a convex polyhedron (Subsection 6.1 and
Subsection 6.3), we do not need an interior point 6 and the same time complexity holds for
both adding and deleting points.

5. Conclusion

In this chapter, we have presented closed-form solutions for computing and updating the
principal components of (dynamic) discrete and continuous point sets. The new principal
components can be computed in constant time, when a constant number of points are added
or deleted from the point set. This is a significant improvement of the commonly used
approach, when the new principal components are computed from scratch, which takes linear
time. The advantages of some of the theoretical results were verified and presented in the
context of computing dynamic PCA bounding boxes in Dimitrov, Holst, Knauer & Kriegel
(2009); Dimitrov et al. (2011).

An interesting open problem is to find a closed-form solutions for dynamical point
sets different from convex polyhedra, for example, implicit surfaces or B-splines. An
implementation of computing principal components in a dynamic, continuous setting could
be a useful practical extension of the results presented here regarding continuous point sets.
Applications of the results presented here in other fields, like computer vision or visualization,
are of high interest.

6. Appendix: Computing and updating the principal components efficiently -
continuous case
6.1 Continuous PCA over the boundary of a polyhedron in IR3.

Let X be a polyhedron in R3. We assume that the boundary of X is triangulated (if it is not, we
can triangulate it in a preprocessing), containing » triangles. The k-th triangle, with vertices

X1 ks X2k, X3, can be represented in a parametric form by Ti(s, t) = X1 +s(Xop — X1p) +
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t(X35 — X1x), for 0 < s,t < 1,ands+t < 1. For1 < i < 3, we denote by xijk the i-th
coordinate of the vertex X; of the triangle Tk. The center of gravity of the k-th triangle is

fO S t dt dS fl,k —+ fZ,k —+ f3,k

& 5 01 “dtds 3

The contribution of each triangle to the center of gravity of the triangulated surface is
proportional to its area. The area of the k-th triangle is

| (X0 — X106)| ¥ [(X360 — Xy

ay = area(Ty) = 5

We introduce a weight to each triangle that is proportional to its area, define as

ag ag
w,, = ———— —= —,
k 2?21 ag a
where a is the area of X. Then, the center of gravity of the boundary of X is
n
= ) wyiy.
k=1
The covariance matrix of the k-th triangle is
v o do (Bu(st) — ) (s ) — )T de s
Jo Jo 5 dtds
1 3 3 3 T
= (L L@@ =0+ LEe-DE =),
j=1h= j=1

The (i, j)-th element of X, i,j € {1,2,3}, is

3

1,3 3
Uijk = 15 ( Yo ) i — i) (e — 1)+ Y (i — i) (X0 — Vj)>,
I=1h=1 =1
with ji = (p1, pto, p3). Finally, the covariance matrix of the boundary of X is

n
Y = 2 wka.
k=1

Adding points

We add points to X. Let X’ be the new convex hull. We assume that X’ is obtained from X by
deleting 14, and adding n, tetrahedra. Then the sum of the areas of all triangles is

n+ng, n—+ng,+ny n+n, n—+n,+ny
a—Zak+ Yo ;= )Y, me=a+ ) m— Y 4
=1 k=n+1 k=n+n,+1 k=n+1 k=n+n,+1
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The center of gravity of X is

n+n, n+na+nd n+n, n—+ng,+ny
Zwk#k+ Y wiic— ) (E mfix+ Y afr— ) ﬂkﬁk)

k=1 k=n+1 k= n—l—nu—i—l k=n+1 k=n+n,+1
1 n—+n, n+n,+ny
= — \aii+ ), agilx— Y, axix |- (29)
k=n+1 k=n+n,+1
Let
1 "t 1 n+n,+ny
fa= Y. ajik, and jig = o Y i
k=n-+1 k=n+n,+1

Then, we can rewrite (29) as

- a_ o -
= i+ fa = fa. (30)
The i-th component of ji, and ji;, 1 < i < 3, is denoted by y;, and p; 4, respectively. The
(i,j)-th component, o/ i 1 <i,j < 3, of the covariance matrix ¥/ of X’ is

n 3 3 n 3
0ij —( Yo Y wiexik — ) (k= pg) + Y Y wi (g — pi) (%, — V§)> +

k=11=1 h=1 k=1i=1
n+n, 3 3 n+n, 3
( Yo X Y wilik = m) (nk — 1)+ Y Y we(xik — p) (xj ik — 1) —
k=n+11=1h=1 k=n+1I1=1
n+n,+ny

)3 Zzwilﬂlek i) (X — 1) —

k=n+n,+11=1h=1
n—+ng,+ny

Z Zwk Xilk — )(xj,l,k_l/‘;'))-

k=n+n,+11=1

Let
!/ 1 / /
Uij = 12( 511+ 0710 + 0701 + 0l — 0ligy — 0l 30),
where
n 3 3 / ,
i = 3, 2 2 Wik — i) (k= 1), (31)
k=11=1h=1
n 3 ,
Tij12 = Z Y wi(xipx — 1) (k= 17), (32)
k=11=1
n+n, 3 3 , , )
Lommojiy = 3, ).}, wi(xie = 1) (X — 1), (33)

k=n+11=1h=1

n+n,

Lsmmajip = ) 2 wh (i, — 1) (X6 — 17, (34)
k=n+11=1
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n—+n,+ny

3 3
Gisi= 3, 22 wilxink — pi) (g — 1), (35)

k=n+n,+11=1h=1

n+ng,+ny

(71'/]',32 = 2 Zwk Xilk — ( Xjlk — P‘;) (36)

k=n+n,+11=

Plugging-in the values of ; and y; in (31), we obtain:

n 3 3
a
b =YY Y wilxx— V = Mg T Hia) Xk = 1 = Pja + Hja)
f=1i=1h=1

n 3 3 , a
=Y Y ) wi(xipe— pi+ pi(1— ;) — Mig+Hid) -

a
(i = pj+ (1= =5) = pja + pja)

I
1=
e
[

Wi (X — i) (Xj e — 1) +

bl
I
—_
—
Il
—_
=
I
—_

=
e
e

a
wi (X — pi) (i (1 — 27) ~ Mja + ja) +

=
I
—_
—
I
[y
=
Il
[y

=
g
e

a
wy (i (1 — ;) — Hia + Hig) (X — 1) +

T
—_
~
Il

—_
=
Il

—_

a a
k(1= 5) = i+ 145 (51 = 57) = ia+ H50) (37)

I Mw

Since Y/ 4 Y7 _q wi(x; 1k — i) = 0,1 < i < 3, we have

1 n 3 3
U{j,n=;222“k ik = #i) (Xjnk = 1) +
k=11=1h=1
1 n 3 3 a a
_/ZZZak ,uza‘i'l"zd)(}’lj(l__/)_l’ljru+yj1d)
T k=1i=1h=1 v

1
a— k(i — wi) (Xjnx — 1) +

[ Mw

L

I M:

a a a
9;(#1’(1 - ;) — Mia + tia)(pi(1— E) — Wja + Hid)- (38)

Plugging-in the values of j} and y; in (32), we obtain:
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’ ’ a a
Tij1p = Wi (Xipk = 7 = Pia + Wia) Xk = H — Pia+ Pja)

1 I

a
wy (X — pi + pi(1— ;) — Mig+Hig) -

=
Il
—_
—
I
—_

a
(g = pj + 11 = 5) = pja + Hja)

I
=
[

Wi (Xi g — i) (Xj e — 1) +

)
N
=
i

I\

=
gl

a
wy (%16 — i) (i (1 = )~ Mia+ M) +

w
I
—_
—
I
—_

=
gl

a
wy (i (1 — o)~ Mia + Hia) (g — Hy) +

0
[N
=
i

I\

=
e
8
Y
=

a a
= i) = tia + Hia) (1= 5) = o+ pia)- (39)

0
[N
-
i

o

Since }}_4 2?:1 w (%1 — pi) = 0,1 <i <3, wehave

|
Sy
1=
[T

=~
I
—_
—
I
—_

0li1y = ar(xi 1k — 1i) (Xjnx — Hj) +

Sy
1=
[T

.
Il
[y
—
I
—_

a a
ar(ui(1 = ) = Mig + ia) (i (1= 7)) = Mja + Hja)

Il
Sy
1=
7

=
I
p—
—
I
—_

ar(xi 1k — 1i) (Xjnx — Bj) +

(O8]
Q\l I
S
RS
—
—_

|

a a
7))~ Mia + Hia) (151 = =5) = pja + pja). (40)
From (39) and (40), we obtain

0ii1 = Oiin i1

a a a
= 03 + 125 (i (1 = ) = Mia + ptia) (1 (1 = ) = Hja + Hja)- (41)

Note that o/ ;1 can be computed in O(1) time. The components ¢/ i1 and o7 20 CAN be computed

in O(n,) time, while O(n;) time is needed to compute (71.’]. 31 and ch-’]. 3 Thus, ' and

1 / / / / / 1 . / / / .
0ij = E(Uij,ll + Oji12 + Ojjo1 T Oijo0 + 0jja1 T 0jj3) = E(‘Tz] + Tjio1 + Ojj oo + 0jiz1 + 0ija2) +
a a a
o (iYL= —5) = i + Hia) (i1 = =5) = pja + pja)- (42)

can be computed in O(n, + ny) time.
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Deleting points

Let the new convex hull be obtained by deleting 7, tetrahedra from and added n, tetrahedra
to the old convex hull. Consequently, the same formulas and time complexity, as by adding
points, follow.

6.2 Continuous PCA over a polygon in R?

We assume that the polygon X is triangulated (if it is not, we can triangulate it in
a preprocessing), and the number of triangles is n. The k-th triangle, with vertices
X1, X4, ¥3x = 0, can be represented in a parametric form by Ti(s, t) = ¥3 +s (¥ x — ¥3) +
t(Xr — X3k), for 0<s,t<1,and s+t < 1. The center of gravity of the k-th triangle is

S fO S t dtds _ fl,k +f2,k +f3’k
’ o s s 3 '

The contribution of each triangle to the center of gravity of X is proportional to its area. The
area of the i-th triangle is

|(Xop — Xy p)| X [(X3 — X1 00)|

ay = area(Ty) = > ,

where x denotes the vector product. We introduce a weight to each triangle that is
proportional to its area, define as

Ak Ak
wk = = —,

2}?:1 s a

where 4 is the area of X.Then, the center of gravity of X is
n
= _ 2 Wil
k=1

The covariance matrix of the k-th triangle is

gL BT (e ) (Tils ) — )T drds
o Jo % dtds
T 3 T
12(22 T~ 1) (T~ D7+ L (G~ ) (T~ ).
j=1

The (i, j)-th element of X, i,j € {1,2}, is
1 3 3 3
Tijk = —< Y 2 ik — i) (nr — 1) + 3 (ke — i) (X5 — Vj)>/
12 I=1h=1 I=1
with ji = (p1, pt2). The covariance matrix of X is

n
Y = Z wka.
k=1
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Adding points

We add points to X. Let X’ be the new convex hull. We assume that X’ is obtained from X by
deleting 14, and adding n, triangles. Then the sum of the areas of all triangles is

n+n, n—+ng;+ny n+n, n—+n,+ny
a—zak+ 2 ay — Z a =a-+ Z ay — Z .
=1 k=n+1 k=n+n,+1 k=n-+1 k=n+n,+1

The center of gravity of X’ is

n—+n, n+nﬂ+nd n+n, n+ng,+ny
i = Zwkﬂk+ Y, wifik— ) (Z mfic+ Y afc— ) akﬁk)

=1 k=n+1 k= n+na+1 k=n+1 k=n+n,+1
1 n+n, n—+n,+ny
= |t Y ailc— ), ik |- (43)
k=n+1 k=n+n,+1
Let
1 n-+n, 1 n+n,+ngy
fa= Y agjiy, and jig = p Y iy
k=n-+1 k=n+n,+1

Then, we can rewrite (43) as

— a — — —

= i+ fa = Ha. (44)
The i-th component of i, and iz, 1 < i < 2, is denoted by y;, and p; 4, respectively. The
(i,j)-th component, o/ i 1 <i,j <2, of the covariance matrix ¥/ of X’ is

n

33 w3
%=1 ( Y IZ hz Wi (i k= 1) (X — H) + ) Y wh (i — 1) (X0 — #})) +
My

k=11=1h=1 k=11=1
ntn, 3 3 n-+,
( Yo Y ) welxik — H) (g — )+ ) Zw Xk = W) (X — 1) —
k=n+11=1h=1 k=n+1i=1
ntmatng 3 3 /
Y, ) Z (X1 — )(xj,h,k_.u]‘)_
k:n+na+1l: =1
n+n,+ny
)3 Zwk Xilk — )(xj,l,k—ﬂ;'))-
k=n+n,+11=1
Let
!/ 1 / /
jj = 12( Tij11 T Tij1o + 0l + Olin — 0131 — Tijz),
where
n 3 3
i = 2 2 2 Wixink — ) (Xink — 1), (45)
k=11=1h=1
n
12 = 2 2 WXk — m) (X k — 1) (46)
k=11=1
n+n, 3 3
2= Y 2 we(xink — p) (X — Hi), (47)

k=n+11=1h=1
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n+n, 3
/ / / !/
Gimm = Y. 2, wWi(xipk — ui)(xj 0 — 1), (48)
k=n+11=1
n+n,+ny
Gisi= ) Z 2 W (i k= 1) (X — H7), (49)
k=n+n,+11=1h=
n+n,+ny
Gin= ), Z Wi (X x — 11 (%56 — 17)- (50)
k=n+n,+11=1
Plugging-in the values of y} and ;4;- in (45), we obtain:
/ < / a a
o= 2 ), ) WXk — JHi i+ i) Xk = 7R~ B+ pia)
k=11=1h=1
n 3 3 ) a
=2 ) Y wi(xipp — i+ pi(1 - 7))~ Mia i)
k=11=1h=1
a
(e = pj+ 11 = —5) = pja + pja)
n 3 3 )
=Y Y ) wilxipk — i) (Xjue — 1) +
k=11=1h=1
n 3 3 , a
YooY wr (i — i) (i (1 — )~ Hja i) +
k=11=1h=1
n 3 3 , a
Yo Y wi(wi(1— )~ Mia T Hia) (e — Hy) +
k=11=1h=1
n 3 3 , a a
Yo Y Y wh(mi(l = ) = pia + i) (5(1 = ) = pja+ pya)- (51)
k=11=1h=1
Since Y !4 2?:1 w (%1 —pi) = 0,1 <i <2, wehave
, 1 n 3
Tijnn = Yo Y ae(xing — i) (i — #j) +
k=11=1h=1
1 n 3 3 a a
2 2 2wkt = ) = pia i) (1= ) = i + i)
k=11=1h=1
1 n 3 3
= 20 2 (i — ) (Xjk — ) +
k=11=1h=1
a a a
95 (i1 = 5) = i+ pia) (4 (1 = 5) = Hja + pja)- (52)
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Plugging-in the values of j} and y; in (46), we obtain:

I
=
[

, , a a
Tij12 wi (X 1k — ot Hia + pia) (X g — i~ Hia + Mia)

T
N
=
i

I\

I
1=
[«

a
wy (xi e — pi + pi(1— ;) — Mg+ Hig) -

w
I
—_
—
I
—_

a
(g = 1+ 1L = 5) = pja + Hja)

I
1=
e

Wi (X — i) (Xj gk — 1) +

0
I
=
i

I\

1=
e

a
w (21 — i) (i (1 — ) = Mja T M) +

=
Il
—_
—
Il
—_

=
gl
L

a
(#i(L = =5) = Wi+ pia) ik — 1) +

)
N
=
i

I\

w

=
gl

a a
(i1 = 7)) = Mia+ i) (11 = 5) = Mja + Hja)- (53)

w
I
—_
—
I
—_
o~

Since } !4 Z?:l w (% — pi) = 0,1 <i <2, wehave

m\| —_
1=
e

o~
|
o
—
Il
—_

a'l{jllz = a (i1 — i) (Xjnx — i) +

a a
(1= 7)) = Mig + #ia) (i (1= 7)) = Mja + Hja)

»
I
=
—
Il
—_

Q\lb_\
1=
e
=
Py
RS

ar(xipx — wi) (Xjnx — Hj) +

I
Q\l,_\
1=
e

[6V)
Q\l Q
o~
= Il
-~ =
=1

a a
= )~ Hia Hi) (1= ) = Hja+ pia). (54)

From (53) and (54), we obtain
a a a
0jj1 = Ojj11 +0lj1p = 03 + 12;(#1‘(1 T E) — Wia + pig)(pi(l— ;) — Hja+ Mja)  (55)
Note that o7 ;1 can be computed in O(1) time. The components ¢/ i1 and o] 20 CAN be computed

in O(n,) time, while O(n,) time is needed to compute ¢/ 31 and o 32 Thus, i’ and

r 1., / / / / /
v = E(Uij,ll + 0ji12 + Tijp1 + O + Gij 31 1 0l 3)

1 / / /
= E(Uij + 0'1']',21 + Uij,22 + (7'1']'/31 + (7'1']',32) +
a a a
2 (i1 = =5) = pia + i) (i1 = =5) = pja + pja). (56)

can be computed in O(n, + ny) time.
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Deleting points

Let the new convex hull be obtained by deleting 1, tetrahedra from and added 7, tetrahedra
to the old convex hull. If the interior point 0, after deleting points, lies inside the new convex
hull, then the same formulas and time complexity, as by adding points, follow. However, ¢
could lie outside the new convex hull. Then, we need to choose a new interior point o', and
recompute the new tetrahedra associated with it. Thus, we need in total O(n) time to update
the principal components.

6.3 Continuous PCA over the boundary of a polygon RR?

Let X be a polygon in IR?. We assume that the boundary of X is comprised of 7 line segments.
The k-th line segment, with vertices X1 x, X; , can be represented in a parametric form by

-

Sk(t) = Xy + 1t (Xpp — X1 1)

Since we assume that the mass density is constant, the center of gravity of the k-th line segment
is
1z R R
7, = Jo Sk(t)dt _ Fp+ Xk
Jo dt 2
The contribution of each line segment to the center of gravity of the boundary of a polygon is
proportional to the length of the line segment. The length of the k-th line segment is

s = length(S;) =
We introduce a weight to each line segment that is proportional to its length, define as

Sk Sk
wk = = —,

Zzzl Sk S

where s is the perimeter of X. Then, the center of gravity of the boundary of X is
n
k=1
The covariance matrix of the k-th line segment is

Jo (Si(6) = 70) (Si(t) — @) T at

X =

Jo
1,2 2 .2 .
5(22 % — 1) (B — 1)+ Y (Fp— ) (F— 1))
j=1h=1 j=1
The (i,j)-th element of ¥, 1,7 € {1,2}, is
2 2 2
Tijf = < Yo ) (i — ) (e — 1) + ) (i — 1) (X — Hj))r
=1 h:l =1

with ji = (p1, p2).

www.intechopen.com



284 Principal Component Analysis

The covariance matrix of the boundary of X is

n
Y= Z wka.
k=1

Adding points

We add points to X. Let X’ be the new convex hull. We assume that X’ is obtained from X by
deleting 714, and adding n, line segments. Then the sum of the lengths of all line segments is

n+n, n—+n;+ny n+n, n—+n;+ny
S—Zlk—i— Z Sk — 2 Sk =5+ Z Sk — 2 Sk-
=1 k=n+1 k=n+n,+1 k=n+1 k=n+n,+1

The center of gravity of X is

n—+mn, n+n,+ny
! =
ZwkﬂkJr Y, wifik— ), wifk
k=1 k=n+1 k=n+n,+1
1 n-+n, n+n,+ny
=g ZSkaJr Z Skik — }: SkHk
k=n+1 k=n+n,+1
1 n+n, n—+ng;+ny
=g |SHT Yo osfk— ), sihk - (57)
k=n+1 k=n+n,+1
Let
1 n+n, 1 n+n,+ny
o= Y sfix, and jig = 3 Y. sk
k=n+1 k=n+n,+1
Then, we can rewrite (57) as
—/ S — — —
o= ghtHa— a. (58)

The i-th component of ji, and ji;, 1 < i < 2, is denoted by y;, and p; 4, respectively. The
(i, j)-th component, o7 i 1 <i,j <2, of the covariance matrix ¥’ of X’ is

1,2 2 2
6< Y2 Y wilxie — 1) (e — 1) + ) ) wi(g e — ) (X — M})) +
k=1i=1h=1 =111
1 n+n, 2 2 , n+n, 2 , , ,
G ( Yo wiCxink — p) Cone — )+ ) Y wh ik — 1) (k= 1)) —
k=nt1i=1h=1 k1 1=1
n+n,+ny

)3 2 2 Wi (i k= 17) (e — 1) —

k=n+n,+11=1h=1
n+n,+ng; 2

Yoo Y wi(ine — mi) (X — H}))-

k=n+n,+11=1
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Let
ot =X oo A~ — )
ij 6 1] 11 ] 12 ] 21 ] 22 1],31 7,327
where

n 2 2
1]11 22 Zw Xilk — ( Xihk — :u;)/

k=11=1h=1

n 2
Oji12 = 22 wi (i k — 1) (X% — 17,

n+n,

Cin = ). 2 szlc Xigk = i) (X = 7).

k=n+11=1h=

n—+n,

Gin= ), Zwi Xig k= 1) (X 0k = 1),

k=n+1I1=

n—+n,+ny

2 2
0'1'/]‘,31: Z ZZ Xilk — (],hk—V,)

k=n+n,+11=1
n+n,+ny

‘71'/]',32 = Z Zwk Xilk — ( Xilk — Pl;)

k=n+n,+11=

Plugging-in the values of ; and y; in (59), we obtain:

n 2
S S
o1 = 3 ), ) WXk — g M~ Mg+ Hid) (Xinx — i~ it pia)

k=1I=

—_
=

—_

|
=
gl
gl

S
wy (%6 — pi + pi(1— 57) — Mig+ Hid) -

T
N
-
i

I\
T
N

S
(g = 1+ 11 = 5) = Hja + Hja)

I
1=
gl
gl

wi (X — i) (Xj e — 1) +

i
—_
—
I

—_
il
—_

1=
gl
aglS

S
wi (26 — i) (i (1 — o) T et Hja) +

>
Il
[y
—
I
[y
=
Il
[y

S
w (pi(1— o) T Mg pia) (X — 1) +
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Since } !4 212:1 w (% — pi) = 0,1 <i <2, wehave

sk(xi ke — 1) (Xj e — 1) +

CI)\lH
1=
gl
gl

,\N
I
=
—
I
—_
=
I
—_

no_
Tijnn =

S S
sk(pi(L = ) = Mia + #ia) (i (L= ) = pja+ pja)

U}\lH
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gl

>\~
I
—_
—
I
—_
=
I
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sk(xi gk — #i) (Xjnr — ) +

I
@_| =
1=
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gl

k=11=1h=1
S S S
45 (i1 = 3) = tia+ pia) (i (1= 5) = pja + pja)-

Plugging-in the values of ; and y; in (60), we obtain:

n 2
S S
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n 2 , S
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Since Y4 Y7 q wi(x; 1k — i) = 0,1 < i <2, we have

1

3 se(xi gk — wi) (Xjnr — #j) +
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From (67) and (68), we obtain
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(66)

(67)

(68)
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0ii1 = 011 + i1
S S S
= 03+ 65 (1i(1 = ) = pria + pia) (1L = 5) = Mja + Hja)- (69)

Note that o/ ;1 can be computed in O(1) time. The components 0'l~/]~ o1 and o7 2 can be computed

in O(n,) time, while O(n,) time is needed to compute (Tilj 4 and (71.’]- 4+ Thus, ' and

1
0jj = E(Ui/j,ll + 0710 + 0301 + G + Ty + 07 3)
1 / / /
= g(‘fij + 0jo1 + 00 + Ojiz1 + 0ij32) +
S S S
o Wil = ) = i + 1) (i1 = 5) = pja + Hja) (70)

can be computed in O(n, + ny) time.
Deleting points

Let the new convex hull be obtained by deleting 1, tetrahedra from and added 7, tetrahedra
to the old convex hull. Consequently, the same formulas and time complexity, as by adding
points, follow.

7. References

Chan, T. F, Golub, G. H. & LeVeque, R. J. (1979). Updating formulae and a pairwise algorithm
for computing sample variances, Technical Report STAN-CS-79-773, Department of
Computer Science, Stanford University.

Cheng, S-W. & Y. Wang, Z. W. (2008). Provable dimension detection using principal
component analysis, Int. |. Comput. Geometry Appl. 18: 415-440.

Dimitrov, D., Holst, M., Knauer, C. & Kriegel, K. (2009). Closed-form solutions for continuous
PCA and bounding box algorithms, A. Ranchordas et al. (Eds.): VISIGRAPP 2008,
CCIS, Springer 24: 26-40.

Dimitrov, D., Holst, M., Knauer, C. & Kriegel, K. (2011). Efficient dynamical computation
of principal components, Proceedings of International Conference on Computer Graphics
Theory and Applications - GRAPP, pp. 85-93.

Dimitrov, D., Knauer, C., Kriegel, K. & Rote, G. (2009). Bounds on the quality of the PCA
bounding boxes, Computational Geometry 42: 772-789.

Duda, R., Hart, P. & Stork, D. (2001). Pattern classification, John Wiley & Sons, Inc., 2nd ed.

Gottschalk, S., Lin, M. C. & Manocha, D. (1996). OBBTree: A hierarchical structure for rapid
interference detection, Computer Graphics 30: 171-180.

Jolliffe, I. (2002). Principal Component Analysis, Springer-Verlag, New York, 2nd ed.

Knuth, D. E. (1998). The art of computer programming, volume 2: seminumerical algorithms,
Addison-Wesley, Boston, 3rd ed.

Parlett, B. N. (1998). The symmetric eigenvalue problem, Society of Industrial and Applied
Mathematics (SIAM), Philadelphia, PA.

www.intechopen.com



288 Principal Component Analysis

Pébay, P. P. (2008). Formulas for robust, one-pass parallel computation of covariances
and arbitrary-order statistical moments, Technical Report SAND2008-6212, Sandia
National Laboratories.

Press, W. H., Teukolsky, S. A., Veterling, W. T. & Flannery, B. P. (1995). Numerical recipes in C:
the art of scientific computing, Cambridge University Press, New York, USA, 2nd ed.

Vrani¢, D. V., Saupe, D. & Richter, ]. (2001). Tools for 3D-object retrieval: Karhunen-Loeve
transform and spherical harmonics, IEEE 2001 Workshop Multimedia Signal Processing,
pp- 293-298.

Welford, B. P. (1962). Note on a method for calculating corrected sums of squares and products,
Technometrics 4: 419-420.

West, D. H. D. (1979). Updating mean and variance estimates: an improved method,
Communications of the ACM 22: 532-535.

www.intechopen.com



Principal Component Analysis

PRINCIPAL
COMPONENT ANALYSIS

dited by Parimya Sangussaal

Edited by Dr. Parinya Sanguansat

ISBN 978-953-51-0195-6

Hard cover, 300 pages

Publisher InTech

Published online 02, March, 2012
Published in print edition March, 2012

This book is aimed at raising awareness of researchers, scientists and engineers on the benefits of Principal
Component Analysis (PCA) in data analysis. In this book, the reader will find the applications of PCA in fields
such as image processing, biometric, face recognition and speech processing. It also includes the core
concepts and the state-of-the-art methods in data analysis and feature extraction.

How to reference
In order to correctly reference this scholarly work, feel free to copy and paste the following:

Darko Dimitrov (2012). Computing and Updating Principal Components of Discrete and Continuous Point Sets,
Principal Component Analysis, Dr. Parinya Sanguansat (Ed.), ISBN: 978-953-51-0195-6, InTech, Available
from: http://www.intechopen.com/books/principal-component-analysis/computing-and-updating-principal-
components-of-discrete-and-continuous-point-sets

INTECH

open science | open minds

InTech Europe InTech China

University Campus STeP Ri Unit 405, Office Block, Hotel Equatorial Shanghai

Slavka Krautzeka 83/A No.65, Yan An Road (West), Shanghai, 200040, China

51000 Rijeka, Croatia FE BHIERARKESS _HiBEFR R ARG I AE4058TT
Phone: +385 (51) 770 447 Phone: +86-21-62489820

Fax: +385 (51) 686 166 Fax: +86-21-62489821

www.intechopen.com



© 2012 The Author(s). Licensee IntechOpen. This is an open access article
distributed under the terms of the Creative Commons Atiribution 3.0
License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.




