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1. Introduction

Since the discovery of the accelerated expansion of the universe(Fadely et al., 2009; Fu et al.,
2008; Hicken et al., 2009; Kessler et al., 2009; Massey et al., 2007; Mantz et al., 2009; Percival
et al., 2009; Reid et al., 2009; Riess et al., 2009; Schrabback et al., 2009; Suyu et al., 2009;
Vikhlinin et al., 2009),(Bennet et al., 2010; Jarosik et al., 2010; Komatsu et al., 2010; Larson
et al., 2010), much attention has been attracted to the generalized gravity theories of the
f(R)-type(Caroll et al., 2004; Sotiriou & Faraoni, 2008; Nojiri & Odintsov, 2006). Before the
discovery, such theories have been interested in because of its theoretical advantages: The
theory of the graviton is renormalizable(Utiyama & DeWitt, 1962; Stelle, 1977). It seems to be
possible to avoid the initial singularity of the universe which is the prediction of the theorem
by Hawking(Hawking & Ellis, 1973) (Nariai, 1971; Nariai & Tomita, 1971). And inflationary
model without inflaton field is possible(Starobinsky, 1980).

There is a well-known equivalence theorem between this type of theories and Einstein gravity
with a scalar field(Barrow & Cotsakis, 1988; Maeda, 1989; Teyssandier & Tourrence, 1983;
Wands, 1994; Witt, 1984). The theorem states that two types of theories related by a suitable
conformal transformation are equivalent in the sense that the field equations of both theories
lead to the same paths. Many investigations have been devoted to this issue(Magnano &
Sokolowski, 1994; Sotiriou & Faraoni, 2008). In this work, we first review classical aspects
of the theorem by deriving it in a self-contained and pedagogical way. Then we describe
the problems of to what extent the equivalence holds. Main problems are: (i) Is the surface
term given by Gibbons and Hawking (Gibbons & Hawking, 1977) which is necessary in
Einstein gravity also necessary in the f(R)-type gravity? (ii) Does the equivalence hold also in
quantum theory? (iii) Which metric is physical, i.e., which metric should be identified with the
observed one? Next we solve the problem of the surface terms or the variational conditions.
The surface term is not necessary since we can impose the variational conditions at the time
boundaries that the metric and its "time derivative" can be put to be vanishing. This simplicity
could be added to the advantages of f(R)-type gravity. Quantum aspects of the theorem
are then summarized when we quantize the theory canonically in the framework of the
generalized Ostrogradski formalism (Ezawa et al., 2006) which is a natural generalization to
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204 Advances in Quantum Theory

the system in a curved spacetime. The main result is that if the f(R)-type theory is quantized
canonically, Einstein gravity with a scalar field has to be quantized non-canonically. Brief
comments are given on the problem (iii).

In section 2, the Lagrangian density and field equations for the f(R)-type gravity are
summarized. In section 3, the equivalence theorem is derived in a pedagogical way. In
section 4, the problems concerning the equivalence theorem are pointed out, especially to what
extent the equivalence holds. In section 5, the issue of surface term is clarified. Section 6 is
devoted to a description of the canonical formalism of the f(R)-type gravity and the classicaly
equivalent Einstein gravity with a scalar field. Summary and discussions are given in section
7. Conformal transformations of geometrical quantities are summarized in the appendix.

2. Generalized gravity of f(R)-type

Generalized gravity of f(R)-type is one of the higher curvature gravity(HCG) theories in
which the action is given by

5= /dec - /de\/Tgf(R). (2.1)

The spacetime is taken to be D-dimensional. Here ¢ = detgy,, and R is the D-dimensional
scalar curvature. Taking the variational conditions at the hypersurfaces ¥y, and ¥, (X; is the
hypersurface t = constant) as

field equations are derived by the variational principle as follows:

5L L ) o o
g (x) V8 |f (RIRM = S f(R)gM — VIV F(R) +g"Of (R)] =0, (23a)

or
G = % [ %(f(R) - Rf/(R)>8ﬂv — (gD — Vva)f’(R)}, (2.3b)

where a prime represents the differentiation with respect to R, V;, the covariant derivative
with respect to the metric ¢,y and G, is the D-dimensional Einstein tensor. Equations
(2.3a,b) are the 4-th order partial differential equations, so the above variational conditions
are allowed. Further discussions on this issue will be given in Section 5.

Here we comment on the dimensionality of f(R). Comparing the action S with the
Einstein-Hilbert one ,
SE*H = PR /de\/ —gR, (24)
2K,

where xp = /87Gp with Gp the D-dimensional gravitational constant, we obtain the
dimension of f/(R) to be equal to that of x5 %, so that

[f'(R)] = [xp?] = [L*7P]. (2.5)
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It is well known that this type of theory is transformed to Einstein gravity with a scalar field
by a conformal transformation, which is usually referred to as equivalence theorem. We will
review and clarify the content of the theorem.

3. Equivalence theorem

The theorem concerns with the conformal transformation

S = ngw. (3.1)

In terms of the transformed Einstein tensor, field equations (2.3b) are written as

G= f/( )vﬂvvf( )= ([@-1)VyVy(InQ) — gyu[f,( )Df( ) —(d 1)D(an)}

+(d —1)2,(In0)3, (In Q) + g [f(R)Z;I(];];’(R) + (d— 1)2(d —2) 9, (InQ)d* (In Q)],
(3.2)

where we put D = 1 +d (i.e. d is the dimension of the space). Eqs.(3.2) are the field equations
after the conformal transformation. If they are the equations for Einstein gravity with a scalar
field, 2nd order derivatives on the right hand side should vanish. From this requirement, () is
determined to be

r/(d_l) : (3.3)

O? = |263f'(R)
The coefficient of f'(R) in the square bracket, which can be any constant, was chosen to be
2k in order to make Q) to be dimensionless and equal to unity for Einstein gravity. So, (3.1)
takes the following form

L 2/(d-1)
G = [23f R g (34)
Scalar field is defined as
kpd=+/dd—1)InQ = /d/(d —1)In[2k3 f'(R)], (3.5a)
or
, —1 -
fR) = gz e (Vd-1/d0),
(3.5b)
mnO— — KD P.
dd—1)

The coefficient of InQ), or equivalently In[2x2 f'(R)], in (3.5a) was chosen for the right-hand
side of (3.2) to take the usual form of scalar field source. Solving (3.5) for R, we denote the
solution as

R =r(p). (3.6)
In terms of @, (3.2) takes the following form

- - . 1 Y=~ _
Gow =3 |9+ g (- 521859 V@)) (37)
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where 0§ = 9, and

V(@) k)t gy ep (- k). (38)

—f (r(¢)) exp <—m 2 dd—1)

Field equation for the scalar field is obtained by taking the trace of (3.2) as

~ ~ KD d + 1 ~ ~ ) ~ ~
L = V) exp <_WKD¢) [(d‘l‘l)f(r(‘l’)) —xp r() exp (\/ (d— 1)/dKD<P>]

(3.9)
Equations (3.7) and (3.9) are obtained also by the variational principle with the following
Lagrangian density:

L= ["G + 54;, (3.10)
where
Lo = tonga VB L= VE[-50686-V(3)]. (3.11)
Here ] . (441)/(d-1)
V=g = |23 (R)] N (3.12)
and
R= [ )] T R 2 (i ) - s f RIF ()] (313

£~4~, is given by terms in the parenthes~is multiplying §,, in (3.7) and V(¢) is given by (3.8). Itis
noted that this Lagrangian density L is not equal to the Lagrangian density £ in (2.1) which,
in terms of the transformed variables §,, and ¢, is expressed as

d+1

L=V e (-

KD J)) .

Thus from the field equations (2.3b) for the f(R)-type gravity, field equations for §,, with
the source of the scalar field and the field equation for the scalar field are derived. So the
equivalence seems to be shown. However, eqs.(2.3b) are 10 4-th order differential equations
for 10 component gy, so that, to obtain a unique set of solutions, 40 initial conditions seem
to be required. On the other hand egs.(3.7) are 10 2nd order differential equations for 10
component gy, only 20 initial conditions are required to have a set of unique solution.
Similarly, eq.(3.9) requires only 2 initial conditions. Therefore equivalence does not appear
to hold if the initial conditions are taken into account. This apparent breakdown comes from
the fact that the 40 initial conditions are not independent, which is easily seen in canonical
formalism (see section 5).

The above result that the variational equations of both theories coincide is usually stated
as “HCG described by the Lagrangian density £ is equivalent to Einstein gravity with a
scalar field described by the Lagrangian density £" and is referred to as the equivalence
theorem. Note, however, that the variational equations hold on the paths that make the
action stationary. Ref.(Magnano & Sokolowski, 1994)is recommended as a good review on
the equivalence theorem. For recent investigations, see Ref.(Faraoni & Nadeau, 2007)and
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The Equivalence Theorem in the Generalized Gravity of f (R)-Type and Canonical Quantization 207

references cited in these references. We use the following usual terminology on this issue:

descriptions with £ : descriptions in the Jordan frame
descriptions with £ : descriptions in the Einstein frame

4. Problems

We have seen that the equivalence of the two theories hold at least on the classical paths
which can be determined by the variational principle. However, there would be problems on
the other kinds of equivalence. In order to examine these problems, we note the following;:

1. The theories are not conformally invariant.
2. The physical metric is identified with the one determined from observations.

Unsettled problems include the following;:
(I) To what extent the equivalence would hold?

(I-1) In the Einstein frame, it is well known that the surface term given by Gibbons and
Hawking (GH term) is necessary. It is often argued that, from the equivalence point of view,
surface term is necessary also in the Jordan frame(Dyer & Hinterbichler, 2009). However, this
equivalence is not taken for granted, but should be examined carefully. The examination is
given in the next section.

(I-2) Would the equivalence hold also in quantum theory? If the equivalence holds in the
canonical quantum theories, fundamental Poisson brackets should be equivalent. That is, the
fundamental Poisson brackets in one frame should be derived from those of the other frame.

(IT) Which metric is physical in the sense that should be identified with the observed one?
This problem has been investigated from various aspects(Magnano & Sokolowski, 1994). If
the metric in the Einstein frame is physical(Chiba, 2003), HCG has no essential meaning and
it appears by the choice of unphysical frame. If the metric in the Jordan frame is physical,
the equivalence theorem states that the metric in this frame has one more scalar degrees of
freedom which could be observed as non-transverse-traceless polarization of gravitational
waves(Alves et al. 2009, 2010)in future observations. Furthermore, equivalence theorem states
that, instead of treating the complicated Jordan frame, we can use the simpler and familiar
Einstein frame for calculation. However, for comparison with observations, the results should
be expressed in the words of Jordan frame. It should be noted only one of the metrics is
physical. In the following, assuming that the metric in the Jordan frame is physical, we restrict
ourselves to the description of problem (I).

5. Surface terms

5.1 General considerations

We first consider discrete systems whose Lagrangians contain the time derivatives of the
generalized coordinates g’ up to the n-th order g'("). If the n-th order derivatives are contained
non-linearly the equations of motion are 2n-th order differential equations. Then 27 conditions
are necessary for each g’ to determine the solution uniquely. These conditions can be given by

www.intechopen.com



208 Advances in Quantum Theory

2n initial conditions or n boundary conditions at two times, t; and t;. The latter conditions can
be taken to be the values of the generalized coordinates themselves and their time derivatives
up to the (n — 1)-th order. Then we can take the variational conditions (boundary conditions)

as
3¢ (1) = 0q' W (1) =0, (k=0,1,---,n—1). (5.1)

Therefore no boundary terms are necessary.

On the other hand, if the n-th order derivatives are contained linearly, equations of motion
are at most (2n — 1)-th order differential equations. Then at least one condition in (5.1) does
not hold generally. Therefore special solutions are required to satisfy all the conditions in (5.1)
and to eliminate generally the corresponding variations at the boundaries, boundary terms are
necessary. In other words, in order that the equations of motion and the variational conditions
are compatible, boundary terms are required.

For continuous systems, or fields, we can proceed similarly, i.e. if the Lagrangian contains
the highest order derivatives linearly, surface terms are required to eliminate some of the
variations of derivatives at the boundaries.

5.2 f(R)-type gravity

In this theory, the Lagrangian density contains the components of the metric, the generalized
coordinates, and their derivatives up to the second order in a non-linear way. So from the
general considerations above, no surface terms are necessary. Concrete situations are as
follows.

The variational principle leads to the field equations which are 4-th order differential
equations, (3.2), so that 40 conditions are formally required to decide the solution for the
metric uniquely, although they are not independent. These conditions can be taken to be the
initial functions of the components of the metric g, itself and their derivatives up to the 3rd
order, or g,y and their first order derivatives at 2 times t = t; and t = t,. The latter conditions
correspond to the variational conditions at the time boundaries. That is, at 2 time boundaries
t = t; and t = t, variational conditions are taken as dg;y, = 0 and §¢,y = 0 given by (2.2). In
fact the Lagrangian density contains up to the 2nd order derivatives non-linearly, no surface
term is necessary.

5.3 Einstein gravity with a scalar field

In this theory, the gravity theory is the Einstein one and if we start from the Lagrangian density
£, (3.10), whose gravitational part L contains the second order derivatives of the metric
linearly, surface term e.g. the GH term, is necessary from the above considerations. Some
arguments exist that if we require the equivalence also in the boundary terms, surface term
is necessary also in the f(R)-type gravity(Dyer & Hinterbichler, 2009).This is not the case.
This equivalence should be examined carefully. The situation can be seen by examining the
variation. If the theory is obtained from the f(R)-type theory by the conformal transformation,

S = [2k5f (R)] 2/(@=1) guv and if we express the variation of this quantity and ¢ in terms of
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the variations in the Jordan frame, we have the following relations:

3 2/(d—1) 4x 2 —(d—3)/(d—1)
Oy = {2K1%f/(R)] O8uv + d——Dl [ZKsz/(R)} 8uv 5f'(R),
(5.2)
- 1
6p =rx;1\/d/(d—1) = 5f'(R),
§ =54/ (d = 1) g5 0 (R)
where 3 5 3
Sf'(R) = ==—0gup + ==— (0 + ——=——-5(9,0 : 5.3
f ( ) agocﬁ gﬂ(ﬁ a<a)\go¢ﬁ) ( /\gl’(ﬁ) a(a/\apg‘xﬁ) ( A Pgﬂéﬁ) ( )
Therefore, if both sets of the variational conditions
(Sgl,”/ — 5(5 - O, (5.4)
which are usually taken for £ and (2.2), § Suv = 08y = 0, are imposed, we have
5gl/u/ - O, (5.5)

at the boundary. However, this is not generally possible, but would require specific solutions
as noted above. That is, the variational conditions, which require the GH term in the Einstein
gravity with a scalar field, are different from those in the f(R)-type theory. To compare the
surface terms, the variational conditions have to be carefully treated.

The above situation is related to the fact that the conformal transformation is not the
transformation of the generalized coordinates, g,v, but the transformation depending on the
2nd order derivatives of them. Comparison of the surface terms is made as follows. When £
is expressed in terms of the metric in the Jordan frame, g1, it is written as follows:

E:ﬁ—aA<d2—f1¢fgaAf’(R)). (5.6)

Since L requires no surface term when the variational condition (2.2) are taken, the second
term on the right-hand side is the surface term which is different from the GH term. This is
an example that surface terms depend on the boundary conditions.

6. Canonical formalism

The canonical formalism belongs to classical physics. However, most quantum theory is
obtained by canonical quantization which requires that commutation relations among the
fundamental quantities are proportional to the corresponding Poisson brackets, e.g. for one
dimensional system

[4,p] = ih{q, p}ps,
where a hat represents an operator. It is noted that one of the proportional factor i assures that

the observables are Hermitian operators and the other 7 adjusts the dimensionality, a very
natural proportional factors.

Canonical quantum theories are very successful and only well-known failure is the theory of
gravitons in general relativity. On the other hand, the canonical quantum theory of gravitons
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in f(R)-type gravity is known to be renormalizable(Utiyama & DeWitt, 1962; Stelle, 1977).
This suggests a possibility that the equivalence theorem would be violated in quantum theory.
The violation might come from the fact that classical equivalence means the equivalence along
the classical paths. While, the Poisson brackets require derivatives in all directions in the
phase space. The laws of usual canonical quantum theory describe the dynamics of matter
and radiation which have duality of waves and particles assured by experiments. On the
other hand, gravity describes the dynamics of spacetime. However, no nature of spacetime
similar to the duality has been observed. Investigation of quantum gravity arises from various
motivations. For example, since the gravity mediates interactions of elementary particles,
it would be natural that the gravity is also described quantum mechanically. A preferable
possibility that fundamental laws of nature would take forms of quantum theory is also one
of them. The canonical quantum theory would be the first candidate for quantum gravity.
Therefore a canonical formalism of gravity is very important. In this section results on a
canonical formalism, a generalization of the Ostrogradski formalism, are reviewed. In the
following, we use a unit for which 2x [% =1.

6.1 Canonical formalism in the Einstein frame

We adopt the ADM method for the gravitational field(Arnowitt et al., 2006), so the procedure
is well known.

(1) Gravitational field

The spacetime is supposed to be constructed from the hypersurfaces >; with t = constant
(foliation of spacetime). The dynamics of the spacetime determines the evolution of the
hypersurface. So the generalized coordinates are the metric of the d-dimensional hypersurface
fzi~(x £).

] 7

Since R contains 2nd order time derivatives linearly, we first make a partial integration to
transform the Lagrangian density of the gravitational part in (3.11) to the following GH form:

Ly = VRN [RyKT -R2+R], (6.1)

where K is the trace of the extrinsic curvature Ki]'(K =1 IZZ']-) and R is the scalar curvature
constructed from fli]-.

Canonical formalism is obtained by the Legendre transformation as usual. The momenta 7'/
canonically conjugate to ;; are defined as

8[', ~ [ =ii ~ii
= a(aof];j) = VI [Kf —hJK} , (6.2)

N
!
I

where 1 = det ﬁij and N is the lapse function. The extrinsic curvature Ki]- with respect to flij is
defined as

N (aoﬁ-- Y N> , (6.3)
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N; is the shift vector. A semicolon ; represents a covariant derivative with respect to fli]-.
Solving (6.3) for Kijr we have

oy 1 . 1 .. . 7T
K7 = — {ﬁ’] — —h’]ﬁ] and K= — —. 6.4
Vi d—1 (d—1)Vh (64)
Hamiltonian density is given as
Hy, = ﬁ'ijfli]' — L,
- r = . (6.5)
- N [Gl]klﬂ”n | \/ER} +2(ARy); — 27N,
where . 5
o=~ (gikgjl pilgjk < Tijjkl
Gl]kl_NE(h W'+ W — =R ) (6.6)

is sometimes referred to as supermetric. In deriving (6.5), we used the expression for Ly,
expressed in terms of canonical variables, as follows

L, = N [ﬁijftij — Lﬁzjufzf{} . (6.7)

N d—1

(2) Scalar field

The generalized coordinate is ¢(x, t). Momenta canonically conjugate to ¢ is defined as usual
by

~ — 8£¢, _ = <0 R = T in . %
SO - -
Qo = % A+ NN | = % 7 + N'9;. (6.8b)

In terms of canonical variables, £~¢ is expressed as follows
~ - 1
¢ 2vVh

Using this, we have the following expression for the Hamiltonian density

RN V(g?))] .

7—~L¢:ﬁcf>—£~¢=i~ﬁ2+l§liai¢ﬁ+

2V

(3) Fundamental Poisson brackets

%N\/ﬁfﬂ'a@ ip+ V(). (6.9)

Nonvanishing fundamental Poisson brackets in the Einstein frame are given as

{hij(x,t), A (y, 1)} pp = 63 6(x —y) and {p(x, 1), A(y,t)}pp = d(x —y), (6.10)

where (ij) expresses the symmetrization and not the symmetric part.
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6.2 Canonical formalism in the Jordan frame

There are several canonical formalisms for generalized gravity theories in the Jordan frame.
Among them formalism given by Buchbinder and Lyakhovich(Buchbinder & Lyakhovich,
1987) is logically very simple. However, concrete calculation is somewhat cumbersome partly
due to arbitrariness although it allows a wide application. In addition, the Hamiltonian
is generally transformed under the transformation of generalized coordinates that does not
depend on time explicitly. Here we use the formalism which is a generalization of the
well-known one given by Ostrogradski(Ezawa et al., 2010). For comparison of typical
formalisms, see (Deruelle et al., 2009).

(1) Generalized coordinates

In this frame, we also use the foliation of the spacetime. Since the f(R)-type gravity is a
higher-derivative theory, we follow the modified Ostrogradski formalism in which the time
derivatives in the Ostrogradski formalism is replaced by Lie derivatives along the timelike
normal n to the hypersurface ¥; in the ADM formalism (Ezawa et al., 2006,2010). So the
generalized coordinates are

1
I’li]'(X, t) and Kl']'<X, f) = E,Cnhi]‘(x, t) = Qi]'(X, t). (611)
Here contravariant and covariant components of n are given as follows:
n* = N"1(1,-N") and n, = N(-1,0,0,0). (6.12)

(2) Conjugate momenta

Denoting the momenta canonically conjugate to these generalized coordinates as 7t/ and T/
respectively, we have from the modified Ostrogradski transformation

i = v/ [f/(R)QY + Wi f" (R)LuR ]

(6.13)
T/ = 2+/hf'(R)K1.
From (6.13), it is seen that IT7 has only the trace part, so it is expressed as
I = %Hhif and IT=2dVhf'(R). (6.14)
From the second equation, we have
f'(R) = H oo r= F7Y11/2dvh) = w(11/2dVh). (6.15)

2dvh

Correspondingly, it is also seen from (6.13) that the traceless part of Q;; is related to that of i,
and we have

.. 2 1.

j— _ 2% i
Q Pn +dh Q, (6.16)

where
P

=3

) (6.17)
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and .
ot = 7t — Eh’jn (6.18)

is the traceless part. A dagger is used to represent the traceless part. (Q,P) is one of the
canonical pairs. In terms of these variables, the scalar curvature is expressed as follows

R = 2h7L,Q; + Q% — 3Q;;Q7 + R — 2A(In N). (6.19)
(3) Hamiltonian density
In the modified Ostrogradski formalism, Hamiltonian density is defined as
H= nijhij + HijQij — L. (6.20)
Using
L£,Qij = N~1(90Q; — N*Qjj5 — N Qi — Nk;]'Qik — N7'9;No;N) (6.21)
and egs. (6.14)—(6.19), we have an explicit expression for H as follows:

H = N[%nﬂjﬂj + an + %Plp(P/zx/ﬁ) —~ %sz - %RP + AP — Vhf (w(P/Nﬁ)ﬂ

t ;i 2 2
+N* [27t kj] — 7kt PorQ — E(QP),-k]

N B . y
+ {—ZNjﬂh] + ZN'(7+QP) +9'NP — NP”}

Hi

(6.22)
(4) Fundamental Poisson brackets
Non-vanishing fundamental Poisson brackets are the following:
{hijOx, 1), 7 (y, £) Yo = 6(;8],6(x — y), (6.23a)
and o
{Qij(x, ), 11%(y, 1) }pp = 6(40),6(x —y). (6.23b)

(5) Wheeler-DeWitt equation

A primary application of the canonical formalism is the Wheeler-DeWitt (WDW)
equation(DeWitt, 1967). Before writing down the WDW equation, we make a canonical
transformation

(QP) = (QP)=(P,-Q), (6.24)

which removes the negative powers of the momentum P. The resulting Hamiltonian is
expressed as follows:

H = NHo + NFH, + divergent term, (6.25)
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where )
o :é tiit —%Pn—f— L ow(Q/2vh) - QPZ——RQ
~Vif (p(Q/2vh)) +4Q, (6.26)

2
Hk—ZTCk] —ETL’k—QPk—I— (QP) .

The WDW equation is written as
Ho¥ =0, (6.27)

where H, is obtained from H by replacing 7'/ and P with —id/ ohjj and —id/dQ, respectively.
However, in order to apply (6.27) to the observed universe after compactification, we first
carry out the dimensional reduction and then we should take into account the cosmological
principle. Such procedures were done using the formalism of Buchbinder and Lyakhovich
which, although is generally different from the one described above, is very similar in the
case of gravity(Ezawa et al., 1994). It was shown by the semiclassical approximation method
that the internal space could be stabilized.

6.3 Compatibility of the two sets of fundamental Poisson brackets

(1) Compatibility conditions

The canonical variables in the Einstein frame can be expressed in terms of those in the Jordan
frame. So we can calculate the left hand sides of (6.10) using (6.23a,b). The compatibility
conditions are that the results are the right hand sides of (6.10), i.e. the following relations
should be satisfied:

) Ohij(x,t) 9k (y,t)  orkl(y,t) dhij(xt)
{hi]'(x, t), y, }PB = Z/dd [{ahm]n z t) anmn( t) — ahmn<z, t) ﬂmi(l, t)}

. ij(x,t) aaf(y,t)  arf(y,t) Ohij(x.t)
0Qumn(z,t) oI (z,t)  0Qmn(z,t) [T (z,t)

= 51('k5{)(5(x —y),
(6.28)

and

ap(x,t) 97(y,t) d7t(y,t) 9p(x,t)
(@0 ), 7y, D)} pp = Z/dd [{ahmnzt) A" (2,8)  ltyn (2, 1) nm”(z,t)}

N { 0p(x,t) d7ly,H) _ () 3(xt) }]

0Qumn(z, t) oI (z,t)  dQumn(z,t) TT"(z,t)

=d(x—y).
(6.29)
Other fundamental Poisson brackets should vanish. These conditions may lead to some
restrictions on f(R).
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(2) Expression of the conformal transformation in terms of canonical variables

Using (3.4), (6.2), (6,3) and (6.8a,b), we obtain the following form of the conformal
transformation expressing the canonical variables in the Einstein frame in terms of those in
the Jordan frame:

~ 2/(d-1)
i = f(R)Y @iy = (P/2vh ) i,

§ = \/Mm (Pr2v)),
T — \/mN—l [aop ~P(NQ+N') — NiP,-l} ,

N = (P/Nﬁ)l/(“) N, Ni=Ni

/

/(d—1)

1= (i) A B e o ) -t ).
(6.30)

(3) Calculation of the Poisson brackets

It may seem that the calculations are carried out easily. However, the evaluations of the
brackets involving the time derivatives of the momenta are difficult. It is noted that it is
impossible to use the field equations. Since, in that case, changes of variables are restricted to
those along the paths of motions, which does not fit to Poisson brackets which use changes
in any direction. Nevertheless, we can show, using (6.30), that assumption that all of the
equations (6.10), (6.23a,b) hold leads to contradiction(Ezawa et al., 2006, 2010). In other words,
two frames are not related by a canonical transformation.

Therefore, in the framework of the canonical formalism used here, we cannot quantize the
theory canonically in both frames. That is, if the f(R)-type theory is quantized canonically,
corresponding Einstein gravity with a scalar field has to be quantized non-canonically, e.g. in
the non-commutative geometric way.

7. Summary and discussions

In this work, we reviewed the equivalence theorem in the f(R)-type gravity by deriving it
in a pedagogical and self-contained way. Equivalence of this theory with Einstein gravity
with a scalar field, related by a conformal transformation, holds on the classical paths. Strictly
speaking, description in the physical frame is equivalent to the description in the unphysical
frame, since only one frame is physical. If the description in the unphysical frame is simpler,
calculations could be done in the frame.

Concerning the surface term in the f(R)-type gravity, it is not necessary in the Jordan frame.
Necessity of the surface term in the Einstein frame comes from the structure of the Lagrangian
density that it contains the 2nd order derivatives linearly. A concrete example of the surface
term is obtained that shows the dependence of it on the variational conditions. The usual
variational conditions in the Einstein frame leads to the GH term. On the other hand, if the
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variational conditions are taken as in the Jordan frame, the surface term is different and is
given by (5.6).

In the canonical formalism, the conformal transformation is not a canonical one. So the
fundamental Poisson brackets are not equivalent in the sense that the sets of fundamental
Poisson brackets in both frames are not compatible. Thus if the theory is quantized canonically
in the Jordan frame, quantization in the Einstein frame has to be non-canonical, e.g. in
the non-commutative geometric way(Kempf, 1994). It is pointed out that similar situation
occurs in the inflation model in multidimensional Einstein gravity(Ezawa et al., 1996). In
this model, the n-dimensional internal space continues to shrink during inflation and loses
its gravitational potential energy which is transferred to the inflating space. The potential
energy behaves as —al_(n_z), which is expected by the Gauss law in n-dimensional space,
so that the shrinkage of the internal space leads classically to the collapse of the internal
space similar to the situation in the case of atoms. However if n > 3, the canonical
quantum theory cannot prevent the collapse of the internal space contrary to the case of
atoms, so that non-canonical quantum theory is required. Recently, in the noncommutative
geometric multidimensional cosmology, it is shown that stabilization of the internal space is
possible(Khosravi et al., 2007).This suggests that in the multidimensional f(R)-type gravity,
extra-dimensional space would be stable. This result is in conformity with that obtained by
the semiclassical approximation to the WDW equation noted above.

Thus, considering the renormalizability of the graviton theory and stabilization of the internal
space in the semiclassical approximation to WDW equation, it is plausible that f(R)-type
gravity can be quantized canonically in the Jordan frame. In addition, similar stabilization is
possible in Einstein gravity if the noncommutative geometry is used, so quantization in the
Einstein frame would be non-canonical.

8. Appendix: Conformal transformations of geometrical quantities

We consider a conformal transformation given as

~ — N2

g’/“/ = Q g]“/. (A.l)
Transformations of geometrical quantities are given as follows.

Christoffel symbols
Ty =Ty 46, 0,(InQ) + 6 9, (In Q) — g, 9" (In Q). (A2)
Covariant derivatives
For a scalar field, we have
V, Vo = ViV — [ay (In )3, + 3, (IN Q)2 — g,y (IN Q)2 Acp} , (A.3a)

or

Cp = Q2 [Dcp + (D —-2)a*(InQ)d Acp] ) (A.3b)
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Ricci tensor

Ryv = Ryy— (D—2)[V, ¥y (In Q) —3,, (In Q)3 ()] — g0 [D(In Q) +(D—2)3 (In Q)9 (In Q)]

(A4)

scalar curvature
R=0"2 [R —2(D - 1)0(InQ) — (D — 1)(D — 2)3, (InQ)?* (In Q)] (A5)

Einstein tensor
G = G — (D —2) [Vyvv(lnﬂ) — guwO(InQ) — 2, (InQ)3, (InQ) — Dz_ 3gwa/\8’\(ln0)]
(A6)

9. References

Alves, M.E.S., Miranda, O.D. & de Araujo, J.C.N.(2009).Probing the f(R) formalism through
gravitational wave polarizations, arXiv:0908.0861[gr-qc] (accepted for publication in
Phys. Lett. B)

Alves, M.ES., Miranda, O.D. & de Araujo, J.C.N.(2010).Extra polarization states
of cosmological gravitational waves in alternative theories of gravity,
arXiv:10045580[gr-qcl(accepted for publication in Class. Quantum Grav.)

Arnowitt, R., Deser, S. & Misner, C.(2004).The Dynamics of General Relativity, arXiv:
gr-qc/0405109

Barrow, J. D. & Cotsakis, S.(1988).Inflation and the Conformal Structure of Higher-Order
Gravity Theories, Phys. Lett. B 214: 515-518

Bennett, C.L., Hill, R.S., Hinshaw, G., Larson, D., Smith, K.M., Dunkley, J., Gold, B., Halpern,
M., Jarosik, N., Kogut, A., Komatsu, E., Limon, M., Meyer, S.S., Nolta, M.R., Odegard,
N., Page, L., Spergel, D.N., Tucker, G.S., Weiland, J.L., Wollack, E. & Wright, E.L.,
(2011).Seven-year Wilkinson Microwave Anisotropy Probe(WMAP) Observations:
Are There Cosmic Microwave Background Anomalies? , Ap]S 192 issue 2, article
id 17

Buchbinder, I.L. & Lyakhovich, 5.L.(1987). Canonical quantisation and local measure of R?
gravity, Class, Quantum Grav. 4, 1487-1501

Carroll, S.M., Duvvuri, V., Trodden, M. & Turner, M.S.(2004).Is cosmic speed-up due to new
gravitational physics?, Phys. Rev. D 70: 043528

Chiba, T.(2003).1/R gravity and scalar-tensor gravity, Phys. Lett. B 575: 1-3

Deruelle, N., Sendouda, Y. & Youseff, A.(2009). Various Hamiltonian formulations of f(R)
gravity and their canonical relationship, Phys. Rev. D 80: 084032

DeWitt, B.5.(1967). Quantum Theory of Gravity. I. The Canonical Theory, Phys. Rev. 160:
1113-1148.

Dyer, E. & Hinterbichler, K.(2009).Boundary terms, variational principles, and
higher-derivative modified gravity, Phys. Rev. D 79: 024028

Ezawa, Y, Kajihara, M., Kiminami, M., Soda, J. & Yano, T.(1996). A possible way of stabi- lizing
a higher-dimensional universe, Nuovo Cim. 111B: 355-362

Ezawa, Y., Kajihara, M., Kiminami, M., Soda, J. & Yano, T.(1999). Semiclassical approach to
stability of the extra-dimensional spaces in higher-curvature gravity theories, Class.
Quantum Grav. 16 :1873-1888

www.intechopen.com



218 Advances in Quantum Theory

Ezawa, Y., Iwasaki, H., Ohkuwa, Y., Watanabe, S., Yamada, N. & Yano, Y.(2006). A caninical
formalism of f(R)-type gravity in terms of Lie derivatives, Class. Quantum Grav. 23:
3205-3214

Ezawa, Y., Iwasaki, H., Ohkuwa, Y., Watanabe, S., Yamada, N. & Yano, Y.(2010). On the
equivalence theorem in f(R)-type generalized gravity in quantum theory, Nuovo Cim.

125B: 1039-1151

Fadely, R., Keeton, C.R., Nakajima, R. & Bernstein, G.M.(2010). Improved Constraints on the
Gravitational lens Q0957+561 II. Strong Lensing, Ap] 711: 246-267

Faraoni, R. & Nadeau, S.(2007).(Pseudo)issue of the conformal frame revisited, Phys. Rev. D
75 : 023501

Fu, L., Semboloni, E., Hoekstra, H., Kilbinger, M., van Waerbeke, L., Tereno, 1., Mellier, Y.,
Heymans, C., Coupon, J., Benabed, K., Benjamin, J., Bertin, E., Doré, O., Hudson,
M.]., Ilbert, O., Maoli, R., Marmo, C., McCracken, H.]. & Ménard, B.(2009). Very
weak lensing in the CFTLS Wide: Cosmology from cosmic shear in the linear regime,
Astron.Astrophys. 479: 9-25

Gibbons, G.W. & Hawking, S.W.(1977). Action integral and partition functions in quantum
gravity, Phys. Rev. D 15: 2752-2756

Hawking, S. & Ellis, G.ER.(1973). AgLarge scale structure of spacetimeAh , Oxford University
Press, London Hicken, M., Wood-Vasey, W.M., Blondin, S., Challis, P., Jha, S., Kelly,
P.L., Rest, A. & Kirshner, R.P.(2009).Improved Dark Energy Constraints from A100
New CfA Supernova Type Ia Light Curves, Ap] 700:1097-1140

Jarosik, N., Bennett, C.L., Dunkley, J., Gold, B., Greason, M.R., Halpern, M., Hill, R.S.,
Hinshaw, G., Kogut, A., Komatsu, E., Larson, D., Limon, M., Meyer, S.S., Nolta,
M.R., Odegard, N., Page, L., Smith, K.M., Spergel, D.N., Tucker, G.S., Weiland, J.L.,
Wollock, E. & Wright, E.L.(2011). Seven-Year Wilkinson Microwave Probe(WMAP)
Observations: Sky Maps, Systematic Errors, and Basic Results, ApJS 192: issue 2,
article id 17

Kempf, A.(1994).Uncertaity Relation in Quantum Mechanics with Quantum Group Symme-
try, J. Math. Phys. 35: 4483-4496

Kessler, R., Becker, A.C., Cinabra, D., Vanderplas, J., Frieman, J.A., Marriner, J., Davis, TM.,
Dilday, B., Holtzman, J., Jha, S.W., Lampeitl, H., Sako, M., Smith, M., Zheng, T.M.,
C., Nichol, R.C., Bassett, B., Bender, R., Depoy, D.L., Doi, M., Elson, E., Filippenko,
AV, Folet, R]., Garnavich, PM., Hopp, U, Thara, Y., Ketzeback, W., Kollatschny,
W., Konishi, K., Marshall, L., McMillan, R.J., Miknaitis, G., Morokura, T., Mortsell,
E., Pan, K, Prieto, J.L., Richmond, M.W., Riess, A.G., Romani, R., Schneider, DE.P,,
Sollerman, J., Takanashi, N., Tokita, K., van der Heyden, K., Wheeler, J.C., Yasuda, N.
& York, D.(2009). First-year Sloan Digital Sky Survey- II(SDSS-II) Supernova Results:
Hubble Diagram and Cosmological Parameters, Ap]S 185: 32-84

Khosravi, N., Jalalzadeh, S. & Sepangi, R.R.(2006). Non-commutative multi-dimensional
cosmology, JHEP 0601 :134(10 pages)

Khosravi, N., Jalalzadeh, S. & Sepangi, R.R.(2007). Stabilization of internal spaces in non-
commutative multidimensional cosmology, Int. |. Mod. Phys. D16:1187-1196
Komatsu, E., Smith, K.M., Dunklet, J., Bennett, C.L., Gold, B., Hinshaw, G., Jarosik, N.,
Larson, D., Nolta, M.R., Page, L., Spergel, D.N., Halpern, M., Hill, R.S., Kogut,
A., Limon, M., Meyer, S.S., Odegard, N., Tucker, G.S., Weiland, J.L., Wollock, E.

www.intechopen.com



The Equivalence Theorem in the Generalized Gravity of f (R)-Type and Canonical Quantization 219

& Wright, E.L.,(2011). Seven-tear Wilkinson Microwave Anisotropy Probe(WMAP)
Observations: Cosmological Interpretation, Ap/S 192: issue 2, article id 18

Larson, D., Dunkley, J., Hinshaw, G., Komatsu, E., Nolta, M.R., Bennett, C.L., Gold, B.,
Halpern, M., Hill, R.S., Jarosik, N., Kogut, A., Limon, M., Meyer, S.S., Odegard,
N., Page, L., Smith, K.M., Spergel, D.N., Tucker, G.S., Weiland, J.L., Wollack, E.,
& Wright, E.L.(2011).Seven-year Wilkinson Microwave Anisotropy Probe(WMAP)
Obser- vations: Power Spectra and WMAP-Derived Parameters, Ap]S 192: issur 2,
article id 16

Maeda, K.(1989). Towards the Einstein-Hilbert action via conformal transformation, Phys. Rev.
D 39: 3159-3162

Magnano, G. & Sokolowski, L.M.(1994).Pyhysical equivalence between non-linear gravity
theories and a general-relativistic self-gravitating scalar field, Phys. Rev. D 50:
5039-5059

Mantz, A., Allen, S.W.,, Rapetti, D., & Ebeling, H.(2010).Observed Growth of Massive Galaxy
Clusters I: Statistical Methods and Cosmological Constraints, MNRAS 406:1759-1772

Massey, R., Rhodes, J., Leauthand, A., Capak, P, Ellis, R., Koekemoer, A., Réfrégier, A.,
Scoville, N., Taylor, J.E., Albert, J., Bergé, J., Heymans, C., Johnston, D., Kneib, J-P.,
Mellier, Y., Mobasher, B., Semboloni, E., Shopbell, P, Tasca, L. & Van Waerbeke, L.
(2007).COSMOS: Three-dimensional Weak Lensing and the Gowth of Structure, ApJS
172: 239-253

Nariai, H.(1971). On the Removal of Initial Singularity in a Big-Bang Unuverse in Terms of
a Renormalizable Theory of Gravitation, Prog. Theor. Phys 46: 433-438 Nariai, H. &
Tomita, K.(1971). On the Removal of Initial Singularity in a Big-Bang Unuverse in
Terms of a Renormalizable Theory of Gravitation II, Prog. Theor. Phys. 46:776-786

Nojiri, S. & Odintsov, S.D.(2007).Introduction to Modified Gravity and Alternativefor Dark
Energy,Int.].Geom.Met.Mod.Phys. 4 115-146

Percival, WJ]., Eisenstein, D.]., Bahcall, N.A., Budavan, T., Frieman, ]J.A., Fukugita, M., Gunn,
J.E., Ivezi¢, Z., Knapp, G.R., Kron, R.G., Loveday, J., Lupton, R.H., McKay, T.A,,
Meiksin, A., Nichol, R.C., Pope, A.C., Schlegel,D.]., Schneider, D.P., Spergel, D.N.,
Stoughton, C., Straus, M.A., Szalay, A.S., Tegmark, M., Vogely, M.S., Weinberg, D.H.,
York, D.G. & Zehavi, 1.(2009). Baryon Acoustic Oscillations in the Sloan Digital Sky
Survay Data Release 7 Galaxy Sample, MNRAS 401 : 2148-2168

Reid, B.A., Percival, W.]., Eisenstein, D.]., Verde, L., Spergel, D.N., Skibba, R.A., Bahcall, N.A.,
Budavari, T., Fukugita, M., Gott, ].R., Gunn, ].E,, Ivezi¢, Z., Knapp, G.R., Kron, R.G.,
Lupton, RH., McKay, T.A., Meiksin, A., Nichol, R.C., Pope, A.C., Schlegel, D.J.,
Schneider, D.P,, Strauss, M.A., Stoughton, C., Szalay, A.S., Tegmark, M., Weinberg,
D,.H., York, D.G. & Zehavi, 1.(2010). Cosmological Constraints from the Clustering
of the Sloan Digital Sky Survey DR7 Luminous Red Galaxies, MNRAS 404: 60-85

Riess, A.G., Macri, L., Casertano, S., Sosey, M., Lampeitl, H., Ferguson, H.C., Filippenko, A.V.,
Jha, S. W.,, Li, W., Chornock, R. & Sarkar, D.(2009). A Redetermi- nation of the Hubble
Constant with the Hubble Space Telescope from a Differential Distance Ladder, Ap]
699: 539-563

Schrabback, T., Hartlap, J., Joachimi, B., Kilbinger, M., Simon, P., Benabed, K., Brada¢,
M., Eifler, T., Erben, T., Fassnacht, C.D., High, EW., Hilbert, S., Hildebrandt, H.,
Hoekstra, H., Kuijken, K., Marshall, P.,, Mellier, Y., Morganson, E., Schneider, P.,
Semboloni, E., Van Waerbeke, L. & Velander, M.(2009). Evidence for the accelerated

www.intechopen.com



220 Advances in Quantum Theory

expansion of the Universe from weak lensing tomography with COSMOS, Astron.
Astrophys. 516: id A63

Sotiriou, T.P. & Faraoni, V.(2008).f(R) theories of gravity, Rev. Mod. Phys. 82: 451-497. is a
good review.

Starobinsky, A.A.(1980). A new type of isotropic cosmological model without singularity,
Phys. Lett. 91: 99-102

Stelle, K.(1977). Renormalization of Higher-Derivative Quantum Gravity, Phys. Rev. D1eé:
953-969

Suyu, S.H., Marshall, PJ., Auger, M.W., Hilbert, S., Blandford, R.D., Koopmans, L.VE.,
Fassnacht, C.D. & Treu, T.(2009). Dissecting the Gravitational Lens B1608+656. II.
Precision Measurements of the Hubble Constant, Spacial Curvature, and the Dark
Energy Equation of State, Ap] 711: 201-221

Teyssandier, P. & Tourrence, P;.(1983). The Cauchy problem for the R + R? theories of gravity
without torsion, J. Math. Phys 24: 2793-2799

Utiyama, R. & DeWitt, B.S.(1962).Renormalization of a Classical Gravitational Field Inter-
acting with Quantized Matter Fields, J. Math. Phys. 3:608-618

Vikhlinin, A., Burenin, R.A., Ebeling, H., Forman, W.R., Hornstrup, A., Jones, C., Kravtsov,
A., Murray, S.S., Nagai, D., Quintana, H., & Voevodkin, A.(2009). Chandra Cluster
Cosmology Project II: Samples and X-Ray Data Reduction, Ap] 692:1033-1059

Wands, D.(1994).Extended Gravity Theories and the Einstein-Hilbert Action, Class. Quantum
Grav. 11:269-280

Whitt, B.(1984).Fourth-Order Gravity as General Relativity Plus Matter, Phys. Lett.
145B:176-178

www.intechopen.com



Advances in Quantum Theory
ADVANCES IN

QUANTUM THEORY Edited by Prof. lon Cotaescu

Echied by Pan Colbasci

ISBN 978-953-51-0087-4

Hard cover, 248 pages

Publisher InTech

Published online 15, February, 2012
Published in print edition February, 2012

The quantum theory is the first theoretical approach that helps one to successfully understand the atomic and
sub-atomic worlds which are too far from the cognition based on the common intuition or the experience of the
daily-life. This is a very coherent theory in which a good system of hypotheses and appropriate mathematical
methods allow one to describe exactly the dynamics of the quantum systems whose measurements are
systematically affected by objective uncertainties. Thanks to the quantum theory we are able now to use and
control new quantum devices and technologies in quantum optics and lasers, quantum electronics and
quantum computing or in the modern field of nano-technologies.

How to reference
In order to correctly reference this scholarly work, feel free to copy and paste the following:

Y. Ezawa and Y. Ohkuwa (2012). The Equivalence Theorem in the Generalized Gravity of f(R)-Type and
Canonical Quantization, Advances in Quantum Theory, Prof. lon Cotaescu (Ed.), ISBN: 978-953-51-0087-4,
InTech, Available from: http://www.intechopen.com/books/advances-in-quantum-theory/the-equivalence-
theorem-in-the-generalized-gravity-of-f-r-type-and-canonical-quantization

INTECH

open science | open minds

InTech Europe InTech China

University Campus STeP Ri Unit 405, Office Block, Hotel Equatorial Shanghai

Slavka Krautzeka 83/A No.65, Yan An Road (West), Shanghai, 200040, China

51000 Rijeka, Croatia FE BHIERFARK6SS HiBEFR R ARIRE I AE40582TT
Phone: +385 (51) 770 447 Phone: +86-21-62489820

Fax: +385 (51) 686 166 Fax: +86-21-62489821

www.intechopen.com



© 2012 The Author(s). Licensee IntechOpen. This is an open access article
distributed under the terms of the Creative Commons Atiribution 3.0
License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.




