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1. Introduction

Because, among other seismological observations, it is important to be able to predict the
location of the vibrating pattern of an earthquake, in this chapter we take the first tentative
steps towards including "Bryan’s effect" in a mathematical model for the seismic vibration
pattern of a layered slowly rotating vibrating planet or moon.

Historically, G.H. Bryan observed (in his article (Bryan, 1890)) that when a vibrating structure
is subjected to an inertial rotation, the vibrating pattern rotates within the structure at a rate
proportional to (but in general not equal to) the inertial angular rate. This effect has come to
be known as " Bryan’s effect". It is interesting to note that (Rayleigh, 1894) mentions Bryan'’s
effect in § 233, but thereafter investigations of Bryan’s effect appear to have lain dormant
for about 75 years, reappearing in connection with a resonator gyroscope in 1965 in the
small Delco Wakefield, MA, USA R&D facility, according to (Rozelle, 2009). Rozelle states
that the resonator gyroscope "has been utilized in many applications over its developmental
lifetime: aircraft navigation, strategic missile navigation, underground borehole navigation,
communication satellite stabilization, precision pointing, and in deep space missions". The
effect may be useful in understanding the dynamics of pulsating stars in astrophysics and this
was mentioned in the paper (Shatalov et al., 2009) in which the theoretical background on this
chapter was discussed in general terms. For the constant of proportionality, Bryan made the
following calculation for a body consisting of a ring or cylinder:

BF — Angular rate of the vibration pattern
~ Inertial angular rate of the vibrating body "

@)

This constant of proportionality BF has come to be known as "Bryan’s factor". The
authors ( Zhuravlev & Klimov, 1988) investigated Bryan's effect for an elastic, isotropic,
spherically symmetric body, rotating in three-dimensional space. Among other results, they
demonstrated that Bryan's factor depends on the vibration mode. Their concise formulation
is given in general terms without computational detail or assumptions on the magnitude of
rotation or illustrative examples. In (Shatalov et al., 2009) "slow rotation" (explained below)
was assumed for spherical bodies consisting of concentric layers of elastic and/or acoustic
media. In that paper, some detail was supplied for computations and an illustrative example
was presented. They did not assume a "thin shell theory", as in (Loveday & Rogers, 1998),
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where Bryan’s effect is considered in a thin cylindrical shell for both high and low rotational
rates. Consequently the model described by (Shatalov et al., 2009) is readily adaptable to the
structure of an ideal planet or moon that is rotating slowly.

In this chapter we study Bryan’s effect applied to a rotating planet or moon that may have
several solid and liquid layers that are assumed to be rotating at the same rate. The rotation
rate is assumed to be small when compared to the lowest eigenvalue of vibration w = 2%
where T is the period of oscillation of the vibration pattern for a natural mode of vibration. As
a first tentative approach, we discuss isotropic solid spherical layers that may be isotropically
damped as well as isotropic inviscid spherical liquid layers. If damping is present in the media
we expect to encounter, as a first approach, we assume that it will be isotropic and be light in
the sense that the "damping factor" will be substantially smaller than the lowest eigenvalue
of the system. Using Rayleigh’s dissipation function (Goldstein, et al.), we demonstrate that
light, isotropic, viscous damping does not influence Bryan’s effect or Bryan’s factor (Equation
(1)). Hence, in the sequel, we assume that the body is subjected to nondecaying vibrations
in one of its natural modes. The introduction of "impurities" such as prestress, mass-stiffness
imperfections and anisotropic damping effects into the calculations is important for real-life
situations (as opposed to ideal situations with at most isotropic, viscous damping) and has
been earmarked by us for further study. Indeed, we have recently published a spherical model
with varying mass density (Shatalov et al., 2011) that indicates that the rotation rate of the
vibrating pattern is nonlinear (as opposed to the linear rate for the ideal state discussed below)
and that this nonlinearity manifests itself as a "capture effect” whereby the rotation angle of
the vibration pattern varies periodically.

2. Preliminaries

Consider a coordinate system Oxyz and a composite spherical body, with its centre at the
origin O, consisting of concentric solid and or acoustic layers. Let N be the number of
concentric spherical media in the system and a; and a;_1 the inner and outer radii of the
i'" layer respectively, i = 1,- - -, N. We convert to spherical coordinates Orf¢ as depicted in
Figure ??, where we have adopted the notation of (Spiegel, 1967).

Consider the position of rest P(r, 6, $) of a vibrating particle in the i layer where a; < r <
a;_1. Let # be the unit vector in the direction of increasing r. Hence the position vector of the
or / or
%" |og

increasing ¢) and § = 3—2 / 'g—g (in the direction of increasing 6). Let w; + u; 4+ v; (where

point P(r,0,¢) is r = r#. Consider the usual unit vectors ¢ = (in the direction of

w; = w;#, u; = u;0 and v; = v;P) represent the displacement from the position of rest of the
vibrating particle in the i layer. For the sake of simplicity, we suppress subscripts i when no
confusion is expected. The position vector of the vibrating particle is thus

R = (r +w)? + ub+ovd. )

Now consider an inertial coordinate system OXYZ with origin O, where initially the
X,Y, Z-axes correspond to the x,y,z-axes respectively. Let the spherical body (the Orf¢ =
Oxyz system) rotate about the z-axis with respect to inertial space OXY Z with a small constant
angular rate. If & is the unit vector in the direction of increasing z, then let the angular velocity
Q of the body be

O = eQk = eQ(7 cosd — Osinb), 3)
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4

Fig. 1. The spherical coordinate system Or6¢ and its relation to the reference frame Oxyz that
is rotating slowly about the z—axis at rate £0), showing a particle in the i* layer with position
of rest P(r,0, ¢) and displacement from the position of rest u in the direction of increasing
angle 6, v in the direction of increasing angle ¢ and w in the radial direction.

where the dimensionless parameter ¢ is a measure of smallness. By the word “smallness” of
the angular rate of rotation () we mean (as mentioned above) that this rate is substantially
smaller than the lowest eigenvalue of the system.

3. Gyroscopic effects in distributed bodies

The mathematical formulation given below (in spherical coordinates) is presented within the
framework of the linearised, three-dimensional theory of elasticity (Redwood, 1960). With
Lagrange’s equations (Spiegel, 1967) in mind, we formulate expressions for the (approximate)
kinetic and potential energies of the system of concentric spherical bodies. The absolute linear
velocity of the vibrating particle is

dR
— Q J—
V_dt+ X R =

(w0 — eQusin )P+
(1—eQw cos H) 6+
(0 +eQ (ucosd + (r +w)sinb)) . 4)
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Neglecting terms of O(e?), the approximate kinetic energy of the system of concentric
spherical bodies is given by

27 71 .
Zpl/// u + 05 +w>+280[(uvl— v;) cosB +
0
(0;(r + w;) — v;i;) sin 0] } 12 sin BdrdBd¢. (5)

The potential energy of the system of concentric spheres is

1N
:EZ

i=1

7T

ai—1
/ / Tirr€ipr + 0i,00€i,00 T Tipp€ipp T
0

0ir0€ir0 T Ui pp€iop + (Tz',rqaei,rqb} r? sin drdfdg (6)

Ny

where we use ”p” for mass density, “c” for stress and “€” for strain. We indicate Lamé’s
constants (from the theory of elasticity) by A; and y; for the zth layer. In a spherical coordinate
system, with the subscript i suppressed for the sake of brevity (i.e. we write oy, for 0; ,, etc.), a
standard reference such as (Redwood, 1960) yields stresses

Orr = Merr + €go + €pg) + 21€rr;  Tpg = Al€rr + €gg + €9p) + 2eqp;
Upp = A(€rr + €69 + €4>4J> + 2pepp;
Orp = 2Ui€rp;  Opp = 2l€gp;  Urp = 2li€ry; @)

and strains

€ :a—w' € =1<a—u+w> € :1<ucot9+La—+w)
Ty T\ o A n6 o¢
€ :8_u+1<8w u>' € :1( ! au+av vcot@)
o T\ oo r o sin 0 d¢

€ —a—er1 ! a—w—v ®)
" 9r " r \sinf 0¢ '

Assume that we can express the magnitude of the displacements u; v; and w; of the vibrating
particle P in the ith body as follows:

ui(r,0,¢,t) = Ui(r,0) [C(t) cosme + S(t) sinme], (9a)
v;(r,0,¢,t) = Vi(r,0) [C(t) sinm¢p — S(t) cos m¢p], (9b)
w;(r,0,¢,t) = W;i(r,0) [C(t) cosm¢ + S(t) sinme], (90)

where the nature of the functions C(t) and S() is still to be determined, U;(r,0), V;(r,0) and
W;(r,0) are unknown eigenfunctions of the system and m is the circumferential wave number.
Substituting Equations (9) into Equations (8), (7), (6) and (5) involves a long algebraic
calculation. A computer algebra system is handy for checking the calculation that yields:

K=r [10 (C2 + 5'2) +201 (CS - cs‘))} (10)
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and
P=nl (c2 n 52) . (11)
Here
7T
1_1% .//ai‘l(u2+vz+w2)2' 0drdo (12)
0 — 21:1p10 0 i i i r-sm r 7
N f aj—1
=Y p / / (U; cos 8 + W sin 6) Vir? sin 8drde, (13)
=1 ai
N i aj—1
wtaf]
=1 5 "%
\ 2
<m cscOU; 4 cot0V; — %) +
2w A, 2 av\2 | T
! RGN . N L
<89 +r8r LI1> —1—(V,+mcsc9W1) rar)
(cotOU; +m cscOV; + W;) x
| ‘ cot® U+ C(oU; | dW;
[(A’+2V1)[mCSCOVi—FZ()\i—i-yi)W]+AZ (8_9+r ar )T
U A; (cot@U; +m cscOV;) +
Wi+ —+ ou; ow; | +
( 1 39) 2(Ai+ i) Wit (N +20) 555 +rhi=g
W, cotOU; +m cscO V;+ W, '
r— [AZ ( QWi+ ou; +r (A +2p;) =, | (i 0drdf. (14)
a0
Because K = K(C,S,C,S) and P = P(C, S), the Lagrangian
L(C,S,C,S)=K—P (15)
yields two equations of motion from Lagrange’s equations (Goldstein, et al.):
d oL oL oF
43¢ 3¢ = e {6
d oL dL oF
di93 a5~ a8 (e
where 1
F ZE(CCZ +55%) (17)

is Rayleigh’s dissipation function, c and s are viscous damping constants. We assume isotropic
damping, that is, say, c = s = 7wD. We further assume that for the media we will encounter,

the "damping factor"
D

5= —
YA
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is substantially smaller than the lowest eigenvalue of the vibrating system. Computation of
Equations (16) yields a coupled system of second-order linear ordinary differential equations
(ODE):

C +27eQ)S + w?C +2e5C =0, (19a)
§ —21eQC + w?S + 268 = 0, (19b)
where |
—1<p=+<1 (20)
Io
and ;
w? = 2. (21)
Ip

We now show that 7 in Equation (20) is Bryan's factor as given by Equation (1) and that w in
Equation (21) is an eigenvalue for the vibrating system.

In order to interpret what the system of ODE (19) represents, combine the two equations by
considering the complex function Z = C + iS to obtain the single equation

7 +2¢(6 — inQ)Z + w?Z = 0. (22)
where, as is usual, i> = —1. Writing Z in polar form
Z(t) = Y ()P (23)

and assuming that () has the linear form

B(t) = at, (24)
while Y(t) decays according to
Y(t) = X(t)e ", (25)
then ,
7 = X(t)elia-b)t (26)

and substituting into Equation (22), we obtain the ODE
X +2[(ia —b) +e(5—inQ)] X+
[28 (6 — inQY) (ia — b) + (ia — b)* + wz} X =0. (27)

If we choose a = 77e¢Q) and b = ¢4, then the coefficient of X vanishes in Equation (27) and we
obtain the ODE

X4+12X =0 (28)
where
V2 = w? — €% (6 — inQ)? (29)
Neglecting O(&?), we obtain
VR wW. (30)

Consequently Equation (28) approximates the equation of motion of a harmonic oscillator.
Equations (19) can now be viewed in the form

Z(t) = [eﬂ”x(t)] eiHeQt, (31)
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These equations represent a "vector" in the complex plane with its size varying like a damped
harmonic oscillator and its position varying at a rate 7e() (in the rotating reference frame
Oxyz). Thus, according to Equation (1), # is Bryan’s factor for the system. Consequently,
neither Bryan’s effect nor the value of Bryan’s factor #, depends on the inclusion of light
isotropic viscous damping in the model and we will thus neglect damping in the sequel. The
rotation of the vibrating pattern is in the direction of rotation of the system if # > 0 and in
the opposite direction if 7 < 0. Equations (28) and (30) show that w is an eigenvalue of the
vibrating system.

Taking Equation (30) into account, Equation (28) has a general solution of the form

X(t) = Acos(wt + ) (32)

where the amplitude A and phase angle <y are arbitrary constants. Consequently, neglecting
damping, from Equation (31) we obtain

C +iS = Acos(wt + 7)e e, (33)
Equating real and imaginary parts we have a good approximation

C(t) = AcosneQt cos(wt + ), (34a)
S(t) = AsinneQt cos(wt + ) (34b)

and so initially, that is, when ¢t ~ 0, we find that

C(t) =~ Acos(wt + 1), (35)
S(t) ~ 0. (36)

4. Eigenfunctions

In order to determine the nature of Bryan’s constant # (Equation (20)) and the square of the
corresponding eigenvalue w (Equation (21)), we neglected O(e?). We are going to demonstrate
that it is also feasible to neglect the small rotation rate Q) when we derive expressions for
the eigenfunctions U;(r,0), V;(r,0) and W;(r,0), i = 1,---,N, as given in Equations (9).
Indeed, assume that we have a system of partial differential equations (PDE) involving the
eigenfunctions U;(r,0), V;(r,0) and W;(r,8). Using the small parameter € and a perturbation
method Nayfeh (1973), assume that we have an asymptotic expansion

Uj(r,0) = U;o(r,0) +el; 1 (r,0) + U2 (r,0) + - -, (37)

where the Uz-,j(r,G), j = 0,1,2,- - - are independent of ¢ and U, ((r,60) is that part of the
solution when & = 0. A similar argument is valid for the eigenfunctions V;(r,0) and W;(r,0).
Substituting these three expansions into Equations (12) and (13) and again neglecting all term
of O(e?), the formula for 5 given in Equation (20) yields

T
25X 00 [ [ [(Uigcos 8+ Wigsin) Vg + O(e)] r* sin 6drdo
0

n= (38)

7T
Zl].il oi [ fa‘:i‘l [LII?ZO + Vi%o + Wl.z,O + O(e)] 2 sin 0drdo
0
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Now write Bryan’s factor # as an asymptotic expansion

n=1o+em+en+-- (39)
where the 775, j =0,1,2,- - - are independent of ¢ and 7 is given by Equation (38) when ¢ = 0,
that is
T
2 Zfil pi [ faa_i‘l [(Ui,o cos  + W sin6) Vi,O] 12 sin Odrde
O 1

ZZI'L Oi g f;:i_l [uiz,o + Vi% + Wz‘z,o} 12 sin Odrdo

Hence, because we neglect O(¢e?), Equation (39) yields
e = efjo + O(e%) ~ erfo (41)

and so

1~ 1o (42)
A similar result is valid for the square of the eigenvalue w determined by Equation (21).
Consequently, because only the eigenfunctions of a non-rotating body need be considered
for the purposes of numerically calculating 7, in the sequel we will use the notation u; for u; ,
U; for Uj; g, etc. Indeed, using (Redwood, 1960) and our notation for stresses, the equations of
motion of an isotropic solid, nonrotating vibrating body in spherical coordinates are

%u __ do, 1 9oy 1 00rp | 207 —0p9—0gp+COtB 0yg
Pae = or T 790 T 7sing ¢ + r ’ (43a)
v __ 9oy | 1 doge 1 0Qopp , 30rp+cotd (099—174:4;)
Pz = or T 706 T rsind ¢ + 7 ’ (43b)
azw _ 00y 1 8(7'94; 1 80’474; 3(7;'(/)4’2 cotf Of¢
P = “or + 3728 1 7eing ¢ + r : (43c)

The stresses are given by Equation (7). The coupled system of second-order PDE given by
Equations (43) for the three displacement components u#, v and w can be uncoupled directly,
but this leads to a sixth-order PDE. Hence, in a manner similar to that explained in (Eringen
& Suhubi, 1975), we express the displacement components of Equations (43) in terms of
derivatives of potentials ® = ®(r,0,¢), x = x(r,0,¢) and ¥ = ¥(r, 6, ¢) as follows:

_J129 d 1 oY
“—{7%[‘” (arf)}stme%}COS(w“r“r)r (44a)
_ 1 0 9(rx 19¥
o= { o [0+ LH] - 15 beos (wt+7), (44b)
2
W= {%if + aa(:zX) +rV2)g} cos (wt + ), (44¢)

where V2 the Laplace operator in spherical coordinates, w is the eigenvalue mentioned above,
7 is some phase angle (see Equation (32)) and a is a nonzero constant with the dimension of
length. When Equations (44) are substituted into Equations (43) and the resulting equations
of motion are uncoupled, it is found that each potential ®, x and ¥ satisfies the Helmholtz
equations

VO +KO=0, Vx+kKx=0, V¥ +KE¥Y=0 (45)
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with wave numbers

k1 :kl(OJ) :w\/p/()t—l~2y), (46&)
wA/p/ .

(46b)

ky = kz(w)

In order to obtain initial (at ¢ ~ 0) agreement with our choice of Equations (9), the appropriate
solutions to Equations (45) are

Dy (1,0,0) =

[B1jn (k17) + Boyn (k17)] P’ (cos 6) cos (m¢) , (47a)
Xmn (1,0,¢) =

[Bsjin (kot) + Bayn (kot)] Py* (cos @) cos (me) , (47b)
Yon (r,0,¢) =

[Bsjin (kar) + Beyn (kor)] P (cos 8) sin (mg) , (47¢)

where, as usual, j,(kr) = \/%]nﬂ/z (kr) and yu(kr) = \/%Ynﬂ/z(kr) represent the
spherical Bessel and Neumann functions respectively where J,, 1,5 and Y}, 1/, represent the
Bessel and Neumann functions respectively, while P}" is the associated Legendre polynomial.
The symbols By, By, - - -, B are arbitrary constants (if the body contains the centre O, then the
constants B, = By = By = 0). By substituting Equations (47) into Equations (44) we obtain
the nature of the eigenfunctions U(r,6), V(r,0) and W(r,0) as given in Equations (9).

The motion of a compressible, inviscid acoustic medium is represented by the following wave
equation:

2
vip=122r (48)
where « is the bulk modulus and p the mass density of the acoustic medium. With the wave
number
ks = k3(w) = wy/p/x, (49)

an appropriate solution to PDE (48) is

Pmn (1,0,¢,1) =
{[B7jn (k3t) + Bgyn (k3r)] P (cos ) cos (m¢)} cos (wt + 7y), (50)

where p = pmn (r,0,¢,t) is the pressure in the acoustic medium and By, Bg are arbitrary
constants. Particle displacement of the acoustic medium in the radial direction is

1
pw?

S3

w = (51)

In the sequel, keep in mind that for j = 1,2,3 and layersi = 1, - - -, N, we will write kl-,]- for k]-
in layer i, etc.

5. Boundary and continuity conditions

Observing Equations (44) it is possible to distinguish between spheroidal and torsional modes.
For the spheroidal mode we assume that ¥; = 0. In this case the stress components of the
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solids are
Gir = (2050 — ke @i + 2y [ T 4 2,260 (52a)
Ui,r@z%g_g{<a;?_%)+[aaf+aai+<@—%>)(j:|}, (52b)
Girg = Teind ap {(*’ag - %)+ [ Fgs ( e %) xi] } (52¢)

where i = 1,2,3,4,6 denotes a solid layer in the spherical structure. Indeed, here we assume
i = 1 for the outer solid layer (“crust”), i = 2 for the next inner layer (“upper mantle-1”),i = 3
for the “upper mantle-2”, i = 4 for the “lower mantle” and i = 6 for the “inner solid core”.
We do not use i = 5 in the list of the solids because this describes the “liquid outer core”.

For the investigation of the torsional modes we assume that ®; = 0 and x; = 0 and hence the
corresponding stress components are

i d a‘lji ‘F,’

ire = asPiInG% <_r - 7) ’ (53a)
Hi 9 a‘l",' 1I’r,'

Yirg = ~ 0 20 <_r - 7) : (53b)

Let us model a spherical “planet” with solid “inner core”, four solid layers and one liquid
layer. Assume that the outer radius of the planet is ¥ = a4 and that the boundary between
the “crust” and the “upper mantle-1” is located at radius r = a;. Furthermore, assume that
the boundary between the “upper mantle-1” and the “upper mantle-2” is situated at radius
r = ap, while at r = a3 we find the boundary between the “upper mantle-2” and the “lower
mantle”. All these layers are considered as isotropic solid bodies. Assume that the boundary
between the “lower mantle” and the “liquid outer core” is situated at radius » = a4 and finally,
radius r = a5 is the boundary between the “liquid outer core” and the solid “inner core”.

The elastic potentials and pressure that describe the spheroidal modes of the planet are
solutions given by Equations (47a), (47b) and (50):

(r,0,¢) = [Agi—zjn (kirr) + Asi—oyn (ki1r)] P’ (cos8) cos me, (54a)
(r 0,9) = [Asi—1jn (kior) + Asiyn (kior)] Py (cos 8) cos m, (54b)
ps (r,0,¢) = [A17ju (ksar) + A1gyn (ksar)] Py’ (cos ) cos mg, (54¢)
Dg (1,0,¢) = [A19jn (kea7)] ;' (cos @) cos me, (54d)
X6 (1,0,¢) = [Axojn (ke2r)] Py' (cos ) cos me, (54e)

where the symbols “A” with various subscripts represent arbitrary constants that will be
determined from the boundary and continuity conditions described below and i = 1,2, 3, 4.
The “upper core” of the planet does not have a torsional mode and is considered to be an
inviscid ideal fluid. Despite the fact that the “inner core” is solid and hence that it could
support the torsional mode, we do not consider it when we analyse the torsional mode
because the shear stress in the “inner core” cannot be transformed into the outer layers
through the shear free liquid “outer core”. The elastic potential describing the torsional modes
of the planet is obtained from Equation (47¢):

Yi (r,0,¢) = [Bai—1jn (kizr) + Aziyn (kior)] P (cos 0) cos m¢, (55)
wherei =1,2,3,4.
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The boundary and continuity conditions below express the balance between the radial stresses
and pressure and equality of the tangential stresses in the solid layers. They also express the
equality of the radial and tangential components between the solid layers (correspondingly,
only radial components between the solids and fluid layer). The outer layer is assumed
to be free from radial and tangential stress components. Using these assumptions together
with Equations (52) we obtain the following boundary and continuity conditions for the

investigation of the spheroidal modes:

Atr=a9=a
Po g
{[2}41721—7% 1‘191} +t2m [ %1) K2 (g}ra)]} AN
2 2 9 ki
2 (o) [ 3+ (B - 1m0
r=a
Atr =aq
9° 2 9
{[2“1/[1 arz Alk%,lq)l} +2}41 [ 5(9:)3(1) +k1r2 (g)fl)]} r=ay -
o 9
> az a k2
{133 (S -
r=aq
5 32 9 k2
p{ep-w) e[ (2 )al}]
r=ay
82
(% [+ Raom]}] -
r=aq
0P (rxe) | 42
{ 8r2 + { ar22 +k22 (VXZ)}} r=m ’
3(rx1) Arxz)
{(I) + arl }r—m B {CD2+ arz }r—lll
Atr=ap
2 0 9
{5 - 22,00 2 [F3 -, 232} =
P 9 Arxs)
{[ra e — 2 9] 235 2132 413, 2)] |
5 az 0 k
o) e ()]} -
r=dap
2 k2
(3 -%)+ ra—§;+a@+(%—%>m}}

{BS%Jr [ ) 143 (U(:a)”

r=ap
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A(rx2) _ (r)ca)
{(I)2+ or }r:az B {CD + }V:ﬂz. (65)
Atr =uaj3
82 d
{[2#3%33—)% 1%} +2p3 [ T 48, (%)H rmas
P
{[2]"4 92 /\4k 14:134] —1—2“1/[ [ g)rr%@) kiZ (3)54)]} r=as’ (66)
2 9D, D Ky 1 .
Bl -) e ()] -
]
2 ki
2l e (B ) w
—u3
3
B [F B}, =
{02+ [ 202 1, (ra)| b (68)
a(rxs) _ (”X4)
{(p + 24 }r:a3 = {CID + }r:as. (69)
Atr=ay
2 — Ayl Dy | 4 2py [ TR 4 2 Ors) = —ps| (70)
V4 8r2 41414 Ha o3 _— Psiy ay
k2 1
BB ()l 0o
!
) k
(o) [ (3l -
—dg
1 _9dp
p5w23_}’5 r=ay4 (72)
Atr =as
)
{[2% LT — Aokg 1‘1)6] + 246 [ Ees + k2 (SX(’)}} r=as ~PSlr=rs 72)
k
e (R )ul)] =0 o
=5
2
21y [ (905 D Pxe , e , ("Kep 1 _
E{(W7+r372+ar+ 2 r)re ra_
=a5
1 0
i <ﬂ) (75)
PSW a?’ r=das
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The following eigenfunctions are obtained for the spheroidal modes by substituting Equations
(54) into Equations (44):

( Agi_3 :%]n (killr)} + Agio [%yn (ki,lr)] + \
Ui (r,0) =< A4 :wjn (kior) — kigjns1 (ki,ﬂ)] + X
Ay :(n—:l)}/n (kiar) = kipyn+1 (ki,zr)} )
[— (n+1) cotOP)" (cos §) + “ELPM | (cos 9)} y (76)

Agiz [—rdigin (kiar) ] + Agico [ 5 digyn (kiar)] +

Vi(r,0) =3 Agiq (—785) [(n+1)jn (kipr) —kiotjugr (kipr)] + ¢ X
Agi (=72 [((n4+1) yn (kipr) —kipryuia (kior)]
P" (cos@), (77)

Agi—z [%jn (kinr) —kizjnga (kiar)] +

Wi (r,0) = Agi o [Byn (kigr) = kigynia (kiar)] + 4 s
i (r,0)
Agi 1 [n(n:—l)]-n (kilzr)} + Ay [n(njl)]/n (ki,zr)]
P (cos®), (78)

Us (r,0) = ﬁ {A17 [%]n (k5,37)} + A1 [%yn (k5,37)]} X

{— (n+1) cot 0P} (cos 0) + “ZELP™ | (cos 9)} , (79)

sin 6

Vs (r,0) = p;uz { A1y [— 72570 (ksar)] + A1 [— 7235 yn (ksar)] }

P (cos®), (80)
) A7 [%jn (ksar) — ks ajni1 (ksar)] +
W5 (7’, 9) - p5w2 X
At [Fyn (ks3r) — ks3ynt1 (ks37)]
P (cos®), (81)
u6 (1’,9) -
{Aw [%]n (k6,1”)} + Agg [(njl)]'n (ke21) — ke2jn+1 (ke,zr)]} X
[— (n+1) cot 0P (cos§) + LD | (cos 9)} , (82)
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{ Avg [(—+255) in (kear)] + Azo (—+d5g) X }
Ve (1,0) = X

[(n+1) ju (ke 1) — ke 2Tjns1 (ke 2r)]
P} (cos ), (83)

Ao [%jn (ke17) — ke 1juv1 (ko)) +
W6 (7’, 9) = n(n+1) .
A [T]n (k6,2r)]

P (cos@), (84)

wherei =1,2,3,4.

For the investigation of torsional modes we formulate the boundary and continuity conditions
which express the balance between the tangential stresses in the solid layers as well as the
equality of the corresponding tangential displacements on junctions of the layers. The outer
layer is assumed to be free from tangential stress components. Using these assumptions
together with Equations (53) we obtain the following boundary and continuity conditions:

Atr=a
2 (& _ ‘i) -0 (85)
a \ or r ) li—a '
Atr=a
m(&_ﬁ) :&(i&_&> (86)
ap \ or r )lymq, a1 \ Or A P
11I1|r:¢11: III2|r:al : (87)
Atr=a
&(a&_&) :&(i&_&> (88)
ay \ or r ) lymy, @2 \ Or A P
‘F2|r:a2: T3|r:a2 : (89)
Atr =uaj3
&(%_E) :@(aﬂ_ﬂ) (90)
az \ or r ) lymay A3 \ OF Y P
T3’r:a3: T4‘r:a3 : (1)
Atr=ay
Ha (aﬂ _ ﬂ) -0 (92)
ag \ or * )iz

For the torsional modes, the eigenfunctions are as follow fori = 1,2, 3, 4:

u; (r,0) = {Bzi—l [— Jn (ki,Zr)} + By [_ Yn (ki'Zr)H %
P (cos@), (93)

m

asin @ asin 6

Vi(r,0) = {BZil {_%jn (ki,Zr)] + Bai [_%yn (ki’zr)} } -

n—m-+1

. m
[ (n+1)cotOP) (cosf) + pr

Py q (cos 9)} , (94)

Wi (r,0) = 0. (95)
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Ai(Pa) pi(Pa) | p;(kg/m’) | a;(m/s) | B;i(m/s)
“Crust” | 33.4x10° | 36.4 x 10° 2.6 x 10° 6.40 x 10° | 3.75 x 10°
“Upper | 110x10° | 853x10° | 3.7x10° | 8.70 x 10° | 4.80 x 10°
Mantle
-1”
“Upper | 156 x 10° | 130 x 10° | 4.0 x10° | 10.2 x 10° | 7.50 x 10°
Mantle
2”7
“Lower 343 x 107 | 238 x 10° 5.0 x 10° 12.8 x 10° | 6.90 x 10°
Mantle”
“Outer 783 x 10° 0 11.1 x 10° 8.4 x 10° 0
Core”
“Inner 115 x 1010 | 206 x 10° | 129x10° | 11.0 x 10° | 4.00 x 103
Core”

Table 1. Physical properties of the moon’s layers and the phase velocities «; and j; of the P-
and S- waves respectively.

5.1 Example

Consider the following fictional example: In the course of the “Avatar mission” it was found
that the moon “Pandora” has a spherical layered structure with five concentric layers and
an “inner core”. It was determined that the outer radius of the moon is 4 = 6371 km; the
boundary between the upper layer (“crust”) and the “upper mantle-1” is situated at radius
a; = 6336 km; the boundary between the “upper mantle-1” and “upper mantle-2” is at radius
a; = 5961 km; the boundary between the “upper mantle-2” and “lower mantle” is at radius
az = 5711km; the boundary between the “lower mantle” and the “outer core” is at radius
ay = 3482km; and finally, the boundary between the “outer core” and “inner core” is at
radius a5 = 1217 km. It is assumed that the outer layers (“crust”, “upper mantle-1”, “upper
mantle-2”, “lower mantle” and the “inner core”) are solids and the “outer core” is liquid,
which does not support shear stresses (i.e. it is simulated by the model of an inviscid ideal
fluid). Table 1 gives the physical properties of the moon as well as the phase velocities of the

P-wave
w = | 2 (%)
Pi
and the S-wave
Hi
{= 1/l 97
Bi 0; (97)

i=1,---,6 where A;, u; are Lame coefficients (keeping in mind that A5 = x5 the bulk modulus
with 5 = 0) and p; are mass densities of the layers.
For the spheroidal mode of vibration, for each pair of wave numbers n and m, by using
Equations (54) and applying the boundary and continuity conditions Equations (56),- - -,(75)
we obtain a matrix equation

Aq 0

. ; ©8)
Ay 0
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where the 20 x 20 matrix M = M(w) = (ai,j(w)> o0 Linear algebra tells us that
l/]: 0y

Equation (98) has a nontrivial solution if the determinant

det (M(w)) = 0. (99)

In|flw)|

, o
0.002 0.004

Fig. 2. A graph of the function g(w) = In|det (M (w))|. The vertical "spikes" point towards
roots of the function f(w) = M (w). It appears that "good guesses" for the first and second
eigenvalues are w; ~ 0.002rad .s~! and w; ~ 0.004 rad .s ! respectively.

Determining the roots of the function

f(w) = det(M(w)) (100)
numerically yields a sequence of eigenvalues w; < wy < - - - (and hence periods of vibration
Ty > Ty >---whereT; = %U—7]T) For instance, with n = m = 2, a graph of the function

g(w) =In|f(w)] (101)

will be similar to that given in Figure 2. The vertical "spikes" indicate roots of the function
f(w). It appears that "good guesses" for the first and second eigenvalues are w; =~
0.002rad.s~! and w; ~ 0.004rad.s ! respectively. These "good guesses" are then used in the
numerical routine of a computer algebra system, producing w; and wj to, say, four significant
figures of accuracy and hence yield the values T; = 30—7? = 68.7min and T, = 24.3min as
given in Table 2. Once a suitable number of eigenvalues have been determined, by choosing a
fixed eigenvalue wy, the matrix M(wy) has known constant entries. Hence it is now possible
to determine a non-trivial solution to

A 0
Mw) | = =] |- (102)
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T; (min) T, (min) T3 ( min) T4 ( min) T5 ( min)
Uil 2 13 14 15
68.7 24.3 15.7 14.4 9.2
—0.86 —0.63 —-0.14 —-0.24 —-0.17
41.2 17.7 13.2 10.3 7.8
—-0.47 —-0.51 —0.05 —0.10 -0.13
41.2 17.7 13.2 10.3 7.8
—0.70 —-0.76 —0.08 —0.14 -0.19
28.2 14.4 11.8 7.9 7.1
—0.25 —0.43 —0.03 —0.04 —0.12
28.2 14.4 11.8 7.9 7.1
—0.44 —0.64 —0.04 —0.06 -0.19
28.2 14.4 11.8 7.9 7.1
—0.58 —0.86 —0.05 —0.08 —0.25
21.0 12.5 10.5 6.7 6.5
—0.20 —0.32 —0.06 —0.07 —0.02
21.0 12.5 10.5 6.7 6.5
—0.30 —0.48 —0.09 —0.11 —0.03
21.0 12.5 10.5 6.7 6.5
—0.40 —0.64 —0.12 —0.14 —0.04
21.0 12.5 10.5 6.7 6.5
—0.50 —0.80 —0.15 —0.18 —0.05

Table 2. Period of oscillation Tj and Bryan’s factor 7; of the spheroidal modes of vibration for
wave numbers 7 and .

Consequently the eigenfunctions given by Equations (76) to (84) are completely determined.
Keeping Equations (40) and (42) in mind, Bryan’s factor is calculated by using

B 2 fon {216:1 f;i’l [0; (U; cos @ + W;sin0) V] rzdr} sin 6 d6

n= T (w6  [ais 5 5 2 : (103)
Jo {Zizl St o (U2 + VE+W2) r dr}sme 6
where ayg = a and ag = 0.
For the spheroidal modes of vibration, the periods of oscillation T; = i}—” as well as the

corresponding Bryan’s factors 7; for a pair of wave numbers m and n are given in Table 2.
Doing a similar analysis (as explained above) for the torsional modes, the eigenfunctions given
by Equations (93),- - -, (95) as well as the eigenvalues are completely determined by applying
the boundary and continuity conditions given by Equations (85),- - -, (92) to Equations (55).
Here Equation (103) for Bryan’s factor may be simplified, because the radial displacements
are zero W; = 0. Bryan’s factor for the torsional modes is calculated by using the formula

_ 205 {h Jo Uiy} sindcost e

T {Z?:l St pg (U2 + V) r2dr} sin® do

(104)

17TM

Values of the periods of oscillation T and the corresponding Bryan'’s factors 7; for the n and
m torsional modes are given in Table 3.
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T; (min) T, (min) T3 ( min) T4 ( min) T5 ( min)
mn 2 JE 14 15
42.4 11.9 7.2 5.0 3.7
0.33 0.33 0.33 0.33 0.33
27.2 11.0 7.0 4.9 3.7
0.17 0.17 0.17 0.17 0.17
27.2 11.0 7.0 4.9 3.7
0.25 0.25 0.25 0.25 0.25
20.7 10.0 6.8 4.8 3.6
0.10 0.10 0.10 0.10 0.10
20.7 10.0 6.8 4.8 3.6
0.15 0.15 0.15 0.15 0.15
20.7 10.0 6.8 4.8 3.6
0.20 0.20 0.20 0.20 0.20
16.9 9.1 6.5 4.7 3.5
0.07 0.07 0.07 0.07 0.07
16.9 9.1 6.5 4.7 3.5
0.10 0.10 0.10 0.10 0.10
16.9 9.1 6.5 4.7 3.5
0.13 0.13 0.13 0.13 0.13
16.9 9.1 6.5 4.7 3.5
0.17 0.17 0.17 0.17 0.17

Table 3. Period of oscillation T; and Bryan’s factor 7; of the torsional modes of vibration for
wave numbers 7 and .

6. Conclusions and discussions

After deriving expressions for Bryan'’s factor # in terms of eigenvalues and eigenfunctions of
vibration we demonstrated that neither Bryan's effect nor the value of Bryan’s factor 77 depend
on the inclusion of light, isotropic, viscous damping in the model. Consequently we neglected
damping in the model that we presented. However, we pointed out that preliminary studies
indicate that the inclusion of "impurities" such as mass-stiffness, prestress and anisotropic
damping into the model appears to produce "capture effects" such as the rotation angle of
the vibration pattern varying periodically. Hence more realistic models (as opposed to ideal
situations) that will include these "impurities" need to be developed.

Solutions were obtained for the dynamic equations of slowly rotating, vibrating planets or
moons considered as ideal elastic solid and inviscid acoustic bodies composed of, for instance,
four solid layers, one liquid layer and a solid core. Boundary conditions were formulated for
calculating the eigenvalues and eigenfunctions of vibration and a brief discussion of how they
are numerically calculated was given. It was pointed out that for each pair of wave numbers
n and m, there is a sequence of eigenvalues w; < wy < - - - and hence periods of vibration
Ty >Ty,> - (where T; = %)

The model derived indicates that there are two modes of vibration, namely the "spheroidal"
and "torsional" modes and Bryan’s effect occurs for both modes.

Table 1 provides feasible physical properties for a fictional moon and gives possible phase
velocities for both P- and S-waves.
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Using Table 1, a numerical experiment produced Table 2, where it appears that for the
spheroidal modes, for a given polar wave number n and a given non-negative integer j, the
period of oscillation T; does not depend on the circumferential wave number m. However,
Bryan'’s factor 7 depends on both wave numbers n and m as well as the period of oscillation
T; for each pair n and m. Bryan'’s factor 17 appears to be negative in all cases and this means
that an antinode of vibration will rotate through the moon’s crusts in the opposite direction
to the moon’s rotation at a rate ¢, where ¢ is the moon’s rotation rate.

Another numerical experiment produced Table 3, where it appears that for torsional modes,
for a given wave number n and a given non-negative integer j, the period of oscillation T;
is independent of the circumferential wave number m and that it varies with n. However,
Bryan’s factor 7 appears to be invariant and independent of the period of oscillation for a
given pair of wave numbers n and m, but appears to vary as each pair varies and it appears to
be positive in all cases. Consequently Bryan’s factors for the torsional modes depend only on
angular components of the vibrating patterns, that is, on the corresponding wave numbers n
and m, and not on radial vibrations because all radial displacements W; = 0. These positive
Bryan'’s factors 1 indicate that the antinodes of vibration will rotate through the moon’s crusts
in the same direction as the moon’s rotation at a rate 77y, where <y is the moon’s rotation rate.
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