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1. Introduction

In Ref. [1], Weinberg suggested that the general theory of relativity may have a non-trivial
UV fixed point, with a finite dimensional critical surface in the UV limit, so that it
would be asymptotically safe with an S-matrix that depends on only a finite number
of observable parameters. In Refs. [2-4], strong evidence has been calculated using
Wilsonian [5-8] field-space exact renormalization group methods to support asymptotic
safety for the Einstein-Hilbert theory. We have shown in Refs. [9-19] that the extension of
the amplitude-based, exact resummation theory of Ref. [20] to the Einstein-Hilbert theory
(we call the extension resummed quantum gravity) leads to UV fixed-point behavior for
the dimensionless gravitational and cosmological constants, but with the bonus that the
resummed theory is actually UV finite. More evidence for asymptotic safety for quantum
gravity has been calculated using causal dynamical triangulated lattice methods in Ref. [21]'.
There is no known inconsistency between our analysis and Refs. [2—4, 21]. Our results are also
consistent with the results on leg renormalizability of quantum gravity in Refs. [23, 24].

The reader unfamiliar with the methods of Wilson in the context of the renormalization
group may consult Refs. [2, 5-8] for the details of the approach. Here we stress that in
the Wilsonian formulation of the renormalization group, it does not matter whether the
theory under study is actually renormalizable because the idea is to thin the degrees of
freedom to those relevant to the momentum scale k under study. When one does this,
the operators in the theory then fall into the classes of relevant, marginal and irrelevant
operators as one studies the response of the theory to changes in the value of k. If the
theory is renormalizable, then as k — oo there will be a finite number of relevant or marginal
operators in the effective action, yielding an S-matrix that depends on only a finite number of
parameters. If the theory is non-renormalizable, there will be an infinite number of relevant
or marginal operators in the effective action as k — co. It was for this reason that the authors

“Work supported in part by NATO grant PST.CLG.980342.
! We also note that the model in Ref. [22] realizes many aspects of the effective field theory implied by
the anomalous dimension of 2 at the UV-fixed point but it does so at the expense of violating Lorentz
invariance.
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28 Quantum Gravity

in Ref. [2-4] have chosen to use Wilsonian methods to study the Einstein-Hilbert theory,
which is naively non-renormalizable by the standard power-counting arguments. What they
find is that there are only a finite number of relevant or marginal operators in the effective
action as k — oo, asymptotic safety. There is no contradiction with the naive expectation
because the Wilsonian methods take into the account the non-perturbative changes in the scale
dimensions of the theory’s operators due to interactions. Unlike the methods in Refs. [2—4]
which have unphysical cut-off dependence from thinning the degrees of freedom procedures
and unphysical gauge dependence, our results have no such dependence on cut-offs or gauge
choice. That we agree with the findings of Refs. [2—4] then strengthens these results. Contact
with experiment is now in order.

Specifically, in Ref. [25], it has been argued that the approach in Refs. [24] to quantum
gravity may provide a realization? of the successful inflationary model [27, 28] of cosmology
without the need of the inflaton scalar field: the attendant UV fixed point solution
allows one to develop Planck scale cosmology that joins smoothly onto the standard
Friedmann-Walker-Robertson classical descriptions so that one arrives at a quantum
mechanical solution to the horizon, flatness, entropy and scale free spectrum problems. In
Ref. [19], using the resummed quantum gravity theory [9-18], we recover the properties as
used in Refs. [25] for the UV fixed point with “first principles” predictions for the fixed point
values of the respective dimensionless gravitational and cosmological constants. Here, we
carry the analysis one step further and arrive at a prediction for the observed cosmological
constant A in the context of the Planck scale cosmology of Refs. [25]. We comment on the
reliability of the result as well, as it will be seen already to be relatively close to the observed
value [29-31]. More such reflections, as they relate to an experimentally testable union of the
original ideas of Bohr and Einstein, will be taken up elsewhere [32].

The discussion is organized as follows. In the next section we review the Planck scale
cosmology presented in Refs. [25]. In Section 3 we review our results [19] for the dimensionless
gravitational and cosmological constants at the UV fixed point. In Section 4, we combine
the Planck scale cosmology scenario [25] with our results to predict the observed value
of the cosmological constant A. Appendix 1 contains the evaluation of our gravitational
resummation exponent.

2. Planck scale cosmology

More precisely, we recall the Einstein-Hilbert theory

1
L(x) =53V -8§(R-24) (1)
where R is the curvature scalar, ¢ is the determinant of the metric of space-time gy,
A is the cosmological constant and ¥ = +/87Gy for Newton’s constant Gy. Using

the phenomenological exact renormalization group for the Wilsonian [5-8] coarse grained
effective average action in field space, the authors in Ref. [25] have argued that the attendant
running Newton constant Gy (k) and running cosmological constant A (k) approach UV fixed
points as k goes to infinity in the deep Euclidean regime:

Gy (k) — g«, A(K) — Ack?

2 The attendant scale choice k ~ 1/t used in Refs. [25] was also proposed in Ref. [26].
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for k — co.

The contact with cosmology then proceeds as follows. Using a phenomenological connection
between the momentum scale k characterizing the coarseness of the Wilsonian graininess of

the average effective action and the cosmological time ¢, k(t) = % for ¢ > 0, the authors in
Refs. [25] show that the standard cosmological equations admit of the following extension:
a K 1 87

_2 - — _
(a) +a2 3A+ 3 Gnp

p+3(1+w)gp:o

A +8mpGy =0
G (t) = Gn(k(t))
A(t) = Ak(t)) )

for the density p and scale factor a(t) with the Robertson-Walker metric representation as

dr?
1 — Kr?

ds? = dt* — a(t)? ( + 12 (d6? + sin? 9d¢2)> 3)
so that K = 0,1, —1 correspond respectively to flat, spherical and pseudo-spherical 3-spaces
for constant time t. The equation of state is

p(t) = wp(t), @)
where p is the pressure.

Using the UV fixed points for g« and A, the authors in Refs. [25] show that the extended
cosmological system given above admits, for K = 0, a solution in the Planck regime where 0 <
t < tolass, With toaes @ “few” times the Planck time ¢p;, which joins smoothly onto a solution in
the classical regime, t > t.,5s, Which coincides with standard Friedmann-Robertson-Walker
phenomenology but with the horizon, flatness, scale free Harrison-Zeldovich spectrum, and
entropy problems all solved purely by Planck scale quantum physics. We now review the
results in Refs. [19] for these UV limits as implied by resummed quantum gravity theory as
presented in [9-18] and show how to use them to predict the current value of A. In this way,
we put the arguments in Refs. [25] on a more rigorous theoretical basis.

3. g« and A, in resummed quantum gravity

We start with the prediction for g, which we already presented in Refs. [9-19]. For the sake
of completeness, let us we recapitulate the main steps in the calculation. Referring to Fig. 1,
we have shown in Refs. [9-18] that the large virtual IR effects in the respective loop integrals
for the scalar propagator in quantum general relativity can be resummed to the exact result

. n
ieBs (F)

5
—m? — X} +ie) ©)

iA%(k”resummed = (k2
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(a) (b)

Fig. 1. Graviton loop contributions to the scalar propagator. g is the 4-momentum of the
scalar.

for (A =Kk>—m?)

4
" _ -24fd€ 1
By (k) = —2irk 167t 02 — A2 +ie

1
(Z 1 20k + B+ ic)? ©)

K2|k?| m?
= In ,
872 m? + [k?|

where the latter form holds for the UV regime, so that (5) the resummed scalar propagator

falls faster than any power of |k?|. An analogous result [9-18] holds for m = 0 (See Appendix
1.). As X!, the residual self-energy function, starts in O(x?), we may drop it in calculating
one-loop effects. It follows that, when the respective analogs of iA% (k) |resummed are used for
the elementary particles, all quantum gravity loop corrections are UV finite [9-18].

We stress that our resummed scalar propagator representation (5) is not limited to the regime
where k2 2 m? butis an identity that holds for all k? — see Refs. [9-18]. This is readily shown as
follows. If we invert both sides of (5) and recall the formula for the exact inverse propagator,
we get

AF1(K) = Zs(k) = (85" (k) = Z4(k))e O @)

where the free inverse propagator is A;l(k) = A(k) + ie and X;(k) is the exact proper
self-energy part. We introduce here the loop expansions

0 K2 n
s (k) = Z Z“s,n (k) (m)
n=1
0 K2 n
26 = 1 2 (1 )
n=1
and we get, from elementary algebra, the exact relation

12

. _472B" (k) \ "
T =~ Y50 (M) /(n—j) ®
j=0
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where we define for convenience —Xo(k) = —X]y(k) = A;l(k). This proves that every

Feynman diagram contribution to X, (k) corresponds to a unique contribution to X} (k) to all
orders in x?/ (47t) for all values of k?. QED.

When we use our resummed propagator results, as extended to all the particles in the SM
Lagrangian and to the graviton itself, , working now with the complete theory (see Refs. [9-
19]) of (1) plus the SM Lagrangian written in diffeomorphism invariant form as explained in
Refs. [9-18],

L(x) = 577/ 8 (R~28) + /~gL () ©)

where LgM(x) is the SM Lagrangian written in diffeomorphism invariant form as explained
in Refs. [9-18], the denominator of the graviton propagator becomes [9-18] (Mp; is the Planck
mass)

2 T/ 2y | o~ 2 4 C2eff
)X Hgt—g——, 10
- +2(q7) +ie =g —q 3607, (10)
for
Ceff = 3, mib(A()))
SM particles j (11)
>~ 256 x 10*

with I, given in Refs. [9-18] by

L(Ac) = /0 ” dxx®(14 x) 474 (12)

2
and with A.(j) = 2m n; is the number of effective degrees of freedom [9-18] of particle

Mz,
j of mass m;. In czleffpiln (11), we take the SM masses as explained in Refs. [9-19] following
Refs. [29-31, 33-35] : for the now presumed three massive neutrinos [33], we estimate a mass
at ~ 3 eV; for the remaining members of the known three generations of Dirac fermions
{e,u,t,u,d,s,c,b,t}, we use [34] m, = 0.51 MeV, m,, = 0.106 GeV, m, = 1.78 GeV, m, = 5.1
MeV, m; = 8.9 MeV, ms = 0.17 GeV, m. = 1.3 GeV, m;, = 4.5 GeV and m; = 174 GeV and
for the massive vector bosons W+, Z we use the masses My = 80.4 GeV, M,y = 91.19 GeV,
respectively. We set the Higgs mass at mpg = 120GeV, in view of the limit from LEP2 [35].
We note that (see the Appendix 1 here and the Appendix 1 in Ref. [9]) when the rest mass of
particle j is zero, such as it is for the photon and the gluon, the value of m; turns-out to be V2

times the gravitational infrared cut-off mass [29-31], which is m¢ = 3.1 X 10~33eV. We also
note that from Ref.[36] it also follows that the value of #; for the graviton and its attendant
ghost is 42. For A — 0, we have found the approximate representation

1 1 lnln)% 11
Lh(A) =2In— —Inln — — £ - —. 13
2(Ae) A¢ A¢ ln)\lC —lnln/\% 6 (13)

We thus identify (we use Gy for Gn(0))

2
Coeffk

Gn(k) =G 1+ ——=— 14

N (k) N/ ( +36071M%31) (14)
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and compute the UV limit g, as

2. — lim KRGy () = 227
k?— o0 CZ,eff

=~ (0.0442. (15)

We stress that this result has no threshold /cut-off or gauge effects in it. a pure property of the
known world.

Turning now to A, we use Einstein’s equation
G;uv 7 Ag;u/ - _KzTyv (16)

in a standard notation where G, = Ry;y — %ng, Ry is the contracted Riemann tensor, and
Tyy is the energy-momentum tensor. Working with the representation g,y = 17,y + 2xhy, for
the flat Minkowski metric 77, = diag(1, —1, —1, —1) we may isolate A in Einstein’s equation
by evaluating its VEV (vacuum expectation value). For any bosonic quantum field ¢ we use
the point-splitting definition (here, : : denotes normal ordering)

®(0)9(0) = lim ¢(€)¢(0)

e—0

= lim T(¢(e)¢(0)) (17)
= hm{ (¢(e)9(0)) : + < 0[T(¢(e)9(0))[0 >}

e—0

—

where the limit is taken with time-like € = (e 0) — (0,0,0,0) = 0 respectively. A scalar then
makes the contribution [9-18] to A given by

[ d*k (zk(%)e—Ac(kz/(Zmz)) In(k*/m*+1)

As = —87G
ST TN ) K2+ m?

R
%
N
D

z

where p = In 2 +i- and we have used the calculus of Refs. [9-18]. We note that the standard
equal-time (antl )commutation relations algebra realizations then show that a Dirac fermion
contributes —4 times As to A. The deep UV limit of A then becomes

A(k) — KA,

k2—o0
__ C2eff 2
= 0.0817
where F; is the fermion number of j and p; = p(Ac(m;)). We see again that A, is free

of threshold/cut-off effects and of gauge artifacts and is a pure prediction of our known

3 We note the use here in the integrand of 2k3 rather than the 2(k? + m?) in Ref. [19], to be consistent with
w = —1 [37] for the vacuum stress-energy tensor.
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world - A, would vanish in an exactly supersymmetric theory. Our results for (g4, A+) agree
qualitatively with those in Refs. [2, 25].

For reference, we note that, if we restrict our resummed quantum gravity calculations above
for g«, A4 to the pure gravity theory with no SM matter fields, we get the results

g = .0533, A, = —.000189

. We see that our results suggest that there is still significant cut-off effects in the results used
for g«, A« inRefs. [2,25], which already seem to include an effective matter contribution when
viewed from our resummed quantum gravity perspective, as an artifact of the obvious gauge
and cut-off dependences of the results. Indeed, from a purely quantum field theoretic point of
view, the cut-off action is

AS(h,C,C;8) = % <hREVR> + < C,REC> (20)

where g is the general background metric, which is the Minkowski space metric # here, and

C, C are the ghost fields and the operators R%rav, R,%h implement the course graining as they
satisfy the limits

lim Rk =0,
pz/k2~>oo

lim Rk — Skkz,
p2/k2—0

for some 3 [2]. Here, the inner product is that defined in the second paper in Refs. [2] in its
Eqgs.(2.14,2.15,2.19). The result is that the modes with p < k have a shift of their vacuum energy
by the cut-off operator. There is therefore no disagreement in principle between our gauge
invariant and cut-off independent results and the gauge dependent and cut-off dependent
results in Refs. [2, 25].

4. An estimate of A

To estimate the value of A today, we take the normal-ordered form of Einstein’s equation,

The coherent state representation of the thermal density matrix then gives the Einstein
equation in the form of thermally averaged quantities with A given by our result above
in lowest order. Taking the transition time between the Planck regime and the classical
Friedmann-Robertson-Walker regime at t; ~ 25tp; from Refs. [25], we introduce

_ A(ttr)
pA(ttT) - 87TGN(ttr)
22
| M) g 1) 22
I
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34 Quantum Gravity

and use the arguments in Refs. [38] (¢4 is the time of matter-radiation equality) to get the first
principles estimate, from the method of the operator field,

IROE —Mp(1+ CZ,effk%r/(3607(M%)l))2 5 (_1>Fnj
N o ‘ pz
] ]
—- X
% [tgq (tg/:‘}) ] (23)

—M?2,(1.0362)%(—9.197 x 1073) (25)2
64 t3

> (2.400 x 10~ 3eV)%.

where we take the age of the universe to be ) = 13.7 x 10° yrs. In the latter estimate, the first
factor in the square bracket comes from the period from ¢, to t.; (radiation dominated) and

the second factor comes from the period from t,; to tg (matter dominated) 4. This estimate
should be compared with the experimental result [29-311° p () |expt = (2.368 x 10 3eV/ (1 +
0.023))%.

To sum up, our estimate, while it is definitely encouraging, is not a precision prediction, as
possible hitherto unseen degrees of freedom have not been included and ¢, is not precise, yet.
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6. Appendix: Gravitational infrared exponent

In the text, we use several limits of the gravitational infrared exponent B é’ defined in (6). This
appendix contains these evaluations for completeness.

We have to consider

_B(p) = 2ix?p* d4k 1
$\WP = Tent | (= A2+ ie) (2 — 2kp + A + ie)?

(24)

where A = pz — m?. The integral on the RHS of (24) is given by

d*k 1
= [ v g @ raTer
STl (- 1/(VExs) — - In(1—1/(VEx))]

p? Xy —x_

4 The method of the operator field forces the vacuum energies to follow the same scaling as the
non-vacuum excitations.

% See also Ref. [39] for an analysis that suggests a value for p, (o) that is qualitatively similar to this
experimental result.
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with .
xp = —— (A+ A2 £ ((A+A%)2 —4(A% —ie))l/2 25
A ((B+X2)2 - 4(32 — ie))'/2) (25)

for A =1—m?/p?, A?> = A?/p?and € = ¢/ p?. In this way, we arrive at the results, for p? < 0,

x|p?| m?
82 ln(mzﬂpz‘)/ m # 0

" x|p| In g m=me=A
Bg(p) X 8m? m24-[p?] |7 (& — (26)
2(,,2 2
2;;7|£ [ In <—1:§) , m=0,mg=A7A

where we have made more explicit the presence of the observed small mass, mg, of the
graviton. When m=0 and one wants to use dimensional regularization for the IR regime
instead of mg, we normalize the propagator at a Euclidean point k? = —u? and use standard
factorization arguments [40-44] to take the factorized result for Bg from (26) as

22| 2 2

Bg(p)’factorized = 87“5 ’ In < ;;jz;) , m=0, Mg = 0. (27)
In physical applications, such mass singularities are absorbed by the definition of the initial
state “parton” densities and/or are canceled by the KLN theorem in the final state; we do not
exponentiate them in the exactly massless case.

We stress that the standard analytic properties of the 1PI 2pt functions obtain here, as we use
standard Feynman rules. Wick rotation changes the Minkowski space Feynman loop integral

[ d4kwith k = (k% kL, k2,k3) for real K/ and k2 = k%* — k1* — k2* — k3% into the integral i [ d*kg
with k = (iK%, k!, k2, k%) and k2 = —k0% — k1* — k2% — k3% = —k2 with kg, the Euclidean 4-vector
ke = (KO, k1, k%, K3 ) with metric 6, = diag(1,1,1,1). Thus our results rigorously correspond
to |p?| = —p? in (26), (27) with m? replaced with m? — ie, with € | 0, following Feynman,
for p? < 0; by Wick rotation this is the regime relevant to the UV behavior of the Feynman

loop integral. Standard complex variables theory then uniquely specifies our exponent for
any value of p?.
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